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Äîêàçàíî, ÷òî îáùàÿ êóáè÷åñêàÿ �îðìà íàä ïîëåì êîìïëåêñíûõ ÷èñåë ïðåîáðàçóåòñÿ ê âèäó áåç ìîíî-

ìîâ îò ðîâíî äâóõ ïåðåìåííûõ êàæäûé ïîñðåäñòâîì íåâûðîæäåííîé ëèíåéíîé çàìåíû êîîðäèíàò. Åñëè

êîý��èöèåíòû ïðè ìîíîìàõ îò îäíîé ïåðåìåííîé ðàâíû åäèíèöå, à îñòàëüíûå êîý��èöèåíòû ïðèíàä-

ëåæàò äîñòàòî÷íî ìàëåíüêîìó ïîëèäèñêó îêîëî íóëÿ, òî ïðåîáðàçîâàíèå ìîæåò áûòü àïïðîêñèìèðî-

âàíî ñ ïîìîùüþ èòåðàöèîííîãî àëãîðèòìà. Ïðè ýòèõ îãðàíè÷åíèÿõ òîò æå ðåçóëüòàò ñïðàâåäëèâ íàä

ïîëåì âåùåñòâåííûõ ÷èñåë. Ýòîò ðåçóëüòàò îáîáùàåò òåîðåìó Ëåâè�Äåñïëàíêà î ìàòðèöàõ ñî ñòðîãèì

äèàãîíàëüíûì ïðåîáëàäàíèåì. Íàìè ïîäðîáíî ðàññìîòðåíû ñâîéñòâà ïðèâîäèìûõ êóáè÷åñêèõ �îðì.

Òàê íàìè äîêàçàíî ñóùåñòâîâàíèå ïðèâîäèìîé âåùåñòâåííîé êóáè÷åñêîé �îðìû, êîòîðàÿ íå ýêâèâà-

ëåíòíà íèêàêîé �îðìå ñî âñåìè ìîíîìàìè îò ðîâíî îäíîé ïåðåìåííîé è áåç ìîíîìîâ îò ðîâíî äâóõ

ïåðåìåííûõ êàæäûé. Ïðåäëîæåíî äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ îñîáîé òî÷êè íà ïðîåêòèâíîé

êóáè÷åñêîé ãèïåðïîâåðõíîñòè. Îáñóæäàåòñÿ âû÷èñëèòåëüíàÿ ñëîæíîñòü ðàñïîçíàâàíèÿ îñîáûõ òî÷åê.

Êëþ÷åâûå ñëîâà: êóáè÷åñêàÿ �îðìà, ëèíåéíîå ïðåîáðàçîâàíèå, îñîáàÿ òî÷êà.

Ââåäåíèå

Êðèâûå è ïîâåðõíîñòè òðåòüåé ñòåïåíè øèðîêî ïðèìåíÿþòñÿ äëÿ àïïðîêñèìàöèè è èíòåð-

ïîëÿöèè. Õîðîøî èçâåñòíû ñâîéñòâà ïëîñêèõ êðèâûõ Áåçüå. Èçâåñòíà èíòåðïîëÿöèÿ êóñî÷íî-

êóáè÷åñêèìè �óíêöèÿìè íà ïëîñêîñòè, äëÿ êîòîðîé îöåíêà ïîãðåøíîñòè çàâèñèò òîëüêî îò

äèàìåòðà ðàçáèåíèÿ, íî íå çàâèñèò îò óãëîâ òðèàíãóëÿöèè [1℄. Àíàëîãè÷íûå ðåçóëüòàòû äëÿ

ìíîãî÷ëåíîâ øåñòîé ñòåïåíè ïîëó÷åíû â [2℄. Cïëàéíû äëÿ �óíêöèé ìíîãèõ ïåðåìåííûõ ðàñ-

ñìîòðåíû â [3℄. Íàïîìíèì, ÷òî ñ �îðìîé ñâÿçàí ãèïåðãðà�, ó êîòîðîãî âåðøèíû ñîîòâåòñòâó-

