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ÏÎ�ÎÆÄÅÍÍÎÉ Ï�ÎÑÒÅÉØÈÌ ÂÎËÍÎÂÛÌ Ó�ÀÂÍÅÍÈÅÌ

Â ïðåäûäóùåé ðàáîòå àâòîðà îïðåäåëåíî ïàðàìåòðè÷åñêîå ñåìåéñòâî êîíå÷íîìåðíûõ ïðîñòðàíñòâ ñïå-

öèàëüíûõ êâàäðàòè÷íûõ ñïëàéíîâ ëàãðàíæåâîãî òèïà. Â êàæäîì ïðîñòðàíñòâå â êà÷åñòâå ðåøåíèÿ

íà÷àëüíî-ãðàíè÷íîé çàäà÷è äëÿ ïðîñòåéøåãî âîëíîâîãî óðàâíåíèÿ ïðåäëîæåí îïòèìàëüíûé ñïëàéí,

äàþùèé íàèìåíüøóþ íåâÿçêó. Äëÿ êîý��èöèåíòîâ ýòîãî ñïëàéíà è äëÿ åãî íåâÿçêè ïîëó÷åíû òî÷íûå

�îðìóëû. Ôîðìóëà äëÿ êîý��èöèåíòîâ ñïëàéíà ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ �îðìó îò èñõîäíûõ

êîíå÷íûõ ðàçíîñòåé. Ôîðìóëà äëÿ íåâÿçêè ïðåäñòàâëÿåò ñîáîé ïîëîæèòåëüíî îïðåäåëåííóþ êâàäðà-

òè÷íóþ �îðìó îò ýòèõ æå âåëè÷èí, îäíàêî èç-çà ñâîåé ãðîìîçäêîñòè îíà ïëîõî ïðèñïîñîáëåíà äëÿ

àíàëèçà êà÷åñòâà àïïðîêñèìàöèè èñõîäíîé çàäà÷è ïðè âàðüèðîâàíèè ïàðàìåòðàìè.

Ïîëó÷åíî àëüòåðíàòèâíîå ïðåäñòàâëåíèå äëÿ íåâÿçêè, ïðåäñòàâëÿþùåå ñîáîé ïîëîæèòåëüíî îïðåäå-

ëåííóþ êâàäðàòè÷íóþ �îðìó îò íîâûõ êîíå÷íûõ ðàçíîñòåé, çàäàííûõ íà ãðàíèöå. Ýëåìåíòû ìàòðèöû

�îðìû âûðàæàþòñÿ ÷åðåç ìíîãî÷ëåíû ×åáûø¼âà, ìàòðèöà îáðàòèìà è òàêîâà, ÷òî îáðàòíàÿ ìàòðè-

öà èìååò òðåõäèàãîíàëüíûé âèä. Ýòà îñîáåííîñòü ïîçâîëÿåò ïîëó÷èòü äëÿ ñïåêòðà ìàòðèöû âåðõíèå

è íèæíèå îöåíêè, íå çàâèñÿùèå îò ðàçìåðíîñòè N. Äàííîå îáñòîÿòåëüñòâî ïîçâîëÿåò ïðîâåñòè èññëå-

äîâàíèå íà êà÷åñòâî àïïðîêñèìàöèè äëÿ ðàçíûõ ðàçìåðíîñòåé N è âåñîâûõ êîý��èöèåíòîâ ω ∈ [−1, 1].
Ïîêàçàíî, ÷òî íàèëó÷øåå ïðèáëèæåíèå äàåò ïàðàìåòð ω = 0, à íåâÿçêà ñòðåìèòñÿ ê íóëþ ñ ðîñòîì N.

Êëþ÷åâûå ñëîâà: èíòåðïîëÿöèÿ, àïïðîêñèìèðóþùèé ñïëàéí, ìíîãî÷ëåíû ×åáûø¼âà.

Ââåäåíèå. �àáîòà ïðîäîëæàåò èññëåäîâàíèÿ [1℄: ïðè �èêñèðîâàííûõ γ 6= 0 è τ > 0 â êà-

÷åñòâå ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è

utt = γ2uξξ; u(0, ξ) = φ(ξ), ut(0, ξ) = ψ(ξ), ξ∈ [0, 1];

u(t, 0) = ρ0(t), u(t, 1) = ρ1(t), t∈ [0, 2τ ],
(1)

ïðåäëàãàåòñÿ èñïîëüçîâàòü îïòèìàëüíûé àïïðîêñèìèðóþùèé ñïëàéí çàäà÷è

J =̇ J(ω) =̇ J(N,ω) =̇
∥∥utt − γ2uξξ

∥∥ 2

L2(Π)
→ min, u ∈ σω(Π) = σN, ω(Π). (2)

Ïðåäïîëàãàþòñÿ âûïîëíåííûìè åñòåñòâåííûå óñëîâèÿ ñîïðÿæåíèÿ

ρ0(0) = φ(0), ρ1(0) = φ(1), ρ′0(0) = ψ(0), ρ′1(0) = ψ(1).

Ïðè �èêñèðîâàííîì ω ∈ [−1, 1] ÷åðåç σN, ω(Π) îáîçíà÷åíî êîíå÷íîìåðíîå ïðîñòðàíñòâî, ñîñòî-
ÿùåå èç ñïëàéíîâ [2℄, çàâèñÿùèõ îò êîý��èöèåíòîâ uij , i = 1, 2, j = 1, . . . , 2N−1 (ãäå N �

ïàðàìåòð, îòâå÷àþùèé çà êîëè÷åñòâî óçëîâ ðàçíîñòíîé ñõåìû), è îïðåäåëåííûõ â ïðÿìîóãîëü-

íèêå Π=̇ [0, 2τ ]× [ 0, 1]. Ïðèìåíÿåì îáîçíà÷åíèÿ λ =̇ (1+ω )/2 è µ =̇ (1−ω )/2. Â ðàáîòå [1℄ äëÿ

ïàðàìåòðèçàöèè ìû èñïîëüçîâàëè ïàðàìåòð λ, à íå ω, è ïðèìåíÿëè îáîçíà÷åíèå Ω âìåñòî Π.

Ïóñòü, äàëåå, n =̇N−1, h =̇ 1
2N , θ =̇ γ2 τ2

h2 , ν =̇
h
τ3

= 1
2Nτ3

,

ui0 =̇ ρ
i
0 =̇ ρ0(iτ), ui

2N
=̇ ρi1 =̇ ρ1(iτ), i = 0, 1, 2,

ψj =̇ψ(jh), φj =̇φ(jh), xj =̇u2j − φj , yj =̇u2j − 2u1j + φj , j = 0, 1, . . . , 2N, (3)

Zk =̇φ2k−2 − 2φ2k−1 + φ2k, zk =̇ θZk, µk =̇− 1
λ2 zk, νk =̇− 1

µ2 zk, k = 1, . . . , N,

vk =̇µk + νk+1, k = 1, . . . , n.
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Âåëè÷èíû µk, νk, vk îïðåäåëåíû ïðè λµ 6= 0 (òî åñòü ïðè ω 6= ±1). Çàìåòèì, ÷òî â ðàáîòå [1℄

äëÿ âåëè÷èíû vk ìû ïðèìåíÿëè îáîçíà÷åíèå Wk. Êðîìå òîãî, ïðè λµ 6= 0 ìû èñïîëüçóåì

îáîçíà÷åíèÿ

x =̇− 1− 1
2λ2 − 1

2µ2 6 −5, α =̇− 1− 1
λ2 , β =̇− 1− 1

µ2 .

