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�àññìàòðèâàåòñÿ ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà ñ íåïîëíîé îáðàòíîé ñâÿçüþ ñ äèñêðåòíûì âðåìåíåì

x(t + 1) = A(t)x(t) +B(t)u(t), y(t) = C∗(t)x(t), u(t) = U(t)y(t), t ∈ Z.

Èññëåäóåòñÿ çàäà÷à óïðàâëåíèÿ àñèìïòîòè÷åñêèì ïîâåäåíèåì çàìêíóòîé ñèñòåìû

x(t+ 1) = (A(t) +B(t)U(t)C∗(t))x(t), x ∈ K
n. (1)

Çäåñü K = C èëè K = R. Äëÿ òàêîé ñèñòåìû ââîäèòñÿ ïîíÿòèå ñîãëàñîâàííîñòè. Ýòî ïîíÿòèå ÿâëÿåò-

ñÿ îáîáùåíèåì ïîíÿòèÿ ïîëíîé óïðàâëÿåìîñòè íà ñèñòåìû ñ íåïîëíîé îáðàòíîé ñâÿçüþ. Èññëåäîâàíî

ñâîéñòâî ñîãëàñîâàííîñòè ñèñòåìû (1), ïîëó÷åíû íîâûå íåîáõîäèìûå óñëîâèÿ è äîñòàòî÷íûå óñëîâèÿ

ñîãëàñîâàííîñòè ñèñòåìû (1), â òîì ÷èñëå â ñòàöèîíàðíîì ñëó÷àå. Äëÿ ñòàöèîíàðíîé ñèñòåìû âèäà (1)

èññëåäóåòñÿ çàäà÷à î ãëîáàëüíîì óïðàâëåíèè ñïåêòðîì ñîáñòâåííûõ çíà÷åíèé, êîòîðàÿ çàêëþ÷àåòñÿ

â ïðèâåäåíèè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà ìàòðèöû ñòàöèîíàðíîé ñèñòåìû (1) ñ ïîìîùüþ ñòàöèî-

íàðíîãî óïðàâëåíèÿ U ê ïðîèçâîëüíîìó íàïåðåä çàäàííîìó ïîëèíîìó. Äëÿ ñèñòåìû (1) ñ ïîñòîÿííûìè

êîý��èöèåíòàìè ñïåöèàëüíîãî âèäà, êîãäà ìàòðèöà A èìååò �îðìó Õåññåíáåðãà, à â ìàòðèöàõ B è C
âñå ñòðîêè ñîîòâåòñòâåííî äî p-é è ïîñëå p-é (íå âêëþ÷àÿ p) ðàâíû íóëþ, ñâîéñòâî ñîãëàñîâàííîñòè

ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì ãëîáàëüíîé óïðàâëÿåìîñòè ñïåêòðà ñîáñòâåííûõ çíà÷åíèé. �àíåå áû-

ëî äîêàçàíî, ÷òî îáðàòíîå óòâåðæäåíèå âåðíî äëÿ n < 4 è íåâåðíî äëÿ n > 5. Â íàñòîÿùåé ðàáîòå

äîêàçàíî, ÷òî îáðàòíîå óòâåðæäåíèå âåðíî äëÿ n = 4.

Êëþ÷åâûå ñëîâà: ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà, íåïîëíàÿ îáðàòíàÿ ñâÿçü, ñîãëàñîâàííîñòü, óïðàâëå-

íèå ñïåêòðîì, ñòàáèëèçàöèÿ, äèñêðåòíàÿ ñèñòåìà.

� 1. Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ïðîäîëæàþòñÿ èññëåäîâàíèÿ, ïðîâåäåííûå â ðàáîòàõ [Z.I, Z.II℄

2

. Ââå-

äåì îáîçíà÷åíèÿ è îïðåäåëåíèÿ. Ïóñòü K = C èëè K = R; K
n
� ëèíåéíîå n-ìåðíîå ïðîñòðàí-

ñòâî âåêòîðîâ-ñòîëáöîâ x = col (x1, . . . , xn), xi ∈ K, íàä ïîëåì K; Mn,m(K) � ïðîñòðàíñòâî

n × m-ìàòðèö ñ ýëåìåíòàìè èç ïîëÿ K; Mn(K) := Mn,n(K); Mn,m := Mn,m(K); Mn := Mn,n;
I ∈ Mn � åäèíè÷íàÿ ìàòðèöà; ⊤ � îïåðàöèÿ òðàíñïîíèðîâàíèÿ âåêòîðà èëè ìàòðèöû; ∗ �

ýðìèòîâî ñîïðÿæåíèå, òî åñòü H∗ = H
⊤
; K

n∗
� ñîïðÿæåííîå ê K

n
ïðîñòðàíñòâî âåêòîð-

ñòðîê; 〈a1, . . . , aℓ〉 � ëèíåéíàÿ îáîëî÷êà ýëåìåíòîâ a1, . . . , aℓ íåêîòîðîãî ëèíåéíîãî ïðîñòðàí-

ñòâà; vec : Mn,m → K
nm

� îòîáðàæåíèå, êîòîðîå ¾ðàçâîðà÷èâàåò¿ ìàòðèöó H = {hij}, i = 1, n,
j = 1,m, ïî ñòðîêàì â âåêòîð-ñòîëáåö vecH = col (h11, . . . , h1m, . . . , hn1, . . . , hnm) ∈ K

nm
.

Íåòðóäíî ïðîâåðèòü, ÷òî äëÿ ëþáûõ L ∈ Mm,n, A ∈ Mn,k, N ∈ Mk,l ðàâåíñòâî D = LAN
ýêâèâàëåíòíî vecD = (L ⊗ N⊤)vecA. Çäåñü ⊗ � ïðÿìîå (êðîíåêåðîâî) ïðîèçâåäåíèå ìàò-

ðèö [1, ñ. 235℄.

�àññìîòðèì ëèíåéíóþ íåñòàöèîíàðíóþ óïðàâëÿåìóþ ñèñòåìó

ẋ = A(t)x+B(t)u, y = C∗(t)x, t ∈ R, (x, u, y) ∈ K
n ×K

m ×K
k, (1)

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíò 12�01�00195) è Ìèíîáðíàóêè �îññèè â ðàìêàõ

áàçîâîé ÷àñòè.
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Çàéöåâ Â.À. Ñîãëàñîâàííîñòü è óïðàâëåíèå ñïåêòðîì ñîáñòâåííûõ çíà÷åíèé äèñêðåòíûõ áèëèíåéíûõ ñèñòåì.

I, II // Äè��åðåíöèàëüíûå óðàâíåíèÿ. (Â ïå÷àòè.)
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ãäå ìàòðè÷íûå �óíêöèè A(·), B(·), C(·) êóñî÷íî-íåïðåðûâíû è îãðàíè÷åíû ïî íîðìå íà R.
Îáîçíà÷èì ÷åðåçX(t, s) ìàòðèöó Êîøè ñîîòâåòñòâóþùåé îäíîðîäíîé ñèñòåìû ẋ = A(t)x. Ïóñòü
óïðàâëåíèå â ñèñòåìå (1) ñòðîèòñÿ ïî ïðèíöèïó ëèíåéíîé íåïîëíîé îáðàòíîé ñâÿçè â âèäå

u = U(t)y, ãäå U : R → Mm,k � êóñî÷íî-íåïðåðûâíàÿ îãðàíè÷åííàÿ ïî íîðìå �óíêöèÿ. Òîãäà

ñèñòåìà (1) ïåðåõîäèò â çàìêíóòóþ ñèñòåìó

ẋ = (A(t) +B(t)U(t)C∗(t))x, t ∈ R, x ∈ K
n. (2)

Îïðåäåëåíèå 1. Ñèñòåìà (2) íàçûâàåòñÿ ñîãëàñîâàííîé íà îòðåçêå [t0, t1], åñëè äëÿ âñÿêîé

ìàòðèöû G ∈ Mn íàéäåòñÿ êóñî÷íî-íåïðåðûâíîå îãðàíè÷åííîå óïðàâëåíèå Û(t) ∈ Mm,k(K),

t ∈ [t0, t1], êîòîðîå ïåðåâîäèò ðåøåíèå ìàòðè÷íîé ñèñòåìû Ż = A(t)Z + B(t)Û(t)C∗(t)X(t, t0)
èç òî÷êè Z(t0) = 0 â òî÷êó Z(t1) = G.

Îïðåäåëåíèå ñîãëàñîâàííîñòè ñèñòåìû (2) áûëî ââåäåíî â ðàáîòå [2℄ äëÿ K = R. Ýòî ñâîé-

ñòâî îáîáùàåò ïîíÿòèå ïîëíîé óïðàâëÿåìîñòè íà ñèñòåìû ñ íåïîëíîé îáðàòíîé ñâÿçüþ: ïðè

C(t) ≡ I ýòè ñâîéñòâà ýêâèâàëåíòíû [2℄. Íà îñíîâå ýòîãî ñâîéñòâà â ðàáîòàõ [2�7℄ áûë ïîëó÷åí

ðÿä ðåçóëüòàòîâ îá óïðàâëåíèè ïîêàçàòåëÿìè Ëÿïóíîâà çàìêíóòîé ñèñòåìû (2). Â ðàáîòå [8℄

ïîíÿòèå ñîãëàñîâàííîñòè áûëî ïåðåíåñåíî íà ñèñòåìû áîëåå îáùåãî âèäà � áèëèíåéíûå ñèñòå-

ìû

ẋ = (A(t) + u1(t)A1(t) + u2(t)A2(t) + . . .+ ur(t)Ar(t))x, t ∈ R, x ∈ K
n, (3)

è ðåçóëüòàòû î ëîêàëüíîì óïðàâëåíèè ïîêàçàòåëÿìè Ëÿïóíîâà áûëè ïåðåíåñåíû íà ñèñòåìû (3)

äëÿ K = R.

