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Ï�È ÎÁÒÅÊÀÍÈÈ Ê�Ó�ÎÂÎ�Î ÖÈËÈÍÄ�À

�àññìàòðèâàåòñÿ äâèæåíèå æèäêîñòè, âûçâàííîå âçàèìîäåéñòâèåì íàáåãàþùåé ãðàâèòàöèîííîé âîëíû,

ðàñïðîñòðàíÿþùåéñÿ ïî ñâîáîäíîé ïîâåðõíîñòè ñëîÿ âÿçêîé íåñæèìàåìîé æèäêîñòè, ñ êðóãîâûì öè-

ëèíäðîì, èìåþùèì âåðòèêàëüíûå îáðàçóþùèå. Íåëèíåéíàÿ êðàåâàÿ çàäà÷à, îïèñûâàþùàÿ òàêîå äâè-

æåíèå, ñâåäåíà ê çàäà÷å äëÿ âåðòèêàëüíîé êîìïîíåíòû âåêòîðà ñêîðîñòè, êîòîðàÿ ïðåäñòàâëÿåòñÿ â

âèäå ñóììû ïîòåíöèàëüíîé è âèõðåâîé ñîñòàâëÿþùåé. Ïîëó÷åíî ðåøåíèå äàííîé çàäà÷è äëÿ ñëó÷àÿ

êîëåáàíèé ìàëîé àìïëèòóäû. Ïðîâåäåíî ñðàâíåíèå ïîëÿ ñêîðîñòåé äëÿ âÿçêîé è èäåàëüíîé æèäêîñòè.

Êëþ÷åâûå ñëîâà: äè�ðàêöèÿ, âÿçêîñòü, âîëíîâûå äâèæåíèÿ æèäêîñòè.

Îïîðíûìè ýëåìåíòàìè ðÿäà ìîðñêèõ ãèäðîòåõíè÷åñêèõ ñîîðóæåíèé ñëóæàò ñâàè â âèäå

âåðòèêàëüíûõ êðóãîâûõ öèëèíäðîâ. Ê òàêèì ñîîðóæåíèÿì îòíîñÿòñÿ, íàïðèìåð, ïðè÷àëû, ýñ-

òàêàäû, ìîðñêèå ïëàò�îðìû è äðóãèå ñîîðóæåíèÿ ñêâîçíîãî òèïà. Îãðàäèòåëüíûå ñîîðóæåíèÿ,

ïðåäíàçíà÷åííûå äëÿ çàùèòû àêâàòîðèè ïîðòà îò âîëíåíèÿ, íåðåäêî ÿâëÿþòñÿ ñîîðóæåíèÿìè

ñ âåðòèêàëüíîé ãðàíüþ. Ïîýòîìó âîïðîñû î âçàèìîäåéñòâèè íàáåãàþùèõ âîëí ñ òàêèìè ïðå-

ãðàäàìè è îá îïðåäåëåíèè âîëíîâîãî ðåæèìà íà îãðàæäåííûõ àêâàòîðèÿõ ïðåäñòàâëÿþò íå

òîëüêî òåîðåòè÷åñêèé, íî è ïðàêòè÷åñêèé èíòåðåñ.

�ÿä çàäà÷, îòíîñÿùèõñÿ ê ýòîé ïðîáëåìå, óæå íàøåë îòðàæåíèå â ëèòåðàòóðå. Òàê, íàïðè-

ìåð, Ì.Ä. Õàñêèíäîì [1℄ ïðåäñòàâëåíî è ïðîàíàëèçèðîâàíî ðåøåíèå çàäà÷è î äè�ðàêöèè âîëí

íà ïîâåðõíîñòè èäåàëüíîé æèäêîñòè âåðòèêàëüíûìè êðóãîâûì è ýëëèïòè÷åñêèì öèëèíäðàìè.

Èì òàêæå ïðåäëîæåí ñïîñîá ðàñ÷åòà âçàèìîäåéñòâèÿ âîëí ñ âåðòèêàëüíûìè ïðåãðàäàìè ïðî-

èçâîëüíîãî ñå÷åíèÿ, ñâîäÿùèéñÿ ê ïîñòðîåíèþ �óíêöèé èçëó÷åíèÿ ïðè êîëåáàíèÿõ êîíòóðà

ïîïåðå÷íîãî ñå÷åíèÿ ïðåãðàäû.