Ïî ñðàâíåíèþ ñ ðàáîòîé [1℄ ïîÿâèëèñü íîâûå ÷èñëà α è β òàêèå, ÷òî α+ β = 2x, αβ > 1,

µk = (1+α ) zk, νk = (1+β ) zk, vk = (1+α ) zk+ (1+β ) zk+1.

Àíàëèç �óíêöèîíàëà (2) ïîðîäèë â [1℄ óðàâíåíèÿ (4.1)�(4.4) èòîãîâîé ðàçíîñòíîé ñõåìû. Â

ñâåòå íîâûõ îáîçíà÷åíèé â ñëó÷àå λµ 6= 0 ñõåìà ïðèíèìàåò âèä

x2k−1 − λ y2k−2 − y2k−1 − µ y2k = 2τ ψ2k−1, k = 1, . . . , N, (4)

µ y2k−2 + λ y2k − ( 1−λµ ) θ (x2k−2 − 2x2k−1 + x2k ) = zk, k = 1, . . . , N, (5)

x2k − 2 y2k = 2τ ψ2k, k = 1, . . . , n, (6)

y2k−2 + 2x y2k + y2k+2 = vk, k = 1, . . . , n. (7)

Â ñëó÷àå λµ = 0 ïðèíöèïèàëüíî ìåíÿþòñÿ óðàâíåíèÿ (7): ïðè λ = 0 óðàâíåíèÿ ïðèíèìàþò âèä
y2k = zk, à ïðè µ = 0 èìååì y2k = zk+1. Òàêèì îáðàçîì, ïðè λµ = 0 ðàçíîñòíàÿ ñõåìà ïðèíèìàåò
ÿâíûé âèä, ïîçâîëÿþùèé ïîñëåäîâàòåëüíî âû÷èñëèòü çíà÷åíèÿ y2k, x2k, x2k−1, y2k−1 è â êî-

íå÷íîì ñ÷åòå ïîëó÷èòü âñå êîý��èöèåíòû u2j , u
1
j îïòèìàëüíîãî àïïðîêñèìèðóþùåãî ñïëàéíà

çàäà÷è (2) (ñì. �îðìóëû (3)). Â ðàáîòå [1℄ äëÿ ÷èñåë y2k ïîëó÷åíà ÿâíàÿ �îðìóëà (5.1)

y2k =
1

Un(x)

[
−Bk1(x) y0 −Bkn(x) y2N +

n∑

i=1

Bki(x) vi

]
, k = 1, . . . , n, (8)

êîòîðàÿ è ïðè λµ 6= 0 ïîçâîëÿåò ïîñëåäîâàòåëüíî âû÷èñëèòü ÷èñëà x2k, x2k−1, y2k−1, u
2
j , u

1
j .

Â ïðåäñòàâëåíèè (8) èñïîëüçîâàíû ìíîãî÷ëåíû ×åáûø¼âà 2-ãî ðîäà Un(·) è ïîðîæäåííûå èìè
ìíîãî÷ëåíû Bki(·) (ñì. íèæå). Çàìåòèì, ÷òî Un(x) 6= 0 (ïîñêîëüêó x 6 −5 < −1, ñì., íàïðè-
ìåð, [3, . 96℄). Êðîìå òîãî, â ïðåäñòàâëåíèè (8) �èãóðèðóþò ëèøü ãðàíè÷íûå ýëåìåíòû:

y0 = u20 − 2u10 + φ0 = ρ20 − 2 ρ10 + φ0 = ρ20 − 2 ρ10 + ρ00,

y
2N

= u2
2N

− 2u1
2N

+ φ
2N

= ρ21 − 2 ρ11 + φ
2N

= ρ21 − 2 ρ11 + ρ01,

vi = (1+α ) θ (φ2i−2 − 2φ2i−1 + φ2i ) + ( 1+β ) θ (φ2i − 2φ2i+1 + φ2i+2 ), i = 1, . . . , n.

Òàêèì îáðàçîì, â òåðìèíàõ ââåäåííûõ â ðàáîòå îáîçíà÷åíèé òåîðåìà 1 [1℄ ïðèíèìàåò ñëå-

äóþùèé âèä.

Òåîðåìà 1. Ñèñòåìà óðàâíåíèé (4)�(7) èìååò åäèíñòâåííîå ðåøåíèå, è îíî äîïóñêàåò ÿâ-

íîå ïðåäñòàâëåíèå ÷åðåç ãðàíè÷íûå ýëåìåíòû y0, y2N , ψ1, . . . , ψ2N−1
, z1, . . . , zN , v1, . . . , vn. Äëÿ

ïåðåìåííûõ y2k, âõîäÿùèõ â ñèñòåìó (7), ïðè ω ∈ (−1, 1) ñïðàâåäëèâî ïðåäñòàâëåíèå (8), ïðè

ω = −1 èìååò ìåñòî ðàâåíñòâî y2k = zk, à åñëè ω = 1, òî y2k = zk+1. Ïîëó÷åííûå çíà÷å-

íèÿ ïîçâîëÿþò ñíà÷àëà ÿâíî âû÷èñëèòü èç óðàâíåíèé (6) âåëè÷èíû x2k, èç óðàâíåíèé (5) �

âåëè÷èíû x2k−1, çàòåì èç óðàâíåíèé (4) � âåëè÷èíû y2k−1 è, íàêîíåö, èç óðàâíåíèé (3) �

êîý��èöèåíòû u2j è u
1
j îïòèìàëüíîãî àïïðîêñèìèðóþùåãî ñïëàéíà çàäà÷è (2).

Çàìå÷àíèå 1. Òàê êàê x6 −5, òî äëÿ ðåøåíèÿ óðàâíåíèÿ (7) öåëåñîîáðàçíî ïðèìåíÿòü ìå-
òîä ïðîãîíêè � îí èìååò ëèíåéíóþ ñëîæíîñòü âû÷èñëåíèé è íàèáîëåå ý��åêòèâåí â ïðèêëàä-

íîé ðåàëèçàöèè. Ñ ïðèêëàäíûõ ïîçèöèé ÿâíàÿ �îðìóëà (8) îáëàäàåò ñëåäóþùèì íåäîñòàòêîì:

ïðè |x | > 1 âåëè÷èíà |Un(x) | âåäåò ñåáÿ ïðèìåðíî êàê |2x |n, ñëåäîâàòåëüíî, ìîäóëè âûðàæå-

íèé, âõîäÿùèõ â �îðìóëó, ñòðåìèòåëüíî ðàñòóò ïðè óâåëè÷åíèè n, ÷òî ïðèâîäèò ê áûñòðîìó

ïåðåïîëíåíèþ. Îäíàêî ÿâíàÿ �îðìóëà (8) èìååò âàæíîå òåîðåòè÷åñêîå çíà÷åíèå: îíà ïîçâîëÿåò

â ÿâíîì âèäå ïîëó÷èòü ìèíèìàëüíîå çíà÷åíèå J∗= J∗(ω) = J∗(N,ω) �óíêöèîíàëà (2) è ïîêà-
çàòü, ÷òî â ñëó÷àå ãëàäêèõ ãðàíè÷íûõ �óíêöèé èìååò ìåñòî ïðåäåëüíîå ñîîòíîøåíèå J∗ → 0
(ïðè N → ∞). Ýòè èññëåäîâàíèÿ è ñîñòàâëÿþò îñíîâíóþ ÷àñòü íàñòîÿùåé ðàáîòû.
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1. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ î ìíîãî÷ëåíàõ ×åáûø¼âà. Çà�èêñèðóåì ÷èñëà

x ∈ R, n ∈ N è ñîñòàâèì ìàòðèöó A(x) =
(
Aki(x)