Â ðàáîòàõ [9�15℄ èññëåäîâàëàñü çàäà÷à óïðàâëåíèÿ ñïåêòðîì ñîáñòâåííûõ çíà÷åíèé ñèñòåì

(2) è (3) ñ ïîñòîÿííûìè êîý��èöèåíòàìè äëÿ K = R è K = C. Ýòà çàäà÷à çàêëþ÷àåòñÿ â ñëå-

äóþùåì. Äëÿ çàäàííîé ñèñòåìû (2) (èëè (3)) ñ ïîñòîÿííûìè êîý��èöèåíòàìè è çàäàííîãî

ïðèâåäåííîãî ìíîãî÷ëåíà p(λ) = λn + γ1λ
n−1 + . . . + γn ñ êîý��èöèåíòàìè γi ∈ K òðåáóåòñÿ

ïîñòðîèòü óïðàâëåíèå U ∈ Mm,k(K) â ñèñòåìå (2) (u ∈ K
r
â ñèñòåìå (3)) òàêîå, ÷òîáû õàðàê-

òåðèñòè÷åñêèé ìíîãî÷ëåí ρ(λ;U) = det(λI −A−BUC∗) ìàòðèöû ñèñòåìû (2) (ñîîòâåòñòâåííî

õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ̺(λ;u) = det(λI −A−u1A1− . . .−urAr) ìàòðèöû ñèñòåìû (3))

ñîâïàäàë ñ p(λ). Åñëè òàêîå óïðàâëåíèå íàéäåòñÿ äëÿ ëþáîãî γ = col (γ1, . . . , γn) ∈ K
n
, òî ñïåêòð

ñòàöèîíàðíîé ñèñòåìû (2) (ñèñòåìû (3)) íàçûâàåòñÿ ãëîáàëüíî óïðàâëÿåìûì [14℄.

Èçâåñòíî, ÷òî äëÿ ñòàöèîíàðíîé ñèñòåìû ñ ïîëíîé îáðàòíîé ñâÿçüþ (òî åñòü êîãäà C = I)
èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå (ñì. ññûëêè â [14℄), ñïðàâåäëèâîå è äëÿ K = C, è äëÿ

K = R.

Óòâåðæäåíèå 1. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû.

1. Ñèñòåìà (1) âïîëíå óïðàâëÿåìà.

2. rank [B,AB, . . . , An−1B] = n.
3. Ñïåêòð ñèñòåìû (2) ãëîáàëüíî óïðàâëÿåì.

Â ðàáîòàõ [14,15℄ äîêàçàíû òåîðåìû, àíàëîãè÷íûå óòâåðæäåíèþ 1, äëÿ ñòàöèîíàðíûõ ñèñòåì

(2) è (3) ñ êîý��èöèåíòàìè, èìåþùèìè ñïåöèàëüíûé âèä (ñì. òàêæå [9℄). Ïðèâåäåì çäåñü ýòè

óòâåðæäåíèÿ äëÿ ñèñòåìû (2). �àññìîòðèì ñèñòåìó ñ íåïîëíîé îáðàòíîé ñâÿçüþ ñ ïîñòîÿííûìè

êîý��èöèåíòàìè

ẋ = (A+BUC∗)x, t ∈ R, x ∈ K
n. (4)

Ïðåäïîëîæèì, ÷òî êîý��èöèåíòû ñèñòåìû (4) èìåþò ñëåäóþùèé âèä: ìàòðèöà A èìååò �îðìó

Õåññåíáåðãà, à â ìàòðèöàõ B è C âñå ñòðîêè ñîîòâåòñòâåííî äî p-é è ïîñëå p-é (íå âêëþ÷àÿ p)
ðàâíû íóëþ, òî åñòü

A = {aij}
n
i,j=1, ai,i+1 6= 0, i = 1, n− 1; aij = 0, j > i+ 1; (5)

B = {bij}, C = {cis}, i = 1, n, j = 1,m, s = 1, k;

bij = 0, i = 1, p− 1, j = 1,m; cis = 0, i = p+ 1, n, s = 1, k; p ∈ {1, n}.
(6)
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Òåîðåìà 1 (ñì. [14, òåîðåìà 1℄). Ïóñòü êîý��èöèåíòû ñèñòåìû (4) èìåþò âèä (5), (6).

Òîãäà ñïðàâåäëèâû èìïëèêàöèè 1 =⇒ 2 ⇐⇒ 3 äëÿ ñëåäóþùèõ óòâåðæäåíèé.

1. Ñèñòåìà (4) ñîãëàñîâàííà.

2. Ìàòðèöû C∗B, C∗AB, . . . , C∗An−1B ëèíåéíî íåçàâèñèìû.

3. Ñïåêòð ñèñòåìû (4) ãëîáàëüíî óïðàâëÿåì.

Îòâåò íà âîïðîñ î ñïðàâåäëèâîñòè èìïëèêàöèè 2 =⇒ 1 â òåîðåìå 1 äàåò òåîðåìà 3 [14℄.

Â ÷àñòíîñòè, áûëî äîêàçàíî, ÷òî èìïëèêàöèÿ 2 =⇒ 1 â òåîðåìå 1 èìååò ìåñòî ïðè n < 6. Äî-
êàçàòåëüñòâî áûëî ïðîâåäåíî â ðàáîòå [9℄ ïåðåáîðîì âîçìîæíûõ çíà÷åíèé n,m, k, p ñ ïîìîùüþ
ðàçëè÷íûõ íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé ñîãëàñîâàííîñòè ñèñòåìû (4), óñòàíîâëåííûõ

â ðàáîòå [9℄ (ñì. òàêæå [14℄). Â ðàáîòå [16℄ äîêàçàíî, ÷òî ïðè n > 6 óòâåðæäåíèå 2 =⇒ 1
â òåîðåìå 1, âîîáùå ãîâîðÿ, íåâåðíî, è áûëè ïðèâåäåíû ñîîòâåòñòâóþùèå êîíòðïðèìåðû.

Â ðàáîòàõ [Z.I, Z.II℄ ðåçóëüòàòû ðàáîò [14, 15℄ ïåðåíîñÿòñÿ íà ñèñòåìû ñ äèñêðåòíûì âðå-

ìåíåì: ââîäèòñÿ îïðåäåëåíèå ñîãëàñîâàííîñòè äëÿ äèñêðåòíûõ ñèñòåì; ïîëó÷åíû íåîáõîäè-

ìûå óñëîâèÿ è äîñòàòî÷íûå óñëîâèÿ ñîãëàñîâàííîñòè íåñòàöèîíàðíûõ è ñòàöèîíàðíûõ ñèñòåì

ñ íåïîëíîé îáðàòíîé ñâÿçüþ è áèëèíåéíûõ ñèñòåì, àíàëîãè÷íûå óñëîâèÿì, ïîëó÷åííûì äëÿ

ñèñòåì ñ íåïðåðûâíûì âðåìåíåì; óñòàíîâëåíà âçàèìîñâÿçü ñâîéñòâà ñîãëàñîâàííîñòè ñòàöèî-

íàðíûõ ñèñòåì ñ çàäà÷åé óïðàâëåíèÿ ñïåêòðîì ñîáñòâåííûõ çíà÷åíèé.

Â ÷àñòíîñòè, â ðàáîòàõ [Z.I, Z.II℄ äëÿ ñèñòåìû âèäà (4) ñ äèñêðåòíûì âðåìåíåì (òî åñòü êîãäà

t ∈ Z è â ëåâîé ÷àñòè âìåñòî ẋ(t) ñòîèò x(t + 1)) äîêàçàíà òåîðåìà, �îðìóëèðîâêà êîòîðîé

äîñëîâíî ïîâòîðÿåò �îðìóëèðîâêó òåîðåìû 1. Âîçíèêàåò âîïðîñ: ñïðàâåäëèâà ëè èìïëèêàöèÿ

2 =⇒ 1 â òåîðåìå 1 äëÿ äèñêðåòíûõ ñèñòåì? Èçó÷åíèå ýòîãî âîïðîñà áûëî íà÷àòî â ðàáîòå

[Z.II℄ â ïðåäïîëîæåíèè, ÷òî detA 6= 0. (Óñëîâèå detA 6= 0 ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì

ñîãëàñîâàííîñòè äëÿ äèñêðåòíîé ñèñòåìû âèäà (4) â íåòðèâèàëüíîì ñëó÷àå, êîãäà rankB < n
èëè rankC < n, ñì. íèæå óòâåðæäåíèå 4 è çàìå÷àíèå 1.) Â ðàáîòå [Z.II℄ áûëî ïîêàçàíî, ÷òî

åñëè detA 6= 0, òî ïðè n < 4 ýòà èìïëèêàöèÿ âåðíà [Z.II, óòâåðæäåíèå 7 (d)℄, à ïðè n > 6 ýòà

èìïëèêàöèÿ íåâåðíà [Z.II, ïðèìåð 4℄. Áûëà âûäâèíóòà ãèïîòåçà [Z.II, óòâåðæäåíèå 7 (f)℄ î òîì,

÷òî ïðè n = 4 è n = 5 èìïëèêàöèÿ 2 =⇒ 1 â òåîðåìå 1 äëÿ äèñêðåòíûõ ñèñòåì âåðíà, òàê

æå êàê è äëÿ íåïðåðûâíûõ ñèñòåì. Îäíàêî ýòà ãèïîòåçà íå áûëà äîêàçàíà. Íàñòîÿùàÿ ðàáîòà

ïîñâÿùåíà äîêàçàòåëüñòâó ýòîé ãèïîòåçû äëÿ n = 4.

