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Î ËÈÍÅÉÍÎÌ ÀË�Î�ÈÒÌÅ ×ÈÑËÅÍÍÎ�Î �ÅØÅÍÈß Ê�ÀÅÂÎÉ

ÇÀÄÀ×È ÄËß Ï�ÎÑÒÅÉØÅ�Î ÂÎËÍÎÂÎ�Î Ó�ÀÂÍÅÍÈß

�åøåíèå êðàåâîé çàäà÷è äëÿ ïðîñòåéøåãî âîëíîâîãî óðàâíåíèÿ, çàäàííîé â ïðÿìîóãîëüíèêå, äîïóñêàåò

ïðåäñòàâëåíèå â âèäå ñóììû äâóõ ñëàãàåìûõ. Îíè ÿâëÿþòñÿ ðåøåíèÿìè äâóõ êðàåâûõ çàäà÷: â ïåðâîì

ñëó÷àå ãðàíè÷íûå �óíêöèè ïîñòîÿííû, à âî âòîðîì íà÷àëüíûå �óíêöèè èìåþò ñïåöèàëüíûé âèä. Ïî-

äîáíàÿ äåêîìïîçèöèÿ ïîçâîëÿåò ïðèìåíÿòü äëÿ ÷èñëåííîãî ðåøåíèÿ îáåèõ çàäà÷ äâóìåðíûå ñïëàéíû.

Ïåðâàÿ çàäà÷à èññëåäîâàíà ðàíåå, ïîëó÷åí ýêîíîìè÷íûé àëãîðèòì åå ÷èñëåííîãî ðåøåíèÿ.

Äëÿ ðåøåíèÿ âòîðîé çàäà÷è îïðåäåëåíî êîíå÷íîìåðíîå ïðîñòðàíñòâî ñïëàéíîâ ëàãðàíæåâîãî òèïà,

à â êà÷åñòâå ðåøåíèÿ ïðåäëîæåí îïòèìàëüíûé ñïëàéí, äàþùèé íàèìåíüøóþ íåâÿçêó. Äëÿ êîý��è-

öèåíòîâ ýòîãî ñïëàéíà è äëÿ åãî íåâÿçêè ïîëó÷åíû òî÷íûå �îðìóëû. Ôîðìóëà äëÿ êîý��èöèåíòîâ

ñïëàéíà ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ �îðìó îò èñõîäíûõ êîíå÷íûõ ðàçíîñòåé, çàäàííûõ íà ãðàíèöå.

Ôîðìóëà äëÿ íåâÿçêè ïðåäñòàâëÿåò ñîáîé ñóììó äâóõ ïðîñòûõ ñëàãàåìûõ è äâóõ ïîëîæèòåëüíî

îïðåäåëåííûõ êâàäðàòè÷íûõ �îðì îò íîâûõ êîíå÷íûõ ðàçíîñòåé, çàäàííûõ íà ãðàíèöå. Ýëåìåíòû

ìàòðèö �îðì âûðàæàþòñÿ ÷åðåç ìíîãî÷ëåíû ×åáûø¼âà, îáå ìàòðèöû îáðàòèìû è òàêîâû, ÷òî îáðàò-

íûå ê íèì ìàòðèöû èìåþò òðåõäèàãîíàëüíûé âèä. Ýòà îñîáåííîñòü ïîçâîëÿåò ïîëó÷èòü äëÿ ñïåêòðà

ìàòðèö âåðõíèå è íèæíèå îöåíêè è ïîêàçàòü, ÷òî íåâÿçêà ñòðåìèòñÿ ê íóëþ ñ ðîñòîì ðàçìåðíîñòè ÷èñ-

ëåííîé çàäà÷è. Äàííîå îáñòîÿòåëüñòâî îáåñïå÷èâàåò êîððåêòíîñòü ïðåäëàãàåìîãî àëãîðèòìà ÷èñëåííîãî

ðåøåíèÿ âòîðîé çàäà÷è, îáëàäàþùåãî ëèíåéíîé ñëîæíîñòüþ âû÷èñëåíèé.

Êëþ÷åâûå ñëîâà: âîëíîâîå óðàâíåíèå, èíòåðïîëÿöèÿ, àïïðîêñèìèðóþùèé ñïëàéí, òðåõäèàãîíàëüíàÿ

ìàòðèöà, ìíîãî÷ëåíû ×åáûø¼âà.

Ââåäåíèå

�àáîòà ðàçâèâàåò àâòîðñêèé ìåòîä ïîñòðîåíèÿ ýêîíîìè÷íûõ ðàçíîñòíûõ ñõåì äëÿ ðåøåíèÿ

ïðîñòåéøèõ çàäà÷ ìàòåìàòè÷åñêîé �èçèêè è ïðîäîëæàåò öèêë ïóáëèêàöèé [1�8℄.

Óðàâíåíèå utt = cuξξ, çàäàííîå â ïðÿìîóãîëüíèêå, çàìåíîé ïåðåìåííûõ ïðèâîäèòñÿ ê âè-

äó autt = buξξ (â òåðìèíàõ íîâûõ ïåðåìåííûõ èç êâàäðàòà Π=̇ [0, 1]2). Ïóñòü ÷èñëà a,b �

ïîëîæèòåëüíûå, à íåïðåðûâíûå �óíêöèè φ, ψ, ρ0, ρ1 : [0, 1] → R òàêîâû, ÷òî φ(0) = ρ0(0),
φ(1) = ρ1(0) è ñóùåñòâóþò ïðîèçâîäíûå ρ′0(0), ρ

′

1(0), ρ
′′

0(0), ρ
′′

1(0).
�åøåíèå u = u(t, ξ) çàäà÷è

a utt = buξξ, u(0, ξ) = φ(ξ), ut(0, ξ) = ψ(ξ), ξ ∈ [0, 1],

u(t, 0) = ρ0(t), u(t, 1) = ρ1(t), t ∈ [0, 1],

ïðåäñòàâèìî â âèäå u = u(1)+ u(2), ãäå u(1)= u(1)(t, ξ), u(2)= u(2)(t, ξ) � ýòî ðåøåíèÿ çàäà÷

a utt = buξξ, u(0, ξ) = φ̂(ξ), ut(0, ξ) = ψ̂(ξ), ξ ∈ [0, 1],

u(t, 0) = ρ̂0(t), u(t, 1) = ρ̂1(t), t ∈ [0, 1], (I)

a utt = buξξ, u(0, ξ) = φ(ξ)− φ̂(ξ), ut(0, ξ) = ψ(ξ)− ψ̂(ξ), ξ ∈ [0, 1],

u(t, 0) = ρ0(0), u(t, 1) = ρ1(0), t ∈ [0, 1], (II)

ñîîòâåòñòâåííî. Èñïîëüçîâàíû îáîçíà÷åíèÿ ρ̂0(t) =̇ ρ0(t)− ρ0(0), ρ̂1(t) =̇ ρ1(t)− ρ1(0),

φ̂(ξ) =̇− a
6b ξ (1−ξ)

[
ρ′′0(0) (2−ξ) + ρ′′1(0) (1+ξ)

]
, ψ̂(ξ) =̇ ρ′0(0) (1−ξ) + ρ′1(0) ξ.

(Âûáîð â ïîëüçó âñïîìîãàòåëüíûõ �óíêöèé φ̂ è ψ̂ îáñóæäàåòñÿ â � 4.) Çàäà÷à (II) èññëåäî-

âàíà â ðàáîòàõ [5, 6℄ (ïîëó÷åí ýêîíîìè÷íûé àëãîðèòì), à â íàñòîÿùåé ðàáîòå ìû ïðåäëàãàåì

ýêîíîìè÷íûé àëãîðèòì ÷èñëåííîãî ðåøåíèÿ çàäà÷è (I). Â êà÷åñòâå åå ðåøåíèÿ ïðåäëàãàåòñÿ

èñïîëüçîâàòü îïòèìàëüíûé ñïëàéí çàäà÷è

∥∥ autt − buξξ
∥∥ 2

L2(Π)
→ min, u ∈ σ(Π).



