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1

�àññìîòðåíî âîëíîâîå óðàâíåíèå ñ äâóìÿ ïðîñòðàíñòâåííûìè è îäíîé âðåìåííîé íåçàâèñèìûìè ïåðå-

ìåííûìè è ý��åêòîì íàñëåäñòâåííîñòè âèäà

∂2u

∂t2
= a2

(
∂2u

∂x2
+
∂2u

∂y2

)
+ f

(
x, y, t, u(x, y, t), ut(x, y, ·)

)
, ut(x, y, ·) =

{
u(x, y, t+ ξ),−τ 6 ξ 6 0

}
.

Íà îñíîâå èäåè ðàçäåëåíèÿ òåêóùåãî ñîñòîÿíèÿ è �óíêöèè-ïðåäûñòîðèè ñêîíñòðóèðîâàíî ñåìåéñòâî

ñåòî÷íûõ ìåòîäîâ äëÿ ÷èñëåííîãî ðåøåíèÿ ýòîãî óðàâíåíèÿ. Ïî òåêóùåìó ñîñòîÿíèþ ñòðîèòñÿ ïîëíûé

àíàëîã èçâåñòíîãî äëÿ óðàâíåíèÿ áåç çàïàçäûâàíèÿ ìåòîäà ñ �àêòîðèçàöèåé, à âëèÿíèå ïðåäûñòîðèè

ó÷èòûâàåòñÿ ñ ïîìîùüþ èíòåðïîëÿöèîííûõ êîíñòðóêöèé. Èññëåäîâàí ïîðÿäîê ëîêàëüíîé ïîãðåøíîñòè

àëãîðèòìà. Ïîëó÷åíà òåîðåìà î ñõîäèìîñòè è ïîðÿäêå ñõîäèìîñòè ìåòîäîâ ñ ïîìîùüþ âëîæåíèÿ â îá-

ùóþ ðàçíîñòíóþ ñõåìó ñèñòåì ñ ïîñëåäåéñòâèåì. Ïðèâîäÿòñÿ ðåçóëüòàòû ðàñ÷åòîâ òåñòîâîãî ïðèìåðà

ñ ïåðåìåííûì çàïàçäûâàíèåì.

Êëþ÷åâûå ñëîâà: ðàçíîñòíûå ìåòîäû, äâóìåðíîå âîëíîâîå óðàâíåíèå, çàïàçäûâàíèå, èíòåðïîëÿöèÿ,

�àêòîðèçàöèÿ, ïîðÿäîê ñõîäèìîñòè.

Ââåäåíèå

Ýâîëþöèîííûå óðàâíåíèÿ, ê ÷èñëó êîòîðûõ îòíîñÿòñÿ è óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òè-

ïà (âîëíîâûå óðàâíåíèÿ), âî ìíîãèõ ìàòåìàòè÷åñêèõ ìîäåëÿõ îêðóæàþùåé äåéñòâèòåëüíîñòè

ìîãóò ñîäåðæàòü ý��åêòû çàïàçäûâàíèÿ ðàçëè÷íûõ âèäîâ [1℄. ×èñëåííûå àëãîðèòìû ðåøåíèÿ

òàêèõ óðàâíåíèé â íàñòîÿùåå âðåìÿ ðàçðàáîòàíû íåäîñòàòî÷íî. Â ðàáîòå [2℄ áûëè èçó÷åíû

÷èñëåííûå ìåòîäû ðåøåíèÿ óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà ñ îäíîé ïðîñòðàíñòâåííîé ïå-

ðåìåííîé, îñíîâàííûå íà ìåòîäå, ïðåäëîæåííîì â ðàáîòå [3℄ äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî

òèïà ñ çàïàçäûâàíèåì îáùåãî âèäà. Ïîäõîä ýòîé ðàáîòû áûë îñíîâàí êàê íà ïðèìåíåíèè îá-

ùåé òåîðèè ðàçíîñòíûõ ñõåì [4℄, òàê è íà ïðèìåíåíèè òåîðèè ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ

�óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé [5, 6℄. Â ðàáîòå [7℄ àíàëîãè÷íûé ïîäõîä áûë

ðåàëèçîâàí äëÿ óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà ñ äâóìÿ ïðîñòðàíñòâåííûìè ïåðåìåííûìè.

Â íàñòîÿùåé ðàáîòå èäåè ñòàòüè [2℄ ðàñïðîñòðàíÿþòñÿ íà óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà

ñ äâóìÿ ïðîñòðàíñòâåííûìè ïåðåìåííûìè. Ñîãëàñíî èñïîëüçóåìîìó ïðèíöèïó ðàçäåëåíèÿ òå-

êóùåãî ñîñòîÿíèÿ è ïðåäûñòîðèè, ïî òåêóùåìó ñîñòîÿíèþ ñòðîèòñÿ ïîëíûé àíàëîã èçâåñòíî-

ãî äëÿ îáúåêòà áåç çàïàçäûâàíèÿ ìåòîäà, â äàííîì ñëó÷àå àíàëîãà îïèñàííîãî â [8℄ ìåòîäà

ñ �àêòîðèçàöèåé. Îòìåòèì, ÷òî ðàíåå àëãîðèòì áûë àíîíñèðîâàí â ðàáîòå [9℄, â äàííîé ðàáîòå

ïðèâîäèòñÿ äîêàçàòåëüñòâî ñõîäèìîñòè ýòîãî ìåòîäà.

� 1. Ïîñòàíîâêà çàäà÷è

Äàíî âîëíîâîå óðàâíåíèå ñ ý��åêòîì íàñëåäñòâåííîñòè âèäà

∂2u

∂t2
= a2

(
∂2u

∂x2
+
∂2u

∂y2

)
+ f

(
x, y, t, u(x, y, t), ut(x, y, ·)

)
: t0 6 t 6 T, 0 6 x 6 X, 0 6 y 6 Y (1.1)

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå Ïðîãðàììû ïîâûøåíèÿ êîíêóðåíòîñïîñîáíîñòè âåäóùèõ óíè-

âåðñèòåòîâ �Ô (ñîãëàøåíèå 02.À03.21.0006 îò 27 àâãóñòà 2013 ã.) è �ÔÔÈ (ãðàíò 13�01�00089).



Ñõîäèìîñòü ðàçíîñòíîãî ìåòîäà 79

ÌÀÒÅÌÀÒÈÊÀ 2015. Ò. 25. Âûï. 1

ñ ãðàíè÷íûìè:

u(0, y, t) = g1(y, t), u(X, y, t) = g2(y, t) : 0 6 y 6 Y, t0 6 t 6 T,

u(x, 0, t) = g3(x, t), u(x, Y, t) = g4(x, t) : 0 6 x 6 X, t0 6 t 6 T
(1.2)

è íà÷àëüíûìè:

u(x, y, t) = ϕ(x, y, t) : 0 6 x 6 X, 0 6 y 6 Y, t0 − τ 6 t < t0 (1.3)

óñëîâèÿìè. Çäåñü u(x, y, t) � èñêîìàÿ �óíêöèÿ, ut(x, y, ·) = {u(x, y, t + ξ),−τ 6 ξ 6 0} �

�óíêöèÿ-ïðåäûñòîðèÿ èñêîìîé �óíêöèè ê ìîìåíòó t, τ � âåëè÷èíà çàïàçäûâàíèÿ;

f
(
x, y, t, u(x, y, t), ut(x, y, ·)

)

� �óíêöèîíàë, îïðåäåëåííûé íà [0,X] × [0, Y ] × [t0, T ] × R × Q, Q = Q[−τ, 0) � ìíîæåñòâî

�óíêöèé u(ξ), êóñî÷íî-íåïðåðûâíûõ íà [−τ, 0), ñ êîíå÷íûì ÷èñëîì òî÷åê ðàçðûâà ïåðâîãî

ðîäà, â òî÷êàõ ðàçðûâà íåïðåðûâíûõ ñïðàâà, ‖u(·)‖Q = supξ∈[−τ,0) |u(ξ)|. Áóäåì ïðåäïîëàãàòü,

÷òî ðåøåíèå çàäà÷è (1.1)�(1.3), ïîíèìàåìîå â êëàññè÷åñêîì ñìûñëå, ñóùåñòâóåò è åäèíñòâåííî.

