
ÂÅÑÒÍÈÊ ÓÄÌÓ�ÒÑÊÎ�Î ÓÍÈÂÅ�ÑÈÒÅÒÀ ÌÀÒÅÌÀÒÈÊÀ. ÌÅÕÀÍÈÊÀ. ÊÎÌÏÜÞÒÅ�ÍÛÅ ÍÀÓÊÈ

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 1

ÓÄÊ 514.3

© À.Ñ. Øàðèïîâ

Î ��ÓÏÏÅ ÈÇÎÌÅÒ�ÈÉ ÑËÎÅÍÎ�Î ÌÍÎ�ÎÎÁ�ÀÇÈß

1

Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå ñ ðèìàíîâîé ìåòðèêîé g. Âîïðîñ î ãðóïïå èçîìåòðèé ðèìàíîâà ìíî-

ãîîáðàçèÿ (M, g) ÿâëÿåòñÿ îñíîâíîé êëàññè÷åñêîé çàäà÷åé ðèìàíîâîé ãåîìåòðèè. Îáîçíà÷èì ÷åðåç G

ãðóïïó âñåõ èçîìåòðèé ðèìàíîâà ìíîãîîáðàçèÿ (M, g) ðàçìåðíîñòè n ñ ðèìàíîâîé ìåòðèêîé g. Ñòðóêòó-

ðà ãðóïïû G çàâèñèò îò �èêñèðîâàííîé ðèìàíîâîé ìåòðèêè g. Èçâåñòíî, ÷òî äëÿ ¾ïëîõèõ¿ ðèìàíîâûõ

ìåòðèê ãðóïïà G ìîæåò áûòü î÷åíü áåäíîé. Èçâåñòíû ïðèìåðû, êîãäà ãðóïïà G ñîñòîèò èç îäíîãî ýëå-

ìåíòà. Â îáùåì ñëó÷àå èçâåñòíî, ÷òî ãðóïïà G ñ êîìïàêòíî-îòêðûòîé òîïîëîãèé ÿâëÿåòñÿ ãðóïïîé Ëè.

Â äàííîé ñòàòüå îáñóæäàåòñÿ âîïðîñ î ñóùåñòâîâàíèè èçîìåòðè÷åñêèõ îòîáðàæåíèé ñëîåíîãî ìíî-

ãîîáðàçèÿ (M,F ). Îáîçíà÷èì ÷åðåç GF ãðóïïó âñåõ èçîìåòðèé ñëîåíîãî ðèìàíîâà ìíîãîîáðàçèÿ (M,F ).
Ñòðóêòóðà ãðóïïû GF çàâèñèò íå òîëüêî îò ðèìàíîâîé ìåòðèêè g, íî è îò äàííîé ñëîåíîé ñòðóêòóðû.

Èçó÷åíèå ñòðóêòóðû ãðóïïû GF ñëîåíîãî ìíîãîîáðàçèÿ (M,F ) ÿâëÿåòñÿ íîâîé è èíòåðåñíîé çàäà÷åé.

Âïåðâûå ýòà çàäà÷à ðàññìîòðåíà â ðàáîòå À.ß. Íàðìàíîâà è àâòîðà, ãäå áûëî ïîêàçàíî, ÷òî ãðóïïà GF

ñ êîìïàêòíî-îòêðûòîé òîïîëîãèåé ÿâëÿåòñÿ òîïîëîãè÷åñêîé ãðóïïîé.

Â ðàáîòå äîêàçûâàåòñÿ, ÷òî ãðóïïà èçîìåòðèé ñëîåíîãî åâêëèäîâà ïðîñòðàíñòâà ÿâëÿåòñÿ ïîäãðóï-

ïîé ãðóïïû èçîìåòðèé åâêëèäîâà ïðîñòðàíñòâà (òî åñòü GF ⊂ G), åñëè ñëîåíèå ïîðîæäåíî ïîâåðõíî-

ñòÿìè óðîâíÿ ãëàäêîé �óíêöèè, êîòîðàÿ íå ÿâëÿåòñÿ ìåòðè÷åñêîé.