Î ëèíåéíîì àëãîðèòìå ÷èñëåííîãî ðåøåíèÿ êðàåâîé çàäà÷è 127

ÊÎÌÏÜÞÒÅ�ÍÛÅ ÍÀÓÊÈ 2015. Ò. 25. Âûï. 1

×åðåç σ(Π) îáîçíà÷åíî ïðîñòðàíñòâî, ñîñòîÿùåå èç ñïëàéíîâ (ñì. íèæå), çàâèñÿùèõ îò êî-

ý��èöèåíòîâ ui1, u
i
2, i = 3 , . . . , 2N (ãäå N � ýòî ïàðàìåòð, îòâå÷àþùèé çà êîëè÷åñòâî óç-

ëîâ ðàçíîñòíîé ñõåìû), è îïðåäåëåííûõ â êâàäðàòå Π. Ïóñòü, äàëåå, n =̇N−1, τ =̇ 1
2N , h =̇

1
3 ,

θ =̇ b
a
τ2

h2 = 9b
4aN2 , à òî÷êè (τi, hj) ∈ Π òàêîâû, ÷òî τi =̇ iτ, i = 0, 1, . . . , 2N, hj =̇ jh, j = 0, 1, 2, 3.

� 1. Ïîñòàíîâêà çàäà÷è ïîñòðîåíèÿ îïòèìàëüíîãî àïïðîêñèìèðóþùåãî ñïëàéíà

Ìàññèâ (uij), i = 0, 1, . . . , 2N, j = 0, 1, 2, 3, íàçûâàåòñÿ äîïóñòèìûì äëÿ çàäà÷è (I), åñëè:

1) ui0 = ρ̂0(τi), ui3 = ρ̂1(τi) äëÿ âñåõ i = 0, 1, . . . , 2N ;

2) u0j = φ̂(hj) äëÿ j = 0, 1, 2, 3 (â ÷àñòíîñòè, u00 = u03 = 0);

3) u11 − u01 =
2
3 u

1
0 +

1
3 u

1
3; u

1
2 − u02 =

1
3 u

1
0 +

2
3 u

1
3; u

2
1 − u01 =

2
3 u

2
0 +

1
3 u

2
3; u

2
2 − u02 =

1
3 u

2
0 +

2
3 u

2
3.

Îäíîìåðíûå èíòåðïîëÿöèîííûå ìíîãî÷ëåíû Ëàãðàíæà

χκ(s) =̇

2∏

α=0

α6=κ

s−α

κ−α
, s ∈ R, κ = 0, 1, 2; ωκ(η) =̇

3∏

α=0

α6=κ

η−α

κ−α
, η ∈ R, κ = 0, 1, 2, 3 (1.1)

(òàêèå, ÷òî χκ(µ) = δκµ äëÿ âñåõ κ, µ = 0, 1, 2 è ωκ(µ) = δκµ äëÿ âñåõ κ, µ = 0, 1, 2, 3), è äîïó-

ñòèìûé ìàññèâ (uij), i = 0, 1, . . . , 2N, j = 0, 1, 2, 3, ïîðîæäàþò ñåìåéñòâî ïîëèíîìîâ

Qk(s, η) =̇

2∑

i=0

3∑

j=0

u2k−2+i
j χi(s)ωj(η), s, η ∈ R, k = 1, . . . , N.

Ïóñòü, äàëåå, P k(t, ξ) =̇Qk(s, η), ãäå s =̇ t
τ
−2k+2, η =̇ ξ

h
= 3ξ, òî åñòü

P k(t, ξ) =
2∑

i=0

3∑

j=0

u2k−2+i
j χi

(
t
τ
−2k+2

)
ωj

(
ξ
h

)
.

Î÷åâèäíî, äëÿ âñåõ k = 1, . . . , N, ℓ = 0, 1, 2 è µ = 0, 1, 2, 3 ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

Qk(ℓ, µ) =

2∑

i=0

3∑

j=0

u2k−2+i
j

2∏

α=0

α6=i

ℓ−α

i−α

3∏

β=0

β 6=j

µ−β

j−β
=

2∑

i=0

3∑

j=0

u2k−2+i
j δℓi δµj = u2k−2+ℓ

µ ,

ñëåäîâàòåëüíî, P k(τ2k−2+ i, hj) = P k
(
(2k−2+i)τ, jh

)
= Qk(i, j) = u2k−2+i

j äëÿ âñåõ k = 1, . . . , N,

i = 0, 1, 2, j = 0, 1, 2, 3, òî åñòü ïîëèíîì P k
ÿâëÿåòñÿ äâóìåðíûì èíòåðïîëÿöèîííûì ìíîãî÷ëå-

íîì Ëàãðàíæà, îïðåäåëåííûì â 12 óçëàõ ïîëîñû Πk =̇
{
(t, ξ)∈ Π: τ2k−2 6 t 6 τ2k, 0 6 ξ 6 1

}
:

t t t t

t t t t

t t t t

♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣

♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣

♣
♣
♣
♣
♣
♣
♣
♣
♣

♣
♣
♣
♣
♣
♣
♣
♣
♣u2k−2

0

u2k0

u2k−2
3 .

u2k3

Òàêèì îáðàçîì, îïðåäåëåíà íåïðåðûâíàÿ �óíêöèÿ u : Π → R òàêàÿ, ÷òî u(t, ξ) = P k(t, ξ), åñëè
(t, ξ) ∈ Πk.Äðóãèìè ñëîâàìè, äîïóñòèìûé ìàññèâ (uij), i = 0, 1, . . . , 2N, j = 0, 1, 2, 3, ïîðîæäàåò
ñïëàéí, êîòîðûé ìû íàçûâàåì àïïðîêñèìèðóþùèì. �àçíîîáðàçèå òàêèõ ñïëàéíîâ îïðåäåëÿåòñÿ

ëèøü íàáîðàìè ÷èñåë ui1, u
i
2, i = 3 , . . . , 2N. Ýòî îçíà÷àåò, ÷òî àïïðîêñèìèðóþùèå ñïëàéíû

îáðàçóþò êîíå÷íîìåðíîå ïðîñòðàíñòâî ðàçìåðíîñòè 4n. Îáîçíà÷èì åãî σ(Π) = σ
N
(Π).

Îïðåäåëèì îïåðàòîð D : σ(Π) → L2(Π) ñëåäóþùèì îáðàçîì. Ñïëàéí u ∈ σ(Π) èìååò âñå

÷àñòíûå ïðîèçâîäíûå âî âñåõ òî÷êàõ ìíîæåñòâà Π, çà èñêëþ÷åíèåì ìíîæåñòâà S ìåðû íóëü:

S =̇ Π ∩
{
(t, ξ) : t = τ2k

}n

k=1
.

Ïóñòü (Du)(t, ξ) =̇ 0 âî âñåõ òî÷êàõ ìíîæåñòâà S, à â îñòàëüíûõ òî÷êàõ êâàäðàòà Π ïîëàãàåì

(Du)(t, ξ) =̇ autt − buξξ. Òàêèì îáðàçîì, â êà÷åñòâå ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (I) ìîæíî

ïðèíÿòü îïòèìàëüíûé àïïðîêñèìèðóþùèé ñïëàéí u ∈ σ(Π) çàäà÷è

J =̇ ‖Du ‖ 2
L2(Π) → min, u ∈ σ

N
(Π), (1.2)
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ðåøåíèå êîòîðîé â êîíå÷íîì ñ÷åòå ñâîäèòñÿ ê ïîèñêó ÷èñåë u i
1, u

i
2, i = 3, . . . , 2N, ðåàëèçóþùèõ

ìèíèìóì J∗
�óíêöèîíàëà è ïîðîæäàþùèõ îïòèìàëüíîå ðåøåíèå u ∈ σ

N
(Π).