þò ïåðåìåííûì, à ðåáðà � ìîíîìàì. Â ñëó÷àå êâàäðàòè÷íûõ �îðì ïîëó÷àåòñÿ ãðà� ñ ïåò-

ëÿìè [4, îïðåäåëåíèå 6.2.11℄. Äëÿ êóáè÷åñêèõ �îðì ìîæíî îïðåäåëèòü ñîáñòâåííûå âåêòîðû

è ñîáñòâåííûå çíà÷åíèÿ [5℄, îäíàêî èõ ñâîéñòâà ñóùåñòâåííî îòëè÷àþòñÿ îò ñâîéñòâ èõ àíà-

ëîãîâ äëÿ êâàäðàòè÷íûõ �îðì. ×èñëî ðàçëè÷íûõ ñîáñòâåííûõ çíà÷åíèé ìîæåò ñóùåñòâåííî

ïðåâûøàòü ÷èñëî ïåðåìåííûõ, ÷òî çàòðóäíÿåò èõ ïðàêòè÷åñêîå èñïîëüçîâàíèå â âûñîêèõ ðàç-

ìåðíîñòÿõ [6℄. Íåñìîòðÿ íà âû÷èñëèòåëüíûå òðóäíîñòè, âîçìîæíî ïðèìåíåíèå ñïåêòðàëüíûõ

ìåòîäîâ â òåîðèè ãèïåðãðà�îâ [7℄ è äëÿ ðåøåíèÿ ïðèêëàäíûõ çàäà÷ â áèîèí�îðìàòèêå, â ÷àñò-

íîñòè äëÿ àíàëèçà ãåííûõ ñåòåé [8℄. Îòìåòèì, ÷òî ãèïåðãðà�û åñòåñòâåííî âîçíèêàþò ïðè

èçó÷åíèè ñëîæíûõ ðåãóëÿòîðíûõ ñèñòåì ñ îäíîâðåìåííûì âîçäåéñòâèåì áîëüøîãî ÷èñëà �àê-

òîðîâ.

Â îáùåì ñëó÷àå êóáè÷åñêàÿ �îðìà ìîæåò áûòü çàïèñàíà â âèäå

f =

n
∑

k=0

αkx
3
k − 3

∑

j 6=k

βjkx
2
jxk − 3

∑

06i<j<k6n

γijkxixjxk. (1)

Î÷åâèäíî, åñëè íåêîòîðûé êîý��èöèåíò �îðìû îòëè÷åí îò íóëÿ, òî íåâûðîæäåííûì ïðå-

îáðàçîâàíèåì êîîðäèíàò åãî ëåãêî ñäåëàòü ðàâíûì 1. Ìîæíî ëè íåâûðîæäåííûì ëèíåéíûì

ïðåîáðàçîâàíèåì êîîðäèíàò îáðàòèòü â íóëü âñå êîý��èöèåíòû βjk = 0 ïðè ìîíîìàõ îò äâóõ

ïåðåìåííûõ? Ýòî ïðåîáðàçîâàíèå ñëóæèò íåêîòîðûì àíàëîãîì äèàãîíàëèçàöèè ñèììåòðè÷íûõ

ìàòðèö è ïîçâîëÿåò ñóäèòü îá èíâàðèàíòíûõ ñâîéñòâàõ �îðì. Ñ äðóãîé ñòîðîíû, ïîñêîëüêó

ðàçìåðíîñòü îðòîãîíàëüíîé ãðóïïû âäâîå ìåíüøå ÷èñëà êîý��èöèåíòîâ βjk, â îáùåì ñëó÷àå

òàêîå ïðåîáðàçîâàíèå íå ìîæåò áûòü îðòîãîíàëüíûì.