� 2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ïðèâåäåì îïðåäåëåíèÿ è âñïîìîãàòåëüíûå óòâåðæäåíèÿ, äîêàçàííûå â ðàáîòàõ [Z.I, Z.II℄,

íåîáõîäèìûå äëÿ äîêàçàòåëüñòâà îñíîâíîãî ðåçóëüòàòà ðàáîòû. �àññìîòðèì ëèíåéíóþ óïðàâ-

ëÿåìóþ ñèñòåìó ñ äèñêðåòíûì âðåìåíåì, çàìêíóòóþ ïî ïðèíöèïó ëèíåéíîé íåïîëíîé îáðàòíîé

ñâÿçè:

x(t+ 1) = (A(t) +B(t)U(t)C∗(t))x(t), t ∈ Z, x ∈ K
n. (7)

Îáîçíà÷èì ÷åðåç X(t, s), t > s, ìàòðèöó Êîøè ñîîòâåòñòâóþùåé íåâîçìóùåííîé ñèñòåìû

x(t+ 1) = A(t)x(t).

Èìååì X(t, s) = A(t− 1)A(t− 2) · . . . ·A(s) ïðè t > s è X(t, s) = I ïðè t = s. Ïîä ïðîìåæóòêîì

[t0, t1), ãäå t0, t1 ∈ Z, t0 < t1, áóäåì ïîíèìàòü ìíîæåñòâî öåëî÷èñëåííûõ òî÷åê t0, t0+1, . . . , t1−1.

Îïðåäåëåíèå 2. Ñèñòåìà (7) íàçûâàåòñÿ ñîãëàñîâàííîé íà ïðîìåæóòêå [t0, t1), åñëè äëÿ

âñÿêîé ìàòðèöû G ∈ Mn íàéäåòñÿ óïðàâëåíèå Û(t) ∈ Mm,k(K), t ∈ [t0, t1), êîòîðîå ïåðåâîäèò
ðåøåíèå ìàòðè÷íîé ñèñòåìû

Z(t+ 1) = A(t)Z(t) +B(t)Û(t)C∗(t)X(t, t0), t ∈ Z,

èç òî÷êè Z(t0) = 0 â òî÷êó Z(t1) = G.
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Ïðåäïîëîæèì, ÷òî detA(t) 6= 0, t ∈ Z. Ïîñòðîèì ïî ñèñòåìå (7) ¾áîëüøóþ ñèñòåìó¿

(ñì. [Z.I℄)

z(t+ 1) = F (t)z(t) +G(t)v(t), t ∈ Z, (z, v) ∈ K
n2

×K
mk, (8)

F (t) = A(t)⊗ (A⊤(t− 1))−1 ∈ Mn2 , G(t) = B(t)⊗ C(t) ∈ Mn2,mk. (9)

Óòâåðæäåíèå 2 (ñì. [Z.I, òåîðåìà 1℄). Ïóñòü detA(t) 6= 0, t ∈ [τ, τ + ϑ). Òîãäà ñèñòåìà (7)

ñîãëàñîâàííà íà [τ, τ +ϑ) â òîì è òîëüêî â òîì ñëó÷àå, åñëè áîëüøàÿ ñèñòåìà (8), (9) âïîëíå

óïðàâëÿåìà íà [τ, τ + ϑ).

�àññìîòðèì òåïåðü ñèñòåìó (7) ñ ïîñòîÿííûìè êîý��èöèåíòàìè

x(t+ 1) = (A+BUC∗)x(t), t ∈ Z, x ∈ K
n. (10)

Áóäåì îòîæäåñòâëÿòü ñèñòåìó (10) ñ ìàòðèöåé Σ = (A,B,C) ∈ Mn,n+m+k. Ñèñòåìà Σ íàçûâàåò-

ñÿ ϑ-ñîãëàñîâàííîé, åñëè îíà ñîãëàñîâàííà íà ïðîìåæóòêå [0, ϑ). Î÷åâèäíî, ÷òî åñëè ñèñòåìà Σ
ϑ-ñîãëàñîâàííà, òî îíà ñîãëàñîâàííà íà ïðîìåæóòêå [τ, τ+ϑ) äëÿ ëþáîãî τ ∈ Z, òî åñòü ñâîéñòâî

ñîãëàñîâàííîñòè ñòàöèîíàðíîé ñèñòåìû ÿâëÿåòñÿ ðàâíîìåðíûì.

Óòâåðæäåíèå 3 (ñì. [Z.I, ïðåäëîæåíèå 11℄). Ñèñòåìà Σ íå ÿâëÿåòñÿ ϑ-ñîãëàñîâàííîé òî-

ãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò íåíóëåâàÿ ìàòðèöà H ∈ Mn òàêàÿ, ÷òî âûïîëíåíû

ðàâåíñòâà

C∗AiHAϑ−1−iB = 0, i = 0, . . . , ϑ − 1. (11)

Óòâåðæäåíèå 4 (ñì. [Z.I, óòâåðæäåíèå 1℄). Åñëè ñèñòåìà Σ ÿâëÿåòñÿ ϑ-ñîãëàñîâàííîé
è ϑ > 1, òî detA 6= 0.

Îïðåäåëåíèå 3 (ñì. [Z.I, îïðåäåëåíèå 2℄). Ñèñòåìà Σ íàçûâàåòñÿ ñîãëàñîâàííîé, åñëè ñóùå-

ñòâóåò ϑ > 0 òàêîå, ÷òî ñèñòåìà Σ ÿâëÿåòñÿ ϑ-ñîãëàñîâàííîé.

Â ñëåäóþùåì óòâåðæäåíèè ïðèâåäåíû ðàçëè÷íûå �îðìóëèðîâêè íåîáõîäèìûõ è äîñòàòî÷íûõ

óñëîâèé ñîãëàñîâàííîñòè ñèñòåìû Σ ñ íåâûðîæäåííîé ìàòðèöåé A.

Òåîðåìà 2. Ïóñòü detA 6= 0. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû.

1. Ñèñòåìà Σ ñîãëàñîâàííà.

2. Ñèñòåìà Σ ÿâëÿåòñÿ n2
-ñîãëàñîâàííîé.

3. �àâåíñòâà

C∗AiHA−iB = 0, i = 0, . . . , n2 − 1,

âûïîëíåíû òîëüêî ïðè H = 0.

4. 〈BU1C
∗, A−1BU2C

∗A, . . . , (A−1)n
2−1BUn2C∗An2−1, Ui ∈ Mm,k〉 = Mn.

5. 〈BU1C
∗, ABU2C

∗A−1, . . . , An2−1BUn2C∗(A−1)n
2−1, Ui ∈ Mm,k〉 = Mn.

6. rank [B ⊗ (C∗)⊤, (AB)⊗ (C∗A−1)⊤, . . . , (An2
−1B)⊗ (C∗(A−1)n

2
−1)⊤] = K

n2

.

7. rank [B ⊗ C, (A⊗ (A−1)⊤)(B ⊗ C), . . . , (A⊗ (A−1)⊤)n
2−1(B ⊗ C)] = K

n2

.

8. Áîëüøàÿ ñèñòåìà

z(t+ 1) = Fz(t) +Gv(t), F = A⊗ (A⊤)−1, G = B ⊗ C, (z, v) ∈ K
n2

×K
mk, (12)

âïîëíå óïðàâëÿåìà.
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Ýêâèâàëåíòíîñòü 1 ⇐⇒ 3 � ýòî òåîðåìà 4 [Z.I℄. Ýêâèâàëåíòíîñòü 1 ⇐⇒ 4 � ýòî òåîðåìà 3 [Z.I℄.