� 2. �àçíîñòíûé ìåòîä

�àçîáüåì îòðåçîê [0,X] íà ÷àñòè ñ øàãîì h1 = X/N1, [0, Y ] íà ÷àñòè ñ øàãîì h2 = Y/N2,

ãäå N1, N2 � íåêîòîðûå öåëûå ÷èñëà. Ââåäåì òî÷êè xi = ih1, i = 0, 1 . . . , N1, yk = kh2, k =
= 0, 1 . . . , N2. �àçîáüåì îòðåçîê [t0, T ] íà ÷àñòè ñ øàãîì ∆. Áóäåì ñ÷èòàòü, ÷òî m = τ/∆ �

öåëîå ÷èñëî.

Ââåäåì òî÷êè tj = t0 + j∆, j = −m, . . . ,M . Áóäåì îáîçíà÷àòü ïðèáëèæåíèå òî÷íîãî ðåøå-

íèÿ u(xi, yk, tj) ÷åðåç u
j
i,k. Ââåäåì äèñêðåòíóþ ïðåäûñòîðèþ ê ìîìåíòó tj ïðè �èêñèðîâàííûõ

i, k:

{uli,k}j = {uli,k : j −m 6 l 6 j}.

Îïåðàòîðîì èíòåðïîëÿöèè�ýêñòðàïîëÿöèè äèñêðåòíîé ïðåäûñòîðèè íàçîâåì îòîáðàæåíèå

I : {uli,k}j → vji,k(·) ∈ Q[−τ,∆].

Áóäåì ãîâîðèòü, ÷òî îïåðàòîð èíòåðïîëÿöèè�ýêñòðàïîëÿöèè èìååò ïîðÿäîê ïîãðåøíîñòè p íà
òî÷íîì ðåøåíèè, åñëè ñóùåñòâóþò êîíñòàíòû C1 è C2 òàêèå, ÷òî äëÿ âñåõ i = 0, . . . , N1, k =
= 0, . . . , N2, j = 0, . . . ,M è t ∈ [tj − τ, tj+1] âûïîëíÿåòñÿ íåðàâåíñòâî

|vji,k(t)− u(xi, yk, t)| 6 C1 max
j−m6l6j

|uli,k − u(xi, yk, tl)|+ C2∆
p.

Â äàëüíåéøåì ïðèìåíÿåòñÿ êóñî÷íî-ëèíåéíàÿ èíòåðïîëÿöèÿ ñ ýêñòðàïîëÿöèåé ïðîäîëæå-

íèåì, êîòîðàÿ èìååò âòîðîé ïîðÿäîê ïîãðåøíîñòè (ñì. [6℄).

Äëÿ 0 6 s 6 1 ðàññìîòðèì ñåìåéñòâî ìåòîäîâ ñ âåñàìè:

uj+1
i,k − 2uji,k + uj−1

i,k

∆2
= sa2

(
uj+1
i−1,k − 2uj+1

i,k + uj+1
i+1,k

h21
+
uj+1
i,k−1 − 2uj+1

i,k + uj+1
i,k+1

h22

)
+

+ sa2

(
uj−1
i−1,k − 2uj−1

i,k + uj−1
i+1,k

h21
+
uj−1
i,k−1 − 2uj−1

i,k + uj−1
i,k+1

h22

)
+

+ (1− 2s)a2

(
uji−1,k − 2uji,k + uji+1,k

h21
+
uji,k−1 − 2uji,k + uji,k+1

h22

)
+ F j

i,k(v
j
i,k(·)),

i = 1, . . . , N1 − 1, k = 1, . . . , N2 − 1, j = 0, . . . ,M − 1, (2.1)
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ñ ãðàíè÷íûìè:

uj0,k = g1(yk, tj), u
j
N1,k

= g2(yk, tj), u
j
i,0 = g3(xi, tj), u

j
i,N2

= g4(xi, tj)

è íà÷àëüíûìè:

uji,k = ϕ(xi, yk, tj) : −m 6 j 6 0

óñëîâèÿìè; F j
i,k(v(·)) � íåêîòîðûé �óíêöèîíàë, îïðåäåëåííûé íà �óíêöèÿõ v(·) = vji,k(·) =

I({uli,k}j) ∈ Q[−τ,∆], ñâÿçàííûé ñ �óíêöèîíàëîì f(xi, yk, tj , u
j
i,k, v

j
i,k(·)) è ëèïøèöåâûé ïî ïå-

ðåìåííîé v(·) ñ êîíñòàíòîé LF .

Ñõåìà (2.1) ïðè s = 0 ÿâëÿåòñÿ ÿâíîé; ïðè äðóãèõ s òàêèõ, ÷òî 0 < s 6 1, ïðè êàæäîì

�èêñèðîâàííîì j ïîëó÷àåì ñèñòåìó óðàâíåíèé. Äëÿ òîãî ÷òîáû ïðèâåñòè ñèñòåìó ê âèäó, ïðè

êîòîðîì åå ìîæíî ðåøèòü ìåòîäîì ïðîãîíêè, ïåðåéäåì ê �àêòîðèçîâàííîé ñõåìå [8℄.

� 3. Ôàêòîðèçîâàííàÿ ñõåìà

Â ýòîì ðàçäåëå è äàëåå áóäåì ïðåäïîëàãàòü, ÷òî ðàññìàòðèâàþòñÿ îäíîðîäíûå ãðàíè÷íûå óñëî-

âèÿ

g1(y, t) = g2(y, t) = 0: 0 6 y 6 Y, t0 6 t 6 T,

g3(x, t) = g4(x, t) = 0: 0 6 x 6 X, t0 6 t 6 T.

Ïðè êàæäîì tj îïðåäåëèì çíà÷åíèÿ äèñêðåòíîé ìîäåëè γ̃j = (uj0,0, u
j
0,1, . . . , u

j
0,N2−1, u

j
0,N2

,

uj1,0, u
j
1,1, . . . , u

j
1,N2

, . . . , ujN1,0
, ujN1,1

, . . . , ujN1,N2−1, u
j
N1,N2

)′ ∈ Γ̃, ãäå ′
� çíàê òðàíñïîíèðîâàíèÿ,

Γ̃ � âåêòîðíîå ïðîñòðàíñòâî ðàçìåðíîñòè q = (N1 + 1)(N2 + 1).