Êëþ÷îâèå ñëîâà: ðèìàíîâî ìíîãîîáðàçèå, ñëîåíèå, èçîìåòðè÷åñêîå îòîáðàæåíèå, ñëîåíîå ìíîãîîáðàçèå,

ãðóïïà èçîìåòðèé, ìåòðè÷åñêàÿ �óíêöèÿ.

Ïóñòü M , N � ãëàäêèå ìíîãîîáðàçèÿ ðàçìåðíîñòè n, íà êîòîðûõ çàäàíû k-ìåðíûå ñëîåíèÿ

F1, F2 ñîîòâåòñòâåííî. Åñëè äëÿ íåêîòîðîãî äè��åîìîð�èçìà φ : M → N îáðàç φ (Lα) êàæäîãî
ñëîÿ Lα ñëîåíèÿ F1 ÿâëÿåòñÿ ñëîåì ñëîåíèÿ F2, òî îòîáðàæåíèå φ íàçûâàåòñÿ äè��åîìîð�èç-

ìîì ñëîåíûõ ìíîãîîáðàçèé (M,F1), (N,F2) è çàïèñûâàåòñÿ â âèäå φ : (M,F1) → (N,F2). Åñëè
M = N è F1 = F2, òî φ íàçûâàåòñÿ äè��åîìîð�èçìîì, ñîõðàíÿþùèì ñëîåíèå F (äè��åîìîð-

�èçìîì ñëîåíîãî ìíîãîîáðàçèÿ (M,F )). Äè��åîìîð�èçìû, ñîõðàíÿþùèå ñëîåíèå, èçó÷åíû

â ðàáîòàõ [1, 2℄.

Ïóñòü M � ãëàäêîå ðèìàíîâî ìíîãîîáðàçèå ðàçìåðíîñòè n ñ ðèìàíîâîé ìåòðèêîé g, íà

êîòîðîì çàäàíî ñëîåíèå F ðàçìåðíîñòè k. Îáîçíà÷èì ÷åðåç L(p) ñëîé ñëîåíèÿ F, ïðîõîäÿùèé

÷åðåç òî÷êó p, ÷åðåç F (p) � êàñàòåëüíîå ïðîñòðàíñòâî ñëîÿ L(p) â òî÷êå p, à ÷åðåç H(p) �
îðòîãîíàëüíîå äîïîëíåíèå F (p) â TpM. Âîçíèêàþò äâà ïîäðàññëîåíèÿ TF = {F (p) : p ∈ M},
H = {H(p) : p ∈ M} êàñàòåëüíîãî ðàññëîåíèÿ TM òàêèå, ÷òî TM = TF⊕H. Êàæäîå âåêòîðíîå

ïîëå X ðàçëîæèìî â âèäå X = Xh ⊕Xv
, ãäå Xh ∈ H, Xv ∈ TF . Âåêòîðíîå ïîëå X íàçûâàåòñÿ

ãîðèçîíòàëüíûì (âåðòèêàëüíûì), åñëè ñîñòàâëÿþùèé Xv = 0 (Xh = 0).
Ñóæåíèå ðèìàíîâîé ìåòðèêè g íà F (p) äëÿ âñåõ òî÷åê p ∈ L0 îïðåäåëÿåò ðèìàíîâó ìåòðèêó

íà ñëîå L0. Òàêèì îáðàçîì, êàæäîå ñëîåíèå F ÿâëÿåòñÿ ðèìàíîâûì ìíîãîîáðàçèåì îòíîñèòåëü-

íî èíäóöèðîâàííîé ìåòðèêè.

Îïðåäåëåíèå 1. Äè��åîìîð�èçì φ : (M,F ) → (M,F ) íàçûâàåòñÿ èçîìåòðèåé ñëîåíîãî

ìíîãîîáðàçèÿ (M,F ), åñëè ñóæåíèå îòîáðàæåíèÿ φ íà êàæäûé ñëîé ñëîåíèÿ F ÿâëÿåòñÿ èçîìåò-

ðè÷åñêèì îòîáðàæåíèåì, òî åñòü äëÿ êàæäîãî ñëîÿ Lα îòîáðàæåíèå φ : Lα → f (Lα) ÿâëÿåòñÿ
èçîìåòðèåé ìåæäó ìíîãîîáðàçèÿìè Lα, φ (Lα).