Â îáëàñòè, çàíÿòîé æèäêîñòüþ, âûïîëíÿþòñÿ óðàâíåíèå íåðàçðûâíîñòè è óðàâíåíèÿ äâè-

æåíèÿ:

divv = 0, ρ

[

∂v

∂t
+ (v∇)v

]

= µ∆v −∇P + ρg,

ãäå v = (u, v, w) � âåêòîð ñêîðîñòè, ρ � ïëîòíîñòü, P � äàâëåíèå, µ � äèíàìè÷åñêèé êîý�-

�èöèåíò âÿçêîñòè, g � âåêòîð ñèëû òÿæåñòè. Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ äâèæåíèÿ

æèäêîñòè, âûçâàííîìó âçàèìîäåéñòâèåì íàáåãàþùåé ãðàâèòàöèîííîé âîëíû, ðàñïðîñòðàíÿþ-

ùåéñÿ íà ïîâåðõíîñòè ñëîÿ âÿçêîé íåñæèìàåìîé æèäêîñòè, ñ êðóãîâûì öèëèíäðîì áåñêîíå÷íîé

ãëóáèíû

Ïðè çàãëóáëåíèè ñêîðîñòü æèäêîñòè äîëæíà çàòóõàòü, ò. å. âûïîëíÿåòñÿ óñëîâèå

v → 0, z → −∞.

Íà ñâîáîäíîé ïîâåðõíîñòè z = ξ(t, x, y) çàäàþòñÿ êèíåìàòè÷åñêîå óñëîâèå [2℄

w =
∂ξ

∂t
+ u

∂ξ

∂x
+ v

∂ξ

∂y
,

è äèíàìè÷åñêèå óñëîâèÿ [3℄

eijtinj = 0, P − 2µeijninj = Pa,
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eij =
1

2

(

∂vi
∂xj

+
∂vj
∂xi

)

, v1 = u, v2 = v, v3 = w,

x1 = x, x2 = y, x3 = z.

çäåñü Pa � ïîñòîÿííîå àòìîñ�åðíîå äàâëåíèå.

Íà ïîâåðõíîñòè öèëèíäðà S â ñëó÷àå âÿçêîé æèäêîñòè äîëæíî âûïîëíÿòüñÿ óñëîâèå ïðè-

ëèïàíèÿ:

u = 0, v = 0, w = 0, (x, y, z) ∈ S.

Áóäåì ðàññìàòðèâàòü êîëåáàíèÿ ñ àìïëèòóäîé âåñüìà ìàëîé ïî ñðàâíåíèþ ñ äëèíîé âîëíû.

Òîãäà ñèñòåìà óðàâíåíèé è ãðàíè÷íûõ óñëîâèé ïðèìåò âèä

divv = 0,
∂v

∂t
= ν∆v− 1

ρ
∇p, (1)

w =
∂ξ

∂t
,

p

ρ
− gξ − 2ν

∂w

∂z
= 0,

∂u

∂z
+
∂w

∂x
= 0,

∂v

∂z
+
∂w

∂y
= 0, z = 0, (2)

u = 0, v = 0, w = 0, (x, y, z) ∈ S, (3)

v → 0, z → −∞, (4)

ãäå p = P+ρgz−Pa � äèíàìè÷åñêîå äàâëåíèå, ν =
µ

ρ
� êèíåìàòè÷åñêèé êîý��èöèåíò âÿçêîñòè.

�åøåíèå çàäà÷è íåîáõîäèìî èñêàòü â âèäå ñóììû ïîòåíöèàëüíîé è âèõðåâîé ñîñòàâëÿþùåé.

Èñõîäÿ èç ýòîãî, ïðåäñòàâèì ñêîðîñòü â âèäå [4℄

v = v1 + v1, v1 = ∇ϕ, v2 = rotΨ,

ãäå ϕ � ïîòåíöèàë, Ψ � âåêòîðíàÿ �óíêöèÿ òîêà.