Äëÿ �óíêöèîíàëà (1.2) ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

J =

∫

Π

[
autt − buξξ

]2
dt dξ =

N∑

k=1

∫

Πk

[
aP k

tt − bP k
ξξ

]2
dt dξ =

N∑

k=1

∫

Πk

f2k (t, ξ) dt dξ, (1.3)

ãäå

fk(t, ξ) =̇ aP k
tt(t, ξ)− bP k

ξξ(t, ξ) = a ∂2

∂t2
Qk(s, η)− b ∂2

∂ξ2
Qk(s, η) =

=
a

τ2

2∑

i=0

3∑

j=0

u2k−2+i
j χ′′

i (s)ωj(η) −
b

h2

2∑

i=0

3∑

j=0

u2k−2+i
j χi(s)ω

′′

j (η) =

=
a

τ2

2∑

i=0

3∑

j=0

u2k−2+i
j Ωij(s, η).

(1.4)

Çäåñü è äàëåå èñïîëüçóåì îáîçíà÷åíèå Ωij =̇Ωij(s, η) =̇χ′′

i (s)ωj(η)− θ χi(s)ω
′′

j (η).

� 2. Áåçûíòåãðàëüíàÿ �îðìóëà äëÿ �óíêöèîíàëà íåâÿçîê

Âñÿêèé äîïóñòèìûé ìàññèâ (uij), i = 0, 1, . . . , 2N, j = 0, 1, 2, 3, ïîðîæäàåò òåðìû

xi =̇ui0 − ui1− ui2+ ui3, yi =̇ui0 − 3ui1+ 3ui2− ui3, i = 0, 1 , . . . , 2N, (2.1)

Xk =̇x2k−2− 2x2k−1+ x2k, Y k =̇ y2k−2− 2y2k−1+ y2k, k = 1 , . . . , N, (2.2)

è ãðàíè÷íûå ýëåìåíòû

zk =̇ 1
θ

(
u2k−2
0 − 2u2k−1

0 + u2k0 + u2k−2
3 − 2u2k−1

3 + u2k3
)
,

wk =̇ 1
3θ

(
u2k−2
0 − 2u2k−1

0 + u2k0 − u2k−2
3 + 2u2k−1

3 − u2k3
)
, k = 1 , . . . , N,

ξ0 =̇x0− z1, ξ1 =̇x2− z2, ξk =̇ zk− zk+1, k = 2 , . . . , n,

η0 =̇ y0− w1, η1 =̇ y2− w2, ηk =̇wk− wk+1, k = 2 , . . . , n. (2.3)

Ïðèìåíÿåì òàêæå �èêòèâíûå ýëåìåíòû zN+1 =̇ 0 è wN+1 =̇ 0. Î÷åâèäíî, âåëè÷èíû x0, x1, x2,
y0, y1, y2, X1, Y 1

ïîñòîÿííû (íå çàâèñÿò îò âûáîðà àïïðîêñèìèðóþùåãî ñïëàéíà u ∈ σ
N
(Π);

ñì. îïðåäåëåíèå äîïóñòèìîãî ìàññèâà èëè �îðìóëû (4.2)). Â ñèëó (2.1) ñïðàâåäëèâû ðàâåíñòâà

ui1 =
1
6

(
4ui0− 3xi− yi+ 2ui3

)
, ui2 =

1
6

(
2ui0− 3xi+ yi+ 4ui3

)
, ïîýòîìó �îðìóëà (1.4) èìååò âèä

τ2

a
fk(t, ξ) =

2∑

i=0

u2k−2+i
0 Ωi0 +

1

6

2∑

i=0

[
4u2k−2+i

0 − 3x2k−2+i− y2k−2+i+ 2u2k−2+i
3

]
Ωi1 +

+
1

6

2∑

i=0

[
2u2k−2+i

0 − 3x2k−2+i+ y2k−2+i+ 4u2k−2+i
3

]
Ωi2 +

2∑

i=0

u2k−2+i
3 Ωi3 =

=
2∑

i=0

u2k−2+i
0 ϕi

0 +
2∑

i=0

x2k−2+iϕi
1 +

2∑

i=0

y2k−2+iϕi
2 +

2∑

i=0

u2k−2+i
3 ϕi

3, (2.4)

ãäå ϕi
0 =̇ Ωi0+

2
3 Ωi1+

1
3 Ωi2, ϕi

1 =̇ − 1
2 Ωi1−

1
2 Ωi2, ϕi

2 =̇ − 1
6 Ωi1+

1
6 Ωi2, ϕi

3 =̇
1
3 Ωi1+

2
3 Ωi2+Ωi3.

Â ñèëó (1.1) ñïðàâåäëèâû ðàâåíñòâà

ω0(η) = −1
6 (η

3 − 6η2+11η−6), ω1(η) =
1
2 (η

3−5η2+6η), ω2(η) = −1
2 (η

3−4η2+3η),

ω3(η) =
1
6 (η

3−3η2+2η), ω′′

0 (η) = −η+2, ω′′

1(η) = 3η−5, ω′′

2(η) = −3η+4, ω′′

3(η) = η−1, (2.5)
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ñëåäîâàòåëüíî, èç îïðåäåëåíèÿ �óíêöèé Ωij ñëåäóåò, ÷òî

ϕi
0 = χ′′

i (s)
[
ω0(η) +

2
3 ω1(η) +

1
3 ω2(η)

]
− θ χi(s)

[
ω′′

0(η) +
2
3 ω

′′

1(η) +
1
3 ω

′′

2(η)
]
= 1

3 χ
′′

i (s) (3−η),

ϕi
1 = −1

2 χ
′′

i (s)
[
ω1(η) + ω2(η)

]
+ 1

2 θ χi(s)
[
ω′′

1(η) + ω′′

2(η)
]
= −1

4 χ
′′

i (s) η (3−η) −
1
2 θ χi(s),

ϕi
2 =

1
6 χ

′′

i (s)
[
− ω1(η) + ω2(η)

]
− 1

6 θ χi(s)
[
− ω′′

1(η) + ω′′

2 (η)
]
=

= − 1
12 χ

′′

i (s) η (3−η) (3−2η) − 1
2 θ χi(s) (3−2η),

ϕi
3 = χ′′

i (s)
[
1
3 ω1(η) +

2
3 ω2(η) + ω3(η)

]
− θ χi(s)

[
1
3 ω

′′

1(η) +
2
3 ω

′′

2(η) + ω′′

3 (η)
]
= 1

3 χ
′′

i (s) η.

Ïðåîáðàçóåì ïåðâóþ è ÷åòâåðòóþ ñóììû �îðìóëû (2.4):

2∑

i=0

u2k−2+i
0 ϕi

0 =
1
3 (3−η)

2∑

i=0

u2k−2+i
0 χ′′

i (s) =

= 1
3 (3−η)

[
u2k−2
0 − 2u2k−1

0 + u2k0
]
= 1

6 θ (3−η)
[
zk+ 3wk

]
,

2∑

i=0

u2k−2+i
3 ϕi

3 =
1
3 η

2∑

i=0

u2k−2+i
3 χ′′

i (s) =
1
3 η

[
u2k−2
3 − 2u2k−1

3 + u2k3
]
= 1

6 θ η
[
zk− 3wk

]
.

Âîñïîëüçîâàëèñü ðàâåíñòâàìè

χ0(s) =
1
2 (s

2−3s+2), χ1(s) = −s2+ 2s, χ2(s) =
1
2 (s

2−s),

χ′′

0(s) = 1, χ′′

1(s) = −2, χ′′

2(s) = 1
(2.6)

(ñì. �îðìóëû (1.1)). Òàêèì îáðàçîì, �îðìóëà (2.4) ïðèíèìàåò âèä

τ2

a fk(t, ξ) =
1
2 θz

k + 1
2 θ (3−2η)wk +

2∑

i=0

x2k−2+iϕi
1 +

2∑

i=0

y2k−2+iϕi
2. (2.7)

Îáîçíà÷èì ñóììû ÷åðåç σxk è σyk. Ñïðàâåäëèâî ðàâåíñòâî σxk = −1
4 η (3−η) ς

x
0 − 1

2 θ ς
x
1 , ãäå

ςx0 =̇

2∑

i=0

x2k−2+iχ′′

i (s) = x2k−2− 2x2k−1+ x2k = Xk,

ςx1 =̇

2∑

i=0

x2k−2+iχi(s) =
1
2 (s

2−3s+2)x2k−2 + 1
2 (−s

2+2s)
[
x2k−2+ x2k−Xk

]
+ 1

2 (s
2−s)x2k =

= 1
2 (2−s)x

2k−2 + 1
2 s x

2k − 1
2 s (2−s)X

k.