‖γ̃n‖2 =
N1∑

i=0

N2∑

k=0

(uni,k)
2. (3.1)

Â ïðîñòðàíñòâå Γ̃ ââåäåì îïåðàòîðû A1 è A2:

A1u
j
i,k = −a2

uji−1,k − 2uji,k + uji+1,k

h21
, 1 6 i 6 N1 − 1, A1u

j
0,k = 0, A1u

j
N1,k

= 0, (3.2)

A2u
j
i,k = −a2

uji,k−1 − 2uji,k + uji,k+1

h22
, 1 6 k 6 N2 − 1, A2u

j
i,0 = 0, A1u

j
i,N2

= 0. (3.3)

Òîãäà ñèñòåìó (2.1) ìîæíî ïåðåïèñàòü â âèäå

γ̃j+1 − 2γ̃j + γ̃j−1

∆2
+ s(A1 +A2)γ̃j+1 + s(A1 +A2)γ̃j−1 + (1− 2s)(A1 +A2)γ̃j = F j(v(·)), (3.4)

ãäå F j
(
v(·)
)
=
(
F j
0,0

(
vj0,0(·)

)
, F j

0,1

(
vj0,1(·)

)
, . . . , F j

N1,N2

(
vjN1,N2

(·)
))′

, v(·) = I({γ̃l}j) ∈ Qq[−τ,∆],

Qq[−τ,∆]� ïðîñòðàíñòâî âåêòîð-�óíêöèé, êàæäàÿ êîìïîíåíòà êîòîðûõ ïðèíàäëåæèò Q[−τ,∆].

Âîñïîëüçóåìñÿ òîæäåñòâîì

γ̃j+1 = 2γ̃j +∆2 γ̃j+1 − 2γ̃j + γ̃j−1

∆2
− γ̃j−1

è ââåäåì îïåðàòîð

R = E +∆2sA1 +∆2sA2.
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Ïðèâåäåì óðàâíåíèå (3.4) ê âèäó

R(γ̃j+1 − 2γ̃j + γ̃j−1) + ∆2(A1 +A2)γ̃j = ∆2F j(v(·)).

Ñ ó÷åòîì ñîîòíîøåíèÿ (E +∆2sA1)(E +∆2sA2) = E +∆2sA1 +∆2sA2 +O(∆4) ïîëó÷àåì

R = R1R2 +O(∆4) = (E +∆2sA1)(E +∆2sA2) +O(∆4). (3.5)

Çàìåòèì, ÷òî îïåðàòîðû R1 è R2 íå çàâèñÿò îò ∆, h1, h2, à çàâèñÿò òîëüêî îò σ1 = a2∆2/h21
è σ2 = a2∆2/h22 ñîîòâåòñòâåííî.

Ïåðåéäåì ê �àêòîðèçîâàííîé ñõåìå:

R1R2(γ̃j+1 − 2γ̃j + γ̃j−1) + ∆2(A1 +A2)γ̃j = ∆2F j(v(·)). (3.6)

Ñèñòåìà ý��åêòèâíî ðåøàåòñÿ ñ ïîìîùüþ äâóõ ïðîãîíîê ïî êàæäîìó èç íàïðàâëåíèé x è y.
Çàïèøåì ñõåìó (3.6) â êîîðäèíàòíîé �îðìå:

uj+1
i,k − 2uji,k + uj−1

i,k −∆2sa2

(
uj+1
i−1,k − 2uj+1

i,k + uj+1
i+1,k

h21
+
uj+1
i,k−1 − 2uj+1

i,k + uj+1
i,k+1

h22

)
−

− ∆2sa2

(
uj−1
i−1,k − 2uj−1

i,k + uj−1
i+1,k

h21
+
uj−1
i,k−1 − 2uj−1

i,k + uj−1
i,k+1

h22

)
−

−∆2(1− 2s)a2

(
uji−1,k − 2uji,k + uji+1,k

h21
+
uji,k−1 − 2uji,k + uji,k+1

h22

)
+

+
∆4s2a4

h21h
2
2

((
uj+1
i+1,k+1 − 2uj+1

i+1,k + uj+1
i+1,k−1

)
− 2
(
uj+1
i,k+1 − 2uj+1

i,k + uj+1
i,k−1

)
+

+
(
uj+1
i−1,k+1 − 2uj+1

i−1,k + uj+1
i−1,k−1

)
− 2
(
uji+1,k+1 − 2uji+1,k + uji+1,k−1

)
+

+ 4
(
uj+1
i,k+1 − 2uji,k + uji,k−1

)
− 2
(
uj+1
i−1,k+1 − 2uji−1,k + uji−1,k−1

)
+

+
(
uj−1
i+1,k+1 − 2uj−1

i+1,k + uj−1
i+1,k−1

)
− 2
(
uj−1
i,k+1 − 2uj−1

i,k + uj−1
i,k−1

)
+

+
(
uj−1
i−1,k+1 − 2uj−1

i−1,k + uj−1
i−1,k−1

))
= ∆2F j

i,k(v
j
i,k(·)).

(3.7)

� 4. Èññëåäîâàíèå íåâÿçêè

Íåâÿçêîé (áåç èíòåðïîëÿöèè) ìåòîäà íàçîâåì

ψj
i,k =

u(xi, yk, tj+1)− 2u(xi, yk, tj) + u(xi, yk, tj−1)

∆2
−

− sa2

(
u(xi−1, yk, tj+1)− 2u(xi, yk, tj+1) + u(xi+1, yk, tj+1)

h21
+

+
u(xi, yk−1, tj+1)− 2u(xi, yk, tj+1) + u(xi, yk+1, tj+1)

h22

)
−

− sa2

(
u(xi−1, yk, tj−1)− 2u(xi, yk, tj−1) + u(xi+1, yk, tj−1)

h21
+

+
u(xi, yk−1, tj−1)− 2u(xi, yk, tj−1) + u(xi, yk+1, tj−1)

h22

)
−



82 Å.Å. Òàøèðîâà

ÌÀÒÅÌÀÒÈÊÀ 2015. Ò. 25. Âûï. 1

− (1− 2s)a2

(
u(xi−1, yk, tj)− 2u(xi, yk, tj) + u(xi+1, yk, tj)

h21
+

+
u(xi, yk−1, tj)− 2u(xi, yk, tj) + u(xi, yk+1, tj)

h22

)
+

+
∆2s2a4

h21h
2
2

((
u(xi+1, yk+1, tj+1)− 2u(xi+1, yk, tj+1) + u(xi+1, yk−1, tj+1)

)
−

−2
(
u(xi, yk+1, tj+1)−2u(xi, yk, tj+1)+u(xi, yk−1, tj+1)

)
+
(
u(xi−1, yk+1, tj+1)−2u(xi−1, yk, tj+1)+

+ u(xi−1, yk−1, tj+1)
)
− 2
(
u(xi+1, yk+1, tj)− 2u(xi+1, yk, tj) + u(xi+1, yk−1, tj)

)
+

+ 4
(
u(xi, yk+1, tj+1)− 2u(xi, yk, tj) + u(xi, yk−1, tj)

)
− 2
(
u(xi−1, yk+1, tj+1)− 2u(xi−1, yk, tj) +

+ u(xi−1, yk−1, tj)
)
+
(
u(xi+1, yk+1, tj−1)− 2u(xi+1, yk, tj−1) + u(xi+1, yk−1, tj−1)

)
−

− 2
(
u(xi, yk+1, tj−1)− 2u(xi, yk, tj−1) + u(xi, yk−1, tj−1)

)
+
(
u(xi−1, yk+1, tj−1)−

− 2u(xi−1, yk, tj−1) + u(xi−1, yk−1, tj−1)
))

− F j
i,k(utj (xi, yk, ·)). (4.1)

Áóäåì ãîâîðèòü, ÷òî íåâÿçêà èìååò ïîðÿäîê hp11 +hp22 +∆p3
, åñëè ñóùåñòâóåò òàêàÿ êîíñòàíòà C,

÷òî |ψj
i,k| 6 C(hp11 + hp22 +∆p3) äëÿ âñåõ i = 1, . . . , N1 − 1, k = 1, . . . , N2 − 1, j = 0, . . . ,M − 1.

