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ON THE GROUP OF DIFFEOMORPHISMS OF FOLIATED MANIFOLDS

Now the foliations theory is intensively developing branch of modern differential geometry, there are
numerous researches on the foliation theory. The purpose of our paper is study the structure of the group
Dif fp(M) of diffeomorphisms and the group Isop(M) of isometries of foliated manifold (M, F). It
is shown the group Dif fp(M) is closed subgroup of the group Dif f(M) of diffeomorphisms of the
manifold M in compact-open topology and also it is proven the group Isop(M) is Lie group. It is
introduced new topology on Dif fr(M) which depends on foliation F' and called F- compact open
topology. It’s proven that some subgroups of the group Dif fr (M) are topological groups with F'-compact
open topology.
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Introduction

The set Dif f(M) of all diffeomorphisms of manifold M onto itself is the group related to
composition and inverse mapping. The diffeomorphism group of smooth manifolds are of great
importance in differential geometry and in analysis. The fundamental works in this area are the
studies of V.1. Arnold, A. M. Lukatsky, H. Omori [1,6,7,15,16]. Intensive development of the
theory of groups of diffeomorphisms began after the work of V.I. Arnold, in which it was shown
that the motions of an ideal incompressible fluid are geodesic on a group of diffeomorphisms that
preserve volume element.

When M is a finite dimensional manifold in 1939 was proven that the group of isome-
tries (M) of riemannian manifold M is Lie group [9].

H. Omori defined the differential structure on group of diffeomorphisms compact manifold
which is weaker than that structure of Lie group in the classical sense. This differentiable struc-
ture is called ILH (inverse limit of Hilbert) Lie group. H. Omori showed that ILH Lie group of
diffeomorphisms acting on compact manifold transitively and primitively can only be the follow-
ing: the whole group of diffeomorphisms, the group of diffeomorphisms preserving the volume
element, the group of symplectic diffeomorphisms, the group of contact diffeomorphisms. The
questions of finite generation of diffeomorphism groups and curvature properties of ILH — Lie
groups of diffeomorphisms are investigated by A. M. Lukatsky [6, 7].

It is known that the group Dif f(M) is topological group in compact open topology [18,
p. 270], [13]. In this paper we investigate the groups Dif fr(M) of diffeomorphisms and the
group Isop(M) of isometries of foliated manifold (M, F') with compact open topology. Also it
is introduced new topology on Dif fr(M) called F'—compact open topology and we will show
that some subgroups of Dif fr(M) are topological groups with F'— compact open topology.

§ 1. Main part

Let M be a connected Riemannian C'°*°-manifold of dimension n.
Definition 1. A foliation F' on M of dimension % (codimension n — k ) is a partition of M into
arcwise connected subsets L, with the following properties:
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(1) M =U L
@) LaNLs =0 ifa # p;

(3) for every point p € M there is an open neighborhood U of p and a chart x =
= (21,22, ., Tk, Y1,Y2,- - -, Yn—k) such that for each leaf L, the connected components
of L, N U are defined by the equations y; = const, y» = const, ..., y,_ = const.

Such a chart is a distinguished chart.

The connected components of the sets y; = const, y, = const, ..., 4, r = const in a distin-
guished chart are called plaques (plates) of F. Fixing y; = const, yo = const, ..., y,_r = const,
the map x — (z,y)) is a smooth embedding, therefore the plaques are connected k-dimensional
submanifolds of M. This shows that each leaf L, is union of plaques and there exists differentiable
structure o, on L, such that (L,,o,) is a k— dimensional connected manifold. Note that the
canonical injection i: (L, 0,) — M is an immersion, but it is not necessarily an embedding [20].

An example of a foliation is given by a smooth submersion f: M — B, where B — (n — k)-
dimensional manifold. The connected components of the inverse images of the points of y € B
define a k-dimensional foliation of M.

We will denote by (M, F') manifold M with k— dimensional foliation F' on M. Let L(p) be
a leaf of the foliation F' passing through point the p, T,,F is the tangent space to the the leaf L(p)
at p.

We get subbundle (smooth distribution) TF = {T,,F': p € M} of the tangent bundle 7'M of
the manifold M.

Let us denote by V' (M), V(F') the set of smooth sections of bundles 7'M, T'F respectively.
The set V' (F) consists of vector fields tangent to the foliation F. The set V(M) is a Lie algebra
with respect to the Lie bracket of vector fields, the set V' (F') is a Lie subalgebra of V (M).

Definition 2. If for the some C"- diffeomorphism ¢: M — M the image ¢(L,) of any leaf L,
of foliation £ is a leaf of foliation F', we say that the ¢ is C"- diffeomorphism of foliated manifold
and write as : (M, F') — (M, F).