(Äëÿ èñêëþ÷åíèÿ âåëè÷èí x2k−1
âîñïîëüçîâàëèñü �îðìóëîé (2.2).) Ñëåäîâàòåëüíî,

σxk = −1
4 θ (2−s)x

2k−2 − 1
4 θs x

2k − 1
4

[
η (3−η) − θs (2−s)

]
Xk.

Àíàëîãè÷íî, èìååò ìåñòî ðàâåíñòâî σyk = − 1
12 η (3−η) (3−2η) ςy0 − 1

2 θ (3−2η) ςy1 , ãäå

ςy0 =̇
2∑

i=0

y2k−2+iχ′′

i (s) = Y k, ςy1 =̇
2∑

i=0

y2k−2+iχi(s) =
1
2 (2−s) y

2k−2 + 1
2 s y

2k − 1
2 s (2−s)Y

k.

(Âûâîä �îðìóë äëÿ ςy0 è ςy1 äîñëîâíî ïîâòîðÿåò âûâîä �îðìóë äëÿ ςx0 è ςx1 .) Ñëåäîâàòåëüíî,

σyk = −1
4 θ (2−s) (3−2η) y2k−2 − 1

4 θs (3−2η) y2k − 1
4

[
1
3 η (3−η) (3−2η) − θs (2−s) (3−2η)

]
Y k,

à �îðìóëà (2.7) ïðèíèìàåò âèä fk(t, ξ) =
a
τ2
Fk(u, v), ãäå

Fk(u, v) =̇
1
2 θz

k − 3
2 θvw

k − 1
4 θ (1−u)x

2k−2 − 1
4 θ (1+u)x

2k − 1
4

[
9
4 (1−v

2)− θ (1−u2)
]
Xk +
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+ 3
4 θ (1−u) v y

2k−2 + 3
4 θ (1+u) v y

2k + 3
4 v

[
3
4 (1−v

2)− θ (1−u2)
]
Y k.

(Ââåëè ïåðåìåííûå u =̇ s −1, v =̇ 2
3 η −1. Ïîñêîëüêó s = t

τ
−2k+2, η = 3ξ, òî u = t

τ
−2k+1,

v = 2ξ−1.) Ñëåäîâàòåëüíî, äëÿ �óíêöèîíàëà (1.3) èìååò ìåñòî ðàâåíñòâî J =
N∑
k=1

Jk, ãäå

Jk =̇

∫

Πk

f2k (t, ξ) dt dξ =
a2

τ4

∫ 2kτ

(2k−2)τ

∫ 1

0
F 2
k (u, v) dt dξ =

a2

2τ3

∫ 1

−1

∫ 1

−1
F 2
k (u, v) du dv.

Ñïðàâåäëèâî ïðåäñòàâëåíèå Fk(u, v) =
1
4

[
− Fk1(u, v) + uFk2 + 3v Fk3(u, v)− 3uv Fk4

]
, ãäå

Fk1(u, v) =̇ θ
[
x2k−2+ x2k− 2zk

]
+

[
9
4 (1−v

2)− θ (1−u2)
]
Xk, Fk2 =̇ θ

[
x2k−2− x2k

]
,

Fk3(u, v) =̇ θ
[
y2k−2+ y2k− 2wk

]
+

[
3
4 (1−v

2)− θ (1−u2)
]
Y k, Fk4 =̇ θ

[
y2k−2− y2k

]
,

ïðè÷åì ïîëèíîìû Fk1 (u, v) è Fk3 (u, v)� ÷åòíûå �óíêöèè ïî îáåèì ïåðåìåííûì, çíà÷èò,

32τ3

a2
Jk =

∫ 1

−1

∫ 1

−1

[
− Fk1(u, v) + uFk2 + 3v Fk3(u, v) − 3uv Fk4

]2
du dv =

=

∫ 1

−1

∫ 1

−1

[
F 2
k1(u, v) + u2F 2

k2 + 9v2F 2
k3(u, v) + 9u2v2F 2

k4

]
du dv =

= 4θ2
[
x2k−2+ x2k− 2zk

]2
+ 4

3 θ (9−4θ)
[
x2k−2+ x2k− 2zk

]
Xk +

+ 2
15 (81−60θ + 16θ2)

[
Xk

]2
+ 4

3 θ
2
[
x2k−2− x2k

]2
+

+ 12θ2
[
y2k−2+ y2k− 2wk

]2
+ 4

5 θ (9−20θ)
[
y2k−2+ y2k− 2wk

]
Y k +

+ 2
35 (27−84θ + 112θ2)

[
Y k

]2
+ 4θ2

[
y2k−2− y2k

]2
.

(2.8)

Òàê êàê J =
N∑
k=1

Jk, òî â èòîãå ìû ïîëó÷èëè áåçûíòåãðàëüíîå ïðåäñòàâëåíèå äëÿ �óíêöèîíàëà

(1.3) (çíà÷èò, è äëÿ �óíêöèîíàëà (1.2)). Òåïåðü îí ÿâëÿåòñÿ êâàäðàòè÷íîé �îðìîé îò âåëè÷èí

(2.1)�(2.3) (èñêëþ÷àÿ âåëè÷èíû âèäà x2k−1
è y2k−1

è âñå ξk, ηk).
Ïîñêîëüêó âåëè÷èíû x0, x1, x2, y0, y1, y2, X1, Y 1

ïîñòîÿííû (ñì. êîììåíòàðèè ê �îðìó-

ëàì (2.1)�(2.3)), à òåðìû (2.3), âõîäÿùèå â �îðìóëó (2.8), òîæå ïîñòîÿííû (êàê ãðàíè÷íûå

ýëåìåíòû), òî �óíêöèîíàë â êîíå÷íîì ñ÷åòå ÿâëÿåòñÿ êâàäðàòè÷íîé �óíêöèåé îò ïåðåìåííûõ

x2k, Xk, y2k, Y k, k = 2, . . . , N (îïðåäåëåí â ïðîñòðàíñòâå R
4n
). Äëÿ íàõîæäåíèÿ ìèíèìóìà

�óíêöèîíàëà íåîáõîäèìî âû÷èñëèòü åãî ÷àñòíûå ïðîèçâîäíûå.

� 3. ×àñòíûå ïðîèçâîäíûå �óíêöèîíàëà íåâÿçîê

Äëÿ ëþáîãî k = 2, . . . , N ñïðàâåäëèâî

32τ3

a2
∂J

∂Xk
=

32τ3

a2
∂Jk

∂Xk
= 4

3 θ (9−4θ)
[
x2k−2+ x2k− 2zk

]
+ 4

15 (81−60θ +16θ2)Xk, (3.1)

32τ3

a2
∂J

∂Y k
=

32τ3

a2
∂Jk

∂Y k
= 4

5 θ (9−20θ)
[
y2k−2+ y2k− 2wk

]
+ 4

35 (27−84θ +112θ2)Y k. (3.2)

Äëÿ ëþáîãî k = 2, . . . , n èìåþò ìåñòî ðàâåíñòâà

32τ3

a2
∂J

∂x2k
=

32τ3

a2

[ ∂Jk

∂x2k
+
∂Jk+1

∂x2k

]
= 8θ2

[
x2k−2+x2k−2zk

]
+ 4

3 θ (9−4θ)Xk− 8
3 θ

2
[
x2k−2−x2k

]
+

+ 8θ2
[
x2k+ x2k+2− 2zk+1

]
+ 4

3 θ (9−4θ)Xk+1 + 8
3 θ

2
[
x2k− x2k+2

]
, (3.3)