Òåîðåìà 1. Åñëè äëÿ òî÷íîãî ðåøåíèÿ çàäà÷è (1.1)�(1.3) ñóùåñòâóþò è íåïðåðûâíû âñå

÷àñòíûå ïðîèçâîäíûå âïëîòü äî 4-ãî ïîðÿäêà âêëþ÷èòåëüíî, F j
i,k

(
vji,k(·)

)
=f
(
xi, yk, tj , u

j
i,k, v

j
i,k(·)

)
,

òî äëÿ ëþáîãî 0 6 s 6 1 íåâÿçêà èìååò ïîðÿäîê h21 + h22 +∆2
.

Ä î ê à ç à ò å ë ü ñ ò â î. �àçëîæèì �óíêöèþ u(x, y, t) ïî �îðìóëå Òåéëîðà â îêðåñòíîñòè òî-

÷åê (xi, yk, tj), (xi, yk, tj+1), (xi, yk, tj−1), (xi−1, yk, tj), (xi−1, yk, tj+1), (xi−1, yk, tj−1), (xi+1, yk, tj),
(xi+1, yk, tj+1), (xi+1, yk, tj−1). Òîãäà ïîëó÷èì ñëåäóþùèå ðàâåíñòâà äëÿ çíà÷åíèé �óíêöèè

â òî÷êàõ:

u(xi, yk, tj±1) = u(xi, yk, tj)±
∂u

∂t
(xi, yk, tj)∆ +

1

2

∂2u

∂t2
(xi, yk, tj)∆

2 ± 1

6

∂3u

∂t3
(xi, yk, tj)∆

3 +O(∆4),

u(xi±1, yk, tj) = u(xi, yk, tj)±
∂u

∂x
(xi, yk, tj)h1 +

1

2

∂2u

∂x2
(xi, yk, tj)h

2
1 ±

1

6

∂3u

∂x3
(xi, yk, tj)h

3
1 +O(h41),

u(xi, yk±1, tj) = u(xi, yk, tj)±
∂u

∂y
(xi, yk, tj)h2 +

1

2

∂2u

∂y2
(xi, yk, tj)h

2
2 ±

1

6

∂3u

∂y3
(xi, yk, tj)h

3
2 +O(h42),

u(xi±1, yk, tj+1) = u(xi, yk, tj+1)±
∂u

∂x
(xi, yk, tj+1)h1 +

1

2

∂2u

∂x2
(xi, yk, tj+1)h

2
1 ±

± 1

6

∂3u

∂x3
(xi, yk, tj+1)h

3
1 +O(h41),

u(xi±1, yk, tj−1) = u(xi, yk, tj−1)±
∂u

∂x
(xi, yk, tj−1)h1 +

1

2

∂2u

∂x2
(xi, yk, tj−1)h

2
1 ±

± 1

6

∂3u

∂x3
(xi, yk, tj−1)h

3
1 +O(h41),

u(xi, yk±1, tj+1) = u(xi, yk, tj+1)±
∂u

∂y
(xi, yk, tj+1)h2 +

1

2

∂2u

∂y2
(xi, yk, tj+1)h

2
2 ±
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± 1

6

∂3u

∂y3
(xi, yk, tj+1)h

3
2 +O(h42),

u(xi, yk±1, tj−1) = u(xi, yk, tj−1)±
∂u

∂y
(xi, yk, tj−1)h2 +

1

2

∂2u

∂y2
(xi, yk, tj−1)h

2
2 ±

± 1

6

∂3u

∂y3
(xi, yk, tj−1)h

3
2 +O(h42),

u(xi−1, yk±1, tj+1) = u(xi−1, yk, tj+1)±
∂u

∂y
(xi−1, yk, tj+1)h2 +

1

2

∂2u

∂y2
(xi−1, yk, tj+1)h

2
2 ±

± 1

6

∂3u

∂y3
(xi−1, yk, tj+1)h

3
2 +O(h42),

u(xi+1, yk±1, tj+1) = u(xi+1, yk, tj+1)±
∂u

∂y
(xi+1, yk, tj+1)h2 +

1

2

∂2u

∂y2
(xi+1, yk, tj+1)h

2
2 ±

± 1

6

∂3u

∂y3
(xi+1, yk, tj+1)h

3
2 +O(h42),

u(xi−1, yk±1, tj) = u(xi−1, yk, tj)±
∂u

∂y
(xi−1, yk, tj)h2 +

1

2

∂2u

∂y2
(xi−1, yk, tj)h

2
2 ±

± 1

6

∂3u

∂y3
(xi−1, yk, tj)h

3
2 +O(h42),

u(xi+1, yk±1, tj) = u(xi+1, yk, tj)±
∂u

∂y
(xi+1, yk, tj)h2 +

1

2

∂2u

∂y2
(xi+1, yk, tj)h

2
2 ±

± 1

6

∂3u

∂y3
(xi+1, yk, tj)h

3
2 +O(h42),

u(xi−1, yk±1, tj−1) = u(xi−1, yk, tj−1)±
∂u

∂y
(xi−1, yk, tj−1)h2 +

1

2

∂2u

∂y2
(xi−1, yk, tj−1)h

2
2 ±

± 1

6

∂3u

∂y3
(xi−1, yk, tj−1)h

3
2 +O(h42),

u(xi+1, yk±1, tj−1) = u(xi+1, yk, tj−1)±
∂u

∂y
(xi+1, yk, tj−1)h2 +

1

2

∂2u

∂y2
(xi+1, yk, tj−1)h

2
2 ±

± 1

6

∂3u

∂y3
(xi+1, yk, tj−1)h

3
2 +O(h42).

Ïîäñòàâèâ ýòè ñîîòíîøåíèÿ â �îðìóëó îïðåäåëåíèÿ íåâÿçêè (4.1), ïîëó÷èì

ψj
i,k =

∂2u

∂t2
(xi, yk, tj) +O(∆2)− sa2

(
∂2u

∂x2
(xi, yk, tj+1) +O(h21) +

∂2u

∂y2
(xi, yk, tj+1) +O(h22)

)
−

− sa2
(
∂2u

∂x2
(xi, yk, tj−1) +O(h21) +

∂2u

∂y2
(xi, yk, tj−1) +O(h22)

)
−

− (1− 2s)a2
(
∂2u

∂x2
(xi, yk, tj) +O(h21) +

∂2u

∂y2
(xi, yk, tj) +O(h22)

)
+

+
∆2s2a4

h21

((
∂2u

∂y2
(xi+1, yk, tj+1) +O(h22)

)
− 2

(
∂2u

∂y2
(xi, yk, tj+1) +O(h22)

)
+

+

(
∂2u

∂y2
(xi−1, yk, tj+1) +O(h22)

)
− 2

(
∂2u

∂y2
(xi+1, yk, tj) +O(h22)

)
+ 4

(
∂2u

∂y2
(xi, yk, tj) +O(h22)

)
−
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− 2

(
∂2u

∂y2
(xi−1, yk, tj)+O(h22)

)
+

(
∂2u

∂y2
(xi+1, yk, tj−1)+O(h22)

)
− 2

(
∂2u

∂y2
(xi, yk, tj−1)+O(h22)

)
+

+

(
∂2u

∂y2
(xi−1, yk, tj−1) +O(h22)

))
− f

(
tj, xi, yk, u(xi, yk, tj), utj (xi, yk, ·)

)
.