Ýêâèâàëåíòíîñòü 2 ⇐⇒ 4 åñòü ñëåäñòâèå ïðåäëîæåíèÿ 12 [Z.I℄. Åñëè ìàòðèöû â ëåâîé ÷àñòè

óòâåðæäåíèÿ 4 óìíîæèòü ñëåâà íà An2
−1, à ñïðàâà � íà (A−1)n

2
−1, òî ïîëó÷èòñÿ ýêâèâàëåíò-

íîå ðàâåíñòâî, êîòîðîå èìååò âèä óòâåðæäåíèÿ 5. Ýêâèâàëåíòíîñòü 5 ⇐⇒ 6 ïîëó÷àåòñÿ, åñëè

ðàçâåðíóòü n × n-ìàòðèöû â ëåâîé ÷àñòè óòâåðæäåíèÿ 5 â n2
-ñòîëáöû ïðè ïîìîùè îòîáðàæå-

íèÿ vec è âîñïîëüçîâàòüñÿ ðàâåíñòâîì vec (PUQ) = (P ⊗ Q⊤)vecU. Ýêâèâàëåíòíîñòü 6 ⇐⇒ 7
âûòåêàåò èç �îðìóëû (PQ)⊗(RS) = (P⊗R)(Q⊗S). Ýêâèâàëåíòíîñòü 7 ⇐⇒ 8 � ýòî èçâåñòíûé

êðèòåðèé ïîëíîé óïðàâëÿåìîñòè äèñêðåòíîé ñòàöèîíàðíîé ñèñòåìû.

Äëÿ ñèñòåìû Σ ñ ïðîèçâîëüíîé ìàòðèöåé A (íå îáÿçàòåëüíî íåâûðîæäåííîé) èìååò ìåñòî

ñëåäóþùèé êðèòåðèé ñîãëàñîâàííîñòè (ñì. [Z.I, ñëåäñòâèå 6℄).

Òåîðåìà 3. Ñèñòåìà Σ ñîãëàñîâàííà òîãäà è òîëüêî òîãäà, êîãäà rankB = rankC = n
èëè

〈An2−1BU1C
∗, An2−2BU2C

∗A, . . . , BUn2C∗An2−1, Ui ∈ Mm,k〉 = Mn.

Çàìå÷àíèå 1. Íàçîâåì ñèñòåìó Σ = (A,B,C) òðèâèàëüíîé, åñëè rankB = rankC = n,
è íåòðèâèàëüíîé â ïðîòèâíîì ñëó÷àå. Èç óòâåðæäåíèé 3, 4 ñëåäóåò, ÷òî íåîáõîäèìûì óñëîâè-

åì ñîãëàñîâàííîñòè íåòðèâèàëüíîé ñèñòåìû ÿâëÿåòñÿ óñëîâèå detA 6= 0. Äåéñòâèòåëüíî, ïóñòü
ñèñòåìà Σ íåòðèâèàëüíàÿ è ñîãëàñîâàííàÿ, ñëåäîâàòåëüíî, ñóùåñòâóåò ϑ > 0 òàêîå, ÷òî ñèñòå-

ìà Σ ϑ-ñîãëàñîâàííà. Åñëè ϑ > 1, òî detA 6= 0 â ñèëó óòâåðæäåíèÿ 4. Åñëè ϑ = 1, òî, â ñèëó

óòâåðæäåíèÿ 3, ñèñòåìà Σ íå ÿâëÿåòñÿ ϑ-ñîãëàñîâàííîé, ïîñêîëüêó íàéäåòñÿ ìàòðèöà H 6= 0,
îáåñïå÷èâàþùàÿ âûïîëíåíèå ðàâåíñòâ (11) (òî÷íåå, îäíîãî ðàâåíñòâà C∗HB = 0). Äëÿ ýòîãî

äîñòàòî÷íî âçÿòü ìàòðèöó H = h · ξ, h ∈ K
n
, ξ ∈ K

n∗
, ãäå: (a) h ∈ (KerC∗) \ {0}, ξ 6= 0 � ëþáàÿ

âåêòîð-ñòðîêà (â ñëó÷àå êîãäà rankC < n); (b) ξ∗ ∈ (KerB∗)\{0}, h 6= 0� ëþáîé âåêòîð-ñòîëáåö

(â ñëó÷àå êîãäà rankB < n).

Ñëåäóþùèå äâà óòâåðæäåíèÿ âûòåêàþò èç ñëåäñòâèé 2 è 3 [Z.I℄ ñîîòâåòñòâåííî, à òàêæå èç

ñëåäñòâèÿ 6 [Z.I℄ (ñì. çàìå÷àíèå ïîñëå ñëåäñòâèÿ 6 [Z.I℄).

Óòâåðæäåíèå 5. Åñëè ñèñòåìà Σ = (A,B,C) ñîãëàñîâàííà, òî äëÿ ëþáûõ íåâûðîæäåííûõ

ìàòðèö T ∈ Mm, R ∈ Mk ñèñòåìà Σ1 = (A,BT,CR) òàêæå ÿâëÿåòñÿ ñîãëàñîâàííîé.

Óòâåðæäåíèå 6. Åñëè ñèñòåìà Σ = (A,B,C) ñîãëàñîâàííà, òî äëÿ ëþáîé íåâûðîæäåííîé

ìàòðèöû S ∈ Mn ñèñòåìà Σ̃ := SΣS−1 := (Ã, B̃, C̃), ãäå Ã = SAS−1, B̃ = SB, C̃∗ = C∗S−1
,

òàêæå ÿâëÿåòñÿ ñîãëàñîâàííîé.

Óòâåðæäåíèÿ 5 è 6 ñîâïàäàþò ñîîòâåòñòâåííî ñî ñëåäñòâèÿìè 2 è 3 ðàáîòû [14℄, äîêàçàííûìè

äëÿ ñèñòåì ñ íåïðåðûâíûì âðåìåíåì

Ìàòðèöó A áóäåì íàçûâàòü öèêëè÷åñêîé, åñëè ãåîìåòðè÷åñêàÿ êðàòíîñòü êàæäîãî ñîáñòâåí-

íîãî çíà÷åíèÿ ðàâíà 1. Ýòî ðàâíîñèëüíî òîìó, ÷òî ìàòðèöû I, A, . . . , An−1
ëèíåéíî íåçàâèñè-

ìû. Äëÿ ñèñòåìû Σ = (A,B,C) ñ öèêëè÷åñêîé ìàòðèöåé A èìååò ìåñòî ñëåäóþùåå íåîáõîäèìîå

óñëîâèå ñîãëàñîâàííîñòè.

Óòâåðæäåíèå 7 (ñì. [Z.II, óòâåðæäåíèå 3℄). Ïóñòü ìàòðèöà A öèêëè÷åñêàÿ. Åñëè ñèñòå-

ìà Σ = (A,B,C) ñîãëàñîâàííà, òî ìàòðèöû

C∗B, C∗AB, . . . , C∗An−1B (13)

ëèíåéíî íåçàâèñèìû.

Óòâåðæäåíèå, îáðàòíîå ê óòâåðæäåíèþ 7, â îáùåì ñëó÷àå íåâåðíî, ïîñêîëüêó ìàòðèöà A
ìîæåò áûòü âûðîæäåííîé, à â íåòðèâèàëüíîì ñëó÷àå íåîáõîäèìûì óñëîâèåì ñîãëàñîâàííîñòè

ÿâëÿåòñÿ óñëîâèå detA 6= 0 (ñì. çàìå÷àíèå 1). Äàëåå, äàæå ïðè óñëîâèè detA 6= 0 îáðàòíîå ê

óòâåðæäåíèþ 7 íåâåðíî ïðè n > 3. Ýòî ïîêàçûâàåò ïðèìåð 2 [Z.II℄. Â ñëåäóþùåì óòâåðæäåíèè

óñòàíîâëåíî, â êàêîì ñëó÷àå âåðíà èìïëèêàöèÿ, îáðàòíàÿ ê óòâåðæäåíèþ 7.
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Óòâåðæäåíèå 8 (ñì. [Z.II, óòâåðæäåíèå 4℄). Ïóñòü ìàòðèöû (13) ëèíåéíî íåçàâèñèìû

è detA 6= 0. Òîãäà ñèñòåìà Σ = (A,B,C) ñîãëàñîâàííà, åñëè âûïîëíåíî õîòÿ áû îäíî èç

óñëîâèé: (a) rankC = n; (b) rankB = n; (c) rankC = 1; (d) rankB = 1; (e) n 6 2; (f) âñå

ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A ðàâíû.

Äàëåå, èìååò ìåñòî ñëåäóþùàÿ òåîðåìà îá óïðàâëåíèè ñïåêòðîì ñîáñòâåííûõ çíà÷åíèé

â ñëó÷àå, êîãäà êîý��èöèåíòû ñèñòåìû (10) èìåþò ñïåöèàëüíûé âèä.

Òåîðåìà 4 (ñì. [Z.II, òåîðåìà 5℄). Ïóñòü êîý��èöèåíòû ñèñòåìû (10) èìåþò âèä (5), (6).

Òîãäà ñïðàâåäëèâû èìïëèêàöèè 1 =⇒ 2 ⇐⇒ 3 äëÿ ñëåäóþùèõ óòâåðæäåíèé.

1. Ñèñòåìà Σ ñîãëàñîâàííà.

2. Ìàòðèöû C∗B, C∗AB, . . . , C∗An−1B ëèíåéíî íåçàâèñèìû.

3. Ñïåêòð ñèñòåìû (10) ãëîáàëüíî óïðàâëÿåì.

Âåðíà ëè èìïëèêàöèÿ 2 =⇒ 1 â òåîðåìå 4? Îòâåò íà ýòîò âîïðîñ ÷àñòè÷íî ïîëó÷åí â ðàáîòå
[Z.II℄, îí äàåòñÿ â ñëåäóþùèõ óòâåðæäåíèÿõ.