)
ïîðÿäêà n òàêóþ, ÷òî

Aki(x) = δk,i+1 + 2x δki + δk,i−1,

ãäå δki� ñèìâîë Êðîíåêåðà. Â ðàáîòå [2℄ äîêàçàíî ðàâåíñòâî detA(x) = Un(x). Ñîâîêóïíîñòü
{Un(x), x ∈ R }n∈Z, ñîñòîÿùóþ èç ìíîãî÷ëåíîâ ×åáûø¼âà 2-ãî ðîäà, îïðåäåëÿåì ðåêóðñèâíî:

U−1(x) =̇ 0, U0(x) =̇ 1, Un−1(x) + Un+1(x) = 2xUn(x) (ðåêóðñèÿ â îáà íàïðàâëåíèÿ: êàê ïðè

n→ ∞, òàê è ïðè n→ −∞). Â íàñòîÿùåé ðàáîòå ìû ïðèìåíÿåì òîæäåñòâî (1.1) èç ñòàòüè [4℄:

Um(x)Un(x)− Um−1(x)Un−1(x) = Um+n(x), x ∈ R. (9)

Ñîñòàâèì, äàëåå, ñèììåòðè÷åñêóþ ìàòðèöó B(x) =
(
Bki(x)

)
ïîðÿäêà n òàêóþ, ÷òî

Bki(x) =̇ (−1)k+i

{
Uk−1(x)Un−i(x), åñëè k 6 i,
Un−k(x)Ui−1(x), åñëè k > i.

Åñëè δ >

ki� ñèìâîë Êðîíåêåðà òàêîé, ÷òî δ >

ki = 0 ïðè k < i è δ >

ki = 1 ïðè k > i, òî, î÷åâèäíî,

Bki(x) = (−1)k+i
[
δ >

ik Uk−1(x)Un−i(x) + δ >

k−1,i Un−k(x)Ui−1(x)
]
, (10)

Bki(x) = (−1)k+i
[
δ >

i−1,k Uk−1(x)Un−i(x) + δ >

ki Un−k(x)Ui−1(x)
]
. (11)

Òåîðåìà 2 (ñì. [2℄). Ñïðàâåäëèâû ðàâåíñòâà A(x)B(x) = Un(x)En = B(x)A(x), ãäå En �

åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n > 1.

Â ñèëó òåîðåìû 2 ðåøåíèåì ñèñòåìû (7) ÿâëÿþòñÿ ÷èñëà (8).

Äàëåå ìû ïðèìåíÿåì îáîçíà÷åíèÿ Un =̇Un(x) è Bki =̇Bki(x).
×èñëà α, β, x ∈ R òàêèå, ÷òî α+ β = 2x ïîðîæäàþò äâå ñîâîêóïíîñòè ÷èñåë

Pn =̇Pn(x) =̇Pn(x, β) =̇Un(x)−β Un−1(x), Qn =̇Qn(x) =̇Qn(x, α) =̇Un(x)−αUn−1(x), n ∈ Z

(â äàëüíåéøåì â îáîçíà÷åíèÿõ äëÿ Pn è Qn ìû óêàçûâàåì ïðè íåîáõîäèìîñòè çàâèñèìîñòü

ëèøü îò ïàðàìåòðà x). Ñïðàâåäëèâû ðàâåíñòâà

( 1+α )Um − ( 1+β )Um−1 = Pm + Pm+1, (12)

( 1+β )Um − ( 1+α )Um−1 = Qm +Qm+1, (13)

Pm+1Qn+1 − PmQn = (αβ−1 )Um+n. (14)

Äåéñòâèòåëüíî,

Pm + Pm+1 = Um−β Um−1 + Um+1−β Um =

= Um−β Um−1 + 2xUm − Um−1−β Um = (1+α )Um − ( 1+β )Um−1,

Qm +Qm+1 = Um−αUm−1 + Um+1−αUm =

= Um−αUm−1 + 2xUm − Um−1−αUm = (1+β )Um − ( 1+α )Um−1.

Â äîêàçàòåëüñòâå ðàâåíñòâà (14) ÷åòûðåæäû ïðèìåíÿåì �îðìóëó (9):

Pm+1Qn+1 − PmQn = (Um+1−β Um ) (Un+1−αUn )− (Um−β Um−1 ) (Un−αUn−1 ) =

= [ Um+1 Un+1 − Um Un ]− α [ Um+1 Un − Um Un−1 ]−

−β [ Um Un+1 − Um−1 Un ] + αβ [ Um Un − Um−1 Un−1 ] =

= Um+n+2 − αUm+n+1 − β Um+n+1 + αβ Um+n = Um+n+2 − 2xUm+n+1 + αβ Um+n =

= −Um+n + αβ Um+n = (αβ−1 )Um+n.
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Ïðîèçâîëüíûå ÷èñëà α, β, x ∈ R, N ∈ N òàêèå, ÷òî α+β = 2x è N > 2 ïîðîæäàþò äâå

ìàòðèöû Ã(x) =
(
Ãki(x)

)
è B̃(x) =

(
B̃ki(x)

)
, k, i = 0, 1, . . . , N, ïîðÿäêà N+1 òàêèå, ÷òî

Ãki =̇ Ãki(x) =̇





α, åñëè (k, i) = (0, 0),
δk,i+1 + 2x δki + δk,i−1, åñëè (0, 0) 6= (k, i) 6= (N,N),
β, åñëè (k, i) = (N,N),

B̃ki =̇ B̃ki(x) =̇ (−1)k+i

{
Pk(x)QN−i

(x), åñëè k 6 i,
Q

N−k
(x)Pi(x), åñëè k > i,

èëè

B̃ki = B̃ki(x) = (−1)k+i
[
δ >

i−1,k Pk(x)QN−i
(x) + δ >

ki QN−k
(x)Pi(x)

]
. (15)

Òåîðåìà 3 (ñì. [4℄). Èìåþò ìåñòî ðàâåíñòâà Ã(x) B̃(x) = (αβ−1 )Un(x)E
0
N
= B̃(x) Ã(x),

ãäå E0
N
� åäèíè÷íàÿ ìàòðèöà ïîðÿäêà N+1 ñ ýëåìåíòàìè (E0

N
)ki =̇ δki, k, i = 0, 1, . . . , N.

2. Òî÷íàÿ �îðìóëà äëÿ íåâÿçêè îïòèìàëüíîãî àïïðîêñèìèðóþùåãî ñïëàéíà. ×å-

ðåç J∗= J∗(ω) îáîçíà÷èì ìèíèìóì �óíêöèîíàëà (2) â ïðîñòðàíñòâå σω(Π) (ñì. çàìå÷àíèå 1).
Â ñîîòâåòñòâèè ñ òåîðåìîé 2 [1℄ äëÿ âåëè÷èíû J∗(ω) ñïðàâåäëèâî îäíî èç òðåõ ïðåäñòàâëåíèé

(6.2)�(6.4) (ïðè ω = −1, ω = 1 è ω∈(−1, 1) ñîîòâåòñòâåííî), ïðè÷åì J∗(−1) = 1
Nτ3

( z
N
−y

2N
)2,

J∗(1) = 1
Nτ3

( y0 − z1 )
2
. Ôîðìóëà (6.4), îäíàêî, ïëîõî ïðèñïîñîáëåíà äëÿ àíàëèçà êà÷åñòâà àï-

ïðîêñèìàöèè çàäà÷è (2) ïðè âàðüèðîâàíèè ïàðàìåòðàìè ω ∈ (−1, 1) è N ∈ N, è íàøà áëè-

æàéøàÿ öåëü � ýòî ïîëó÷åíèå àëüòåðíàòèâíîé �îðìóëû (22), ïîçâîëÿþùåé óñòàíîâèòü, ÷òî

â ñëó÷àå ãëàäêèõ ãðàíè÷íûõ �óíêöèé ñïðàâåäëèâî ðàâåíñòâî J∗ = O( 1
N
).