32τ3

a2
∂J

∂y2k
=

32τ3

a2

[ ∂Jk

∂y2k
+
∂Jk+1

∂y2k

]
= 24θ2

[
y2k−2+y2k−2wk

]
+ 4

5 θ (9−20θ)Y k−8θ2
[
y2k−2−y2k

]
+

+ 24θ2
[
y2k+ y2k+2− 2wk+1

]
+ 4

5 θ (9−20θ)Y k+1 + 8θ2
[
y2k− y2k+2

]
. (3.4)
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Íàêîíåö,

32τ3

a2
∂J

∂x2N
=

32τ3

a2
∂JN

∂x2N
= 8θ2

[
x2n+ x2N − 2zN

]
+ 4

3 θ (9−4θ)XN − 8
3 θ

2
[
x2n− x2N

]
, (3.5)

32τ3

a2
∂J

∂y2N
=

32τ3

a2
∂JN

∂y2N
= 24θ2

[
y2n+ y2N − 2wN

]
+ 4

5 θ (9−20θ)YN − 8θ2
[
y2n− y2N

]
. (3.6)

� 4. Ïîâåäåíèå àïïðîêñèìèðóþùèõ ñïëàéíîâ â ïåðâîé ïîëîñå

Îñòàíîâèìñÿ íà âîïðîñå ðåàëèçàöèè íà÷àëüíûõ óñëîâèé u(0, ξ) = φ̂(ξ) è ut(0, ξ) = ψ̂(ξ)
ñïëàéíàìè u ∈ σ

N
(Π). Ê ýòèì óñëîâèÿì èìåþò îòíîøåíèå ëèøü ïîëîñà Π1

è îïðåäåëåííûé íà

íåé ìíîãî÷ëåí

P 1(t, ξ) =

2∑

i=0

3∑

j=0

uij χi

(
t
τ

)
ωj

(
ξ
h

)
=

2∑

i=0

3∑

j=0

uij χi(s)ωj(η).

Â ñèëó �îðìóë (2.6) è (2.5) ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

P 1(0, ξ) =
2∑

i=0

3∑

j=0

uij χi(0)ωj(η) =
3∑

j=0

u0j ωj(η) =
3∑

j=0

φ̂(hj)ωj(η) = φ̂(h1)ω1(η) + φ̂(h2)ω2(η) =

= φ̂(13)ω1(η) + φ̂(23 )ω2(η) = − a
81b

[
5ρ′′0(0) + 4ρ′′1(0)

]
ω1(η) −

a
81b

[
4ρ′′0(0) + 5ρ′′1(0)

]
ω2(η) =

= − a
81b ρ

′′

0(0)
[
5ω1(η) + 4ω2(η)

]
− a

81b ρ
′′

1(0)
[
4ω1(η) + 5ω2(η)

]
=

= − a
81b ρ

′′

0(0) ·
1
2 η (3−η) (6−η) −

a
81b ρ

′′

1(0) ·
1
2 η (3−η) (3+η) =

= − a
6b ρ

′′

0(0) ξ (1−ξ) (2−ξ) −
a
6b ρ

′′

1(0) ξ (1−ξ) (1+ξ) = φ̂(ξ).

Çíà÷èò, âñÿêèé àïïðîêñèìèðóþùèé ñïëàéí óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ u(0, ξ) = φ̂(ξ).
Â ñèëó (2.6) èìååò ìåñòî öåïî÷êà ðàâåíñòâ

∂P 1

∂ t
(0, ξ) =

1

τ

2∑

i=0

3∑

j=0

uij χ
′

i(0)ωj(η) =
1

2τ

3∑

j=0

(
− 3u0j + 4u1j − u2j

)
ωj(η) =

1

2τ

3∑

j=0

σj ωj(η),

ãäå σj =̇−3u0j +4u1j −u
2
j . Èç óðàâíåíèé ñâÿçè â îïðåäåëåíèè äîïóñòèìûõ ìàññèâîâ ñïðàâåäëèâî

σ1 = −3u01 + 4
(
u01 +

2
3 u

1
0 +

1
3 u

1
3

)
− u01 −

2
3 u

2
0 −

1
3 u

2
3 =

2
3

(
4u10 − u20

)
+ 1

3

(
4u13 − u23

)
= 2

3 σ0 +
1
3 σ3,

σ2 = −3u02 + 4
(
u02 +

1
3 u

1
0 +

2
3 u

1
3

)
− u02 −

1
3 u

2
0 −

2
3 u

2
3 =

1
3

(
4u10 − u20

)
+ 2

3

(
4u13 − u23

)
= 1

3 σ0 +
2
3 σ3,

ñëåäîâàòåëüíî, �óíêöèÿ

P 1
t (0, ξ) =

1
2τ σ0

[
ω0(η) +

2
3 ω1(η) +

1
3 ω2(η)

]
+ 1

2τ σ3
[
1
3 ω1(η) +

2
3 ω2(η) + ω3(η)

]
=

= 1
6τ σ0 (3−η) +

1
6τ σ3η = 1

2τ σ0 (1−ξ) +
1
2τ σ3 ξ =

1
τ

[
2u10−

1
2 u

2
0

]
(1−ξ) + 1

τ

[
2u13−

1
2 u

2
3

]
ξ

ëèíåéíà. Ïðåäïîëîæèì, ÷òî ρ0, ρ1 ∈ C3[0, 1], òîãäà ρ̂0, ρ̂1 ∈ C3[0, 1]. Òàê êàê ρ̂0(0) = ρ̂1(0) = 0,
òî â ñèëó �îðìóëû Òåéëîðà è îïðåäåëåíèÿ äîïóñòèìûõ ìàññèâîâ ñïðàâåäëèâî

ρ̂ι(t) = ρ′ι(0)t +
1
2 ρ

′′

ι (0)t
2 +O(t3), t→ 0, ι = 0, 1, (4.1)

1
τ

[
2u10−

1
2 u

2
0

]
= 1

τ

[
2 ρ̂0(τ)−

1
2 ρ̂0(2τ)

]
= ρ′0(0) +O(τ2), τ → 0,

1
τ

[
2u13−

1
2 u

2
3

]
= 1

τ

[
2 ρ̂1(τ)−

1
2 ρ̂1(2τ)

]
= ρ′1(0) +O(τ2), τ → 0.

Ñëåäîâàòåëüíî, ïðè N → ∞ ñïðàâåäëèâà ðàâíîìåðíàÿ ïî ξ ∈ [0, 1] îöåíêà

P 1
t (0, ξ) − ψ̂(ξ) =

(
1
τ

[
2u10−

1
2 u

2
0

]
− ρ′0(0)

)
(1−ξ) +

(
1
τ

[
2u13−

1
2 u

2
3

]
− ρ′1(0)

)
ξ = O(N−2),
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òî åñòü âñÿêèé àïïðîêñèìèðóþùèé ñïëàéí óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ ut(0, ξ) = ψ̂(ξ)
ñ âåñüìà ïðèåìëåìîé òî÷íîñòüþ.

Â ñèëó (2.1) è óðàâíåíèé ñâÿçè â îïðåäåëåíèè äîïóñòèìûõ ìàññèâîâ ñïðàâåäëèâû ðàâåíñòâà

x0 = u00 − u01 − u02 + u03 = −u01 − u02 = −φ̂(13 )− φ̂(23 ) =

= a
9b

[
ρ′′0(0) + ρ′′1(0)

]
= τ2

θ

[
ρ′′0(0) + ρ′′1(0)

]
,

y0 = u00 − 3u01 + 3u02 − u03 = −3u01 + 3u02 = −3 φ̂(13) + 3 φ̂(23 ) =

= a
27b

[
ρ′′0(0)− ρ′′1(0)

]
= τ2

3θ

[
ρ′′0(0)− ρ′′1(0)

]
,

x1 = u10 − u11 − u12 + u13 = u10 −
(
u01 +

2
3 u

1
0 +

1
3 u

1
3

)
−

−
(
u02 +

1
3 u

1
0 +

2
3 u

1
3

)
+ u13 = −u01 − u02 = x0,

x2 = u20 − u21 − u22 + u23 = u20 −
(
u01 +

2
3 u

2
0 +

1
3 u

2
3

)
−

−
(
u02 +

1
3 u

2
0 +

2
3 u

2
3

)
+ u23 = −u01 − u02 = x0,

y1 = u10 − 3u11 + 3u12 − u13 = u10 − 3
(
u01 +

2
3 u

1
0 +

1
3 u

1
3

)
+

+ 3
(
u02 +

1
3 u

1
0 +

2
3 u

1
3

)
− u13 = −3u01 + 3u02 = y0,

y2 = u20 − 3u21 + 3u22 − u23 = u20 − 3
(
u01 +

2
3 u

2
0 +

1
3 u

2
3

)
+

+ 3
(
u02 +

1
3 u

2
0 +

2
3 u

2
3

)
− u23 = −3u01 + 3u02 = y0,

(4.2)

à â ñèëó (2.2) èìååì X1= 0, Y 1= 0. Ñëåäîâàòåëüíî, �îðìóëà (2.8) ïðè k = 1 ïðèíèìàåò âèä

32τ3

a2
J1 = 4θ2

[
2x0− 2z1

]2
+ 12θ2

[
2y0− 2w1

]2
=

= 16
(
τ2

[
ρ′′0(0) + ρ′′1(0)

]
−

[
u00 − 2u10 + u20 + u03 − 2u13 + u23

])2
+

+ 16
3

(
τ2

[
ρ′′0(0)− ρ′′1(0)

]
−

[
u00 − 2u10 + u20 − u03 + 2u13 − u23

])2
.