Let’s denote as Dif fr (M) the set of all C”- diffeomorphisms of foliated manifold (M, F'), where
r > 0. The group Dif fr(M) is subgroup of Dif f(M) and therefore it is topological group in
compact open topology.

Example 1. Let M = R%*(z,y) is a Buclidean plane with the Cartesian coordinates (z,y).
Leaves L, of foliation I are given by the equations 2> —y = a = const. Then the plan
diffeomorphism ¢: R? — R? determined by the formula

o(r,y) = (z,y + Af(z,y))

is diffeomorphism of foliated plane (R?, F'), for every A\ € R, such that A # 1, where f(z,y) =
= 2% — y. It sends a leaf L, to leaf L(_,,. It is easy to check that in fact ¢: R* — R? is an
isometry of foliated plane (R?, F').

Let (M,F) be a foliated manifold, where F' is k-dimensional smooth foliation where
0 < k <n. Recall a vector field X is called a foliated field if for every vector field Y, tan-
gent to F', Lie brocket [X,Y] also is tangent to F. It is known that flow of every foliated
field consists of diffeomorphisms of foliated manifold (M, F') [20]. The set L(M, F') of foliated
vector fields is a Lie subalgebra of Lie algebra V(M) [8, p. 35]. It follows from here that the
group Dif fr(M) contains the Lie group for which the Lie algebra is an algebra L(M, F').
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For foliated plane from example-1 vector field X = (2? — y)a% is foliated field and its flow
consists of diffeomorphisms ¢': (z,y) € R?* — (x,2? — e7!(2? — y)) € R? of foliated plane
(R? F'). Every diffeomorphism ¢': (z,y) € R* — (z,2% — e !(2* — y)) € R? sends a leaf L,, to
leaf L,—:,,.

As shown in the following simple example, from differentiability of mapping on each leaf
does not follow it’s differentiability on all manifold M .

Example 2. Let M = R?*(z,y) is a Euclidean plane with the Cartesian coordinates (z,y).
Leaves L, of foliation F' are given by the equations y = a = const. Then the plan homeomor-
phism ¢: R? — R? determined by the formula o(z,y) = (z 4 y,y3) is a diffeomorphism on
every leaf of the foliation F', but is not a diffeomorphism of plane.

Theorem 1. Let (M, F) be a foliated manifold where M is a smooth connected finite-
dimensional manifold. Then the group Dif fr(M) is a closed subgroup of Dif f(M) in compact
open topology.

P ro o f. Since a manifold M is a separable metric space for r > 0 the set C" (M) of all C"-
maps of manifold M onto itself with compact open topology has complete metric and a countable
base [5, p. 35], [4, p. 202]. Consequently topological space Dif f(M) with induced compact
open topology has a countable base. Thus we can use sequences to prove the theorem.

Let us assume that sequence f; € Dif fr(M) convergences to f € Dif f(M) at i — oo in
compact-open topology and K C L is a connected compact subset of some leaf L of foliation
of F'.

We can assume that f(K) is contained in a distinguished chart (U, z, y). Then sets f;(K') are
contained in local plaques which are determined by equations y; = ¢}, ya = b, ..., Yk = ',
It follows from here the set f(/K) is contained in the plaque which is determined by equations
y1 = const,ys = const,...,y,r = const. Hence the set f(K) is subset of some leaf of
foliation F'.

In the case when f(K') is not contained in a distinguished chart we can cover f(/K) with finite
number of distinguished charts and by using the local coordinate system of a distinguished chart
we get the set f(K) is contained in some leaf of foliation F.

Now we consider case when K C L is not connected compact, let K; and K5 be two
of its connected components. Assume the f(K7) is contained in a leaf L, the set f(K>) is
contained in a leaf Lo. Since every leaf of foliation is arcwise connected by definition,there exists
continuos path ¢: [0,1] — L from K; to K5, say ¢(0) € K; and ¢(1) € K5. We cover compact
©([0,1]) with finite number of distinguished charts and by using the local coordinate system of
a distinguished chart we get the set ¢([0, 1]) is contained in some leaf of foliation F. It follows
from here that L; = Lo, i.e., f(K) is contained in some leaf of foliation F.

Every leaf of foliation as manifold is paracompact topologycal space and hence it can be
written as L = | J;~ K;, where K; — are compact subsets of L and K; C K C ....

We can repeat this process for compacts K; and get all the sets f(K;) are contained in the
same leaf of foliation F. It follows the set f(L) is a subset of some leaf L'.