Â ñîîòâåòñòâèè ñ îáîçíà÷åíèÿìè íàñòîÿùåé ðàáîòû �îðìóëà (6.4) ïðèîáðåòàåò âèä

(αβ−1 )Un J
∗(ω)/4ν = −β Un y

2
0 − αUn y

2
2N

+ 2 ( 1+β )Un y0z1 + 2 ( 1+α )Un y2N zN −

− 2 ( 1+x )Un

N∑

k=1

z2k +B11 y
2
0 +B1ny0y2N − y0

n∑

k=1

B1kvk +Bn1 y0y2N +Bnny
2
2N

− y
2N

n∑

k=1

Bnkvk −

− y0

n∑

k=1

Bk1vk − y
2N

n∑

k=1

Bknvk +

n∑

k=1

n∑

i=1

Bkivkvi. (16)

(Óìíîæèëè îáå ÷àñòè �îðìóëû íà Un/λ
2µ2 è ó÷ëè òîæäåñòâî αβ − 1 = 2 ( 1−λµ )/λ2µ2.)

Îáîçíà÷èì äâîéíóþ ñóììó ÷åðåç Σ. Ïîñêîëüêó vk = µk + νk+1, òî

Σ =
n∑

k=1

n∑

i=1

Bki µkµi +
n∑

k=1

n∑

i=1

Bki µkνi+1 +
n∑

k=1

n∑

i=1

Bki νk+1µi +
n∑

k=1

n∑

i=1

Bki νk+1νi+1 =

=
n∑

k=1

n∑

i=1

Bki µkµi +
n∑

k=1

N∑

i=2

Bk,i−1 µkνi +
N∑

k=2

n∑

i=1

Bk−1,i νkµi +
N∑

k=2

N∑

i=2

Bk−1,i−1 νkνi

(â ñóììàõ çàìåíèëè èíäåêñû k è i íà k −1 è i−1 ñîîòâåòñòâåííî). Ñëåäîâàòåëüíî,

Σ =
n∑

k=1

n∑

i=1

(−1)k+i
(
δ >

i−1,k Uk−1 Un−i + δ >

ki Un−k Ui−1

)
µkµi+

+
n∑

k=1

N∑

i=2

(−1)k+i−1
(
δ >

i−1,k Uk−1 UN−i
+ δ >

k−1,i−1 Un−k Ui−2

)
µkνi+

+

N∑

k=2

n∑

i=1

(−1)k+i−1
(
δ >

i−1,k−1 Uk−2 Un−i + δ >

k−1,i UN−k
Ui−1

)
νkµi+

+

N∑

k=2

N∑

i=2

(−1)k+i
(
δ >

i−2,k−1 Uk−2 UN−i
+ δ >

k−1,i−1 UN−k
Ui−2

)
νkνi.
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Âî âòîðîé ñóììå äëÿ âåëè÷èíû Bk,i−1 ïðèìåíèëè �îðìóëó (10), à â îñòàëüíûõ ñëó÷àÿõ �

�îðìóëó (11). Â ñèëó ðàâåíñòâà U−1 = 0 è îïðåäåëåíèÿ ÷èñåë δ >

mj âñå ñóììèðîâàíèÿ ìîæíî

âåñòè îò 1 äî N, ïîýòîìó Σ =

N∑

k=1

N∑

i=1

(−1)k+i Ψki, ãäå

Ψki =̇
(
δ >

i−1,k Uk−1 Un−i + δ >

ki Un−k Ui−1

)
µkµi −

(
δ >

i−1,k Uk−1 UN−i
+ δ >

ki Un−k Ui−2

)
µkνi −

−
(
δ >

ik Uk−2 Un−i + δ >

k−1,i UN−k
Ui−1

)
νkµi +

(
δ >

i−1,k Uk−2 UN−i
+ δ >

ki UN−k
Ui−2

)
νkνi

(ïðèìåíèëè ðàâåíñòâî δ >

m−1,j−1 = δ >

mj ). Ïðè k < i ñïðàâåäëèâî

Ψki = Uk−1 Un−i µkµi − Uk−1 UN−i
µkνi − Uk−2 Un−i νkµi + Uk−2 UN−i

νkνi =

=
(
Uk−1 µk − Uk−2 νk

) (
Un−i µi − U

N−i
νi
)
=

=
[
( 1+α )Uk−1 − ( 1+β )Uk−2

] [
( 1+α )Un−i − ( 1+β )U

N−i

]
zk zi =

= − (Pk−1+ Pk ) (QN−i
+Q

N+1−i
) zk zi

(âîñïîëüçîâàëèñü ðàâåíñòâàìè (12) è (13)), à ïðè k > i èìååò ìåñòî ñèììåòðè÷íàÿ öåïî÷êà

Ψki = Un−k Ui−1 µkµi − Un−k Ui−2 µkνi − U
N−k

Ui−1 νkµi + U
N−k

Ui−2 νkνi =

=
(
Un−k µk − U

N−k
νk

) (
Ui−1 µi − Ui−2 νi

)
= − (Q

N−k
+Q

N+1−k
) (Pi−1+ Pi ) zk zi.

Íà äèàãîíàëè (ïðè k = i) èìååì

Ψkk = Un−k Uk−1 µ
2
k − Un−k Uk−2 µkνk − Uk−2 Un−k νkµk + U

N−k
Uk−2 ν

2
k =

=
(
Un−k µk − U

N−k
νk

) (
Uk−1 µk − Uk−2 νk

)
+

[
U

N−k
Uk−1 − Un−k Uk−2

]
µkνk =

= − (Q
N−k

+Q
N+1−k

) (Pk−1+ Pk ) z
2
k + (1+α ) ( 1+β )Un z

2
k.

Â ïîñëåäíåì ðàâåíñòâå çàìåíèëè âûðàæåíèå, ñòîÿùåå â êâàäðàòíûõ ñêîáêàõ, â ñîîòâåòñòâèè

ñ �îðìóëîé (9). Òàêèì îáðàçîì, åñëè

Φki =̇

{
(Pk−1+ Pk ) (QN−i

+Q
N+1−i

), åñëè k 6 i,
(Q

N−k
+Q

N+1−k
) (Pi−1+ Pi ), åñëè k > i,

èëè

Φki = δ >

i−1,k (Pk−1+ Pk ) (QN−i
+Q

N+1−i
) + δ >

ki (QN−k
+Q

N+1−k
) (Pi−1+ Pi ),

òî Ψki =
[
− Φki + δki ( 1+α ) ( 1+β )Un

]
zk zi, ïîýòîìó

Σ =

n∑

k=1

n∑

i=1

Bkivkvi =

N∑

k=1

N∑

i=1

(−1)k+i Ψki = −

N∑

k=1

N∑

i=1

(−1)k+i Φki zk zi + (1+α ) ( 1+β )Un

N∑

k=1

z2k,

à �îðìóëà (16) ïðèíèìàåò âèä

(αβ−1 )Un J
∗(ω)/4ν = −β Un y

2
0 − αUn y

2
2N

+ 2 ( 1+β )Un y0z1 + 2 ( 1+α )Un y2N zN +

+Un−1 y
2
0 − 2 (−1)n y0y2N + Un−1 y

2
2N

+ 2 y0

n∑

k=1

(−1)kUn−k vk − 2 y
2N

n∑

k=1

(−1)n−kUk−1 vk −

−

N∑

k=1

N∑

i=1

(−1)k+i Φki zk zi + (αβ−1 )Un

N∑

k=1

z2k. (17)