�àçëîæèì �óíêöèè

∂2u

∂y2
(x, y, t) è

∂2u

∂x2
(x, y, t) ïî �îðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (xi, yk, tj),

(xi, yk, tj+1), (xi, yk, tj−1). Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùèå ñîîòíîøåíèÿ:

∂2u

∂x2
(xi, yk, tj±1) =

∂2u

∂x2
(xi, yk, tj)±

∂3u

∂t∂x2
(xi, yk, tj)∆ +O(∆2),

∂2u

∂y2
(xi, yk, tj±1) =

∂2u

∂y2
(xi, yk, tj)±

∂3u

∂t∂y2
(xi, yk, tj)∆ +O(∆2),

∂2u

∂y2
(xi±1, yk, tj+1) =

∂2u

∂y2
(xi, yk, tj+1)±

∂3u

∂x∂y2
(xi, yk, tj+1)h1 +

1

2

∂4u

∂x2∂y2
(xi, yk, tj+1)h

2
1 ±

± 1

6

∂4u

∂x3∂y2
(xi, yk, tj+1)h

3
1 +O(h41),

∂2u

∂y2
(xi±1, yk, tj) =

∂2u

∂y2
(xi, yk, tj)±

∂3u

∂x∂y2
(xi, yk, tj)h1 +

1

2

∂4u

∂x2∂y2
(xi, yk, tj)h

2
1 ±

± 1

6

∂4u

∂x3∂y2
(xi, yk, tj)h

3
1 +O(h41),

∂2u

∂y2
(xi±1, yk, tj−1) =

∂2u

∂y2
(xi, yk, tj−1)±

∂3u

∂x∂y2
(xi, yk, tj−1)h1 +

1

2

∂4u

∂x2∂y2
(xi, yk, tj−1)h

2
1 ±

± 1

6

∂4u

∂x3∂y2
(xi, yk, tj−1)h

3
1 +O(h41).

Òîãäà

ψj
i,k =

∂2u

∂t2
(xi, yk, tj)−a2

(
∂2u

∂x2
(xi, yk, tj) +

∂2u

∂y2
(xi, yk, tj)

)
−f
(
xi, yk, tj , u(xi, yk, tj), utj (xi, yk, ·)

)
+

+∆2s2a2

(
∂4u

∂x2∂y2
(xi, yk, tj+1)− 2

∂4u

∂x2∂y2
(xi, yk, tj) +

∂4u

∂x2∂y2
(xi, yk, tj−1)

)
+O(h21 + h22 +∆2) =

=
∂2u

∂t2
(xi, yk, tj)− a2

(
∂2u

∂x2
(xi, yk, tj) +

∂2u

∂y2
(xi, yk, tj)

)
− f

(
xi, yk, tj , u(xi, yk, tj), utj (xi, yk, ·)

)
+

+O(h21 + h22 +∆2).

Â ñèëó óðàâíåíèÿ (1.1) âûïîëíåíî ψj
i,k = O(h21 + h22 +∆2). �

� 5. Èññëåäîâàíèå ñõîäèìîñòè

Áóäåì ãîâîðèòü, ÷òî ìåòîä ñõîäèòñÿ ñ ïîðÿäêîì hp11 + hp22 + ∆p3
, åñëè ñóùåñòâóåò òàêàÿ êîí-

ñòàíòà C, íå çàâèñÿùàÿ îò ∆, h1, h2, ÷òî äëÿ âñåõ i = 0, . . . , N1, k = 0, . . . , N2, j = 0, . . . ,M
âûïîëíÿåòñÿ íåðàâåíñòâî |u(xi, yk, tj)− uji,k| 6 C(hp11 + hp22 +∆p3).

Èññëåäóåì ïîëó÷åííóþ ñõåìó (3.6)�(3.7) íà ñõîäèìîñòü ñ ïîìîùüþ âëîæåíèÿ â îáùóþ ðàç-

íîñòíóþ ñõåìó [3, 5℄.

Òàê êàê ïðè ëþáîì äîïóñòèìîì âåñå s óðàâíåíèå (3.6) ðàçðåøèìî îòíîñèòåëüíî γ̃j+1, òî

ìîæíî ïðèâåñòè óðàâíåíèå (3.6) ê ÿâíîé �îðìå

γ̃j+1 = 2γ̃j − γ̃j−1 −∆2R−1
2 R−1

1 (A1 +A2)γ̃j +∆2R−1
2 R−1

1 (F j(v(·))). (5.1)
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Ââåäåì âåêòîð γj = (γ1j , γ
2
j )

′ = (γ̃j−1, γ̃j)
′ ∈ Γ, ãäå Γ � ïðîñòðàíñòâî ðàçìåðíîñòè q = 2(N1+

+1)(N2 +1). Áóäåì ñ÷èòàòü, ÷òî åñëè â ïðîñòðàíñòâå Γ̃ îïðåäåëåíà íîðìà (3.1), òî â ïðîñòðàí-

ñòâå Γ îíà îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

‖γ‖2Γ = ‖γ1‖2
Γ̃
+ ‖γ2‖2

Γ̃
. (5.2)

Ñîîòíîøåíèå (5.1) ìîæíî ïåðåïèñàòü â âèäå

γ1j+1 = γ2j , γ2j+1 = 2γ2j − γ1j −∆2R−1
2 R−1

1 (A1 +A2)γ
2
j +∆2R−1

2 R−1
1 (F j(v(·))).

Â ðåçóëüòàòå ïîëó÷àåì ðàçíîñòíóþ ñõåìó

γj+1 = Sγj +∆Φ(tj, I({γl}j),∆), (5.3)

ãäå S =

(
0 1

−1 2−∆2R−1
2 R−1

1 (A1 +A2)

)
, Φ(tj , I({γl}j),∆) =

(
0

∆R−1
2 R−1

1 F j(I({γ2l }j))

)
.

Ôóíêöèåé òî÷íûõ çíà÷åíèé ìîäåëè â [3℄ íàçûâàåòñÿ îòîáðàæåíèå

Z(tj) = zj ∈ Γ, j = −m, . . . ,M ;

â äàííîì ñëó÷àå îïðåäåëèì �óíêöèþ òî÷íûõ çíà÷åíèé äëÿ ñõåìû (5.3) ñîîòíîøåíèÿìè

zj = (z1j , z
2
j )

′ = (z̃j−1, z̃j)
′,

z̃j =
(
u(x0, y0, tj), u(x0, y1, tj), . . . , u(x0, yN2−1, tj), u(x0, yN2

, tj), u(x1, y0, tj), u(x1, y1, tj), . . . ,

u(x1, yN2−1, tj), u(x1, yN2
, tj), . . . , u(xN1

, y0, tj), u(xN1
, y1, tj), . . . , u(xN1

, yN2−1, tj), u(xN1
, yN2

, tj)
)′
.

Ñòàðòîâûìè çíà÷åíèÿìè [3℄ íàçîâåì �óíêöèþ {tj = t0 + j∆ ∈ [t0 − τ, T ], j = −m, . . . , 0} → Γ:

γ(tj) = γj .

Áóäåì ãîâîðèòü, ÷òî ñòàðòîâûå çíà÷åíèÿ ìîäåëè èìåþò ïîðÿäîê hp11 +hp22 +∆p3
, åñëè íàéäåòñÿ

êîíñòàíòà C, íå çàâèñÿùàÿ îò zj , γj, ∆, h1 h2, òàêàÿ, ÷òî

‖zj − γj‖Γ 6 C(hp11 + hp22 +∆p3), j = −m, . . . , 0.

Íàïðèìåð, ìîæíî îïðåäåëèòü ñòàðòîâûå çíà÷åíèÿ ìîäåëè (5.3) ñëåäóþùèì îáðàçîì:

γj = zj = (z1j , z
2
j )

′ = (z̃j−1, z̃j)
′,

z̃j =
(
ϕ(x0, y0, tj), ϕ(x0, y1, tj), . . . , ϕ(x0, yN2

, tj), ϕ(x1, y0, tj), ϕ(x1, y1, tj), . . . , ϕ(x1, yN2
, tj), . . . ,

ϕ(xN1
, y0, tj), ϕ(xN1

, y1, tj), . . . , ϕ(xN1
, yN2

, tj)
)′
, j = −m, . . . , 0.