(4.3)

Ïîñêîëüêó u00 = 0, u10 = ρ̂0(τ), u
2
0 = ρ̂0(2τ), u

0
3 = 0, u13 = ρ̂1(τ), u

2
3 = ρ̂1(2τ), òî â ñîîòâåòñòâèè

ñ (4.1) îáà ñëàãàåìûõ, âõîäÿùèõ â (4.3), ðàâíû O(τ6), ñëåäîâàòåëüíî, J1 = O(τ3) = O(N−3).

Òàêèì îáðàçîì, äëÿ ëþáîãî àïïðîêñèìèðóþùåãî ñïëàéíà u ∈ σ
N
(Π) èìåþò ìåñòî ðàâåíñòâà

u(0, ξ) = φ̂(ξ), ut(0, ξ) = ψ̂(ξ) +O(N−2), J1 =

∫

Π1

[
autt − buξξ

]2
dt dξ = O(N−3).

� 5. Ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ êîý��èöèåíòîâ

îïòèìàëüíîãî àïïðîêñèìèðóþùåãî ñïëàéíà

Äàëåå ïîëàãàåì, ÷òî θ < 1
36 , òî åñòü N> 9

√
b
a . Òîãäà îïðåäåëåíû ÷èñëà

α =̇
1

2

81+16θ2

81−60θ+16θ2
, γ =̇

2θ (3−α)

9−4θ
=

5θ (9−4θ)

81−60θ+16θ2
, y =̇ −

1 + α

1− α
< −3,

β =̇
1

10

243+560θ2

27−84θ+112θ2
, δ =̇

10θ (3−β)

9−20θ
=

7θ (9−20θ)

27−84θ+112θ2
, x =̇ −

1 + β

1− β
< −19. (5.1)

Äåéñòâèòåëüíî, ëåãêî ïðîâåðèòü, ÷òî

1− α =
1

2

81−120θ+16θ2

81−60θ+16θ2
> 0, 1− β =

1

10

27−840θ+560θ2

27−84θ+112θ2
> 0,

1 + α

1− α
− 3 =

2

1− α

(
2α− 1

)
=

2

1− α

( 81+16θ2

81−60θ+16θ2
− 1

)
=

2

1− α

60θ

81−60θ+16θ2
> 0,
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1 + β

1− β
− 19 =

2

1− β

(
10β − 9

)
=

2

1− β

( 243+560θ2

27−84θ+112θ2
− 9

)
=

2

1− β

756θ−448θ2

27−84θ+112θ2
> 0.

Ïðèðàâíÿåì ïðîèçâîäíûå (3.1) è (3.2) íóëþ, òîãäà äëÿ âñåõ k = 2, . . . , N ñïðàâåäëèâû ðàâåíñòâà

Xk = −γ
[
x2k−2+ x2k− 2zk

]
, Y k = −δ

[
y2k−2+ y2k− 2wk

]
. (5.2)

Åñëè ∂J /∂x2k = 0, k = 2, . . . , n, òî â ñèëó (3.3) è (5.2) èìååò ìåñòî ðàâåíñòâî

0 = 8θ2
[
x2k−2+ x2k− 2zk

]
− 4

3 θ (9−4θ) γ
[
x2k−2+ x2k− 2zk

]
− 8

3 θ
2
[
x2k−2− x2k

]
+

+ 8θ2
[
x2k+ x2k+2− 2zk+1

]
− 4

3 θ (9−4θ) γ
[
x2k+ x2k+2− 2zk+1

]
+ 8

3 θ
2
[
x2k− x2k+2

]
,

à â ñèëó îïðåäåëåíèÿ (5.1) äëÿ ÷èñëà γ èìååì

0 = 8θ2
[
x2k−2+ x2k− 2zk

]
− 8

3 θ
2(3−α)

[
x2k−2+ x2k− 2zk

]
− 8

3 θ
2
[
x2k−2− x2k

]
+

+ 8θ2
[
x2k+ x2k+2− 2zk+1

]
− 8

3 θ
2(3−α)

[
x2k+ x2k+2− 2zk+1

]
+ 8

3 θ
2
[
x2k− x2k+2

]
=

= −8
3 θ

2
[
(1−α)x2k−2− 2 (1+α)x2k+ (1−α)x2k+2+ 2αzk+ 2αzk+1

]
.

Çíà÷èò,

x2k−2 + 2y x2k + x2k+2 = vk, k = 2, . . . , n, (5.3)

ãäå

vk =̇ (1+y)
[
zk + zk+1

]
, k = 2, . . . , N. (5.4)

(Âîñïîëüçîâàëèñü îïðåäåëåíèåì (5.1) ÷èñëà y è î÷åâèäíûì ðàâåíñòâîì 1 + y = −2α/(1−α).)
Åñëè ∂J /∂y2k = 0, k = 2, . . . , n, òî â ñèëó (3.4) è (5.2) èìååò ìåñòî ðàâåíñòâî

0 = 24θ2
[
y2k−2+ y2k− 2wk

]
− 4

5 θ (9−20θ) δ
[
y2k−2+ y2k− 2wk

]
− 8θ2

[
y2k−2− y2k

]
+

+ 24θ2
[
y2k+ y2k+2− 2wk+1

]
− 4

5 θ (9−20θ) δ
[
y2k+ y2k+2− 2wk+1

]
+ 8θ2

[
y2k− y2k+2

]
,

à â ñèëó îïðåäåëåíèÿ (5.1) äëÿ ÷èñëà δ èìååì

0 = 24θ2
[
y2k−2+ y2k− 2wk

]
− 8θ2(3−β)

[
y2k−2+ y2k− 2wk

]
− 8θ2

[
y2k−2− y2k

]
+

+ 24θ2
[
y2k+ y2k+2− 2wk+1

]
− 8θ2(3−β)

[
y2k+ y2k+2− 2wk+1

]
+ 8θ2

[
y2k− y2k+2

]
=

= −8θ2
[
(1−β) y2k−2− 2 (1+β) y2k+ (1−β) y2k+2+ 2βwk+ 2βwk+1

]
.

Çíà÷èò,

y2k−2 + 2x y2k + y2k+2 = ϑk, k = 2, . . . , n, (5.5)

ãäå

ϑk =̇ (1+x)
[
wk + wk+1

]
, k = 2, . . . , N. (5.6)

(Âîñïîëüçîâàëèñü îïðåäåëåíèåì (5.1) ÷èñëà x è î÷åâèäíûì ðàâåíñòâîì 1 + x = −2β/(1−β).)
Åñëè ∂J /∂x2N = 0, òî â ñèëó (3.5) è (5.2) èìååò ìåñòî öåïî÷êà ðàâåíñòâ

0 = 8θ2
[
x2n+ x2N − 2zN

]
− 4

3 θ (9−4θ) γ
[
x2n+ x2N − 2zN

]
− 8

3 θ
2
[
x2n− x2N

]
=

= 8θ2
[
x2n+ x2N − 2zN

]
− 8

3 θ
2(3−α)

[
x2n+ x2N − 2zN

]
− 8

3 θ
2
[
x2n− x2N

]
=

= −8
3 θ

2
[
(1−α)x2n− (1+α)x2N + 2αzN

]
.