Âîñïîëüçîâàëèñü ðàâåíñòâàìè B1k = (−1)k−1Un−k = Bk1, Bnk = (−1)n−kUk−1 = Bkn è ëåãêî

ïðîâåðÿåìûì òîæäåñòâîì ( 1+α ) ( 1+β )− 2 ( 1+x ) = αβ − 1 .
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Ïðîäîëæèì ïðåîáðàçîâàíèå äâîéíîé ñóììû èç �îðìóëû (17):

N∑

k=1

N∑

i=1

(−1)k+iΦki zk zi =

N∑

k=1

N∑

i=1

(−1)k+i
[
δ >

i−1,k Pk−1QN+1−i
+ δ >

ki QN+1−k
Pi−1

]
zk zi +

+
N∑

k=1

N∑

i=1

(−1)k+i
[
δ >

i−1,k Pk−1QN−i
+ δ >

ki QN+1−k
Pi

]
zk zi +

+

N∑

k=1

N∑

i=1

(−1)k+i
[
δ >

i−1,k PkQN+1−i
+ δ >

ki QN−k
Pi−1

]
zk zi +

+

N∑

k=1

N∑

i=1

(−1)k+i
[
δ >

i−1,k PkQN−i
+ δ >

ki QN−k
Pi

]
zk zi .

Îáîçíà÷èì ñëàãàåìûå ÷åðåç σ1, σ2, σ3 è σ4 ñîîòâåòñòâåííî. Â ñóììå σ1 çàìåíèì èíäåêñû k è i
íà k +1 è i+1 ñîîòâåòñòâåííî. Òîãäà

σ1 =

n∑

k=0

n∑

i=0

(−1)k+i
[
δ >

i,k+1 PkQN−i
+ δ >

k+1,i+1 QN−k
Pi

]
zk+1zi+1 = σ11 + σ21,

ãäå

σ11 =̇
n∑

k=1

n∑

i=1

(−1)k+i
[
δ >

i−1,k PkQN−i
+ δ >

ki QN−k
Pi

]
zk+1zi+1,

σ21 =̇ z1

n∑

k=1

(−1)k Q
N−k

zk+1 + z1

n∑

i=1

(−1)iQ
N−i

zi+1 +Q
N
z21 .

Â �îðìóëå äëÿ σ11 ïðèìåíèëè ðàâåíñòâà δ
>

i,k+1 = δ >

i−1,k è δ >

k+1,i+1 = δ >

ki. Ñïðàâåäëèâû ðàâåíñòâà

δ >

i−1,k = δ >

ik − δik è δ >

ki = δ >

k−1,i + δki, ñëåäîâàòåëüíî,

σ2 =
N∑

k=1

N∑

i=1

(−1)k+i
[ (
δ >

ik − δik
)
Pk−1QN−i

+
(
δ >

k−1,i + δki
)
Q

N+1−k
Pi

]
zk zi =

=
N∑

k=1

N∑

i=1

(−1)k+i
[
δ >

ik Pk−1QN−i
+ δ >

k−1,iQN+1−k
Pi

]
zk zi + κ, (18)

ãäå

κ =̇
N∑

k=1

N∑

i=1

(−1)k+i
[
− δik Pk−1QN−i

+ δkiQN+1−k
Pi

]
zk zi =

=

N∑

k=1

[
− Pk−1QN−k

+Q
N+1−k

Pk

]
z2k = (αβ−1 )Un

N∑

k=1

z2k.

Â êîíöå öåïî÷êè âîñïîëüçîâàëèñü �îðìóëîé (14). Çàìåíèì â ñóììå (18) èíäåêñ k íà k+1, òîãäà

σ2 − κ =
n∑

k=0

N∑

i=1

(−1)k+i+1
[
δ >

i,k+1 PkQN−i
+ δ >

kiQN−k
Pi

]
zk+1 zi = σ12 + σ22 ,

ãäå

σ12 =̇−

n∑

k=1

n∑

i=1

(−1)k+i
[
δ >

i−1,k PkQN−i
+ δ >

kiQN−k
Pi

]
zk+1 zi,

σ22 =̇ z
N

n∑

k=1

(−1)n−k Pk zk+1 − z1

n∑

i=1

(−1)iQ
N−i

zi + (−1)nz1 zN .
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Â �îðìóëå äëÿ σ12 ïðèìåíèëè ðàâåíñòâî δ >

i,k+1 = δ >

i−1,k. Â ñóììå σ3 çàìåíèì èíäåêñ i íà i+1 :

σ3 =

N∑

k=1

n∑

i=0

(−1)k+i+1
[
δ >

ik PkQN−i
+ δ >

k,i+1 QN−k
Pi

]
zk zi+1 = σ13 + σ23,

ãäå

σ13 =̇−

n∑

k=1

n∑

i=1

(−1)k+i
[
δ >

ik PkQN−i
+ δ >

k,i+1 QN−k
Pi

]
zk zi+1 =

= −

n∑

k=1

n∑

i=1

(−1)k+i
[ (
δ >

i−1,k + δik
)
PkQN−i

+
(
δ >

ki − δki
)
Q

N−k
Pi

]
zk zi+1 =

= −

n∑

k=1

n∑

i=1

(−1)k+i
[
δ >

i−1,k PkQN−i
+ δ >

ki QN−k
Pi

]
zk zi+1,

σ23 =̇− z1

n∑

k=1

(−1)kQ
N−k

zk + z
N

n∑

i=1

(−1)n−i Pi zi+1 + (−1)nz1 zN .

Â �îðìóëå äëÿ σ13 ïðèìåíèëè ðàâåíñòâà δ >

ik = δ >

i−1,k + δik è δ >

k,i+1 = δ >

k−1,i = δ >

ki − δki. Íàêîíåö,

σ4 = σ14 + σ24 , ãäå

σ14 =̇

n∑

k=1

n∑

i=1

(−1)k+i
[
δ >

i−1,k PkQN−i
+ δ >

ki QN−k
Pi

]
zk zi,

σ24 =̇ z
N

n∑

k=1

(−1)N−k Pk zk + z
N

n∑

i=1

(−1)N−i Pi zi + P
N
z2
N
.