Òîãäà p1 = ∞, p2 = ∞.

Ïîãðåøíîñòü àïïðîêñèìàöèè (íåâÿçêà) ñ èíòåðïîëÿöèåé â îáùåé ðàçíîñòíîé ñõåìå [3, 5, 6℄

îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

dn = (zn+1 − Szn)/∆ − Φ
(
tn, I({zi}n−m),∆

)
, n = 0, . . . ,M − 1. (5.4)

Áóäåì ãîâîðèòü, ÷òî ìåòîä èìååò ïîðÿäîê ïîãðåøíîñòè àïïðîêñèìàöèè ñ èíòåðïîëÿöèåé

hp11 + hp22 +∆p3
, åñëè ñóùåñòâóåò êîíñòàíòà C, íå çàâèñÿùàÿ îò dn, ∆, h1, h2, òàêàÿ, ÷òî

‖dn‖ 6 C(hp11 + hp22 +∆p3), n = 1, . . . ,M.

Äàííîå îïðåäåëåíèå íåâÿçêè îòëè÷àåòñÿ îò ââåäåííîãî ðàíåå îïðåäåëåíèÿ íåâÿçêè áåç èíòåð-

ïîëÿöèè (4.1). Îäíàêî ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü íåâÿçêà â ñìûñëå (4.1) èìååò ïîðÿäîê ∆p1+hp21 +hp32 , �óíêöèè F j
i,k ëèï-

øèöåâû, îïåðàòîð èíòåðïîëÿöèè�ýêñòðàïîëÿöèè I èìååò ïîðÿäîê ïîãðåøíîñòè p0 íà òî÷íîì
ðåøåíèè, σ1 è σ2 çà�èêñèðîâàíû, òîãäà íåâÿçêà ñ èíòåðïîëÿöèåé â ñìûñëå (5.4) èìååò îäè-

íàêîâûé ïîðÿäîê ïîãðåøíîñòè ïî ∆, h1 è h2, ðàâíûé ∆min{p0,p1,p2,p3}+1
.
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Ä î ê à ç à ò å ë ü ñ ò â î. �àññìîòðèì íîðìû êîîðäèíàò íåâÿçêè (5.4):

‖d1n‖2Γ̃ = ‖(z1n+1 − z2n)/∆‖2 =

∥∥∥∥
z̃n − z̃n

∆

∥∥∥∥
2

= 0,

‖d2n‖2Γ̃ =
∥∥∥
(
z2n+1 + z1n − 2z2n +∆2R−1

2 R−1
2 (A1 +A2)z

2
n

)
/∆ −∆R−1

2 R−1
1

(
Fn
(
I({z2l }n)

))∥∥∥
2
=

=

∥∥∥∥
z̃n+1 + z̃n−1 − 2z̃n

∆
+∆R−1

2 R−1
1 (A1 +A2)z̃n −∆R−1

2 R−1
1

(
Fn
(
I({z̃l}n)

))∥∥∥∥
2

=

= ∆2

∥∥∥∥
z̃n+1 − 2z̃n + z̃n−1

∆2
+R−1

2 R−1
1 (A1 +A2)z̃n −R−1

2 R−1
1

(
Fn
(
I({z̃l}n)

))∥∥∥∥
2

.

Îòñþäà ïîëó÷àåì

‖d2n‖2Γ̃ = ∆2

∥∥∥∥
z̃n+1 − 2z̃n + z̃n−1

∆2
+R−1

2 R−1
1 (A1 +A2)z̃n −R−1

2 R−1
1

(
Fn
(
I({z̃l}n)

))∥∥∥∥
2

=

= ∆2‖R−1
2 R−1

1 ‖2
∥∥∥∥R1R2

(
z̃n+1 − 2z̃n + z̃n−1

∆2

)
+ (A1 +A2)z̃n − Fn

(
I({z̃l}n)

)∥∥∥∥
2

.

(5.5)

Ñ ó÷åòîì îïðåäåëåíèÿ (3.5) îïåðàòîðîâ R1 è R2 èìååì

∥∥∥∥R1R2

(
z̃n+1 − 2z̃n + z̃n−1

∆2

)
+ (A1 +A2)z̃n − Fn

(
I({z̃l}n)

)∥∥∥∥
2

Γ̃

=

=

∥∥∥∥(E +∆2sA1)(E +∆2sA2)

(
z̃n+1 − 2z̃n + z̃n−1

∆2

)
+ (A1 +A2)z̃n − Fn

(
I({z̃l}n)

)∥∥∥∥
2

=

=
∥∥∥
z̃n+1 − 2z̃n + z̃n−1

∆2
+ s(A1 +A2)(z̃n+1 − 2z̃n + z̃n−1) +

+∆2s2A1A2(z̃n+1 − 2z̃n + z̃n−1) + (A1 +A2)z̃n − Fn
(
I({z̃l}n)

)∥∥∥
2

Γ̃
.

Òîãäà ïî îïðåäåëåíèþ (3.1) íîðìû â Γ̃ ïîëó÷àåì

∥∥∥
z̃n+1 − 2z̃n + z̃n−1

∆2
+ s(A1 +A2)(z̃n+1 − 2z̃n + z̃n−1) + ∆2s2A1A2(z̃n+1 − 2z̃n + z̃n−1) +

+ (A1 +A2)z̃n − Fn
(
I({z̃l}n)

)∥∥∥
2

Γ̃
=

=

N1−1∑

i=1

N2−1∑

k=1

∣∣∣
u(xi, yk, tn+1)− 2u(xi, yk, tn) + u(xi, yk, tn−1)

∆2
−

− sa2

(
u(xi+1, yk, tn+1)− 2u(xi, yk, tn+1) + u(xi−1, yk, tn+1)

h21
+

+
u(xi, yk+1, tn+1)− 2u(xi, yk, tn+1) + u(xi−1, yk−1, tn+1)

h22

)
−

− (1− 2s)a2

(
u(xi+1, yk, tn)− 2u(xi, yk, tn) + u(xi−1, yk, tn)

h21
+

+
u(xi, yk+1, tn)− 2u(xi, yk, tn) + u(xi, yk−1, tn)

h22

)
−
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− sa2

(
u(xi+1, yk, tn−1)− 2u(xi, yk, tn−1) + u(xi−1, yk, tn−1)

h21
+

+
u(xi, yk+1, tn−1)− 2u(xi, yk, tn−1) + u(xi, yk−1, tn−1)

h22

)
+

+
∆2s2a4

h21h
2
2

((
u(xi+1, yk+1, tn+1)− 2u(xi+1, yk, tn+1) + u(xi+1, yk−1, tn+1)

)
−

−2
(
u(xi, yk+1, tn+1)−2u(xi, yk, tn+1)+u(xi, yk−1, tn+1)

)
+
(
u(xi−1, yk+1, tn+1)−2u(xi−1, yk, tn+1)+

+ u(xi−1, yk−1, tn+1)
)
− 2
(
u(xi+1, yk+1, tn)− 2u(xi+1, yk, tn) + u(xi+1, yk−1, tn)

)
+

+ 4
(
u(xi, yk+1, tn+1)− 2u(xi, yk, tn) + u(xi, yk−1, tn)

