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MOJHOTA CUCTEMbI COBCTBEHHBIX ®YHKITAM 3AJIAYH
HTYPMA-JINYBUJJISA C OCOBEHHOCTBIO

Maremarndeckoe MOJEINPOBaHUE KOMIIO3UIIMOHHBIX MaTepHajoB UTpaeT Ba)KHYIO POJIb B COBPEMEHHOM
TEXHUKE, a pelIeHNe U HcCieJoBaHue OOpaTHBIX TPAaHUYHBIX 3aJ1ad TerIo00MeHa HEBO3MO)KHO 0€3 MCTIONb-
30BaHUs CUCTEM cOOCTBeHHBIX (pyHKkumit 3amaun L typma—JlnyBums ans nudepeHInanbHOro ypaBHEHHS
C pa3peIBHBIME Kod(dunreHTaMu. OZHAM W3 BaKHEHITUX CBOMCTB TaKWX CHCTEM SABJSETCA WX MOJTHOTA
B COOTBETCTBYIOIIMX IMPOCTPAHCTBAaX. JTO CBOMCTBO CHUCTEM IO3BOJSAECT J0Ka3aTh TEOPEMBI CYIECTBOBA-
HUS W €IMHCTBEHHOCTH Kak IS MPSIMBIX 3a/ad, TaKk U OOpaTHBIX TPAHWYHBIX 3a/1ad TEIUIONPOBOIHOCTH,
a Taxke 00OCHOBATh YMCIICHHBIE METOIbI PEIICHHs TaKuX 3agad. B Hacrosmiell crarbe JOKa3aHa IOJIHO-
Ta B mpocrtpaHctBe Lo[rg, ra| 3amaun [Itypma—JlnyBmuist st quddepeHIraIsHOro oneparopa Broporo
HOpPsIIKA C Pa3phIBHBIM KO3 dHIMeHTOM. DTa 3ajadya BO3HHUKACT NPH HCCICAOBAHUU U PELICHUH 00part-
HOW IpaHUYHOM 337a41 TEIUIONPOBOJHOCTH IS IOJIOTO IIapa, COCTOAIIETO U3 JIBYX IIapOB C pa3IMYHBIMHU
ko3¢ duLMeHTaMH TEMIIepaTypOIpPOBOJHOCTH. [lokazaHa caMOCONPSHKEHHOCTh, HHBEKTUBHOCTD, @ TAKXKE
MOJIOKUTENbHAs ONPEAEICHHOCTh 3TOTO OIeparopa.

Kutouesvie cnosa: cucrema coOCTBeHHBIX QyHKIMIA, 3a1a4a LITypma—JInyBriis, KOMIIO3UITMOHHBIE MaTe-
pualibl, OOpaTHBIC TPAHUYHEIC 33/1a4H.

DOI: 10.35634/vm200105

[Ipu uccnenoBaHUU U PEIICHUH MPSMBIX M OOpaTHBIX 3a1a4 Juist 1uddepeHIInanbHbIX ypaBHE-
HUH B YaCTHBIX MPOM3BOJHBIX BAXKHYIO POJIb UTPAIOT COOCTBEHHBIC (DYHKIIMH COOTBETCTBYIOIINX
3amau Itypma—JInyBmins. [ns 3¢d¢heKTHBHOCTH 3TUX CUCTEM TpeOyeTcs MX OpTOrOHAIBHOCTH
Y TIOJIHOTA B COOTBETCTBYIOIINX (DPYHKIIMOHAIBHBIX MPOCTPAHCTBAX. 3aMETHUM, YTO IMOJIHOTA CH-
CTEMBI COOCTBEHHBIX (D)YHKITUH MO3BOJISET PEIIUTh MPOOJIEMY CYIIECTBOBAHUS M €AMHCTBEHHOCTH
pelieHus: He TOJIBKO MPsMOi, HO ¥ oOpaTrHOU 3aaa4u. [Ipu pemenuun 3aaa4 Jy1si KOMITIO3UIIMOHHBIX
MaTepHualioB COOTBETCTBYIOMIas 3anava Lltypma—JInyBumins nmeer ocodbeHHOCTH. COOCTBEHHBIE
(GYHKIMM TaKUX 3a/lad KCCIIeNOBaHbI HelocTarouHo. [IpoOieMbl MOMHOTHI CUCTEMBI COOCTBEH-
HeIX ¢QyHKImA 3anaun [typmel-JInyBrUISL UIsl ONEpaTOPOB M3 JIPYrOTo Kiiacca paccMaTpuBa-
muck B paborax [1,2]. B craree [3], HOCBAIIEHHOW pelIEHUI0 0OpaTHOW TPaHUYHOW 3aJa4d JIJIst
KOMIIO3UITHOHHBIX MaTEpHUAJIOB, HE JIOKa3aHa MOJIHOTA CUCTEMBbI COOCTBEHHBIX (DYHKIIMI COOTBET-
cTByromier 3anaun [Itypma—JInyBusuis. B maHHOW cTarbe BOCIOJIHEH JaHHBIN Mpooer.