Òàêèì îáðàçîì,

N∑

k=1

N∑

i=1

(−1)k+i Φki zk zi = κ + σ1+ σ2 = (αβ−1 )Un

N∑

k=1

z2k + σ1+ σ2, ãäå

σ1 =̇σ11 +σ12 + σ13 + σ14 =
n∑

k=1

n∑

i=1

(−1)k+i
[
δ >

i−1,k PkQN−i
+ δ >

ki QN−k
Pi

]
( zk − zk+1 ) ( zi − zi+1 ),

σ2 =̇σ21 + σ22 + σ23 + σ24 =

= Q
N
z21 +2 (−1)nz1 zN +P

N
z2
N
− 2z1

n∑

k=1

(−1)k Q
N−k

( zk − zk+1 )− 2z
N

n∑

k=1

(−1)n−k Pk ( zk − zk+1 ),

ïîýòîìó �îðìóëà (17) ïðèíèìàåò âèä

(αβ−1 )Un J
∗(ω)/4ν = −Q

N
y20 −2 (−1)ny0y2N−PN

y2
2N
+2 ( 1+β )Un y0 z1+2 ( 1+α )Un y2N zN+

+2 y0

n∑

k=1

(−1)kUn−k vk − 2 y
2N

n∑

k=1

(−1)n−kUk−1 vk − σ1 − σ2 (19)

(ó÷ëè, ÷òî êîý��èöèåíòû ïåðåä y20 è y2
2N

ðàâíû Un−1− β Un = −Q
N
è Un−1− αUn = −P

N

ñîîòâåòñòâåííî). Îáîçíà÷èì ñóììû èç ïîñëåäíåé �îðìóëû ÷åðåç σ3 è σ4 ñîîòâåòñòâåííî, òîãäà

σ3 =̇

n∑

k=1

(−1)kUn−k vk = (1+α )

n∑

k=1

(−1)kUn−k zk + (1+β )

n∑

k=1

(−1)kUn−k zk+1 =

= (1+α )
N∑

k=1

(−1)kUn−k zk − ( 1+β )
N∑

k=2

(−1)kU
N−k

zk.

Â ïåðâîé ñóììå ïðèìåíèëè ðàâåíñòâî U−1 = 0, à âî âòîðîé çàìåíèëè èíäåêñ k íà k−1. Çíà÷èò,

σ3 + (1+β )Un z1 =

N∑

k=1

(−1)k
[
( 1+α )Un−k− ( 1+β )U

N−k

]
zk = −

N∑

k=1

(−1)k
(
Q

N−k
+Q

N+1−k

)
zk
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(âîñïîëüçîâàëèñü ðàâåíñòâîì (13)). Ñëåäîâàòåëüíî, ñïðàâåäëèâû ðàâåíñòâà

σ3 + (1+β )Un z1 +

N∑

k=1

(−1)kQ
N−k

zk = −

N∑

k=1

(−1)kQ
N+1−k

zk =

n∑

k=0

(−1)kQ
N−k

zk+1,

σ3 = −( 1+β )Un z1 +Q
N
z1 + (−1)n z

N
−

n∑

k=1

(−1)kQ
N−k

( zk − zk+1 ).

Àíàëîãè÷íûì îáðàçîì,

σ4 =̇
n∑

k=1

(−1)n−kUk−1 vk = (1+α )
n∑

k=1

(−1)n−kUk−1 zk + (1+β )
n∑

k=1

(−1)n−kUk−1 zk+1 =

= (1+α )
n∑

k=1

(−1)n−kUk−1 zk − ( 1+β )
N∑

k=1

(−1)n−kUk−2 zk.

Âî âòîðîé ñóììå çàìåíèëè èíäåêñ k íà k −1 è ïðèìåíèëè ðàâåíñòâî U−1 = 0. Çíà÷èò,

σ4 − ( 1+α )Un zN =

N∑

k=1

(−1)n−k
[
( 1+α )Uk−1− ( 1+β )Uk−2

]
zk =

N∑

k=1

(−1)n−k
(
Pk−1+ Pk

)
zk.

Âîñïîëüçîâàëèñü ðàâåíñòâîì (12). Ñëåäîâàòåëüíî, ñïðàâåäëèâû ðàâåíñòâà

σ4 − ( 1+α )Un zN −

N∑

k=1

(−1)n−kPk zk =

N∑

k=1

(−1)n−kPk−1 zk = −

n∑

k=0

(−1)n−kPk zk+1,

σ4 = (1+α )Un zN − (−1)n z1 − P
N
z
N
+

n∑

k=1

(−1)n−kPk ( zk − zk+1 ).

Èòàê, �îðìóëà (19) ïðèíèìàåò âèä

σ1 + (αβ−1 )Un J
∗(ω)/4ν = −Q

N
y20 − 2 (−1)n y0y2N − P

N
y2
2N

+

+2Q
N
y0z1 + 2 (−1)ny0 zN − 2 y0

n∑

k=1

(−1)kQ
N−k

( zk − zk+1 ) +

+2 (−1)ny
2N
z1 + 2P

N
y
2N
z
N
− 2 y

2N

n∑

k=1

(−1)n−kPk ( zk − zk+1 )−

−Q
N
z21 − 2 (−1)nz1 zN −P

N
z2
N
+2z1

n∑

k=1

(−1)kQ
N−k

( zk − zk+1 )+ 2z
N

n∑

k=1

(−1)n−k Pk ( zk − zk+1 ),

ïîýòîìó

σ1 + (αβ−1 )Un J
∗(ω)/4ν = −Q

N
( y0 − z1 )

2 + 2 (−1)n ( y0 − z1 ) ( zN − y
2N

)− P
N
( z

N
− y

2N
)2 −

− 2 ( y0− z1 )
n∑

k=1

(−1)kQ
N−k

( zk − zk+1 ) + 2 ( z
N
− y

2N
)

n∑

k=1

(−1)n−kPk ( zk − zk+1 ).

Çíà÷èò,

(αβ−1 )Un J
∗(ω)/4ν = −Q

N
( y0 − z1 )

2 − 2 (−1)N ( y0 − z1 ) ( zN − y
2N

)− P
N
( z

N
− y

2N
)2 −

− 2 ( y0 − z1 )

n∑

k=1

(−1)kQ
N−k

( zk − zk+1 )− 2 ( z
N
− y

2N
)

n∑

k=1

(−1)N−k Pk ( zk − zk+1 )−

−
n∑

k=1

n∑

i=1

(−1)k+i
[
δ >

i−1,k Pk QN−i
+ δ >

ki QN−k
Pi

]
( zk − zk+1 ) ( zi − zi+1 )
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èëè

(αβ−1 )Un J
∗(ω)/4ν = −

N∑

k=0

N∑

i=0

(−1)k+i
[
δ >

i−1,k PkQN−i
+ δ >

ki QN−k
Pi

]
ξk ξi,

ãäå

ξ0 =̇ y0 − z1 = ( ρ20 − 2ρ10 + ρ00 )− θ (φ0 − 2φ1 + φ2 ),

ξk =̇ zk − zk+1 = θ (φ2k−2 − 2φ2k−1 + 2φ2k+1 − φ2k+2 ), k = 1, . . . , n,

ξ
N
=̇ z

N
− y

2N
= θ (φ

2N−2
− 2φ

2N−1
+ φ

2N
)− ( ρ21 − 2ρ11 + ρ01 ). (20)

Òàêèì îáðàçîì, â ñèëó �îðìóëû (15) ñïðàâåäëèâî ðàâåíñòâî

(αβ−1 )Un J
∗(ω)/4ν = −

N∑

k=0

N∑

i=0

B̃ki ξk ξi = −
〈
B̃(x) ξ, ξ

〉
, (21)

ãäå ξ =̇ col ( ξ0, ξ1, . . . , ξN ), à â ñèëó òåîðåìû 3

J∗(ω) = − 4 ν
〈
Ã−1(x) ξ, ξ

〉
= 2

Nτ3

〈
[−Ã(x(ω)) ]−1ξ, ξ

〉
. (22)

Ó÷ëè îïðåäåëåíèå êîý��èöèåíòà ν è óêàçàëè çàâèñèìîñòü âåëè÷èíû x îò ïàðàìåòðà ω.
Ñëåäîâàòåëüíî, â òåðìèíàõ ââåäåííûõ îáîçíà÷åíèé ñïðàâåäëèâà

Òåîðåìà 4. Ïðè ëþáîì ω ∈ [−1, 1] ìèíèìóì J∗(ω) �óíêöèîíàëà (2) äîñòèãàåòñÿ íà ðåøå-

íèè ñèñòåìû óðàâíåíèé (4)�(7), è ïðè ω ∈ (−1, 1) äëÿ íåãî èìååò ìåñòî ïðåäñòàâëåíèå (22)

÷åðåç ãðàíè÷íûå ýëåìåíòû (20). Ñïðàâåäëèâû ðàâåíñòâà J∗(−1) = 1
Nτ3

ξ2
N
, J∗(1) = 1

Nτ3
ξ20 .