Íàïîìíèì, ÷òî äè��åðåíöèðóåìîå îòîáðàæåíèå f : M → B ìàêñèìàëüíîãî ðàíãà, ãäå

M,B � ãëàäêèå ìíîãîîáðàçèÿ ðàçìåðíîñòè n, m ñîîòâåòñòâåííî, n > m, íàçûâàåòñÿ ñóáìåð-

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå ÌÂÑÑÎ �åñïóáëèêè Óçáåêèñòàí (ãðàíò ïî �óíäàìåíòàëüíûì
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ñèåé. Ïî òåîðåìå î ðàíãå äè��åðåíöèðóåìîé �óíêöèè äëÿ êàæäîé òî÷êè p ∈ B ïîëíûé ïðî-

îáðàç f−1(p) ÿâëÿåòñÿ ïîäìíîãîîáðàçèåì ðàçìåðíîñòè k = n − m. Òàêèì îáðàçîì, ñóáìåðñèÿ

f : M → B ïîðîæäàåò ñëîåíèå F ðàçìåðíîñòè k = n−m íà ìíîãîîáðàçèè M , ñëîÿìè êîòîðîãî

ÿâëÿþòñÿ ïîäìíîãîîáðàçèÿ Lp = f−1(p), p ∈ B. Èçó÷åíèþ ãåîìåòðèè è òîïîëîãèè ñëîåíèé,

ïîðîæäåííûõ ñóáìåðñèÿìè, ïîñâÿùåíû ìíîãî÷èñëåííûå èññëåäîâàíèÿ [3,4℄, â ÷àñòíîñòè, â ðà-

áîòå [5℄ ïîëó÷åíû �óíäàìåíòàëüíûå óðàâíåíèÿ ñóáìåðñèè.

Â ñëó÷àå êîãäà ñëîåíèå ïîðîæäåíî ñóáìåðñèé f : M → B, ïîäïðîñòðàíñòâî TqF ñîâïàäàåò

ñ ïîäïðîñòðàíñòâîì Ker dfq êàñàòåëüíîãî ïðîñòðàíñòâà TqM , ãäå dfq � äè��åðåíöèàë îòîáðà-

æåíèÿ f â òî÷êå q.

Ïåðåéäåì ê èçó÷åíèþ ãåîìåòðèè ñóáìåðñèé, êîãäà ìíîãîîáðàçèå B îäíîìåðíî.

Ïóñòü f : M → R � äè��åðåíöèðóåìàÿ �óíêöèÿ, Crit f � ìíîæåñòâî êðèòè÷åñêèõ òî÷åê

�óíêöèè f . Òîãäà íà ìíîãîîáðàçèè M \ Crit f âîçíèêàþò ñëîåíèå F ðàçìåðíîñòè n − 1 (èëè

êîðàçìåðíîñòè îäèí). Áåç îãðàíè÷åíèÿ îáùíîñòè ïðåäïîëîæèì, ÷òî ìíîæåñòâî Crit f ïóñòî.

Â ðàáîòå [4℄ èçó÷åíà ãåîìåòðèÿ ñëîåíèÿ F , êîãäà äëÿ êàæäîãî âåðòèêàëüíîãî âåêòîðíîãî

ïîëÿ X âûïîëíåíî óñëîâèå X(|grad f |2) = 0, òî åñòü êîãäà äëèíà ãðàäèåíòíîãî âåêòîðíîãî ïîëÿ
ïîñòîÿííà íà êàæäîì ñëîå (íà êàæäîé ïîâåðõíîñòè óðîâíÿ). Â ÷àñòíîñòè, ïîêàçàíî, ÷òî ïðè

âûïîëíåíèè óñëîâèÿ X(|grad f |2) = 0 ñëîåíèå F ÿâëÿåòñÿ ðèìàíîâûì.