)
− 2
(
u(xi−1, yk+1, tn+1)− 2u(xi−1, yk, tn) +

+ u(xi−1, yk−1, tn)
)
+
(
u(xi+1, yk+1, tn−1)− 2u(xi+1, yk, tn−1) + u(xi+1, yk−1, tn−1)

)
−

− 2
(
u(xi, yk+1, tn−1)− 2u(xi, yk, tn−1) + u(xi, yk−1, tn−1)

)
+

+
(
u(xi−1, yk+1, tn−1)− 2u(xi−1, yk, tn−1) + u(xi−1, yk−1, tn−1)

))
− Fn

i,k

(
I({uli,k}n)

)∣∣∣
2
. (5.6)

Îöåíèì êàæäîå ñëàãàåìîå ïîä çíàêîì ñóììû â (5.6), èñïîëüçóÿ ïðåäïîëîæåíèÿ òåîðåìû:

∣∣∣
u(xi, yk, tn+1)− 2u(xi, yk, tn) + u(xi, yk, tn−1)

∆2
−

− sa2

(
u(xi+1, yk, tn+1)− 2u(xi, yk, tn+1) + u(xi−1, yk, tn+1)

h21
+

+
u(xi, yk+1, tn+1)− 2u(xi, yk, tn+1) + u(xi−1, yk−1, tn+1)

h22

)
−

− (1− 2s)a2

(
u(xi+1, yk, tn)− 2u(xi, yk, tn) + u(xi−1, yk, tn)

h21
+

+
u(xi, yk+1, tn)− 2u(xi, yk, tn) + u(xi, yk−1, tn)

h22

)
−

− sa2

(
u(xi+1, yk, tn−1)− 2u(xi, yk, tn−1) + u(xi−1, yk, tn−1)

h21
+

+
u(xi, yk+1, tn−1)− 2u(xi, yk, tn−1) + u(xi, yk−1, tn−1)

h22

)
+

+
∆2s2a4

h21h
2
2

((
u(xi+1, yk+1, tn+1)− 2u(xi+1, yk, tn+1) + u(xi+1, yk−1, tn+1)

)
−

−2
(
u(xi, yk+1, tn+1)−2u(xi, yk, tn+1)+u(xi, yk−1, tn+1)

)
+
(
u(xi−1, yk+1, tn+1)−2u(xi−1, yk, tn+1)+

+ u(xi−1, yk−1, tn+1)
)
− 2
(
u(xi+1, yk+1, tn)− 2u(xi+1, yk, tn) + u(xi+1, yk−1, tn)

)
+

+ 4
(
u(xi, yk+1, tn+1)− 2u(xi, yk, tn) + u(xi, yk−1, tn)

)
− 2
(
u(xi−1, yk+1, tn+1)− 2u(xi−1, yk, tn) +
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+ u(xi−1, yk−1, tn)
)
+
(
u(xi+1, yk+1, tn−1)− 2u(xi+1, yk, tn−1) + u(xi+1, yk−1, tn−1)

)
−

− 2
(
u(xi, yk+1, tn−1)− 2u(xi, yk, tn−1) + u(xi, yk−1, tn−1)

)
+
(
u(xi−1, yk+1, tn−1)−

− 2u(xi−1, yk, tn−1) + u(xi−1, yk−1, tn−1)
))

− Fn
i,k(I({uli,k}n))± Fn

i,k(utn(xi, yk, ·))
∣∣∣ 6

6 |ψn
i,k|+ |Fn

i,k(utn(xi, yk, ·))− Fn
i,k(I({uli,k}n))| 6

6 C1(∆
p1 + hp21 + hp32 ) + LF‖utn(xi, ·) − I({uli,k}n)‖Q 6 C1(∆

p1 + hp21 + hp32 ) + LFC2∆
p0 . (5.7)

Â ðåçóëüòàòå èç (5.5), (5.6), (5.7) ïîëó÷àåì

‖dn‖2Y 6 ∆2‖R−1
2 R−1

1 ‖2
(

N1−1∑

i=1

N2−1∑

k=1

(
C1(∆

p1 + hp21 + hp32 ) + LFC2∆
p0
)2
)

=

= ∆2‖R−1
2 R−1

1 ‖2(N1 − 1)(N2 − 1)
(
C1(∆

p1 + hp21 + hp32 ) + LFC2∆
p0
)2

6

6 ∆2(C3∆
min{p1,p0} + C4h

p2
1 + C4h

p3
2 )2 =

= ∆2
(
C3∆

min{p1,p0} + C4 (a∆/
√
σ1)

p2 + C4 (a∆/
√
σ2)

p3
)2
,

ãäå C3 = ‖R−1
2 R−1

1 ‖
(√

(N1 − 1)(N2 − 1) (C1 + LFC2)
)
, C4 = ‖R−1

2 R−1
1 ‖
√

(N1 − 1)(N2 − 1) C1.

Òî åñòü ñïðàâåäëèâà îöåíêà

‖dn‖Γ 6 C∆min{p0,p1,p2,p3}+1,

ãäå C = C3 + C4(a/
√
σ1)

p2 + C4(a/
√
σ2)

p3
. �

Èññëåäóåì óñòîé÷èâîñòü ñõåìû (5.3). Íàçîâåì ìåòîä óñòîé÷èâûì, åñëè

‖S‖ 6 1.

�àññìîòðèì îäíîðîäíóþ ðàçíîñòíóþ ñõåìó, ñîîòâåòñòâóþùóþ (3.6):

R1R2(γ̃j+1 − 2γ̃j + γ̃j−1) + ∆2(A1 +A2)γ̃j = 0. (5.8)

Îïåðàòîðû A1(3.2) è A2(3.3) ñàìîñîïðÿæåííûå è ïîëîæèòåëüíûå â ñìûñëå ñêàëÿðíîãî ïðîèç-

âåäåíèÿ âåêòîðîâ γ̃ = (γ̃0,0, γ̃0,1, . . . , γ̃N1,N2
)′ ∈ Γ̃ è ω̃ = (ω̃0,0, ω̃0,1, . . . , ω̃N1,N2

)′ ∈ Γ̃:

(γ̃, ω̃) =

N1∑

i=0

N2∑

k=0

γ̃i,kω̃i,kh1h2,

òîãäà îïåðàòîðû (A1 + A2), R1, R2 ñàìîñîïðÿæåííûå è ïîëîæèòåëüíûå. Êðîìå òîãî, òàê êàê

îïåðàòîðû A1 è A2 ïåðåñòàíîâî÷íû, òî îïåðàòîðû A1A2 è R1R2 òàêæå ñàìîñîïðÿæåííûå è

ïîëîæèòåëüíûå.

Â [4, ñ. 353℄ äîêàçàíî, ÷òî åñëè äëÿ ñõåìû âûïîëíÿåòñÿ óñëîâèå

R1R2 >
∆2

4
(A1 +A2), (5.9)

òî ïðè ëþáûõ íà÷àëüíûõ óñëîâèÿõ äëÿ ðåøåíèÿ (5.8) ñïðàâåäëèâî íåðàâåíñòâî

‖γ̃n+1‖∗ 6 ‖γ̃n‖∗, (5.10)
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ãäå

‖γ̃n‖∗ =
∆2

4

(
(A1 +A2)(γ̃n + γ̃n−1), γ̃n + γ̃n−1

)
+
((
R1R2 −

∆2

4
(A1 +A2)

)
(γ̃n + γ̃n−1), γ̃n + γ̃n−1

)
.