Çàìå÷àíèå 2. Ïðè ω → ±1 èìåþò ìåñòî ïðåäåëüíûå ñîîòíîøåíèÿ J∗(ω) → J∗(±1). Äåé-
ñòâèòåëüíî, ïóñòü, íàïðèìåð, ω → 1, òîãäà λ → 1, µ → 0, x → −∞, α → −2, β → −∞.

Â ñèëó (21) èìåþò ìåñòî ðàâåíñòâà

J∗(ω)/4ν =
2x

1−αβ

1

2xUn(x)

N∑

k=0

N∑

i=0

B̃ki(x) ξk ξi = κ(ω)
N∑

k=0

N∑

i=0

bki(x) ξk ξi,

ãäå

κ(ω) =̇ 2x /( 1−αβ ) = ( 5 + 2ω2+ ω4 ) /( 12 + 4ω2 ) → 1
2 ,

à bki(x) =̇ B̃ki(x) / [ 2xUn(x) ] � äðîáíî-ðàöèîíàëüíûå �óíêöèè. Åñëè k 6= i, òî deg B̃ki(x) < N,
à deg [ 2xUn(x) ] = N, ïîýòîìó bki(x) → 0. Ïðè k = i ñïðàâåäëèâû ðàâåíñòâà

bkk(x) =
Q

N−k
(x)Pk(x)

2xUn(x)
=

[U
N−k

(x)− αUn−k(x) ] [αUk−1(x)− Uk−2(x) ]

U
N
(x) + Un−1(x)

.

Ïðè k > 0 ñòåïåíü ÷èñëèòåëÿ ðàâíà n, à çíàìåíàòåëÿ � N, ïîýòîìó bkk(x) → 0. Åñëè æå k = 0,
òî b00(x) = Q

N
(x) / [ 2xUn(x) ] = [U

N
(x) − αUn(x) ] / [UN

(x) + Un−1(x) ] → 1. Òàêèì îáðàçîì,

bki(x) → δk0 δ0i, ïîýòîìó J∗(ω) → 2ν ξ20 = J∗(1). Âòîðîé ïðåäåë äîêàçûâàåòñÿ àíàëîãè÷íî.

Çíà÷èò, �óíêöèÿ ω → J∗(ω), ω ∈ [−1, 1], íåïðåðûâíà (äëÿ âíóòðåííèõ òî÷åê ýòî î÷åâèäíî).

3. Î ïàðàìåòðå íàèëó÷øåé àïïðîêñèìàöèè. Òåîðåìà 4 ïîçâîëÿåò ïðîâåñòè èññëåäîâà-

íèå íà êà÷åñòâî àïïðîêñèìàöèè ïðè ðàçíûõ N è ω. Â ñèëó ñëåäñòâèÿ 4 [4℄ äëÿ ñïåêòðîâ ìàòðèö

[−Ã(x(ω)) ] è [−Ã(x(ω)) ]−1
ñïðàâåäëèâî

0 < ( 1−αβ )/2x < Λ̃0(ω) < β−1−α < Λ̃1(ω) < . . . < Λ̃
N
(ω) < 2−2x,

0 < [ 2−2x ]−1 < [ Λ̃
N
(ω) ]−1 < . . . < [ Λ̃1(ω) ]

−1 < [β−1−α ]−1 < [ Λ̃0(ω) ]
−1 < [ ( 1−αβ )/2x ]−1

(çäåñü ìû èìååì c = −1 è β < 0), ñëåäîâàòåëüíî, ïðè ëþáîì N èìåþò ìåñòî îöåíêè

〈
[−Ã(x(ω)) ]−1ξ, ξ

〉
6 [ Λ̃0(ω) ]

−1 ‖ ξ ‖2
N
< [ 2x /( 1−αβ ) ] ‖ ξ ‖2

N
= κ(ω) ‖ ξ ‖2

N
,
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ãäå ‖ ξ ‖2
N
=̇

N∑
k=0

ξ2k. Ëåãêî óñòàíîâèòü, ÷òî ìèíèìóì κ(ω) äîñòèãàåòñÿ ïðè ω = 0 è ðàâåí

5
12 ,

à ñóïðåìóì ðàâåí

1
2 (ïðè ω → ±1). Òàêèì îáðàçîì, ïðè �èêñèðîâàííîì N ñïðàâåäëèâû óíè-

âåðñàëüíûå îöåíêè

〈
[−Ã(x(ω)) ]−1ξ, ξ

〉
< 1

2 ‖ ξ ‖2
N
, J∗(ω) < 1

Nτ3
‖ ξ ‖2

N
, ω ∈ (−1, 1), (23)

à â íàèëó÷øåì ñëó÷àå èìååì ω = 0, x = α = β = −5,

〈
[−Ã(−5) ]−1ξ, ξ

〉
< 5

12 ‖ ξ ‖2
N
, J∗(0) < 5

6Nτ3
‖ ξ ‖2

N
.

4. Ïîâåäåíèå J∗(N,ω) ïðè N → ∞. Çà�èêñèðóåì ω ∈ (−1, 1), è ïóñòü {J
N
}� ýòî

ïîñëåäîâàòåëüíîñòü, â êîòîðîé J
N
=̇ J∗(N,ω)� ìèíèìàëüíîå çíà÷åíèå �óíêöèîíàëà (2), âû-

÷èñëåííîå ïðè çàäàííîì N. Â ñèëó (23) èìååì J
N
< 1

Nτ3
‖ ξ ‖2

N
. Ñëåäîâàòåëüíî, ïîâåäåíèå {J

N
}

âî ìíîãîì çàâèñèò îò ïîâåäåíèÿ ïîñëåäîâàòåëüíîñòè

{
‖ ξ ‖2

N

}
∞

N=2
, ïîðîæäåííîé �óíêöèÿìè

φ : [ 0, 1] → R è ρ0, ρ1 : [0, 2τ ] → R. Î÷åâèäíî, ‖ ξ ‖2
N
= ξ20 +Sn+ ξ

2
N
, ãäå Sn =̇

n∑
k=1

ξ2k� âåëè÷èíà,

çàâèñÿùàÿ èñêëþ÷èòåëüíî îò �óíêöèè φ. Ïîëàãàåì, äàëåå, ÷òî φ ∈ C3[ 0, 1], à ρ0, ρ1 ∈ C2[0, 2τ ].
Â ñèëó (20) è �îðìóëû Òåéëîðà ñïðàâåäëèâû ðàâåíñòâà

ξk = γ2τ2h−2 [φ2k−2 − 2φ2k−1 + 2φ2k+1 − φ2k+2 ] =

= 1
6 γ

2τ2h
[
− 8φ(3)(ϑ−2) + 2φ(3)(ϑ−1) + 2φ(3)(ϑ+1)− 8φ(3)(ϑ+2)

]
, k = 1, . . . , n,

ãäå ϑ−2 ∈ [ (2k−2)h, 2kh ], ϑ−1 ∈ [ (2k−1)h, 2kh ], ϑ+1 ∈ [ 2kh, (2k+1)h ], ϑ+2 ∈ [ 2kh, (2k+2)h ]�
íåêîòîðûå ÷èñëà (ðàçëîæèëè �óíêöèþ φ â îêðåñòíîñòè òî÷êè 2kh, àíàëîãè÷íûå ïðåîáðàçî-

âàíèÿ îñóùåñòâëåíû â ïóíêòå 4.2 ñòàòüè [4℄). Ñëåäîâàòåëüíî, åñëè M =̇ max
[ 0,1]

|φ(3)(·) |, òî

| ξk | 6
10
3 γ

2τ2hM = 5
3N γ2τ2M, Sn <

25
9N γ4τ4M2 → 0 ïðè N → ∞.