Íàïîìíèì, ÷òî ñëîåíèå F íàçûâàåòñÿ ðèìàíîâûì, åñëè ãåîäåçè÷åñêàÿ, îðòîãîíàëüíàÿ

ê ñëîþ ñëîåíèÿ F â îäíîé òî÷êå, îñòàåòñÿ îðòîãîíàëüíîé ê ñëîåíèþ F âî âñåõ òî÷êàõ [4℄.

Ìû ðàññìîòðèì âîïðîñ î ñòðóêòóðå ãðóïïû GF , êîãäà M = Rn
è ñëîåíèå F ïîðîæäåíî

êîìïîíåíòàìè ñâÿçíîñòè ïîâåðõíîñòåé óðîâíÿ íåêîòîðîé ãëàäêîé �óíêöèè f : Rn → R.

Èçó÷åíèå ñòðóêòóðû ãðóïïû GF ñëîåíîãî ìíîãîîáðàçèÿ (M,F ) ÿâëÿåòñÿ íîâîé è èíòåðåñíîé
çàäà÷åé. Âïåðâûå ýòà çàäà÷à ðàññìîòðåíà â ðàáîòå [2℄. Â ðàáîòå [2℄ äîêàçûâàåòñÿ, ÷òî ãðóïïà GF

ñ êîìïàêòíî-îòêðûòîé òîïîëîãèåé ÿâëÿåòñÿ òîïîëîãè÷åñêîé ãðóïïîé.

Îïðåäåëåíèå 2. Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè n. Ôóíêöèÿ f : M → R1

èç êëàññà C2
(

M,R1
)

, äëèíà ãðàäèåíòà êîòîðîé ïîñòîÿííà íà êîìïîíåíòàõ ñâÿçíîñòè ìíîæåñòâ

óðîâíÿ, íàçûâàåòñÿ ìåòðè÷åñêîé �óíêöèåé.

Òåîðåìà 1. Ïóñòü F � ñëîåíèå åâêëèäîâà ïðîñòðàíñòâà Rn
, ïîðîæäåííîå ïîâåðõíîñòÿìè

óðîâíÿ �óíêöèè f : Rn → R1
, êîòîðàÿ íå ÿâëÿåòñÿ ìåòðè÷åñêîé �óíêöèåé. Òîãäà ãðóïïà GF

ÿâëÿåòñÿ ïîäãðóïïîé ãðóïïû G.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü φ : (Rn, F ) → (Rn, F )� èçîìåòðè÷åñêîå îòîáðàæåíèå ñëîåíîãî

åâêëèäîâà ïðîñòðàíñòâà Rn
, ãäå ñëîåíèå F ïîðîæäåíî ïîâåðõíîñòÿìè óðîâíÿ �óíêöèè f .

Äëÿ çíà÷åíèÿ c �óíêöèè f îáîçíà÷èì ÷åðåç Lc ïîâåðõíîñòü óðîâíÿ, îïðåäåëÿåìóþ óðàâ-

íåíèåì f = c, ÷åðåç Z � åäèíè÷íîå ãðàäèåíòíîå âåêòîðíîå ïîëå �óíêöèè f . Ìàòðèöó ßêîáè

â òî÷êå p ∈ Rn
îòîáðàæåíèÿ φ : Rn → Rn

îáîçíà÷èì ÷åðåç B(p) =
{

b
j
i

}

.

Ïîêàæåì, ÷òî äè��åîìîð�èçì φ : Rn → Rn
ÿâëÿåòñÿ äâèæåíèåì Rn

. Ïóñòü p0 ∈ Rn
,

φ (p0) = q0. Îòîáðàæåíèå φ : Rn → Rn
ÿâëÿåòñÿ èçîìåòðèåé ìåæäó ïîâåðõíîñòÿìè Lc1 , Lc2 ,

ãäå f (p0) = c1, f (q0) = c2.

Ôèêñèðóåì îðòîíîðìèðîâàííûé áàçèñ X1,X2, . . . ,Xn−1 êàñàòåëüíîãî ïðîñòðàíñòâà Tp0Lc1

ïîâåðõíîñòè Lc1 , à â ïðîñòðàíñòâå �èêñèðóåì îðòîíîðìèðîâàííûé áàçèñ X1,X2,. . . ,Xn−1,Z (p0).
Ïîëîæèì Yi = B (p0)Xi äëÿ i = 1, 2, . . . , n− 1. Òîãäà ñåìåéñòâî Y1, Y2, . . . , Yn−1 ÿâëÿåòñÿ îðòî-

íîðìèðîâàííûì áàçèñîì êàñàòåëüíîãî ïðîñòðàíñòâà Tq0Lc2 ïîâåðõíîñòè Lc2 .