1

�àáîòà âûïîëíåíà ïðè ÷àñòè÷íîé �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêò 13�04�40196�Í ÊÎÌÔÈ).
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Âåêòîðû îáîçíà÷àþòñÿ ïîëóæèðíûìè áóêâàìè x,x(m),y. Ìàòðèöû îáîçíà÷àþòñÿ áóêâàìè

L èëè L(m)
. Âåðõíèé èíäåêñ â êðóãëûõ ñêîáêàõ îáîçíà÷àåò íîìåð âåêòîðà èëè ìàòðèöû, íèæ-

íèé èíäåêñ � íîìåð êîîðäèíàòû èëè ìàòðè÷íîãî ýëåìåíòà. Íóìåðàöèÿ êîîðäèíàò íà÷èíàåòñÿ

ñ íóëÿ. ×åðåç diag(α0, . . . , αn) îáîçíà÷åíà äèàãîíàëüíàÿ ìàòðèöà ïîðÿäêà n + 1 ñ ýëåìåíòàìè

α0, . . . , αn íà ãëàâíîé äèàãîíàëè.

Îïðåäåëåíèå 1. Äâå �îðìû f(x) è g(x) îò ðàâíîãî ÷èñëà ïåðåìåííûõ ýêâèâàëåíòíû íàä

ïîëåì âåùåñòâåííûõ ÷èñåë R èëè êîìïëåêñíûõ ÷èñåë C, åñëè ñóùåñòâóåò òàêîé íåâûðîæäåííûé

ëèíåéíûé îïåðàòîð L â ëèíåéíîì ïðîñòðàíñòâå íàä ýòèì ïîëåì, ÷òî f(x) = g(Lx).

Íàä ïîëåì êîìïëåêñíûõ ÷èñåë êóáè÷åñêàÿ �îðìà îò òðåõ ïåðåìåííûõ, îïðåäåëÿþùàÿ ãëàä-

êóþ ïðîåêòèâíóþ êðèâóþ, ýêâèâàëåíòíà �îðìå áåç ìîíîìîâ îò äâóõ ïåðåìåííûõ [9, ãëàâà 1, � 4℄

èëè [10℄. Äëÿ êóáè÷åñêîé �îðìû îò ÷åòûðåõ ïåðåìåííûõ, îïðåäåëÿþùåé ãëàäêóþ ïðîåêòèâ-

íóþ ïîâåðõíîñòü, ýêâèâàëåíòíîñòü �îðìå áåç ìîíîìîâ îò äâóõ ïåðåìåííûõ äîêàçàíà â [11, 12℄

àëãåáðàè÷åñêèìè ìåòîäàìè.

Îïðåäåëåíèå 2 (ñì. [4, îïðåäåëåíèå 6.1.9℄ ). Ìàòðèöà L íàçûâàåòñÿ ìàòðèöåé ñî ñòðî-

ãèì äèàãîíàëüíûì ïðåîáëàäàíèåì, åñëè äëÿ êàæäîãî èíäåêñà 0 6 k 6 n ýëåìåíò íà ãëàâíîé

äèàãîíàëè óäîâëåòâîðÿåò ñòðîãîìó íåðàâåíñòâó

|Lkk| >
∑

j 6=k

|Lkj |.

� 1. �åçóëüòàòû

Òåîðåìà 1. Äëÿ êàæäîãî íàòóðàëüíîãî ÷èñëà n ñóùåñòâóåò òàêîå ìàëåíüêîå ïîëîæè-

òåëüíîå ÷èñëî 0 < δ < 1, ÷òî ïðè ëþáûõ çíà÷åíèÿõ êîý��èöèåíòîâ, óäîâëåòâîðÿþùèõ íåðà-

âåíñòâàì |βjk| < δ ïðè j 6= k è |γijk| < δ ïðè i < j < k, êóáè÷åñêàÿ �îðìà

n
∑

k=0

x3k − 3
∑

j 6=k

βjkx
2
jxk − 3

∑

06i<j<k6n

γijkxixjxk

ýêâèâàëåíòíà �îðìå âèäà

n
∑

k=0

y3k − 3
∑

06i<j<k6n

λijkyiyjyk.