§ 1. IlocranoBka 3agaun Ltypma—JInyBuiis 115 moJI0ro mapa, cCoOCTOSIEro U3 AByX IIApoB
¢ Pa3IMYHBIMH KO3 (PUUIHEHTAMH TEMIIEPATYPONPOBOAHOCTH

ITycts H — mpocTpancTBO Lo(7g,T9) C SKBHBAICHTHON HOPMOM, OMpPENessieMOl CKAISPHBIM
MIPOU3BEIEHUEM

(u(r),v(r)) = i /T1 2wy (r) - v (r) dr + i N 2 - uy(r) - ve(r) dr, (1)

0 az Jry

rac
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Beenem omneparop A: H — H, tne H onpeneneno ¢popmynoii (1),

a_%i o duy (1)

Au(r) = r2 dr ar ) TS (ro, ™), @)
T Y a3 d [ ,dus(r) e ( )
r2ar\' —ar ) T SVbTEh

D(A) = {u(r) € Wy(ro,m1) UW22(7‘1,7“2), ui(ro) =0, us(re) =0,

uy(r1) = ug(r1),  aruy(r) = aguy(r)},

rne W23 — npocrpancteo CobGonesa.
Pemas 3amauy ltypma—JInyBumis

—Au(r) + Nu(r) =0, wu(r)= {ul(r), r € (ro,m), u(r) € D(A),

us(r), 1€ (r1,19),

OTIPEIIEITMM TI0CJICIOBATEILHOCTh COOCTBEHHBIX 3HAYEHUHN A\, ITOH 3a/1a4d, \,, — MOJIO)KUTEIbHbIE
KOPHU TPAHCIICHJICHTHOTO YpaBHEHUS

)\(Tl — 7"0) )\(TQ — Tl) _ (0,1 — CLQ)

ctg —— +ctg
a a2 ATy

M COOTBETCTBYIOIIME UM COOCTBeHHbIE GyHKIHU {0, (1)}

sin 220=r0)
<
. An(ri—ro)’ To < [SNAT)
( ) T sin a—l
@n\T") = . —
sin —’\"(222 r)
re << o
. _ )
7 sin 2olrz=r)

az
§ 2. OcHoBHBIE cBOiicTBa oneparopa A

Jlemma 1. Ilycms onepamop A onpedenen gpopmynoii (2). Toeoa A cummempuuen na muodice-
cmee D(A).

JNokaszaTtenabcTso. [lycts uy(r), us(r), vi(r), ve(r) € D(A). Heobxomumo mokasars,

YTO
1 CL2 d’l“ 2 a2 dr
JACCIE: BT Ry (O MM
T0 r
b ai 2,/ , odr " a3 2 , odr
/TO vy (r) - ol [ruy(r)]" - r a—1—|—/r1 U2(7”)~§ () a_2.

[IpouHTETpUpPOBAB JIEBYIO YaCTh STOTO PABEHCTBA JBAXIBI TI0 YACTAM, TIOTYyUUM
(Au(r),v(r)) = (v(r), Au(r)).
Tem caMbIM J1eMMa JOKa3aHa. ]

Jlemma 2. Cywecmeyem nunetinvlii unvekmueHwiii onepamop A=, obpamuwiii k A, ons xomo-
pozo ewmonnsiomesn yeaosus D(A™Y) = H, a R(A™') = D(A).
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HokxazaTenbctTBo. i moboro f € H cymectByeT eauHCTBeHHas GyHKuus u(r) €
D(A), takas, uro Au(r) = f(r),

"1 mn g c
wlr) = [ | [ o) - 2+ 2
To

a? - n? T

g 1 771 7‘01 0 (3)
(r) ”1 nf()Qd}d 2y
2 a2 ), M12) =10 = @12 | Ay = = Ty

KoHcTaHTHI €1 U ¢ B (3) OHO3HAYHO ONPEICIISIOTCS YCIOBUEM COIIACOBaHUS. TeM caMbIM JieMMa
JOKa3aHa. O

Jlemma 3. Cywecmeyem uucno g > 0 makoe, umo ons noboti Gynxyuu u(r) € D(A) cnpa-
8e01UB0 COOMHOUEHUE

—(Au(r),u(r)) =0 - [Ju(r)]*.