Since L is k-dimensional manifold [19, p. 86], canonical injection i: (L,,0,) — M is an
immersion and f is a homeomorphism, the image f(L) is a k-dimensional topological manifold,
i.e., every point of f(L) has a neighborhood in f(L) homeomorphic to an open ball in R*. Hence
the set f(L) is a open subset of L’.

We will show it is closed subset of L'. Let sequence ¢; € f(L) convergences to a point ¢ in
topology of L', U, be a neighborhood of the point of ¢ with compact closure in L'. As Dif f(M)
is topological group in compact open topology, it follows from f; — f ati — oo that f; ' — f~1
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at i — oo. By using arguments above we get f~'(U,) is contained in the some leaf. But the
set U, contains points ¢; for large 7. It follows from here that the set f~!(U,) is contained in the
leaf L. Then sequence p; = f~'(¢;) € L convergences to a point p = f~1(¢) in topology of L.
Therefore ¢ = f(p) € f(L). As L' is connected manifold we have f(L) = L’. From here we
have f € Dif fr(M). O
The closedness of the set Dif fr(M) allows us to state the following corollary [2, p. 30].

Corollary 1. Factor space Dif f(M)/Dif fr(M) is regular homogeneous topological space.
Let M be a smooth connected finite-dimensional Riemannian manifold.

Definition 3. An isometry p: M — M is called an isometry of foliated manifold (M, F') if it
is diffeomorphism of foliated manifold (M, F).

We will denote by Isor(M) the set of all C"-isometries of foliated manifold (M, F), where
r > 0. We have that Isop(M) = Dif fp(M) () Iso(M).

Example 3. Let M = R%*(z,y) is a Buclidean plane with the Cartesian coordinates (z,y),
foliation I are given by the equations 22 — y = a = const. Then the plan isometry ¢: R? — R?
determined by the formula

oa(r,y) = (2, y + A)

is isometry of foliated plane (R?, F') for every A € R. It sends a leaf L, to L,_y. Family of
isometries @, 1is the flow of Killing vector field X = a%'

Let us recall that vector field X on riemannian manifold (M, g) is called Killing field if
its flow consists of isometries of Riemannian manifold (M, g), that is Lxg = 0, where ¢ is
riemannian metric, Lyg denotes Lie derivative of the metric g with respect to X. Geometry of
orbits of Killing vector fields is studied in [10-12, 14]. If X is foliated Killing vector field, it’s
flow consists of isometries of foliated manifold (M, F').) The set K (M, F') of foliated Killing
vector fields is a Lie subalgebra of Lie algebra L(M, F'). It follows from here that the group
Isop(M) contains the Lie group for which the Lie algebra is an algebra K (M, F).

It is known that limit of isometries is an isometry. By using this fact as direct consequence of
Theorem 1 and the definition of the induced topology we have following theorem.

Theorem 2. Let (M, F) be a foliated manifold where M is a smooth connected finite-
dimensional Riemannian manifold. Then the group Isop(M) is closed subset of Iso(M) in
compact open topology.

From the Theorem 2 and Cartan theorem [17, p. 242] it follows very important fact that the
group [sop(M) is Lie group. Really Cartan’s theorem states that on a closed subgroup of a
Lie group there exists a differential structure with respect to which the closed subgroup is a Lie
subgroup of a given Lie group. This fact we formulate as theorem in following form.

Theorem 3. Let (M, F) be a foliated manifold where M is a smooth connected finite-
dimensional Riemannian manifold. Then the group Isop(M) is Lie subgroup of Lie group
Iso(M).

We will introduce some topology on the group Dif fr(M), which depends on foliation F' and
coincides with compact open topology when F' is n-dimensional foliation.

Let {K,} be a family of all compact sets where each K, is a subset of some leaf L, of
foliation F" and let {Us} is the family of all open sets on A/. We consider for each pair K
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and Ujs set of all mappings f € Dif fr(M) for which f(K,) C Ug. This set of mappings we
denote through [K,,Ug] = {f: M — M|f(K,) C Ug}.

It isn’t difficult to show that every possible finite intersections of sets of the form [K, U]
forms a base for some topology. This topology we call foliated compact open topology or in brief
F-compact open topology. The space Dif fr(M) with F-compact open topology is Hausdorff
topologycal space [13]. Since K runs only over all compact subsets of leaves, F'-compact open
topology on Dif fr(M) is weaker than induced from Dif f (M) usual compact open topology.

Theorem 4. Let (M, F') be a foliated manifold, where M is a smooth connected finite-dimen-
sional Riemannian manifold. Then the group Isop(M) is a topological group with F-compact
open topology.