Ïðè ýòîì åñëè âñå êîý��èöèåíòû βjk è γijk âåùåñòâåííûå, òî âñå êîý��èöèåíòû λijk òîæå

áóäóò âåùåñòâåííûìè.

Ä î ê à ç à ò å ë ü ñ ò â î. Áóäåì ñòðîèòü ïîñëåäîâàòåëüíîñòü íåâûðîæäåííûõ ëèíåéíûõ ïðå-

îáðàçîâàíèé è ïîñëåäîâàòåëüíîñòü êóáè÷åñêèõ �îðì âèäà (1) ñ êîý��èöèåíòàìè α
(m)
k , β

(m)
jk

è γ
(m)
ijk íà øàãå m. Çäåñü x

(0) = x, α
(0)
k = 1, β

(0)
jk = βjk è γ

(0)
ijk = γijk. Îïðåäåëèì ïîäñòàíîâêè

êîîðäèíàò íà øàãå m �îðìóëîé

x
(m)
j = x

(m+1)
j +

1

α
(m)
j

∑

k 6=j

β
(m)
jk x

(m+1)
k .

Íåïîñðåäñòâåííàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî ïðè äîñòàòî÷íî ìàëåíüêîì δ íà êàæäîì íåíóëåâîì

øàãå α
(m)
k = α

(m−1)
k + O(δm), β

(m)
jk = O(δm) è γ

(m)
ijk = γ

(m−1)
ijk + O(δm). Ïîýòîìó ñóùåñòâóþò

ïðåäåëû lim
m→∞

α
(m)
k = ρk = 1 +O(δ) 6= 0, lim

m→∞
β
(m)
jk = 0 è lim

m→∞
γ
(m)
ijk = µijk. Ïîëàãàåì

λijk =
µijk

3
√
ρi 3
√
ρj 3
√
ρk

.
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Âûáîð çíà÷åíèÿ êîðíÿ îäíîçíà÷åí íàä ïîëåì âåùåñòâåííûõ ÷èñåë, íî íàä ïîëåì êîìïëåêñ-

íûõ ÷èñåë âîçìîæíî íåñêîëüêî âàðèàíòîâ îòâåòà. Ïðè ýòîì äëÿ êàæäîãî çíà÷åíèÿ èíäåêñà k

çíà÷åíèå êîðíÿ

3
√
ρk äîëæíî áûòü �èêñèðîâàíî.

Îáîçíà÷èì ÷åðåç L(m)
ìàòðèöó ëèíåéíîãî ïðåîáðàçîâàíèÿ êîîðäèíàò íà øàãå m. Íà ãëàâ-

íîé äèàãîíàëè ýòîé ìàòðèöû ñòîÿò åäèíèöû, à ìîäóëè äðóãèõ ýëåìåíòîâ îãðàíè÷åíû ñâåðõó

îöåíêîé O(δm). Ïîýòîìó ïðè äîñòàòî÷íî ìàëåíüêèõ δ ñóùåñòâóåò ïðåäåë ïðîèçâåäåíèé

L = lim
m→∞

L(m) · · ·L(0).

Áîëåå òîãî, L � ìàòðèöà ñî ñòðîãèì äèàãîíàëüíûì ïðåîáëàäàíèåì. Â ñèëó òåîðåìû Ëåâè�

Äåñïëàíêà îíà íåâûðîæäåííàÿ [4, ñëåäñòâèå 5.6.17 èëè òåîðåìà 6.1.10℄. Íîâûå êîîðäèíàòû

âûðàæàþòñÿ ÷åðåç èñõîäíûå ïî �îðìóëå

y = diag( 3
√
ρ0, . . . , 3

√
ρn)Lx

äëÿ �èêñèðîâàííûõ çíà÷åíèé êóáè÷åñêèõ êîðíåé. �

Ñëåäñòâèå 1. Îáùàÿ êóáè÷åñêàÿ �îðìà íàä ïîëåì êîìïëåêñíûõ ÷èñåë ýêâèâàëåíòíà �îðìå

áåç ìîíîìîâ îò ðîâíî äâóõ ïåðåìåííûõ.