Â ñèëó (20) ñïðàâåäëèâû ðàâåíñòâà

ξ0 = τ2
[ ρ20 − 2ρ10 + ρ00

τ2
− γ2

φ0−2φ1+φ2
h2

]
, ξ

N
= τ2

[
γ2
φ

2N−2
− 2φ

2N−1
+ φ

2N

h2
−
ρ21 − 2ρ11 + ρ01

τ2

]
,

ñëåäîâàòåëüíî, åñëè mℓ =̇ max
[ 0,2τ ]

| ρ′′ℓ (·) |+ γ2 max
[ 0,1]

|φ′′(·) |, ℓ = 0, 1, òî

ξ20 6 τ4m2
0, ξ2

N
6 τ4m2

1, J
N
< 1

Nτ3
‖ ξ ‖2

N
< τ

N

(
m2

0 +
25
9N γ4M2+m2

1

)
→ 0.

Òàêèì îáðàçîì, äëÿ ëþáûõ ω ∈ (−1, 1) è ε > 0 íàéäóòñÿ N ∈ N è ñïëàéí u ∈ σN,ω(Π) òàêèå,

÷òî

∥∥utt − γ2uξξ
∥∥ 2

L2(Π)
< ε. Ýòè îáúåêòû ìîãóò áûòü íàéäåíû àïðèîðíî: çíà÷åíèå N � èñõîäÿ

èç íåðàâåíñòâà

τ
N

(
m2

0 +
25
9N γ4M2+m2

1

)
< ε, à êîý��èöèåíòû ñïëàéíà � â ñèëó òåîðåìû 1.

5. Ê âîïðîñó î ÷èñëåííîì ðåøåíèè îáùåé ïåðâîé êðàåâîé çàäà÷è.Ëåãêî ïðîâåðèòü,

÷òî ïðè γ 6= 0 è (t, ξ) ∈ K =̇ [0, 1]2 ðåøåíèå u = u(t, ξ) çàäà÷è

utt = γ2uξξ + f(t, ξ), u(0, ξ) = φ(ξ), ut(0, ξ) = ψ(ξ), u(t, 0) = r0(t), u(t, 1) = r1(t),

ïðåäñòàâèìî â âèäå u = u(t, ξ) = ( 1− ξ )
[
r0(t)− ρ0(t)

]
+ ξ

[
r1(t)− ρ1(t)

]
+u1(t, ξ)+u2(t, ξ), ãäå

�óíêöèè u1 = u1(t, ξ), u2 = u2(t, ξ) � ýòî ðåøåíèÿ çàäà÷

u1tt = γ2u1ξξ, u1(0, ξ) = φ(ξ), u1t (0, ξ) = ψ(ξ), u1(t, 0) = ρ0(t), u1(t, 1) = ρ1(t), (24)

u2tt = γ2u2ξξ + F (t, ξ), u2(0, ξ) = 0, u2t (0, ξ) = 0, u2(t, 0) = 0, u2(t, 1) = 0, (25)

â êîòîðûõ ρ0(t) =̇ r0(0) + tr′0(0), ρ1(t) =̇ r1(0) + tr′1(0), F (t, ξ) =̇ f(t, ξ)− ( 1− ξ ) r′′0 (t)− ξ r′′1(t).
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Î÷åâèäíî, çàäà÷à (24) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì çàäà÷è (1), â êîòîðîì τ = 1
2 , à ρ0, ρ1 �

ëèíåéíûå �óíêöèè. Ýòà ñïåöè�èêà (ëèíåéíîñòü �óíêöèé) ãàðàíòèðóåò íàì, ÷òî ëþáîé êâàäðà-

òè÷íûé ñïëàéí u1 ∈ σN,ω(K) íà ãðàíèöå ξ = 0 è ξ = 1 öåëèêîì ñîâïàäàåò ñ �óíêöèÿìè ρ0, ρ1.
Çíà÷èò, ÷åì áîëüøå áóäåò óçëîâ íà ãðàíèöå t = 0 (÷åì áîëüøå N), òåì òî÷íåå áóäåò ïðèáëè-

æåííîå ðåøåíèå u1 çàäà÷è (24), ïîñòðîåííîå â ñîîòâåòñòâèè ñ àëãîðèòìàìè íàñòîÿùåé ðàáîòû.
Çàìåòèì òàêæå, ÷òî â ïðåäëîæåííîì ìåòîäå äëÿ ðåøåíèÿ çàäà÷è (24) îòïàäàåò ïîòðåáíîñòü

ïîñëîéíûõ (èòåðàòèâíûõ) âû÷èñëåíèé ïî âðåìåíè, à òàê êàê èìååò ìåñòî íåïðåðûâíàÿ çàâèñè-

ìîñòü êîý��èöèåíòîâ ñïëàéíà u1 îò âõîäíûõ äàííûõ, òî ðàçíîñòíàÿ ñõåìà (4)�(7) óñòîé÷èâà.

×òî êàñàåòñÿ çàäà÷è (25), îïèñûâàþùåé âûíóæäåííûå êîëåáàíèÿ ñòðóíû ïîä âîçäåéñòâèåì

âíåøíåé ñèëû ïðè íóëåâûõ íà÷àëüíûõ óñëîâèÿõ, òî åå ðåøåíèå õîðîøî èçâåñòíî è äîïóñêàåò

ÿâíîå èíòåãðàëüíîå ïðåäñòàâëåíèå (ñì., íàïðèìåð, [5, . 98℄).
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Exat solution of optimization task generated by simplest wave equation
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In the previous paper of the author the parameter family of �nite-dimensional spaes of speial quadrati

splines of Lagrange's type has been de�ned. In eah spae, as a solution to the initial-boundary problem for

the simplest wave equation, we have proposed the optimal spline, whih gives the smallest residual. We have

obtained exat formulas for oe�ients of this spline and its residual. The formula for oe�ients of this

spline is a linear form of initial �nite di�erenes. The formula for the residual is a positive de�nite quadrati

form of these quantities, but beause of its bulkiness it is ill-suited for analyzing of the approximation quality

of the input problem at the variation with the parameters.

For the purposes of the present paper, we have obtained an alternative representation for the residual,

whih is the positive de�nite quadrati form of the new �nite di�erenes de�ned on the boundary. The

elements of the matrix of form are expressed in terms of Chebyshev's polynomials, the matrix is invertible

and the inverse matrix has a tridiagonal form. This feature allows us to obtain, for the spetrum of the matrix,

upper and lower bounds that are independent of the dimension N. Said fat allows us to make a study of the
quality of approximation for di�erent dimensions N and weights ω ∈ [−1, 1]. It is shown that the parameter
ω = 0 gives the best approximation and the residual tends to zero as N inreasing.
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