Proof We denote through d(x,y) the distance between points = and y, determined by
Riemannian metric g.

First of all we will show that mapping (g,h) — ¢ o h is continuous mapping for g, h €
€ Isop(M).

Let go h € [K,G], where K is a compact on some leaf of foliation F, G is a open subset
of M. Since K’ = g(h(K)) is a compact set, there is ¢ > 0 such that neighborhood V. =
={ye M:d(y,K')) < e} of K’ is contained in G, where d(y, K') = inf{d(y, z): z € K'}.

Now we put

U, (h) ={h" € Ison(M): d(IW(z),h(x)) <&, Ve K}

and
Us,(9) = {9 € Isop(M): d(g'(y),9(y)) < &2, Vy € h(K)}

where £ > 0,69 > 0, and €7 + &5 < €.

The set U, (h) is a neighborhood of / in F-compact open topology as U, (h) = [K, V], the
set U.,(g) is a neighborhood of g in F-compact-open topology, as U.,(h) = [h(K), V. ], where
Vo ={re M:d(z,h(K)) <e}, V., ={y € M: d(y, K') < e2}.

Ifn e U, (h), ¢ €U,(g9), z € K,y = h(z)and ¢y = h'(z) then

d(g'(h'(x)), g(h(x))) = d(g'(y), 9(y)) < d(g'(y), 9" () +d(g'(y), 9(y))-

Since g, ¢’ are isometries we have

dg'('),d (W) +d(g'(y),9(y)) <d(y',y) +e2 <e1+er<e.

It follows from here that if (¢', h’) € U.,(g) x U, (h), then ¢’ o b’ € [K,G].

Now we shall prove, that mapping x: f — f~! is continuous.

For this purpose we shall prove, that the full inverse image x '(A) of the open set
A C Isop(M) is a open set. Really it is enough to show this fact when A is an element of
prebase, i.e., A = {f € Isop(M): f(K) C V} where K is compact subset of the leaf L of
foliation F', V' is open set. In this case x 1 (A) = {f € Isop(M): [~ K) C V}.

We shall show, that y~1(A) is a open set in F'-compact open topology.

Let g € Y }(A), U — a neighborhood of ¢g~'(K) in M with compact closure such, that
UcV. Weput K; = g 1K), Uy = {h € Isop(M): d(g(z),h(z)) < §, Vz € K;}, where
e =dist (K1, M\U) = inf{d(z,y): v € K1,y € (M\U)}.

We need to show that if h € U, then h~'(K) C U. In other words, we must show that
h='(y) € U for all y € K. Indeed, since g~ '(y) € K;,

d(y. h(g~" () = d(g(g~ (1)), h(g~ (1)) <

DO | ™
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Since h is an isometry we have d(y, h(g~(y))) = d(h " (y), k" -h-g7(y)) = d(h" (y), 97 (y)).
Thus d(h~'(y),g7'(y)) < § and h™'(y) belongs to a 5-neighborhood of g~'(y) and therefore of
s-neighborhood of K. Hence it is contained in U, that is h~'(y) € U. U

Let’s denote as Dif f%(M) set of all C" diffeomorphisms g € Dif fr(M) of foliated manifold
(M, F), such that g(L,) = L, for every L,, leaf of foliation F. Flow of every tangent vector field
consists of diffeomorphisms of foliated manifold (M, F'), which belong to the group Dif f%(M).
It follows from here that the group Dif f2(M )contains the Lie group for which the Lie algebra
is an algebra V (F).

It can be proven following theorem.

Theorem 5. Let (M, F') be a foliated manifold, where M is a smooth, connected and finite-di-
mensional manifold. Assume every leaf L., of F' is a proper, i. e., canonic injection i: L, — M is
an embedding. Then the group Dif f2(M) is a topological group with F-compact open topology.

Pro o f. First of all we will show that mapping (g, h) — g o h is continuous mapping for
g,h € Dif fp(M).

Let go h € [K,G], where K is a compact subset of some leaf L of foliation F, G is a open
subset of M. Then h(K) C g~!(G) and since h(K) is a compact set, there is open neighborhood A
of h(K) in the leaf h(L) with compact closure, i.e., A compact in h(L). Since the leaf h(L) is a
proper there exists open subset A’ of M such that A = h(L) N A’. Since h is leaf-preserving map
we have A = LNA.Ifh' € [K,A], then '(K) C A’Nh(L) and h(K) C A. It follows from
here that if (¢/, h') € [A,G] x [K, A], then ¢’ o I/ € [K,G]. Thus, the inverse image of the open
set under the mapping (g, h) — g o h is open; therefore, the map (g, h) — g o h is continuous.