Ä î ê à ç à ò å ë ü ñ ò â î. Áåç îãðàíè÷åíèÿ îáùíîñòè äîñòàòî÷íî ðàññìîòðåòü ñåìåéñòâî �îðì

òîãî æå âèäà, ÷òî è â ïîñûëêå òåîðåìû 1. Ñóùåñòâîâàíèå èñêîìîãî íåâûðîæäåííîãî ëèíåéíîãî

ïðåîáðàçîâàíèÿ âûðàçèìî ïðåäëîæåíèåì ÿçûêà òåîðèè ïîëÿ ñ ïàðàìåòðàìè, ðàâíûìè êîý�-

�èöèåíòàì èñõîäíîé êóáè÷åñêîé �îðìû. Ïîñêîëüêó ýëåìåíòàðíàÿ òåîðèÿ ïîëÿ êîìïëåêñíûõ

÷èñåë äîïóñêàåò ýëèìèíàöèþ êâàíòîðîâ [13℄, ýòî óñëîâèå ýêâèâàëåíòíî êîíúþíêöèè ýëåìåí-

òàðíûõ äèçúþíêöèé ðàâåíñòâ âèäà pℓ = 0 è èõ îòðèöàíèé âèäà pℓ 6= 0, ãäå pℓ � íåêîòîðûé

ìíîãî÷ëåí ïîëîæèòåëüíîé ñòåïåíè îò ïàðàìåòðîâ. Çäåñü èíäåêñ ℓ ïðîáåãàåò êîíå÷íîå ìíîæå-

ñòâî. Âîçìîæíû äâà ñëó÷àÿ.

Ïåðâûé ñëó÷àé. Åñëè íåêîòîðàÿ ýëåìåíòàðíàÿ äèçúþíêöèÿ ñîäåðæèò òîëüêî ðàâåíñòâà,

óñëîâèå ìîæåò áûòü âûïîëíåíî òîëüêî ïðè ðàâåíñòâå íóëþ ïðîèçâåäåíèÿ íåêîòîðûõ ìíîãî-

÷ëåíîâ pℓ. Ïî òåîðåìå 1 ýòî ïðîèçâåäåíèå ðàâíî íóëþ íà íåêîòîðîì äîñòàòî÷íî ìàëåíüêîì

ïîëèäèñêå â ïðîñòðàíñòâå ïàðàìåòðîâ. Ñëåäîâàòåëüíî, îäèí èç ìíîãî÷ëåíîâ pℓ òîæäåñòâåííî

ðàâåí íóëþ. Ýòî ïðîòèâîðå÷èò íàøåìó ïðåäïîëîæåíèþ îá îáùíîñòè êóáè÷åñêîé �îðìû, òî

åñòü ýòîò ñëó÷àé íåâîçìîæåí.

Âòîðîé ñëó÷àé. Åñëè êàæäàÿ ýëåìåíòàðíàÿ äèçúþíêöèÿ ñîäåðæèò íåðàâåíñòâî, óñëîâèå

âûïîëíåíî íà ïî÷òè âñåõ íàáîðàõ ïàðàìåòðîâ çà èñêëþ÷åíèåì íåêîòîðîãî ìíîæåñòâà íàáîðîâ

ïàðàìåòðîâ, íà êàæäîì èç êîòîðûõ îáðàùàåòñÿ â íóëü õîòÿ áû îäèí èç ìíîãî÷ëåíîâ pℓ. Ýòî

è òðåáîâàëîñü äîêàçàòü. �

Òåîðåìà 2. Äëÿ ëþáîãî n > 2 åñëè �îðìà

f =

n
∑

k=0

x3k − 3
∑

06i<j<k6n

λijkxixjxk

ïðèâîäèìàÿ, òî äëÿ âñåõ èíäåêñîâ 0 6 i < j < k 6 n âûïîëíåíî λ3
ijk = 1. Áîëåå òîãî, �îðìà f