Çíà÷èò,

x2n + yx2N = vN . (5.7)

Íàêîíåö, åñëè ∂J /∂y2N = 0, òî â ñèëó (3.6) è (5.2) ñïðàâåäëèâî

0 = 24θ2
[
y2n+ y2N − 2wN

]
− 4

5 θ (9−20θ) δ
[
y2n+ y2N − 2wN

]
− 8θ2

[
y2n− y2N

]
=

= 24θ2
[
y2n+ y2N − 2wN

]
− 8θ2(3−β)

[
y2n+ y2N − 2wN

]
− 8θ2

[
y2n− y2N

]
=

= −8θ2
[
(1−β) y2n− (1+β) y2N + 2βwN

]
.

Çíà÷èò,

y2n + xy2N = ϑN . (5.8)

(Â �îðìóëàõ (5.7) è (5.8) ìû èñïîëüçóåì âåëè÷èíû vN
è ϑN , îïðåäåëåííûå â (5.4) è (5.6)

è ïîðîæäåííûå �èêòèâíûìè ýëåìåíòàìè zN+1 = 0 è wN+1 = 0, îïðåäåëåííûìè â (2.3).)
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Èòàê, �îðìóëû (5.2), (5.3), (5.5), (5.7) è (5.8) ïîðîæäàþò èòîãîâóþ ðàçíîñòíóþ ñõåìó

{
x2k−2 + 2yx2k + x2k+2 = vk, k = 2, . . . , n,
x2n + yx2N = vN ,

Xk = γ
[
2zk− x2k−2− x2k

]
, k = 2, . . . , N,{

y2k−2 + 2xy2k + y2k+2 = ϑk, k = 2, . . . , n,
y2n + xy2N = ϑN ,

Y k = δ
[
2wk− y2k−2− y2k

]
, k = 2, . . . , N.

(5.9)

Ïåðâàÿ ñîâîêóïíîñòü óðàâíåíèé (5.9) èìååò ñàìîñòîÿòåëüíûé õàðàêòåð: åå óðàâíåíèÿ ñâÿçûâà-

þò ìåæäó ñîáîé ëèøü ïåðåìåííûå âèäà x2m, ïðè÷åì âåëè÷èíà x2 ïîñòîÿííà. Ìàòðèöà ñèñòåìû

èìååò òðåõäèàãîíàëüíûé âèä ñ äîìèíèðóþùåé äèàãîíàëüþ (òàê êàê |y | > 3, ñì. (5.1)), ñëåäî-
âàòåëüíî, ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ëåãêî íàéòè ìåòîäîì ïðîãîíêè. Ïîñëå

ýòîãî èç âòîðîé ñîâîêóïíîñòè óðàâíåíèé (5.9) ÿâíî âû÷èñëÿþòñÿ âñå çíà÷åíèÿ Xk. Àíàëîãè÷íî
ðåøàþòñÿ òðåòüÿ (ãäå |x | > 19) è ÷åòâåðòàÿ ñèñòåìû (5.9). Ïîëó÷åííûå çíà÷åíèÿ ïîçâîëÿþò

â êîíå÷íîì ñ÷åòå íàéòè èñêîìûå âåëè÷èíû u i
1, u

i
2, i = 3 , . . . , 2N, ñì. (2.1), (2.2). Íèæå ìû

óñòàíîâèì, ÷òî äëÿ ðåøåíèé ïåðâîé è òðåòüåé ñèñòåì ñïðàâåäëèâû ÿâíûå �îðìóëû (6.5), (6.6).

Ìåòîä ïðîãîíêè èìååò ëèíåéíóþ ñëîæíîñòü âû÷èñëåíèé è, áåçóñëîâíî, íàèáîëåå ý��åêòè-

âåí â ïðèêëàäíîé ðåàëèçàöèè. Îäíàêî ÿâíûå �îðìóëû (6.5), (6.6) èìåþò âàæíîå òåîðåòè÷åñêîå

çíà÷åíèå: îíè ïîçâîëÿåò â ÿâíîì âèäå ïîëó÷èòü ìèíèìàëüíîå çíà÷åíèå J∗
�óíêöèîíàëà (1.2)

(ñì. �îðìóëó (7.6)) è ïîêàçàòü, ÷òî â ñëó÷àå ãëàäêèõ ãðàíè÷íûõ �óíêöèé èìååò ìåñòî ðà-

âåíñòâî J∗ = O(N−2). Òåì ñàìûì ðàçíîñòíàÿ ñõåìà (5.9) ïðèîáðåòàåò ¾ëåãèòèìíûé¿ ñòàòóñ:

íàéäåòñÿ àïïðîêñèìèðóþùèé ñïëàéí, ñêîëü óãîäíî áëèçêèé ê òî÷íîìó ðåøåíèþ çàäà÷è (I).

Ýòè èññëåäîâàíèÿ è ñîñòàâëÿþò îñòàâøóþñÿ ÷àñòü íàñòîÿùåé ðàáîòû.

� 6. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ î ìíîãî÷ëåíàõ ×åáûø¼âà

Ñîâîêóïíîñòü {Un(x), x ∈ R}n∈Z, ñîñòîÿùóþ èç ìíîãî÷ëåíîâ ×åáûø¼âà 2-ãî ðîäà, îïðåäå-

ëÿåì ðåêóðñèâíî: U−1(x) =̇ 0, U0(x) =̇ 1, Un−1(x) + Un+1(x) = 2xUn(x).
Ïóñòü ÷èñëà a, b, x ∈ R òàêîâû, ÷òî a+ b = 2x. Îíè ïîðîæäàþò ìàòðèöû A(x) =

(
Aki(x)

)
è

B(x) =
(
Bki(x)

)
, k, i = 0, 1, . . . , n−1, ïîðÿäêà n òàêèå, ÷òî

Aki(x) =̇

{
a, åñëè (k, i) = (0, 0),
δk,i+1 + 2x δki + δk,i−1, åñëè (k, i) 6= (0, 0),

Bki(x) =̇ (−1)k+i

{ [
Uk(x)−bUk−1(x)

]
Un−1−i(x), åñëè k 6 i,

Un−1−k(x)
[
Ui(x)−bUi−1(x)

]
, åñëè k > i.

Òåîðåìà 1 (ñì. [3, òåîðåìà 2℄). Åñëè E� åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n ñ ýëåìåíòàìè

Eki =̇ δki, k, i = 0, 1, . . . , n−1, òî A(x)B(x) =
[
Un(x)−bUn−1(x)

]
E = B(x)A(x).

Â ÷àñòíîì ñëó÷àå a = b = x ñïðàâåäëèâî Uk(x)−xUk−1(x) = Tk(x), ãäå Tk(x) � ìíîãî÷ëåí

×åáûø¼âà 1-ãî ðîäà (ðàâåíñòâî èìååò ìåñòî â ñèëó òîæäåñòâà 2Tk(x) = Uk(x) − Uk−2(x), ñì.,
íàïðèìåð, [9, ñ. 67℄). (Èçâåñòíî òàêæå, ÷òî Tk−1(x) + Tk+1(x) = 2xTk(x).) Â ýòîì ñëó÷àå ïðåä-

ñòàâëåíèå äëÿ ìàòðèöû A(x) î÷åâèäíî
(
A00(x) = x

)
, à äëÿ ìàòðèöû B(x) èìååì

Bki(x) =̇ (−1)k+i

{
Tk(x)Un−1−i(x), åñëè k 6 i,
Un−1−k(x)Ti(x), åñëè k > i.