We shall prove, that mapping x: f — f~! is continuous.

Let g be complete Riemannian metric on M. It is known, smooth manifold M possess com-
plete Riemannian metric 3, p. 186], [4].

The restriction of the Riemannian metric g to 7,,F for all p € M induces complete Riemannian
metric on the leaves [11].

Let L, be a some leaf of foliation F|, d, is the distance on L,, determined by induced
Riemannian metric g,.

Now using complete Riemannian metric g, we shall prove, that mapping x: f — f~! is
continuous. For this purpose we shall prove, that the full inverse image x~!(A) of the open set
A C Dif fo(M) is a open set.

Really it is enough to show this fact when A is an element of prebase, i.e., A =
= {feDiffo(M): f(K) C V} where K is compact subset of a leaf L,, V is open subset
of M. In this case x ' (A) = {f € Dif fp(M): f~1(K) C V}.

We shall show, that x~!(A) is a open set in F-compact open topology.

Let g € x *(A), U a neighborhood of ¢~ *(K) in L, with compact closure U in topology
of L,, such, that U C V.

We put U(g) = {g € Dif f2(M): do(g(z), h(z)) < £,Vx € U}, where

£ =do(K, L\g(U)) = inf{da(z,y): x € K,y € (La\g(U))}-

Let’s show, that if h € U(g) takes place h™*(K) C V, i.e., U(g) C x *(A). We shall show,
that h~}(K) C U.

Let’s assume, it is not true. Let for the some h € U(g) there exists a point y € K such
that h='(y) € L,\U, i.e, y € L,\h(U). Then by virtue of that g~!(y) € U, takes place
da(y = 9(g7'(¥)), k(g™ () < 5.

Let v — the shortest geodesic in L, (by virtue of completeness (L,,g,)) there exists a
shortest geodesic between any two points) going from the point y to the point 2(g~'(y)), and
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€ yNA(h(U)). Then h=*(z) € U and besides do(g(h™'(2)),h(h7*(2)))) < 5. In addition
(y,2) < 5. Hence do(y, g(h7'(2))) < daly, 2) + da(z, 9(h71(2))) <.

But on the other hand, by virtue of that z ¢ h(U), we have g(h~'(z)) € M\g(U). Since
ye K C g(U), glh™'(2)) ¢ g(U) and € = d,(K, L,\g(U)) we have d,(y, g(h~'(z))) > . This
contradiction shows that h~'(K) C U. Hence, U(g) C x ' (A). O

z
da

Proposition 1. Let (M, F) be a foliated manifold, where M is a smooth, connected and finite-
dimensional manifold. Assume all leaves of foliated manifold (M, F') are closed subsets of M.
Then the group Dif f2(M) is closed subset of Dif fr(M) in F-compact open topology.

Proof. Let us consider the set A = Diffr(M)\ Diff2(M) and show that the set A is
open subset of Dif fr(M) in F-compact open topology. If f € A then there exists a leaf L of
foliation F' such that f(L) = L/, and L # L', L' — another leaf of foliation F.

Let K be a compact subset of the leaf L, £; — real numbers, ¢« = 1,2,..., and ¢; — 0
at 7 — oo.

We put

Ui(f) ={g € Dif fr(M): d(g(x), f(z)) < &, Vo € K}, Vo ={o e M:d(z, f(K)) <&},

where d — the distance on M, determined by Riemannian metric g. The set U;( f) is a open subset
of Dif fr(M) in F-compact open topology since U;(f) = [K, V,].

If for some i the set U;(f) does not contain elements of Dif fa(M) then the set U;(f) C A
and f is a interior point of A.

Assume that for all 4 the set U;(f) contains element f; of Dif fx(M). Then sequence f;(x)
convergences to f(z) at i — oo for every x € K. It follows from here f(z) € L, where L —
closure of L in M. Since L = L, we have f(r) € L. On the other hand since f(L) = L'
and L N L' = ( it follows from here f(K) C L’. This contradiction shows that for large 7 the
set U;(f) does not contain elements of Dif f%(M) and U;(f) C A, i.e., element f is a interior
point of A. O
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Llenbro Hamiel paboThI SBISETCS U3yUYEHUE CTPYKTYphI Ipymibl auddeomopdusmo Dif fr (M) u rpynmst
msomerpuii Isop(M) cnoenoro mHoroobpasust (M, F'). Ilokasano, uto rpynma Dif fp(M) sBusiercs 3a-
MKHYTO# moarpymmoit rpymmst Dif f(M) aubdeomopduszmoB MHOro0Opasust M B KOMIaKTHO-OTKPBITOM
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