ðàâíà ïðîèçâåäåíèþ �îðì

f =
(

n
∑

i=0

αixi

)(

n
∑

k=0

α2
kx

2
k −

∑

06j<k6n

αjαkxjxk

)

,

ãäå äëÿ ëþáîãî èíäåêñà k âûïîëíåíî ðàâåíñòâî α3
k = 1.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïðèâîäèìîñòü �îðìû îçíà÷àåò, ÷òî ñóùåñòâóåò ðàçëîæåíèå

f =
(

n
∑

i=0

αixi

)(

n
∑

j=0

n
∑

k=0

βjkxjxk

)

,

ãäå βjk = βkj . Ïðè ýòîì äëÿ êàæäîãî èíäåêñà k âûïîëíåíî αkβkk = 1, ñëåäîâàòåëüíî, αk 6= 0
è βkk 6= 0. Äëÿ ëþáûõ j 6= k âûïîëíåíî 2αkβjk + αjβkk = 0. Óìíîæàÿ ïîñëåäíåå ðàâåíñòâî

íà αk è èñïîëüçóÿ ðàâåíñòâî αkβkk = 1, ïîëó÷èì 2α2
kβjk + αj = 0. Ïîñêîëüêó αk 6= 0, ïîëó÷èì

βjk = − αj

2α2

k

. Ïîñêîëüêó βjk = βkj , ïîëó÷àåì äëÿ ëþáûõ äâóõ èíäåêñîâ j è k ðàâåíñòâî α3
k = α3

j .

Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî âûáðàòü α0 = 1. Òîãäà äëÿ êàæäîãî èíäåêñà k âûïîëíåíû

ðàâåíñòâà α3
k = β3

kk = 1 è βkk = α2
k. Òàêæå äëÿ ëþáûõ äâóõ èíäåêñîâ j 6= k âûïîëíåíî ðàâåíñòâî

2βjk = −αjαk. �

Çàìå÷àíèå 1. Ïðè n = 1 ìíîæåñòâî èíäåêñîâ 0 6 i < j < k 6 n ïóñòîå. Åäèíñòâåííàÿ

êóáè÷åñêàÿ �îðìà ðàññìàòðèâàåìîãî âèäà f = x30 + x31 = (x0 + x1)(x
2
0 − x0x1 + x21) ïðèâîäèìàÿ,

à ìíîæèòåëè òàêèå, êàê â òåîðåìå 2.

Çàìå÷àíèå 2. Ïðè n = 2 �îðìà f â òåîðåìå 2 ðàâíà ïðîèçâåäåíèþ òðåõ ëèíåéíûõ �îðì [9,

10℄. Îáîçíà÷èì ÷åðåç ε êîðåíü ìíîãî÷ëåíà ε2 + ε+ 1. Òîãäà

x30 + x31 + x32 − 3x0x1x2 = (x0 + εx1 + ε2x2)(x0 + ε2x1 + εx2)(x0 + x1 + x2).

Ñëåäñòâèå 2. Äëÿ ëþáîãî n > 2 ñóùåñòâóåò âåùåñòâåííàÿ êóáè÷åñêàÿ �îðìà îò n + 1
ïåðåìåííîé, íå ýêâèâàëåíòíàÿ íàä ïîëåì êîìïëåêñíûõ ÷èñåë íèêàêîé �îðìå âèäà

n
∑

k=0

x3k − 3
∑

06i<j<k6n

λijkxixjxk.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñîãëàñíî òåîðåìå 2 íàä ïîëåì âåùåñòâåííûõ ÷èñåë ñóùåñòâóåò òîëü-

êî îäíà ïðèâîäèìàÿ êóáè÷åñêàÿ �îðìà óêàçàííîãî âèäà. Ïðè n > 2 âñå åå êîý��èöèåíòû

λijk = 1. Ñëåäîâàòåëüíî, äîñòàòî÷íî óêàçàòü äâå íåýêâèâàëåíòíûå äðóã äðóãó ïðèâîäèìûå