Òîãäà, ïðèìåíÿÿ ê óðàâíåíèÿì (1) îïåðàöèè div è rot, èõ ìîæíî ñâåñòè ê ñèñòåìå óðàâíåíèé:

∆ϕ = 0, p = −∂ϕ
∂t
,

∂Ψ

∂t
− ν∆Ψ = 0.

Ïðèìåíÿÿ îïåðàöèè äè��åðåíöèðîâàíèÿ ê óðàâíåíèÿì äëÿ �óíêöèè ϕ è êîìïîíåíò âåê-

òîðíîé �óíêöèèΨ , ïîëó÷èì óðàâíåíèÿ äëÿ âåðòèêàëüíîé ñîñòàâëÿþùåé ñêîðîñòè w = w1+w2
(

w1 =
∂ϕ

∂z
, w2 =

∂ψ2

∂x
− ∂ψ1

∂y

)

:

∆w1 = 0,
∂w2

∂t
− ν∆w2 = 0. (5)

�ðàíè÷íûå óñëîâèÿ (2) ñ ïîìîùüþ îïåðàöèé äè��åðåíöèðîâàíèÿ è óðàâíåíèé (1) ïðåîáðà-

çóþòñÿ ê âèäó

∂3w

∂t2∂z
− ν

(

3
∂2

∂x2
+ 3

∂2

∂y2
+

∂2

∂z2

)

∂2w

∂t∂z
− g

(

∂2w

∂x2
+
∂2w

∂y2

)

= 0, z = 0, (6)

∂2w

∂z2
− ∂2w

∂x2
− ∂2w

∂y2
= 0, z = 0. (7)

Èç óñëîâèÿ (3) ïîëó÷èì

w = 0, (x, y, z) ∈ S, (8)

à èç óñëîâèÿ çàòóõàíèÿ âîëíîâîãî äâèæåíèÿ ïðè çàãëóáëåíèè (4) �

w → 0, z → −∞. (9)

Òàêèì îáðàçîì, èñõîäíàÿ âîëíîâàÿ çàäà÷à ñâåäåíà ê çàäà÷å äëÿ âåðòèêàëüíîé ñîñòàâëÿþùåé

ñêîðîñòè (5)�(9).
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Âîëíîâîå äâèæåíèå æèäêîñòè äëÿ ñâîáîäíîé âîëíû, íå èñêàæåííîé ïðåïÿòñòâèåì, îïèñû-

âàåòñÿ ñëåäóþùèìè �óíêöèÿìè [5℄:

u = cosα
(

ikAekz − lCelz
)

eik(x cosα+y sinα)+ωt,

v = sinα
(

ikAekz − lCelz
)

eik(x cosα+y sinα)+ωt,

w =
(

kAekz + ikCelz
)

eik(x cosα+y sinα)+ωt,

p = −ρωAekzeik(x cosα+y sinα)+ωt, ξ =
ikA− lC

ω
eik(x cosα+y sinα)+ωt,

ãäå k =
2π

λ
� âîëíîâîå ÷èñëî, λ � äëèíà âîëíû, l2 = k2 +

ω

ν
, C =

2iνk2A

ω + 2νk2
, α � íàïðàâ-

ëåíèå ðàñïðîñòðàíåíèÿ âîëíû, îòñ÷èòûâàåìîå îò îñè x â ãîðèçîíòàëüíîé ïëîñêîñòè, à ω �

êîìïëåêñíàÿ ÷àñòîòà, äëÿ êîòîðîé ïîëó÷åíî äèñïåðñèîííîå óðàâíåíèå

(

ω + 2νk2
)2

+ gk = 4ν2k4
√

ω

νk2
+ l.

Äàëåå áóäåì ðàññìàòðèâàòü äè�ðàêöèþ íàáåãàþùåé âîëíû êðóãîâûì öèëèíäðîì ñ âåðòè-

êàëüíûìè îáðàçóþùèìè. Ôóíêöèè w1 è w2 áóäåì èñêàòü â âèäå

w1 = kAekz+ωtF̃ (x, y), w2 = ikCelz+ωtF̃ (x, y).