Bu(r) = rdzgnm, u(rg) =u(ry) =0, Bfo(r) = —dir[rv(r)].
Torna —(Au(r),u(r)) = (B*Bu(r),u(r)) = (Bu(r), Bu(r)) = ||Bu(r)]||*.

[Tockonbky
T1 T2
~(Au(r),u(r) = [0 P+ [ )P
To T1
TO JIOCTATOYHO MOKAa3aTh, 4TO Jyist IE0boro u(r) € H
T1 T2 T1 T2
/ r2-U%(r)dr+/ r* - us(r)dr < c; / r? - [uy () Pdr + e / r? - [uy(r)]?dr,
0 71 0 r1

IJIe KOHCTaHTBI c3 U ¢4 > 0 OymyT onpeneseHbl HUXKeE.
Nmeem

u(r) = / (@) (60)-(8) e+ / (@) dy(6)- ()2, € € [rovr], & € [r1,ra).

To 2

, 1/2 " 1/2 , 1/2 " 1/2
wore([sora) " ([ 8" ([ersare)” ([ 5)"
r? ot (r) <r?- % — r_lo . /T:l r? - [u) (r)Pdr + %2 — % . /: r? - [ub(r))?dr,

2 T1 1 1 T1 T2 1 1 T2
/TO r? - u*(r) < /TO r?. i dr~/m r?. [u/1(7")]2d7"~|—/r1 - d?"-/r1 r? - [ub(r)]2dr,

1 1

T1 T2
c3 = / r?. dr, ¢4 = /
ro r To m | T2

HUE JIEMMBI. U
U3 teopemsl 1 B [4, masa VII, § 6] ciaemyer camoconpskeHHOCTh oneparopa AL, a u3 Teo-
pemsl 1.8, nokazanHou B [5, c. 126], ero nonHas HENPEPHIBHOCTb.

1 1
dr. Beibpas vy = min{cs, ¢4 }, momy4um yTBepxie-
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§ 3. IMosHOTA cucTeMbl codcTBeHHBbIX pynknmii {p,, (r)}

Teopema 1. Cucmema cobcmeennvix yuxyuti {@,(r)} 3a0auu Lmypma—Jluysuiis nonna
6 npocmpancmee H.

JlokaszaTenbcTso. Tak kak u3 JemMMm 1-3 cienyer, 4to oneparop —A ™' sBIseTCS UHB-
CKTHBHBIM JTMHEHHBIM, BIOJIHE HEIPEPHIBHBIM, CAMOCOIPSIKEHHBIM H HOJIOXUTEIBHO OIpPeIeIeH-
HelM, a R(A~!) = D(A) = H, 1o u3 Teopems! ['mnbbepra-IlImMuara cnenyer, 4To ajs Jiro6oro

f(r) € H, f(r) = Z fuX20n(r), Tne fn = (f,©n), 4TO U JOKA3HIBAET MOJHOTY CHCTEMBI
n=1

{gn(r)} B npocrpanctse H.
[ycts {p,(z)} cucrema cobeTBennbix dynkmii oneparopa A~'. Torna

_Ailgpn(r) = Mi@pn(T% 4)
e p, = 1/\,. U3 (4) caenyert, 4to

L oon(r) = —Agu(r),

n

TO €CTh CHUCTEMBI COOCTBEHHBIX (PpyHKIMI onepaTopoB A~ u A coBnanarot. TeM camMbIM Teopema
IoKa3aHa. O
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Mathematical modeling of composite materials plays an important role in modern technology, and the
solution and study of inverse boundary value problems of heat transfer is impossible without the use of
systems of eigenfunctions of the Sturm-Liouville problem for the differential equation with discontinuous
coefficients. One of the most important properties of such systems is their completeness in the corre-
sponding spaces. This property of systems allows to prove theorems of existence and uniqueness of both
direct problems and inverse boundary value problems of thermal conductivity, and also to prove numerical
methods of solving such problems. In this paper, we prove the completeness of the Sturm-Liouville prob-
lem in the space Lo[rg, 2] for a second-order differential operator with a discontinuous coefficient. This
problem arises when investigating and solving the inverse boundary problem of thermal conductivity for
a hollow ball consisting of two balls with different temperature conductivity coefficients. Self-conjugacy,
injectivity, and positive definiteness of this operator are proved.
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