Ïóñòü A (p0) =
{

a
j
i

}

� ìàòðèöà ßêîáè â òî÷êå p0 ∈ Rn
äâèæåíèÿ F : Rn → Rn

, êîòîðîå

ïåðåâîäèò òî÷êó p0 â òî÷êó q0, à îðòîíîðìèðîâàííûé áàçèñ X1,X2, . . . ,Xn−1, Z (p0) â îðòîíîð-
ìèðîâàííûé áàçèñ Y1, Y2, . . . , Yn−1, Z (q0). Ìû èìååì ðàâåíñòâà

A (p0)Xi = Yi, A (p0)Z (p0) = Z (q0). (1)

Òàê êàê îòîáðàæåíèå φ : Rn → Rn
ïåðåâîäèò êàñàòåëüíûå âåêòîðû â êàñàòåëüíûå è ñóæåíèå

φ : Lc1 → Lc2 ÿâëÿåòñÿ èçîìåòðèåé, âåêòîð B (p0)Z (p0) ïàðàëëåëåí âåêòîðó Z (q0), òî åñòü
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ñóùåñòâóåò íåíóëåâîå ÷èñëî λ (p0) òàêîå, ÷òî èìååò ìåñòî B (p0)Z (p0) = λ (p0)Z (q0). Òàêèì
îáðàçîì, ìû èìååì ñèñòåìó ðàâåíñòâ

B (p0)Xi = Yi, B (p0)Z (p0) = λ (p0)Z (q0). (2)

Ñèñòåìà ðàâåíñòâ (1) ñîñòîèò èç n2
ðàâåíñòâ. Åñëè èçâåñòíû âåêòîðûX1,X2, . . . ,Xn−1, Z (p0)

è âåêòîðû Y1, Y2, . . . , Yn−1, Z (q0), òî ñèñòåìó (1) ìîæíî ðàññìîòðåòü êàê ñèñòåìó àëãåáðàè-

÷åñêèõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ

{

a
j
i

}

. Òàê êàê âåêòîðû X1,X2, . . . ,Xn−1, Z (p0)

ëèíåéíî íåçàâèñèìû, ñèñòåìà (1) èìååò åäèíñòâåííîå ðåøåíèå. Åñëè ñèñòåìó (2) ïåðåïèøåì

â âèäå

B (p0)Xi = Yi,
1

λ (p0)
B (p0)Z (p0) = Z (q0), (3)

òî îñíîâíîé îïðåäåëèòåëü ñèñòåìû (3) ïîëó÷àåòñÿ óìíîæåíèåì ïîñëåäíåé ñòðîêè îñíîâíîãî

îïðåäåëèòåëÿ ñèñòåìû (1) íà

1
λ(p0)

. Â ñèñòåìå (1) è ñèñòåìå (3) íàïèøåì ðàâåíñòâà òîëüêî

äëÿ ïåðâûõ êîîðäèíàò âåêòîðîâ ïðàâîé è ëåâîé ÷àñòåé è ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ

a11, a
2
1, . . . , a

n
1 è b11, b

2
1, . . . , b

n
1 :

n
∑

k=1

ak1x
k
i = y1i ,

n
∑

k=1

ak1z
k = z1,

n
∑

k=1

bk1x
k
i = y1i ,

n
∑

k=1

µbk1z
k = z1,

ãäå µ = 1
λ
, i = 1, 2, . . . , n − 1. Òàê êàê âåêòîðû X1,X2, . . . ,Xn−1, Z (p0) � åäèíè÷íûå áàçèñ-

íûå âåêòîðû, èç ýòèõ ñèñòåì ìû ïîëó÷èì, ÷òî bnn = λ (p0) a
n
n, à îñòàëüíûå ýëåìåíòû ìàòðèöû

B(p0) = {bji} ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè ýëåìåíòàìè ìàòðèöû A (p0) =
{

a
j
i

}

.