Óòâåðæäåíèå 9 (ñì. [Z.II, óòâåðæäåíèå 7℄). Ïóñòü êîý��èöèåíòû ñèñòåìû Σ èìåþò âèä

(5), (6) è detA 6= 0. Òîãäà, åñëè n < 4, èìïëèêàöèÿ 2 =⇒ 1 â òåîðåìå 4 âåðíà.

Óòâåðæäåíèå 10. Ïóñòü êîý��èöèåíòû ñèñòåìû Σ èìåþò âèä (5), (6) è detA 6= 0. Åñëè
n > 6, òî èìïëèêàöèÿ 2 =⇒ 1 â òåîðåìå 4 íåâåðíà, òî åñòü äëÿ ëþáîãî n > 6 ñóùåñòâóåò

ñèñòåìà Σn = (An, Bn, Cn), êîòîðàÿ óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

(a) detAn 6= 0;
(b) êîý��èöèåíòû ñèñòåìû Σn èìåþò âèä (5), (6);

(c) ìàòðèöû C∗
nBn, C

∗
nAnBn, . . . , C

∗
nA

n−1
n Bn ëèíåéíî íåçàâèñèìû;

(d) ñèñòåìà Σn íå ÿâëÿåòñÿ ñîãëàñîâàííîé.

Óòâåðæäåíèå 10 äîêàçûâàåòñÿ ïðèìåðîì 4 [Z.II℄.

Òàêèì îáðàçîì, íåèññëåäîâàííûìè îñòàþòñÿ ñëó÷àè n = 4, n = 5. Â ðàáîòå [Z.II℄ áûëà

âûäâèíóòà ãèïîòåçà î òîì, ÷òî ïðè n = 4, n = 5 èìïëèêàöèÿ 2 =⇒ 1 â òåîðåìå 4 âåðíà (ñì. [Z.II,
óòâåðæäåíèå 7 (f), ãèïîòåçà 3℄). (Îñíîâàíèåì äëÿ òàêîãî ïðåäïîëîæåíèÿ ÿâèëñÿ òîò �àêò, ÷òî

äëÿ ñèñòåì ñ íåïðåðûâíûì âðåìåíåì ýòî óòâåðæäåíèå âåðíî.) Îñíîâíûì ðåçóëüòàòîì äàííîé

ðàáîòû (ñì. òåîðåìó 5 íèæå) ÿâëÿåòñÿ ïîëîæèòåëüíûé îòâåò íà âîïðîñ î ñïðàâåäëèâîñòè ýòîé

ãèïîòåçû äëÿ n = 4. Ñëó÷àé n = 5 ïîêà îñòàåòñÿ îòêðûòûì.

� 3. Îñíîâíîé ðåçóëüòàò

Òåîðåìà 5. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(a) êîý��èöèåíòû ñèñòåìû Σ = (A,B,C) èìåþò âèä (5), (6); (b) detA 6= 0; (c) n = 4.
Òîãäà, åñëè ìàòðèöû

C∗B, C∗AB, . . . , C∗An−1B (14)

ëèíåéíî íåçàâèñèìû, ñèñòåìà Σ ñîãëàñîâàííà.

Ä î ê à ç à ò å ë ü ñ ò â î. Çàìåòèì, ÷òî åñëè ñèñòåìà Σ = (A,B,C) ñîãëàñîâàííà è ñòîëáöû
ìàòðèöû B (èëè ìàòðèöû C) ëèíåéíî çàâèñèìû, òî ñèñòåìà Σ̃ = (A, B̃, C̃), ãäå ìàòðèöû B̃, C̃
ïîëó÷åíû èç ìàòðèö B,C âû÷åðêèâàíèåì ëèíåéíî çàâèñèìûõ ñòîëáöîâ, òàêæå ñîãëàñîâàííà

(è îáðàòíî, åñëè Σ̃ ñîãëàñîâàííà, òî Σ ñîãëàñîâàííà). Àíàëîãè÷íî ñâîéñòâà ëèíåéíîé íåçàâè-

ñèìîñòè ìàòðèö (14) äëÿ ñèñòåì Σ è Σ̃ ðàâíîñèëüíû. Êðîìå òîãî, åñëè ìàòðèöû B, C èìåþò

âèä (6), òî B̃, C̃ òàêæå èìåþò âèä (6) (è íàîáîðîò). Ïîýòîìó áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî

ñ÷èòàòü, ÷òî m 6 n, k 6 n è ìàòðèöû B è C èìåþò ïîëíûé ðàíã: rankB = m, rankC = k.
Îòñþäà è èç âèäà ìàòðèö B è C ñëåäóåò, ÷òî n−p+1 > m, p > k. Îòñþäà, â ÷àñòíîñòè, ñëåäóåò,
÷òî n+ 1 > m+ k. Èç ëèíåéíîé íåçàâèñèìîñòè ìàòðèö (14) ñëåäóåò, ÷òî mk > n.
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Äàëåå äîêàçàòåëüñòâî èäåéíî ñëåäóåò äîêàçàòåëüñòâó àíàëîãè÷íîé òåîðåìû äëÿ ñèñòåì

ñ íåïðåðûâíûì âðåìåíåì [9, òåîðåìà 12℄, îäíàêî âû÷èñëèòåëüíî îíî áîëåå ñëîæíîå. Ñâîéñòâà

ñîãëàñîâàííîñòè ñèñòåìû Σ = (A,B,C) (â ñèëó óòâåðæäåíèÿ 6) è ëèíåéíîé íåçàâèñèìîñòè

ìàòðèö (14) (î÷åâèäíî) èíâàðèàíòíû îòíîñèòåëüíî ïðåîáðàçîâàíèÿ (A,B,C) → (Ã, B̃, C̃),

Ã = SAS−1, B̃ = SB, C̃∗ = C∗S−1, (15)

ãäå S � ïðîèçâîëüíàÿ íåâûðîæäåííàÿ ìàòðèöà. Ïî óñëîâèþ òåîðåìû ìàòðèöà A èìååò âèä (5).

Ïóñòü λn+α1λ
n−1+ . . .+αn := χ(A;λ) � õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ìàòðèöû A. Ïîñòðîèì

ñîïðîâîæäàþùóþ ìàòðèöó (ìàòðèöó Ôðîáåíèóñà)

F =

∥∥∥∥∥∥∥∥∥∥

0 1 0 . . . 0
0 0 1 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 1

−αn −αn−1 −αn−2 . . . −α1

∥∥∥∥∥∥∥∥∥∥

(16)

äëÿ ìíîãî÷ëåíà χ(A;λ). Ñóùåñòâóåò íèæíÿÿ òðåóãîëüíàÿ íåâûðîæäåííàÿ ìàòðèöà Ŝ (åå

ïîñòðîåíèå îïèñàíî â [11℄), êîòîðàÿ ïðèâîäèò ìàòðèöó A ê ìàòðèöå Ôðîáåíèóñà, òî åñòü

F = ŜAŜ−1
. Ïåðåéäåì îò ñèñòåìû Σ = (A,B,C) ê ñèñòåìå Σ̃ = (Ã, B̃, C̃), ìàòðèöû êîòîðîé

îïðåäåëÿþòñÿ ðàâåíñòâàìè (15), ãäå â êà÷åñòâå S âûñòóïàåò ìàòðèöà Ŝ. Òîãäà Ã � ýòî ìàòðèöà

Ôðîáåíèóñà, à ìàòðèöû B̃ è C̃, â ñèëó òîãî ÷òî Ŝ � íèæíÿÿ òðåóãîëüíàÿ, òàêæå èìåþò âèä (6),

òî åñòü ñòðîêè ìàòðèöû B̃ äî p-é è ìàòðèöû C̃ ïîñëå p-é (íå âêëþ÷àÿ p) ðàâíû íóëþ. Òàêèì

îáðàçîì, áåç îãðàíè÷åíèÿ îáùíîñòè äàëåå ñ÷èòàåì, ÷òî A èìååò âèä (16), à B è C � âèä (6).

Êðîìå òîãî, αn 6= 0 â ñèëó óñëîâèÿ (b) òåîðåìû.
Ïîñòðîèì ïî ñèñòåìå Σ áîëüøóþ ñèñòåìó (12). Â ñèëó òåîðåìû 2 ñâîéñòâî ñîãëàñîâàííîñòè

ñèñòåìû Σ ýêâèâàëåíòíî ñâîéñòâó ïîëíîé óïðàâëÿåìîñòè áîëüøîé ñèñòåìû, êîòîðîå ðàâíî-

ñèëüíî óñëîâèþ

rank [G,FG, . . . , Fn2
−1G] = n2. (17)

Áóäåì äîêàçûâàòü ðàâåíñòâî (17) äëÿ n = 4. Äîêàçàòåëüñòâî áóäåì ïðîâîäèòü ïåðåáîðîì

âîçìîæíûõ çíà÷åíèé m,k, p. Êàê ïîêàçàíî âûøå, ñ íåîáõîäèìîñòüþ äîëæíû áûòü âûïîëíåíû

íåðàâåíñòâà

1 6 m 6 n, 1 6 k 6 n, n− p+ 1 > m, p > k, n+ 1 > m+ k, mk > n.