Òåïåðü ðàññìîòðèì îäíîðîäíóþ ñõåìó, ñîîòâåòñòâóþùóþ (5.3):

γj+1 = Sγj. (5.11)

Èç íåðàâåíñòâà (5.10) ñëåäóåò, ÷òî ‖γ1n+1‖∗ 6 ‖γ1n‖∗, ‖γ2n+1‖∗ 6 ‖γ2n‖∗. Òîãäà ïî îïðåäåëåíèþ

íîðìû (5.2) â ïðîñòðàíñòâå ïîëó÷àåì

‖γn+1‖2Γ = ‖γ1n+1‖2∗ + ‖γ2n+1‖2∗ 6 ‖γ1n‖2∗ + ‖γ2n‖2∗ = ‖γn‖2Γ.

Îòñþäà âûòåêàåò íåðàâåíñòâî ‖γn+1‖Γ 6 ‖γn‖Γ, ÷òî îçíà÷àåò âûïîëíåíèå ñëåäóþùåé îöåíêè

äëÿ óðàâíåíèÿ (5.11):

‖S‖ 6 1.

Ñëåäîâàòåëüíî, ñõåìà (5.3) óñòîé÷èâà, åñëè âûïîëíåíî óñëîâèå (5.9).

Ïåðåïèøåì îïåðàòîðíîå óñëîâèå óñòîé÷èâîñòè (5.9) â âèäå

E +∆2

(
s− 1

4

)
(A1 +A2) + ∆4s2A1A2 > 0.

Ýòî óñëîâèå îçíà÷àåò, ÷òî äëÿ ëþáîãî íåíóëåâîãî γ̃ ∈ Γ̃

(γ̃, γ̃) + ∆2

(
s− 1

4

)(
(A1 +A2)γ̃, γ̃

)
+∆4s2(A1A2γ̃, γ̃) > 0.

Â ñèëó ïîëîæèòåëüíîé îïðåäåëåííîñòè îïåðàòîðà A1A2 íåðàâåíñòâî áóäåò âûïîëíåíî, åñëè

ïîòðåáîâàòü

(γ̃, γ̃) + ∆2

(
s− 1

4

)(
(A1 +A2)γ̃, γ̃

)
> 0. (5.12)

Íàèáîëüøèå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðîâ A1 (3.2) è A2 (3.3) îöåíèâàþòñÿ ñâåðõó âåëè÷è-

íàìè 4a2/h21 è 4a2/h22 ñîîòâåòñòâåííî [4℄. Ñëåäîâàòåëüíî,

(A1γ̃, γ̃) <
4a2

h21
(γ̃, γ̃), (A2γ̃, γ̃) <

4a2

h22
(γ̃, γ̃).

Ïîëó÷àåì ñëåäóþùåå ñîîòíîøåíèå:

(γ̃, γ̃) >
h21h

2
2

4a2(h21 + h22)

(
(A1 +A2)γ̃, γ̃

)
.

Çíà÷èò, íåðàâåíñòâî (5.12) áóäåò âûïîëíåíî, åñëè

h21h
2
2

4a2(h21 + h22)
+ ∆2

(
s− 1

4

)
> 0.

Òàêèì îáðàçîì, ñõåìà óñòîé÷èâà, åñëè

(1− 4s)(σ1 + σ2) < 1, (5.13)

ãäå σ1 = a2∆2/h21, σ2 = a2∆2/h22.
Íàïðèìåð, ïðè s = 0 ñõåìà óñòîé÷èâà, åñëè

1

h21
+

1

h22
<

1

a2∆2
,

à ïðè s = 1 óñëîâèå óñòîé÷èâîñòè âûïîëíÿåòñÿ ïðè ëþáîì ñîîòíîøåíèè øàãîâ.

Èñïîëüçóÿ òåîðåìó 2 èç [3℄, ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.
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Òåîðåìà 3. Ïóñòü âûïîëíåíî óñëîâèå óñòîé÷èâîñòè (5.13), íåâÿçêà èìååò ïîðÿäîê ∆p1+
+ hp21 + hp32 , �óíêöèîíàëû F j

i,k ëèïøèöåâû, îïåðàòîð èíòåðïîëÿöèè�ýêñòðàïîëÿöèè I èìååò

ïîðÿäîê ïîãðåøíîñòè p0 íà òî÷íîì ðåøåíèè, ñòàðòîâûå çíà÷åíèÿ èìåþò ïîðÿäîê ∆p4+hp51 +
+ hp62 , σ1 è σ2 çà�èêñèðîâàíû. Òîãäà ìåòîä ñõîäèòñÿ ñ ïîðÿäêîì

∆min{min{p0,p1,p2,p3}+1,p4} + h
min{min{p0,p1,p2,p3}+1,p5}
1 + h

min{min{p0,p1,p2,p3}+1,p6}
2 .
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� 6. Ïðèìåðû ÷èñëåííûõ ðàñ÷åòîâ

�àññìîòðèì óðàâíåíèå ñ ïåðåìåííûì çàïàçäûâàíèåì:

∂2u

∂t2
= a2

(
∂2u

∂x2
+
∂2u

∂y2

)
− a2t2(ex − cos y) + 2(ex + cos y)−

−
(
t− τ(t)

)2
(ex + cos y) + u

(
x, y, t− τ(t)

)
, 0 6 t 6 1, 0 6 x 6 1, 0 6 y 6 1

ïðè τ(t) = t2, a = 1 ñ íà÷àëüíûìè:

u(x, y, t) = (ex + cos y)t2, −1 6 t 6 0, 0 6 x 6 1, 0 6 y 6 1
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è ãðàíè÷íûìè:

u(0, y, t) = (1 + cos y)t2, u(1, y, t) = (e+ cos y)t2, 0 6 t 6 1, 0 6 y 6 1;

u(x, 0, t) = (ex + 1)t2, u(x, 1, t) = (ex + cos(1))t2, 0 6 t 6 1, 0 6 x 6 1

óñëîâèÿìè.

Óðàâíåíèå èìååò òî÷íîå ðåøåíèå u(x, y, t) = (ex + cos y)t2.
Íà ðèñóíêå 1 èçîáðàæåíî ïðèáëèæåííîå ðåøåíèå ýòîãî óðàâíåíèÿ, ïîëó÷åííîå ìåòîäîì

(3.6), äëÿ êîòîðîãî F j
i,k

(
v(·)
)
= f

(
tj , xi, yk, u

j
i,k, v

j
i,k(·)

)
, ñ êóñî÷íî-ëèíåéíîé èíòåðïîëÿöèåé ïðè

s = 1/2, t = 1/2,  ÷èñëîì òî÷åê ðàçáèåíèÿ ïî x è y, ðàâíûì 20, ïî t, ðàâíûì 80. Íà ðèñóíêàõ 2
è 3 ïðèâåäåíà ðàçíîñòü ìåæäó òî÷íûì è ïðèáëèæåííûì ðåøåíèåì ïðè ðàçíûõ ñîîòíîøåíèÿõ

øàãîâ.
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The paper presents the onsideration of the wave equation with two spae variables and one time variable

and with heredity e�et

∂2u

∂t2
= a2

(
∂2u

∂x2
+
∂2u

∂y2

)
+ f

(
x, y, t, u(x, y, t), ut(x, y, ·)

)
, ut(x, y, ·) =

{
u(x, y, t+ ξ),−τ 6 ξ 6 0

}
.

A family of grid methods is onstruted for the numerial solution of this equation; the methods are based

on the idea of separating the urrent state and the history funtion. A omplete analog of the fatorization

method whih is known for an equation without delay is onstruted aording to the urrent state. In�uene

of prehistory is taken into onsideration by interpolation onstrutions. The loal error order of the algorithm

is investigated. A theorem on the onvergene and on the order of onvergene of methods is obtained by

means of embedding into a general di�erene sheme with aftere�et. The results of alulating a test example

with variable delay are presented.
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