Òåïåðü ðàññìîòðèì äðóãóþ òî÷êó p ∈ Rn
è òàêîé îðòîíîðìèðîâàííûé áàçèñ U1, U2, . . . , Un−1

êàñàòåëüíîãî ïðîñòðàíñòâà TpLc ïîâåðõíîñòè Lc (f(p) = c), ÷òî îðòîíîðìèðîâàííûé áàçèñ

U1, U2, . . . , Un−1, Z (p) ïðîñòðàíñòâà èìååò òàêóþ æå îðèåíòàöèþ, ÷òî è áàçèñ X1, X2, . . . , Xn−1,

Z(p0).

Ïîëîæèì Wi = B (p)U i äëÿ i = 1, 2 . . . , n − 1. Òîãäà ñåìåéñòâî W1,W2, . . . ,Wn−1 ÿâëÿåòñÿ

îðòîíîðìèðîâàííûì áàçèñîì êàñàòåëüíîãî ïðîñòðàíñòâà TqLc∗ ïîâåðõíîñòè Lc∗, ãäå q = φ (p),
f (p) = c∗.

Ïóñòü A (p) =
{

a
j
i

}

� ìàòðèöà ßêîáè â òî÷êå p ∈ Rn
äâèæåíèÿ F : Rn → Rn

, êîòîðîå

ïåðåâîäèò òî÷êó p â òî÷êó q, à îðòîíîðìèðîâàííûé áàçèñ U1, U2, . . . , Un−1, Z (p) â îðòîíîðìè-
ðîâàííûé áàçèñ W1,W2, . . . ,Wn−1, Z (q).

Ìû èìååì ðàâåíñòâà

A (p)U i = Wi, A (p)Z (p) = Z (q). (4)

Êàê è âûøå, ïîëó÷èì ñèñòåìó ðàâåíñòâ

B (p)U i = Wi, B (p)Z (p) = λ (p)Z (q). (5)

Åñëè êàñàòåëüíûé âåêòîð Z (p) ïàðàëëåëåí Z (p0), òî áàçèñíûå âåêòîðû U1, U2, . . . , Un−1 ëè-

íåéíî âûðàæàþòñÿ ÷åðåç âåêòîðû X1,X2, . . . ,Xn−1. Â ýòîì ñëó÷àå ìàòðèöû A(p), B(p) è ñêà-

ëÿðíàÿ âåëè÷èíà λ (p) ñîâïàäàþò ñ ìàòðèöàìè A (p0), B (p0) è âåëè÷èíîé λ (p0) ñîîòâåòñòâåííî.

Ïðåäïîëîæèì, ÷òî êàñàòåëüíûé âåêòîð Z (p) íå ïàðàëëåëåí Z (p0). Â ýòîì ñëó÷àå êàñàòåëü-

íàÿ ïëîñêîñòü TpLc íå ïàðàëëåëüíà ïëîñêîñòè Tp0Lc1 , è, ñëåäîâàòåëüíî, âåêòîðû U1, U2, . . . , Un−1

íå âûðàæàþòñÿ ÷åðåç âåêòîðû X1,X2, . . . ,Xn−1. Ïîýòîìó èç ñèñòåì (3) è (4) ïîëó÷èì, ÷òî

λ (p) = 1.

Òàêèì îáðàçîì, âîçíèêàþò äâå âîçìîæíûå ñèòóàöèè:

à) åäèíè÷íûé ãðàäèåíòíûé âåêòîð Z (p) ïàðàëëåëåí Z (p0) è λ (p) 6= 1;

á) åäèíè÷íûé ãðàäèåíòíûé âåêòîð Z (p) íå ïàðàëëåëåí Z (p0) è λ (p) = 1.