Åñëè m = 1, èëè m = n, èëè k = 1, èëè k = n, òî óòâåðæäåíèå òåîðåìû ñëåäóåò èç óòâåðæäå-

íèÿ 8. Òàêèì îáðàçîì, îñòàåòñÿ ðàññìîòðåòü ñëó÷àè, êîãäà âûïîëíåíû íåðàâåíñòâà

1 < m < n, 1 < k < n, n− p+ 1 > m, p > k, n+ 1 > m+ k, mk > n. (18)

(n = 4). Ñîâîêóïíîñòè íåðàâåíñòâ (18) óäîâëåòâîðÿþò 4 ñëó÷àÿ:

1) m = 3, k = 2, p = 2; 3) m = 2, k = 2, p = 2;
2) m = 2, k = 3, p = 3; 4) m = 2, k = 2, p = 3.

�àçáåðåì êàæäûé ñëó÷àé ïî îòäåëüíîñòè. Áóäåì ïîëüçîâàòüñÿ òåì, ÷òî, â ñèëó óòâåðæäåíèÿ 5,

ñâîéñòâî ñîãëàñîâàííîñòè èíâàðèàíòíî îòíîñèòåëüíî ïðåîáðàçîâàíèÿ (A,B,C) → (A, B̃, C̃),
B̃ = BT , C̃ = CR, T ∈ Mm, R ∈ Mk, detT 6= 0, detR 6= 0. Ëåãêî âèäåòü, ÷òî ñâîéñòâî ëèíåéíîé
íåçàâèñèìîñòè ìàòðèö (14) è âûïîëíåíèå óñëîâèé (5), (6) òàêæå èíâàðèàíòíû îòíîñèòåëüíî

ýòîãî ïðåîáðàçîâàíèÿ.

1. m = 3, k = 2, p = 2. Ìîæíî ñ÷èòàòü áåç îãðàíè÷åíèÿ îáùíîñòè, ÷òî ìàòðèöû ñèñòåìû

èìåþò âèä

A =

∥∥∥∥∥∥∥∥

0 1 0 0
0 0 1 0
0 0 0 1
x y z w

∥∥∥∥∥∥∥∥
, B =

∥∥∥∥∥∥∥∥

0 0 0
1 0 0
0 1 0
0 0 1

∥∥∥∥∥∥∥∥
, C =

∥∥∥∥∥∥∥∥

1 0
0 1
0 0
0 0

∥∥∥∥∥∥∥∥
.
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Ïðè ýòîì x = − detA 6= 0. Ïîñòðîèì ìàòðèöû (14), ïîëó÷èì

C∗B =

∥∥∥∥
0 0 0
1 0 0

∥∥∥∥ , C∗AB =

∥∥∥∥
1 0 0
0 1 0

∥∥∥∥ , C∗A2B =

∥∥∥∥
0 1 0
0 0 1

∥∥∥∥ , C∗A3B =

∥∥∥∥
0 0 1
y z w

∥∥∥∥ . (19)

Î÷åâèäíî, ÷òî ìàòðèöû (19) ëèíåéíî íåçàâèñèìû äëÿ ëþáûõ x, y, z, w ∈ K. Ïîñòðîèì ìàòðèöû

F = A⊗ (A⊤)−1 ∈ M16, G = B⊗C ∈ M16,6. Âû÷åðêíåì â ìàòðèöå G ñòîëáöû 1 è 3, ïîëó÷åííóþ

ìàòðèöó îáîçíà÷èì ÷åðåç G1 ∈ M16,4. Ïîñòðîèì ìàòðèöó L0 = [G1, FG1, F
2G1, F

3G1] ∈ M16

è âû÷èñëèì åå îïðåäåëèòåëü; ïîëó÷èì, ÷òî detL0 = −1/x6 6= 0. Ñëåäîâàòåëüíî, rankL0 = 16,
çíà÷èò, rank [G,FG,F 2G,F 3G] = 16, ïîýòîìó rank [G,FG, . . . , F 15G] = 16, ÷òî è òðåáîâàëîñü

äîêàçàòü.

2. m = 2, k = 3, p = 3. Ìîæíî ñ÷èòàòü áåç îãðàíè÷åíèÿ îáùíîñòè, ÷òî ìàòðèöû ñèñòåìû

èìåþò âèä

A =

∥∥∥∥∥∥∥∥

0 1 0 0
0 0 1 0
0 0 0 1
x y z w

∥∥∥∥∥∥∥∥
, B =

∥∥∥∥∥∥∥∥

0 0
0 0
1 0
0 1

∥∥∥∥∥∥∥∥
, C =

∥∥∥∥∥∥∥∥

1 0 0
0 1 0
0 0 1
0 0 0

∥∥∥∥∥∥∥∥
.

Ïðè ýòîì x = − detA 6= 0. Ïîñòðîèì ìàòðèöû (14), ïîëó÷èì

C∗B =

∥∥∥∥∥∥

0 0
0 0
1 0

∥∥∥∥∥∥
, C∗AB =

∥∥∥∥∥∥

0 0
1 0
0 1

∥∥∥∥∥∥
, C∗A2B =

∥∥∥∥∥∥

1 0
0 1
z w

∥∥∥∥∥∥
, C∗A3B =

∥∥∥∥∥∥

0 1
z w

y + wz z + w2

∥∥∥∥∥∥
. (20)

Î÷åâèäíî, ÷òî ìàòðèöû (20) ëèíåéíî íåçàâèñèìû äëÿ ëþáûõ x, y, z, w ∈ K. Ïîñòðîèì ìàòðèöû

F = A⊗ (A⊤)−1 ∈ M16, G = B⊗C ∈ M16,6. Âû÷åðêíåì â ìàòðèöå G ñòîëáöû 1 è 2, ïîëó÷åííóþ

ìàòðèöó îáîçíà÷èì ÷åðåç G1 ∈ M16,4. Ïîñòðîèì ìàòðèöó L0 = [G1, FG1, F
2G1, F

3G1] ∈ M16

è âû÷èñëèì åå îïðåäåëèòåëü; ïîëó÷èì, ÷òî detL0 = −1/x6 6= 0. Ñëåäîâàòåëüíî, rankL0 = 16,
çíà÷èò, rank [G,FG,F 2G,F 3G] = 16, ïîýòîìó rank [G,FG, . . . , F 15G] = 16, ÷òî è òðåáîâàëîñü

äîêàçàòü.

3. m = 2, k = 2, p = 2. Ìîæíî ñ÷èòàòü áåç îãðàíè÷åíèÿ îáùíîñòè, ÷òî ìàòðèöà C èìååò

âèä C =

∥∥∥∥∥∥∥∥

1 0
0 1
0 0
0 0

∥∥∥∥∥∥∥∥
. Ìàòðèöà B èìååò âèä B =

∥∥∥∥∥∥∥∥

0 0
b21 b22
b31 b32
b41 b42

∥∥∥∥∥∥∥∥
. Âòîðàÿ ñòðîêà ìàòðèöû B íå ðàâíà

íóëþ (â ïðîòèâíîì ñëó÷àå C∗B = 0 ∈ M2). Ïðåäïîëîæèì, ÷òî b21 6= 0 (åñëè b21 = 0, à b22 6=
6= 0, òî ïîìåíÿåì ñòîëáöû ìàòðèöû B ìåñòàìè; ñâîéñòâî ëèíåéíîé íåçàâèñèìîñòè ìàòðèö (14),

ñâîéñòâî ñîãëàñîâàííîñòè è óñëîâèå (6) îò ýòîãî íå èçìåíÿòñÿ). Òîãäà, â ñèëó óòâåðæäåíèÿ 5,

áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî b21 = 1, b22 = 0. Äàëåå, ðàññìîòðèì ýëåìåíò b32.
Âîçìîæíû äâà ñëó÷àÿ: (1) b32 = 0; (2) b32 6= 0.

Ïóñòü b32 = 0. Òîãäà b42 6= 0 (èíà÷å m = rankB = 1 è mk = 2 < 4). Ñëåäîâàòåëüíî, áåç
îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî b42 = 1 è b41 = 0. Òîãäà ìàòðèöà B èìååò âèä

B =

∥∥∥∥∥∥∥∥

0 0
1 0
r 0
0 1

∥∥∥∥∥∥∥∥
, çäåñü r ∈ K � ïðîèçâîëüíîå ÷èñëî.

Åñëè b32 6= 0, òî áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî b32 = 1, b31 = 0. Òîãäà

ìàòðèöà B èìååò âèä B =

∥∥∥∥∥∥∥∥

0 0
1 0
0 1
r q

∥∥∥∥∥∥∥∥
, ãäå r, q ∈ K � ïðîèçâîëüíûå ÷èñëà.

Ýòèì äâóìÿ ñëó÷àÿìè èñ÷åðïûâàþòñÿ (áåç îãðàíè÷åíèÿ îáùíîñòè) âñå âîçìîæíûå çíà÷åíèÿ

ìàòðèöû B. �àññìîòðèì êàæäûé èç ýòèõ ñëó÷àåâ ïî îòäåëüíîñòè.
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3.1. Ïóñòü

A =

∥∥∥∥∥∥∥∥

0 1 0 0
0 0 1 0
0 0 0 1
x y z w

∥∥∥∥∥∥∥∥
, B =

∥∥∥∥∥∥∥∥

0 0
1 0
r 0
0 1

∥∥∥∥∥∥∥∥
, C =

∥∥∥∥∥∥∥∥

1 0
0 1
0 0
0 0

∥∥∥∥∥∥∥∥
.