Âûðàæåíèÿ äëÿ �óíêöèé u, v, p è ξ ÷åðåç F̃ ïðèìóò ñëåäóþùèé âèä:

u = −k cos2 α
(

kAekz + ilCelz
)

eωt
∫

F̃ (x, y) dx,

v = −k sin2 α
(

kAekz + ilCelz
)

eωt
∫

F̃ (x, y) dy,

p = −ρωAekzeωtF̃ (x, y) , ξ =
ikA− lC

ω
eωtF̃ (x, y).

Èç óðàâíåíèé (5) âûòåêàåò ñëåäóþùåå óðàâíåíèå �åëüìãîëüöà äëÿ �óíêöèè F̃ :

∂2F̃

∂x2
+
∂2F̃

∂y2
+ k2F̃ = 0.

Óñëîâèÿ (6), (7) è (9) ïðè òàêîì ïðåäñòàâëåíèè äëÿ w1 è w2 âûïîëíÿþòñÿ, à èç óñëîâèÿ (8)

ñëåäóåò óñëîâèå äëÿ F̃ :
F̃ = 0, (x, y) ∈ L,

ãäå L � êîíòóð ñå÷åíèÿ ïðåïÿòñòâèÿ ãîðèçîíòàëüíîé ïëîñêîñòüþ.

Ôóíêöèþ F̃ ìîæíî ïðåäñòàâèòü â âèäå

F̃ = F∞ + F,

ãäå ïåðâîå ñëàãàåìîå F∞ = eik(x cosα+y sinα)
ñîîòâåòñòâóåò íàáåãàþùåé âîëíå, à âòîðîå õàðàêòå-

ðèçóåò âîçìóùåííîå äâèæåíèå æèäêîñòè.

Óðàâíåíèå �åëüìãîëüöà äëÿ îïðåäåëåíèÿ �óíêöèè F è óñëîâèå íà êîíòóðå L â ïîëÿðíûõ

êîîðäèíàòàõ ïðèíèìàþò âèä

1

r

∂

∂r

(

r
∂F

∂r

)

+
1

r2
∂2F

∂θ2
+ k2F = 0, (10)

eikR cos(θ−α) + F (R, θ) = 0, (11)
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ãäå R � ðàäèóñ öèëèíäðà.

Ôóíêöèÿ F êàê ðåøåíèå óðàâíåíèÿ �åëüìãîëüöà äîëæíà òàêæå óäîâëåòâîðÿòü óñëîâèþ

èçëó÷åíèÿ â �îðìå [6℄:

lim
r→∞

√
r (Fr − ikF ) = 0, lim

r→∞

F = 0.

�åøåíèå óðàâíåíèÿ (10) áóäåì èñêàòü ñ ïîìîùüþ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ, ïðåäñòà-

âèâ íåèçâåñòíóþ �óíêöèþ â âèäå

F (r, θ) = X (r)Y (θ) .

Ïîäñòàâèâ ïîñëåäíåå âûðàæåíèå â óðàâíåíèå è ïðîâåäÿ ðàçäåëåíèå ïåðåìåííûõ, ïîëó÷èì

óðàâíåíèÿ

r2Xrr + rXr +
(

k2r2 −m
)

X = 0,

Yθθ + λY = 0,

ãäå m � êîíñòàíòà ðàçäåëåíèÿ.

�åøåíèå âòîðîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå óñëîâèþ ïåðèîäè÷íîñòè ïî θ è óñëîâèþ ñèì-

ìåòðèè îòíîñèòåëüíî α, èìååò âèä:

Y = cosn (θ − α) ,

ãäå n =
√
m � öåëîå ÷èñëî.

�èñ. 1. Ïðîåêöèÿ ïîëÿ ñêîðîñòåé íà

ïëîñêîñòü XY â ñëó÷àå âÿçêîé æèäêîñòè

�èñ. 2. Ïðîåêöèÿ ïîëÿ ñêîðîñòåé íà

ïëîñêîñòü XZ â ñëó÷àå âÿçêîé æèäêîñòè

Óñëîâèþ èçëó÷åíèÿ óäîâëåòâîðÿåò �óíêöèÿ Õàíêåëÿ ïåðâîãî ðîäà:

X = H(1)
n (kr), n = 0, 1, 2, . . ..