Îáîçíà÷èì ÷åðåçG ìíîæåñòâî òî÷åê p ∈ Rn
, äëÿ êîòîðûõ λ (p) 6= 1. Ýòî ìíîæåñòâî ÿâëÿåòñÿ

îòêðûòûì â ñèëó íåïðåðûâíîñòè �óíêöèè λ (p).
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Ñ äðóãîé ñòîðîíû, ìíîæåñòâî G ñîâïàäàåò ñ ìíîæåñòâîì òî÷åê p ∈ Rn
, äëÿ êîòîðûõ âåê-

òîð Z (p) ïàðàëëåëåí Z (p0) è â ñèëó íåïðåðûâíîñòè �óíêöèè Z (p) ÿâëÿåòñÿ çàìêíóòûì ìíî-

æåñòâîì. Òàêèì îáðàçîì, ìíîæåñòâî G îäíîâðåìåííî ÿâëÿåòñÿ îòêðûòûì è çàìêíóòûì ìíî-

æåñòâîì. Ïîýòîìó â ñèëó ñâÿçíîñòè ïðîñòðàíñòâà Rn
ìíîæåñòâî G ëèáî ïóñòî, ëèáî ñîâïàäàåò

ñ Rn
.

Ïðåäïîëîæèì, ÷òî G ñîâïàäàåò ñ Rn
. Òîãäà âñþäó âåêòîð Z (p) ïàðàëëåëåí Z (p0) è, ñëåäî-

âàòåëüíî, ãðàäèåíòíûå ëèíèè ÿâëÿþòñÿ ïàðàëëåëüíûìè ïðÿìûìè.

Ïîêàæåì, ÷òî â ýòîì ñëó÷àå �óíêöèÿ f ÿâëÿåòñÿ ìåòðè÷åñêîé �óíêöèåé. Äëÿ ýòîãî ïî-

ëîæèì W = grad f . Ïîêàæåì, ÷òî |W | ïîñòîÿííà âäîëü êðèâûõ, ëåæàùèõ íà ïîâåðõíîñòÿõ

óðîâíÿ.

Ïóñòü γ � êðèâàÿ, ëåæàùàÿ íà ïîâåðõíîñòè óðîâíÿ, ïàðàìåòðèçîâàííàÿ óðàâíåíèÿìè xi =
= xi (t), i = 1, 2, . . . , n. Òàê êàê f ∈ C2(Rn, R1), èìååò ìåñòî ðàâåíñòâî fxixj

= fxjxi
. Âû÷èñëèì

d
dt
fxi

=
n
∑

j=1
fxixj

x′i =
n
∑

j=1
fxjxi

x′j . Èç ðàâåíñòâà W = grad f = gZ (p0) ïîëó÷èì, ÷òî fxi
= gai, ãäå

Z (p0) = {a1, a2, . . . , an}, g � ãëàäêàÿ �óíêöèÿ, ðàâíàÿ äëèíå âåêòîðà grad f . Òàêèì îáðàçîì,

d
dt
fxi

=
n
∑

j=1
fxjxi

x′j =
n
∑

j=1
ajx

′

j
∂g
∂xi

= 0. Îòñþäà ñëåäóåò, ÷òî

d
dt
〈W,W 〉 = 2

〈

W, d
dt
W

〉

= 0. Òàêèì

îáðàçîì, äëèíà ãðàäèåíòà grad f ïîñòîÿííà íà êàæäîé ïîâåðõíîñòè óðîâíÿ, òî åñòü �óíêöèÿ f

ÿâëÿåòñÿ ìåòðè÷åñêîé.

Ýòî ïðîòèâîðå÷èå ïîêàçûâàåò, ÷òî ìíîæåñòâî G ïóñòî è äëÿ âñåõ p ∈ Rn
èìååò ìåñòî

λ (p) = 1. Ýòî îçíà÷àåò, ÷òî äëÿ âñåõ p ∈ Rn
ìàòðèöà ßêîáè B (p0) =

{

b
j
i

}

îòîáðàæåíèÿ

φ : Rn → Rn
ñîâïàäàåò ñ îðòîãîíàëüíîé ìàòðèöåé.

Òàêèì îáðàçîì, ìû ïîêàçàëè, ÷òî îòîáðàæåíèå φ : Rn → Rn
ÿâëÿåòñÿ èçîìåòðèåé åâêëèäîâà

ïðîñòðàíñòâà Rn
. �

Çàìå÷àíèå 1. Êàê ïîêàçûâàþò ïðèìåðû, äëÿ ìåòðè÷åñêèõ �óíêöèé òåîðåìà íå âåðíà.