Ïðè ýòîì x = − detA 6= 0. Ïîñòðîèì ìàòðèöû (14), ïîëó÷èì

C∗B =

∥∥∥∥
0 0
1 0

∥∥∥∥ , C∗AB =

∥∥∥∥
1 0
r 0

∥∥∥∥ , C∗A2B =

∥∥∥∥
r 0
0 1

∥∥∥∥ , C∗A3B =

∥∥∥∥
0 1

y + zr w

∥∥∥∥ . (21)

Î÷åâèäíî, ÷òî ìàòðèöû (21) ëèíåéíî íåçàâèñèìû äëÿ ëþáûõ x, y, z, w, r ∈ K. Ïîñòðîèì ìàòðè-

öû F = A⊗(A⊤)−1 ∈ M16, G = B⊗C ∈ M16,4. Ïîñòðîèì ìàòðèöó L = [G,FG,F 2G,F 3G,F 4G] ∈
∈ M16,20. Âû÷åðêíåì èç íåå ñòîëáöû 2, 4, 17, 19, ïîëó÷åííóþ ìàòðèöó îáîçíà÷èì ÷åðåç L0. Âû-

÷èñëèì åå îïðåäåëèòåëü, ïîëó÷èì, ÷òî detL0 = −1/x6 6= 0. Ñëåäîâàòåëüíî, rankL0 = 16,
çíà÷èò, rankL = 16, ïîýòîìó rank [G,FG, . . . , F 15G] = 16, ÷òî è òðåáîâàëîñü äîêàçàòü.

3.2. Ïóñòü

A =

∥∥∥∥∥∥∥∥

0 1 0 0
0 0 1 0
0 0 0 1
x y z w

∥∥∥∥∥∥∥∥
, B =

∥∥∥∥∥∥∥∥

0 0
1 0
0 1
r q

∥∥∥∥∥∥∥∥
, C =

∥∥∥∥∥∥∥∥

1 0
0 1
0 0
0 0

∥∥∥∥∥∥∥∥
.

Ïðè ýòîì x = − detA 6= 0. Ïîñòðîèì ìàòðèöû (14), ïîëó÷èì

C∗B =

∥∥∥∥
0 0
1 0

∥∥∥∥ , C∗AB =

∥∥∥∥
1 0
0 1

∥∥∥∥ , C∗A2B =

∥∥∥∥
0 1
r q

∥∥∥∥ , C∗A3B =

∥∥∥∥
r q

y + wr z + wq

∥∥∥∥ . (22)

Ïîñòðîèì ìàòðèöó

V = [vec (C∗B), vec (C∗AB), vec (C∗A2B), vec (C∗A3B)] =

∥∥∥∥∥∥∥∥

0 1 0 r
0 0 1 q
1 0 r y + wr
0 1 q z + wq

∥∥∥∥∥∥∥∥
.

Âû÷èñëèì îïðåäåëèòåëü ìàòðèöû V, ïîëó÷èì, ÷òî detV = z + wq − q2 − r. Èç ëèíåéíîé íåçà-

âèñèìîñòè ìàòðèö (22) ñëåäóåò, ÷òî

z + wq − q2 − r 6= 0. (23)

Ïîñòðîèì ìàòðèöû F = A ⊗ (A⊤)−1 ∈ M16, G = B ⊗ C ∈ M16,4. Ïîñòðîèì ìàòðèöó L =
= [G,FG,F 2G,F 3G,F 4G] ∈ M16,20. Âû÷åðêíåì èç íåå ñòîëáöû 2, 4, 17, 19, ïîëó÷åííóþ ìàòðèöó

îáîçíà÷èì ÷åðåç L0. Âû÷èñëèì åå îïðåäåëèòåëü, ïîëó÷èì, ÷òî

detL0 = −
(z + wq − q2 − r)4

x6
.

Èç íåðàâåíñòâà (23) âûòåêàåò, ÷òî detL0 6= 0. Ñëåäîâàòåëüíî, rankL0 = 16, çíà÷èò, rankL = 16,
ïîýòîìó rank [G,FG, . . . , F 15G] = 16, ÷òî è òðåáîâàëîñü äîêàçàòü.

4. m = 2, k = 2, p = 3. Ïî àíàëîãèè ñî ñëó÷àåì 3 ìîæíî ïîêàçàòü, ÷òî áåç îãðàíè÷å-

íèÿ îáùíîñòè âñå âîçìîæíûå çíà÷åíèÿ ìàòðèö ñèñòåìû Σ èñ÷åðïûâàþòñÿ ñëåäóþùèìè äâóìÿ

ñëó÷àÿìè 4.1 è 4.2.

4.1.

A =

∥∥∥∥∥∥∥∥

0 1 0 0
0 0 1 0
0 0 0 1
x y z w

∥∥∥∥∥∥∥∥
, B =

∥∥∥∥∥∥∥∥

0 0
0 0
1 0
0 1

∥∥∥∥∥∥∥∥
, C =

∥∥∥∥∥∥∥∥

1 0
0 r
0 1
0 0

∥∥∥∥∥∥∥∥
.
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Èìååì x = − detA 6= 0. Ïîñòðîèì ìàòðèöû (14), ïîëó÷èì

C∗B =

∥∥∥∥
0 0
1 0

∥∥∥∥ , C∗AB =

∥∥∥∥
0 0
r 1

∥∥∥∥ , C∗A2B =

∥∥∥∥
1 0
z r + w

∥∥∥∥ ,

C∗A3B =

∥∥∥∥
0 1

y + z(r + w) z + w(r + w)

∥∥∥∥ .
(24)

Î÷åâèäíî, ÷òî ìàòðèöû (24) ëèíåéíî íåçàâèñèìû äëÿ ëþáûõ x, y, z, w, r ∈ K. Ïîñòðîèì ìàòðè-

öû F = A⊗(A⊤)−1 ∈ M16, G = B⊗C ∈ M16,4. Ïîñòðîèì ìàòðèöó L = [G,FG,F 2G,F 3G,F 4G] ∈
∈ M16,20. Âû÷åðêíåì èç íåå ñòîëáöû 3, 4, 17, 18, ïîëó÷åííóþ ìàòðèöó îáîçíà÷èì ÷åðåç L1. Âû-

÷èñëèì åå îïðåäåëèòåëü, ïîëó÷èì, ÷òî

detL1 =
(x+ wy)2

x8
.

Äàëåå, âû÷åðêíåì èç ìàòðèöû L ñòîëáöû 1, 2, 17, 18, ïîëó÷åííóþ ìàòðèöó îáîçíà÷èì ÷åðåç L2.

Âû÷èñëèì åå îïðåäåëèòåëü, ïîëó÷èì, ÷òî

detL2 =
y2

x8
.

Îïðåäåëèòåëè ìàòðèö L1 è L2 íå ìîãóò îäíîâðåìåííî îáðàùàòüñÿ â íóëü. Äåéñòâèòåëüíî, åñëè

detL2 = 0, òî y = 0, ñëåäîâàòåëüíî, detL1 = x2/x8 = 1/x6 6= 0. Ïîýòîìó íàéäåòñÿ íåíóëåâîé

ìèíîð 16 ïîðÿäêà â ìàòðèöå L. Çíà÷èò, rankL = 16, ñëåäîâàòåëüíî, rank [G,FG, . . . , F 15G] = 16,
÷òî è òðåáîâàëîñü äîêàçàòü.

4.2.

A =

∥∥∥∥∥∥∥∥

0 1 0 0
0 0 1 0
0 0 0 1
x y z w

∥∥∥∥∥∥∥∥
, B =

∥∥∥∥∥∥∥∥

0 0
0 0
1 0
0 1

∥∥∥∥∥∥∥∥
, C =

∥∥∥∥∥∥∥∥

q r
1 0
0 1
0 0

∥∥∥∥∥∥∥∥
.

Èìååì x = − detA 6= 0. Ïîñòðîèì ìàòðèöû (14), ïîëó÷èì

C∗B =

∥∥∥∥
0 0
1 0

∥∥∥∥ , C
∗AB =

∥∥∥∥
1 0
0 1

∥∥∥∥ , C
∗A2B =

∥∥∥∥
q 1

r + z w

∥∥∥∥ , C
∗A3B =

∥∥∥∥
z q + w

y + wz r + z + w2

∥∥∥∥ . (25)

Ïîñòðîèì ìàòðèöó

V = [vec (C∗B), vec (C∗AB), vec (C∗A2B), vec (C∗A3B)] =

∥∥∥∥∥∥∥∥

0 1 q z
0 0 1 q + w
1 0 r + z y +wz
0 1 w r + z +w2

∥∥∥∥∥∥∥∥
.