âåùåñòâåííûå �îðìû. Îäíà èç íèõ � ïðîèçâåäåíèå òðåõ ëèíåéíûõ �îðì, à äðóãàÿ � ïðîèçâå-

äåíèå ëèíåéíîé è íåïðèâîäèìîé êâàäðàòè÷íîé �îðìû. �

� 2. Îáñóæäåíèå

Äîêàçàíî, ÷òî ïî÷òè ëþáàÿ êóáè÷åñêàÿ �îðìà íàä ïîëåì êîìïëåêñíûõ ÷èñåë ýêâèâàëåíòíà

�îðìå ñïåöèàëüíîãî âèäà. Áîëåå òîãî, â äîêàçàòåëüñòâå òåîðåìû 1 ïðè îãðàíè÷åíèè íà ìîäóëè

êîý��èöèåíòîâ ïîëó÷åí èòåðàöèîííûé àëãîðèòì âû÷èñëåíèÿ ýòîé �îðìû. Ýòî ìîæåò áûòü

ïîëåçíî äëÿ èññëåäîâàíèÿ êóáè÷åñêîé ãèïåðïîâåðõíîñòè (êóáèêè) â ïðîåêòèâíîì ïðîñòðàí-

ñòâå. Íåêîòîðûå âîçìîæíûå ïðèëîæåíèÿ îáñóæäàþòñÿ â ðàáîòå [14℄. Â ÷àñòíîñòè, ñëåäñòâèå 1

ïðèâîäèò ê èíòåðåñíîìó äîñòàòî÷íîìó óñëîâèþ ñóùåñòâîâàíèÿ îñîáîé òî÷êè. Äåéñòâèòåëüíî,

ïðîåêòèâíàÿ ãèïåðïîâåðõíîñòü, çàäàííàÿ �îðìîé

f =
n−1
∑

k=0

ρkx
3
k − 3

∑

06i<j<k6n

λijkxixjxk,

òî åñòü ïðè ρn = 0, ñîäåðæèò îñîáóþ òî÷êó ñ îäíîðîäíûìè êîîðäèíàòàìè (0 : . . . : 0 : 1). Íî
ñëåäñòâèå 2 ãîâîðèò, ÷òî â îòëè÷èå îò êâàäðèê ìû íå ïîëó÷àåì äîñòàòî÷íîãî óñëîâèÿ ãëàäêî-

ñòè êóáèêè. Áîëåå òîãî, çàäà÷à ðàñïîçíàâàíèÿ îñîáûõ êóáèê ÿâëÿåòñÿ àëãîðèòìè÷åñêè òðóäíîé.

Íàïîìíèì, ÷òî äèñêðèìèíàíò �îðìû ðàâåí íóëþ, åñëè ñîîòâåòñòâóþùàÿ ïðîåêòèâíàÿ ãèïåð-

ïîâåðõíîñòü èìååò îñîáóþ òî÷êó [15℄. Òðóäíîñòü ðàñïîçíàâàíèÿ îñîáûõ ãèïåðïîâåðõíîñòåé ñâÿ-

çàíà ñ òåì, ÷òî äëÿ �îðìû ñòåïåíè d îò ïåðåìåííûõ x0, . . . , xn äèñêðèìèíàíò èìååò ñòåïåíü
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(n+1)(d−1)n. Äèñêðèìèíàíò êâàäðàòè÷íîé �îðìû ïðîïîðöèîíàëåí îïðåäåëèòåëþ åå ìàòðèöû

è èìååò ñòåïåíü n+1. Îäíàêî ñòåïåíü äèñêðèìèíàíòà êóáè÷åñêîé �îðìû î÷åíü áûñòðî ðàñòåò

ñ óâåëè÷åíèåì ÷èñëà ïåðåìåííûõ. Íåïîñðåäñòâåííàÿ ïðîâåðêà ñóùåñòâîâàíèÿ íåòðèâèàëüíîãî

îáùåãî íóëÿ ó âñåõ ÷àñòíûõ ïðîèçâîäíûõ îáùåé êóáè÷åñêîé �îðìû òàêæå òðåáóåò âðåìåíè,

ýêñïîíåíöèàëüíî çàâèñèìîãî îò ÷èñëà ïåðåìåííûõ [13, 16℄.