Òîãäà �óíêöèÿ F ïðèìåò âèä:

F =

∞
∑

n=0

CnH
(1)
n (kr) cosn (θ − α).

Êîý��èöèåíòû Cn îïðåäåëèì èç óñëîâèÿ (11). Äëÿ ýòîãî èñïîëüçóåì ðàçëîæåíèå [7℄

eikR cos(θ−α) =

∞
∑

n=0

εni
nJn (kR) cosn (θ − α),

ãäå Jn (kr) � �óíêöèÿ Áåññåëÿ ïåðâîãî ðîäà, εn =

{

1, n = 0,
2, n > 0.
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�èñ. 3. Ïðîåêöèÿ ïîëÿ ñêîðîñòåé íà

ïëîñêîñòü XY â ñëó÷àå èäåàëüíîé

æèäêîñòè.

�èñ. 4. Ïðîåêöèÿ ïîëÿ ñêîðîñòåé íà

ïëîñêîñòü XZ â ñëó÷àå èäåàëüíîé

æèäêîñòè.

Òîãäà ïîëó÷èì

Cn = −εnin
Jn−1 (kR)− Jn+1 (kR)

H
(1)
n−1 (kR)−H

(1)
n+1 (kR)

.

Â ñëó÷àå ìàëîãî çíà÷åíèÿ ÷èñëà kR (äëèíà âîëíû ìíîãî áîëüøå ðàäèóñà öèëèíäðà) óñëîâèå

íà êîíòóðå L ìîæíî çàïèñàòü â âèäå

Fr = −ik cos (θ − α) , r = R.

Òîãäà �óíêöèÿ F̃ , îïðåäåëÿþùàÿ ñóììàðíîå âîëíîâîå ïîëå, ðàâíà

F̃ = eikr cos(θ−α) +
ikR2

r
cos(θ − α).

Äëÿ ñðàâíåíèÿ ðåøåíèé, ïîëó÷åííûõ äëÿ èäåàëüíîé è âÿçêîé æèäêîñòè, íà ðèñóíêàõ 1�4

ïðèâåäåíû ïðîåêöèè ïîëÿ ñêîðîñòåé âáëèçè ñâîáîäíîé ïîâåðõíîñòè íà ãîðèçîíòàëüíóþ ïëîñ-

êîñòü XY è íà âåðòèêàëüíóþ XZ ïðè R = 0.2ì, A = 0.1, λ = 1ì, α = π/4. Èç ðèñóíêîâ

âèäíî, ÷òî ó÷åò ñèëû âÿçêîãî òðåíèÿ ìåæäó ÷àñòèöàìè íå âëèÿåò íà ïðîåêöèè ñêîðîñòåé íà

ïëîñêîñòü XY . Ýòî ñëåäóåò èç òîãî, ÷òî âèä �óíêöèè F (x, y) â îáîèõ ñëó÷àÿõ ñîâïàäàåò. Â òî

æå âðåìÿ, äëÿ âÿçêîé æèäêîñòè â ïðîåêöèè ïîëÿ ñêîðîñòåé íà ïëîñêîñòü XZ íàáëþäàåòñÿ

íàðóøåíèå ñèììåòðèè â îòëè÷èå îò ñëó÷àÿ èäåàëüíîé æèäêîñòè, ÷òî îáúÿñíÿåòñÿ äåéñòâèåì

âÿçêèõ êàñàòåëüíûõ íàïðÿæåíèé íà ñâîáîäíîé ïîâåðõíîñòè âÿçêîé æèäêîñòè.
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Wave di�ration on the surfae of visous liquid �owing around a irular ylinder

Keywords: di�ration, visosity, wave motion of liquid.

MSC: 76D33

The motion of �uid due to the interation of an inident gravitational wave spreading on the surfae of visous

inompressible �uid with a irular ylinder having vertial elements is onsidered. A nonlinear boundary-

value problem is redued to determining the vertial omponent of a veloity vetor represented by a sum of

potential and rotational parts. The problem is solved for the small-amplitude osillations. The omparison of

the veloity �eld between the ideal and visous liquids is made.
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