Íàéäåì îïðåäåëèòåëü ìàòðèöû V, ïîëó÷èì, ÷òî detV = q2 + r. Èç ëèíåéíîé íåçàâèñèìîñòè

ìàòðèö (25) ñëåäóåò, ÷òî

q2 + r 6= 0. (26)

Ïîñòðîèì ìàòðèöû F = A ⊗ (A⊤)−1 ∈ M16, G = B ⊗ C ∈ M16,4. Ïîñòðîèì ìàòðèöó L =
= [G,FG,F 2G,F 3G,F 4G] ∈ M16,20. Âû÷åðêíåì èç íåå ñòîëáöû 3, 4, 17, 18, ïîëó÷åííóþ ìàòðèöó

îáîçíà÷èì ÷åðåç L1. Âû÷èñëèì åå îïðåäåëèòåëü, ïîëó÷èì, ÷òî

detL1 =
(x+ wy)2(q2 + r)4

x8
.

Äàëåå, âû÷åðêíåì èç ìàòðèöû L ñòîëáöû 1, 2, 17, 18, ïîëó÷åííóþ ìàòðèöó îáîçíà÷èì ÷åðåç L2.

Âû÷èñëèì åå îïðåäåëèòåëü, ïîëó÷èì, ÷òî

detL2 =
y2(q2 + r)4

x8
.



Ê ñâîéñòâó ñîãëàñîâàííîñòè 29

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 1

Îïðåäåëèòåëè ìàòðèö L1 è L2 íå ìîãóò îäíîâðåìåííî îáðàùàòüñÿ â íóëü â ñèëó íåðàâåí-

ñòâà (26). Äåéñòâèòåëüíî, åñëè detL2 = 0, òî y = 0, ñëåäîâàòåëüíî,

detL1 =
x2(q2 + r)4

x8
=

(q2 + r)4

x6
6= 0.

Ïîýòîìó íàéäåòñÿ íåíóëåâîé ìèíîð 16 ïîðÿäêà â ìàòðèöå L. Çíà÷èò, rankL = 16, ñëåäîâàòåëü-
íî, rank [G,FG, . . . , F 15G] = 16, ÷òî è òðåáîâàëîñü äîêàçàòü.

Íà ýòîì äîêàçàòåëüñòâî òåîðåìû 5 çàâåðøåíî. �

Çàìå÷àíèå 2. Îïèøåì ìåòîä, ñ ïîìîùüþ êîòîðîãî îñóùåñòâëÿëñÿ âûáîð ìàòðèö L0, L1, L2

â ñëó÷àÿõ 3.1, 3.2, 4.1, 4.2. Ïîñòðîèì ìàòðèöó L = [G,FG,F 2G,F 3G,F 4G] ∈ M16,20. Îáî-

çíà÷èì åå ñòîëáöû ÷åðåç [h1, . . . , h20]. �àññìîòðèì âñåâîçìîæíûå ìèíîðû 16 ïîðÿäêà ìàòðè-

öû L. Îíè âû÷èñëÿþòñÿ êàê îïðåäåëèòåëè ìàòðèöû [hi1 , . . . , hi20 ]; çäåñü σν = (i1, . . . , i20) �
ýòî óïîðÿäî÷åííîå ðàçìåùåíèå áåç ïîâòîðåíèé èç 20 ýëåìåíòîâ (îò 1 äî 20) ïî 16 ýëåìåíòîâ:

1 6 i1 < i2 < . . . < i20 6 20. Îáùåå ÷èñëî òàêèõ ðàçìåùåíèé σν ðàâíî C16
20 = 4845. Ìû

óïîðÿäî÷èâàåì ðàçìåùåíèÿ σν â ëåêñèêîãðà�è÷åñêîì ïîðÿäêå:

σ1 = (1, 2, . . . , 16), σ2 = (1, 2, . . . , 15, 17), . . . , σ4845 = (5, 6, . . . , 20).

Çàòåì äëÿ êàæäîãî ðàçìåùåíèÿ σν , ν = 1, . . . , 4845, ñòðîèì ìàòðèöó Rν , ñîñòàâëåííóþ èç ñòîëá-

öîâ hij ìàòðèöû L ñ íîìåðàìè ij , âõîäÿùèìè â ñîñòàâ ðàçìåùåíèÿ σν . Ñòîëáöû hij , j = 1, . . . , 16,
â ìàòðèöå Rν ðàñïîëàãàþòñÿ â òîì æå ïîðÿäêå, â êîòîðîì íîìåðà ij âõîäÿò â ðàçìåùåíèå σν .
Äëÿ êàæäîãî ν = 1, . . . , 4845 âû÷èñëÿåì ìèíîð µν = detRν . Çàòåì, ïåðåáèðàÿ âñå ìèíîðû,

âûáèðàåì òîò ìèíîð µν0 , êîòîðûé íå ðàâåí íóëþ (â ñëó÷àÿõ 3.1, 3.2), ëèáî òå ìèíîðû µν1 ,

µν2 , êîòîðûå íå ìîãóò áûòü ðàâíû íóëþ îäíîâðåìåííî (â ñëó÷àÿõ 4.1, 4.2). Ñîîòâåòñòâóþùèå

ýòèì ìèíîðàì µν0 , µν1 , µν2 ðàçìåùåíèÿ σν0 , σν1 , σν2 îïðåäåëÿþò òðåáóåìûå ìàòðèöû L0 = Rν0 ,

L1 = Rν1 , L2 = Rν2 . Â ðåçóëüòàòå âû÷èñëåíèé íîìåðà ðàçìåùåíèé è ñàìè ðàçìåùåíèÿ ïîëó÷è-

ëèñü ñëåäóþùèìè:

ν0 = 3625, σν0 = (1, 3, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 18, 20),

ν1 = 2946, σν1 = (1, 2, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 19, 20),

ν2 = 4698, σν2 = (3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 19, 20).

Âû÷èñëåíèÿ ïðîèçâîäèëèñü ñ ïîìîùüþ ïàêåòà Maple 15. Àðõèâ äàííûõ õðàíèòñÿ íà êà�åäðå

äè��åðåíöèàëüíûõ óðàâíåíèé Óä�Ó.

Âûáîð ìàòðèö L0 â ñëó÷àÿõ 1 è 2 îñóùåñòâëÿëñÿ ïîäáîðîì âðó÷íóþ èñõîäÿ èç ãèïîòåçû 1

[Z.II, óòâåðæäåíèå 6 (ñ)℄.

Çàìå÷àíèå 3. Â [Z.II, óòâåðæäåíèå 7 (e)℄ áûëà âûäâèíóòà åùå îäíà ãèïîòåçà î äîñòàòî÷íîì

óñëîâèè ñîãëàñîâàííîñòè ñèñòåìû Σ ñïåöèàëüíîãî âèäà: ïóñòü âûïîëíåíû óñëîâèÿ (a) è (b)
òåîðåìû 5 è âûïîëíåíî óñëîâèå (d) rankB+rankC > n+1. Òîãäà, åñëè ìàòðèöû (14) ëèíåéíî

íåçàâèñèìû, ñèñòåìà Σ ñîãëàñîâàííà. Ñëó÷àè 1 è 2, ðàçîáðàííûå â òåîðåìå 5, äîêàçûâàþò

ýòó ãèïîòåçó äëÿ n = 4. Äîêàçàòåëüñòâî ýòîé ãèïîòåçû äëÿ n < 4 ñëåäóåò èç äîêàçàòåëüñòâà

óòâåðæäåíèÿ 7 (d) â [Z.II℄. Òàêèì îáðàçîì, ýòà ãèïîòåçà äîêàçàíà äëÿ n 6 4. Äëÿ n > 4 ýòà

ãèïîòåçà ïîêà íå äîêàçàíà.
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V.A. Zaitsev, N.V. Maksimova

To the property of onsisteny for four-dimensional disrete-time linear stationary ontrol

systems with inomplete feedbak of the speial form

Keywords: linear ontrol system, inomplete feedbak, onsisteny, eigenvalue assignment, stabilization,

disrete-time system.

Mathematial Subjet Classi�ations: 93B55, 93C05, 93C55, 93D15

We onsider a disrete-time linear ontrol system with an inomplete feedbak

x(t + 1) = A(t)x(t) +B(t)u(t), y(t) = C∗(t)x(t), u(t) = U(t)y(t), t ∈ Z.

We study the problem of ontrol over the asymptoti behavior of the losed-loop system

x(t+ 1) = (A(t) +B(t)U(t)C∗(t))x(t), x ∈ K
n, (1)
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where K = C or K = R. For the above system, we introdue the onept of onsisteny, whih is a

generalization of the onept of omplete ontrollability onto systems with an inomplete feedbak. The fous

is on the onsisteny property of the system (1). We have obtained new neessary onditions and su�ient

onditions for the onsisteny of the above system inluding the ase when the system is time-invariant. For

the time-invariant system (1), we study the problem of arbitrary plaement of eigenvalue spetrum. The

objetive is to redue a harateristi polynomial of a matrix of the stationary system (1) to any presribed

polynomial by means of the time-invariant ontrol U . For the system (1) with onstant oe�ients of the

speial form where the matrix A is Hessenberg, the rows of the matrix B before the p-th and the rows of

the matrix C after the p-th are equal to zero (not inluding p), the property of onsisteny is the su�ient
ondition for arbitrary plaement of eigenvalue spetrum. It has been proved that the onverse proposition is

true for n < 4 and false for n > 5. In present paper we prove that the onverse proposition is true for n = 4.
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