Äîêàçàòåëüñòâî òåîðåìû 1 ñîäåðæèò îïèñàíèå àëãîðèòìà âû÷èñëåíèÿ ðàçëîæåíèÿ Âàðèíãà

äëÿ áèíàðíûõ êóáè÷åñêèõ �îðì ïðè ñîîòâåòñòâóþùèõ îãðàíè÷åíèÿõ íà êîý��èöèåíòû. Â îá-

ùåì ñëó÷àå ïðîâåðêà ðàâåíñòâà ðàíãà 3-òåíçîðà äàííîìó ÷èñëó [17℄ è âû÷èñëåíèå ðàçëîæåíèÿ

Âàðèíãà äëÿ êóáè÷åñêèõ �îðì [18℄ � ýòî àëãîðèòìè÷åñêè òðóäíûå çàäà÷è. Îòìåòèì, ÷òî ïðî-

èçâåäåíèå òðåõ ïåðåìåííûõ ðàâíî ñóììå ÷åòûðåõ êóáîâ ëèíåéíûõ �îðì

24x0x1x2 = (x0 + x1 + x2)
3 + (x0 − x1 − x2)

3 + (x1 − x0 − x2)
3 + (x2 − x0 − x1)

3,

íî íå ðàâíî íèêàêîé ñóììå ìåíüøåãî ÷èñëà êóáîâ [19℄.

Ìåòîäû äîêàçàòåëüñòâà òåîðåìû 1 è ñëåäñòâèÿ 1 ìîæíî ïåðåíåñòè íà �îðìû äðóãèõ ñòåïå-

íåé. Äëÿ êâàäðàòè÷íûõ �îðì àíàëîãîì òåîðåìû 1 ñëóæèò òåîðåìà Ëåâè�Äåñïëàíêà [4, ñëåä-

ñòâèå 5.6.17 èëè òåîðåìà 6.1.10℄. Ñëåäñòâèå 1 àíàëîãè÷íî ïðèâåäåíèþ êâàäðàòè÷íîé �îðìû

ê êàíîíè÷åñêîìó âèäó. Ïðè ýòîì äëÿ êâàäðàòè÷íûõ �îðì ïîëó÷åíû áîëåå òî÷íûå ðåçóëüòàòû.

Â ÷àñòíîñòè, êàíîíè÷åñêèé âèä êâàäðàòè÷íîé �îðìû âñåãäà ïîçâîëÿåò îïðåäåëèòü ãëàäêîñòü

ïðîåêòèâíîé êâàäðèêè.
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Cubi
 forms without monomials in two variables

Keywords: 
ubi
 form, linear transformation, singular point.

MSC: 15A69, 14J70, 32S25

It is proved that a general 
ubi
 form over the �eld of 
omplex numbers 
an be transformed into a form without

monomials of exa
tly two variables by means of a non-degenerate linear transformation of 
oordinates. If the


oe�
ients of monomials in only one variable are equal to one, and the remaining 
oe�
ients belong to

su�
iently small polydis
 near zero, then the transformation 
an be approximated by iterative algorithm.

Under these restri
tions the same result holds over the reals. This result generalizes the Levy�Desplanques

theorem on stri
tly diagonally dominant matri
es. We dis
uss in detail the properties of redu
ible 
ubi
 forms.

So we prove the existen
e of a redu
ible real 
ubi
 form that is not equivalent to any form with all monomials

in only one variable and without any monomials in exa
tly two variables. We suggest a su�
ient 
ondition

for the existen
e of a singular point on a proje
tive 
ubi
 hypersurfa
e. The 
omputational 
omplexity of

singular points re
ognition is dis
ussed.
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