Çàìå÷àíèå 2. Â îáùåì ñëó÷àå èçâåñòíî, ÷òî ãðóïïà G ñ êîìïàêòíî-îòêðûòîé òîïîëîãèé

ÿâëÿåòñÿ ãðóïïîé Ëè [6℄.

Ïðèìåð 1. �àññìîòðèì �óíêöèþ f(x1, x2, . . . , xn) = exp(A1x1 + A2x2 + . . . + Anxn), çà-
äàííóþ â åâêëèäîâîì ïðîñòðàíñòâå, ãäå A1, A2, . . . , An � ïîñòîÿííûå. Ïîâåðõíîñòè óðîâíÿ

ýòîé �óíêöèè ïîðîæäàþò ñëîåíèå F , ñîñòîÿùåå èç ïàðàëëåëüíûõ ïëîñêîñòåé. Îòîáðàæåíèå

ϕ(x1, x2, . . . , xn) = (λx1, λx2, . . . , λxn), ãäå λ 6= 0 � êîíñòàíòà, ÿâëÿåòñÿ äè��åîìîð�èçìîì ñëî-

åíîãî ìíîãîîáðàçèÿ (Rn, F ). Ââåäåì íîâóþ äåêàðòîâó ñèñòåìó êîîðäèíàò (y1, y2, . . . , yn) òàêóþ,
÷òî ïîâåðõíîñòè óðîâíÿ ýòîé �óíêöèè çàäàþòñÿ óðàâíåíèÿìè yn = const. Äè��åîìîð�èçì
ϕ : Rn → Rn

, îïðåäåëåííûé �îðìóëîé ϕ(y1, y2, . . . , yn) = (y1, y2, . . . , yn−1, λyn) ÿâëÿåòñÿ èçî-

ìåòðèåé ñëîåíîãî ìíîãîîáðàçèÿ (Rn, F ), íî íå ÿâëÿåòñÿ èçîìåòðèåé åâêëèäîâà ïðîñòðàíñòâà.

Ïðèìåð 2. Ôóíêöèÿ

f(x1, x2, . . . , xn) = x21 + x22 + . . .+ x2n−1 − xn

íå ÿâëÿåòñÿ ìåòðè÷åñêîé. Ïîâåðõíîñòè óðîâíÿ ïîðîæäàþò ñëîåíèå F , ñîñòîÿùåå èç ïàðàáîëîè-

äîâ. Èçîìåòðèÿìè ýòîãî ñëîåíèÿ ÿâëÿþòñÿ òîëüêî ïàðàëëåëüíûå ïåðåíîñû âèäà ϕ(x1, . . . , xn) =
= (x1, . . . , xn−1, xn + λ), êîòîðûå ÿâëÿþòñÿ èçîìåòðèÿìè åâêëèäîâà ïðîñòðàíñòâà.
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Mathematial Subjet Classi�ations: 53C12, 53C22

The question of the group of isometries of a Riemannian manifold is the main problem of the lassial

Riemannian geometry. Let G denote the group of isometries of a Riemannian manifold M of dimension n

with a Riemannian metri g. It is known that the group G with the ompat-open topology is a Lie group.

This paper disusses the question of the existene of isometri maps of the foliated manifold (M,F ). We

denote the group of all isometries of the foliated Riemannian manifold (M,F ) by GF . Studying the struture

of the group GF of the foliated manifold (M,F ) is a new and interesting problem. First, this problem is

onsidered in the paper of A.Y. Narmanov and the author, where it was shown that the group GF with a

ompat-open topology is a topologial group. We onsider the question of the struture of the group GF ,

where M = Rn
and F is foliation generated by the onneted omponents of the level surfaes of the smooth

funtion f : Rn → R. It is proved that the group of isometries of foliated Eulidean spae is a subgroup of

the isometry group of Eulidean spae, if the foliation is generated by the level surfaes of a smooth funtion,

whih is not a metri.
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