Åñëè δ >

ki� ñèìâîë Êðîíåêåðà òàêîé, ÷òî δ >

ki = 0 ïðè k < i è δ >

ki = 1 ïðè k > i, òî, î÷åâèäíî,

Bki(x) = (−1)k+i
[
δ >

ik Tk(x)Un−1−i(x) + δ >

k−1,i Un−1−k(x)Ti(x)
]
, (6.1)

Bki(x) = (−1)k+i
[
δ >

i−1,k Tk(x)Un−1−i(x) + δ >

ki Un−1−k(x)Ti(x)
]
. (6.2)
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Â ñèëó òåîðåìû 1 èìåþò ìåñòî ðàâåíñòâà

A(x)B(x) = Tn(x)E = B(x)A(x). (6.3)

Ñïðàâåäëèâû �îðìóëû

Um(x)Tn(x)− Um−1(x)Tn−1(x) = Tm+n(x), Tk(x) = xUk−1(x)− Uk−2(x), (6.4)

Tk(x) + Tk+1(x) = (1+x)
[
Uk(x)− Uk−1(x)

]
, Tk(x)− Tk+1(x) = (1−x)

[
Uk(x) + Uk−1(x)

]
.

Äåéñòâèòåëüíî, ïåðâîå òîæäåñòâî ñëåäóåò èç �îðìóëû (1.1) [3℄, à îñòàëüíûå î÷åâèäíû.

Äëÿ ðåøåíèÿ ïåðâîé ñèñòåìû (5.9) ââåäåì â ðàññìîòðåíèå âñïîìîãàòåëüíûå ïåðåìåííûå

xk =̇x2N−2k , vk =̇ vN−k , k = 0, 1 , . . . , n−1, òîãäà




yx0 + x1 = v0,
xk−1 + 2yxk + xk+1 = vk, k = 1, . . . , n−2,
xn−2 + 2yxn−1 = vn−1 − x2.

(Âåëè÷èíà x2 ïîñòîÿííà, ñì. (4.2).) Ïóñòü X =̇ col (x0, . . . , xn−1), V =̇ col (V0, . . . , Vn−1), ãäå
Vk =̇ vk−δk,n−1x

2, k = 0, 1, . . . , n−1, òîãäà ñèñòåìà ïðèíèìàåò âèä A(y)X = V. Â ñèëó (6.3) èìå-

åò ìåñòî ðàâåíñòâî Tn(y)X = B(y)V, à òàê êàê y <−3 (ñì. (5.1)), òî Tn(y) 6= 0, ñëåäîâàòåëüíî,

xk =
1

Tn(y)

n−1∑

i=0

Bki(y)Vi, k = 0, 1, . . . , n−1.

Ñëåäîâàòåëüíî, äëÿ âñåõ k = 2, . . . , N èìååò ìåñòî öåïî÷êà ðàâåíñòâ

x2k = x
N−k

=
1

Tn(y)

n−1∑

i=0

B
N−k, i

(y)Vi =
1

Tn(y)

n−1∑

i=0

B
N−k, i

(y)
[
vN−i− δi,n−1x

2
]
=

=
1

Tn(y)

N∑

i=2

B
N−k,N−i

(y)
[
vi− δ

N−i,n−1
x2

]
=

=
1

Tn(y)

[ N∑

i=2

B
N−k,N−i

(y) vi − (−1)k T
N−k

(y)x2
]

(6.5)

(ñíà÷àëà çàìåíèëè èíäåêñ i íà N−i, à çàòåì ó÷ëè, ÷òî δ
N−i,n−1

6= 0 ëèøü ïðè i = 2). Àíàëîãè÷íî,

y2k =
1

Tn(x)

[ N∑

i=2

B
N−k,N−i

(x)ϑi − (−1)k T
N−k

(x) y2
]
, k = 2, . . . , N. (6.6)

� 7. Òî÷íàÿ �îðìóëà äëÿ íåâÿçêè îïòèìàëüíîãî àïïðîêñèìèðóþùåãî ñïëàéíà

Ïóñòü J∗
� çíà÷åíèå �óíêöèîíàëà J íà ðåøåíèè ñèñòåìû (5.9). Äðóãèìè ñëîâàìè, J∗

� ýòî

ìèíèìàëüíîå çíà÷åíèå �óíêöèîíàëà (1.2) â ïðîñòðàíñòâå àïïðîêñèìèðóþùèõ ñïëàéíîâ σ(Π).
Çà�èêñèðóåì ýòî ðåøåíèå è ïîäñòàâèì åãî â �îðìóëó (2.8). Ñóììó ïåðâûõ ÷åòûðåõ ñëàãàåìûõ

ïðàâîé ÷àñòè (2.8) îáîçíà÷èì ÷åðåç σk0 , à ñóììó îñòàëüíûõ ñëàãàåìûõ � ÷åðåç σk1 . Òîãäà äëÿ

ëþáîãî k = 2, . . . , N ñïðàâåäëèâî

σk0 = 4θ2
[
x2k−2+ x2k− 2zk

]2
− 4

3 θ (9−4θ) γ
[
x2k−2+ x2k− 2zk

]2
+

+ 2
15

{
(81−60θ +16θ2) γ

}
γ
[
x2k−2+ x2k− 2zk

]2
+ 4

3 θ
2
[
x2k−2− x2k

]2
=

=
[
4θ2− 2

3 θ (9−4θ) γ
] [
x2k−2+ x2k− 2zk

]2
+ 4

3 θ
2
[
x2k−2− x2k

]2
=

=
[
4θ2− 4

3 θ
2(3−α)

] [
x2k−2+ x2k− 2zk

]2
+ 4

3 θ
2
[
x2k−2− x2k

]2
= 4

3 θ
2ςk0 ,

ãäå

ςk0 =̇α
[
x2k−2+ x2k− 2zk

]2
+

[
x2k−2− x2k

]2
.

Ñíà÷àëà èñêëþ÷èëè âåëè÷èíóXk
(ñì. (5.9)), à çàòåì çàìåíèëè âûðàæåíèå, ñòîÿùåå â �èãóðíûõ

ñêîáêàõ, â ñîîòâåòñòâèè ñ îïðåäåëåíèåì (5.1) ÷èñëà γ.
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Àíàëîãè÷íî

σk1 = 12θ2
[
y2k−2+ y2k− 2wk

]2
− 4

5 θ (9−20θ) δ
[
y2k−2+ y2k− 2wk

]2
+

+ 2
35

{
(27−84θ +112θ2) δ

}
δ
[
y2k−2+ y2k− 2wk

]2
+ 4θ2

[
y2k−2− y2k

]2
=

=
[
12θ2− 2

5 θ (9−20θ) δ
] [
y2k−2+ y2k− 2wk

]2
+ 4θ2

[
y2k−2− y2k

]2
=

=
[
12θ2− 4θ2(3−β)

] [
y2k−2+ y2k− 2wk

]2
+ 4θ2

[
y2k−2− y2k

]2
= 4θ2ςk1 ,

ãäå

ςk1 =̇β
[
y2k−2+ y2k− 2wk

]2
+

[
y2k−2− y2k

]2
, k = 2, . . . , N.

Çíà÷èò,

N∑

k=2

Jk =
a2

32τ3
·
4

3
θ2

( N∑

k=2

ςk0 + 3
N∑

k=2

ςk1

)
=

27b2

16N

( N∑

k=2

ςk0 + 3
N∑

k=2

ςk1

)
, (7.1)

à â ñèëó (4.3) è (2.3)

J1 = a2

2τ3
θ2

([
x0− z1

]2
+ 3

[
y0−w1

]2)
= 81b2

4N

([
ξ0
]2
+ 3

[
η0
]2)

. (7.2)

Îáîçíà÷èì ñóììû â (7.1) ÷åðåç S0 è S1. Äëÿ S0 ñïðàâåäëèâî ðàâåíñòâî S0 = S1
0 + S2

0 + S3
0 , ãäå

S1
0 =̇α

N∑

k=2

[
x2k−2+ x2k

]2
+

N∑

k=2

[
x2k−2− x2k

]2
, S2

0 =̇− 4α

N∑

k=2

[
x2k−2+ x2k

]
zk, S3

0 =̇ 4α

N∑

k=2

[
zk
]2
.

Òîãäà

S1
0 = (1+α)

N∑

k=2

[
x2k−2

]2
+ (1+α)

N∑

k=2

[
x2k

]2
− 2 (1−α)

N∑

k=2

x2k−2x2k =

= (1+α)
([
x2

]2
+

[
x2N

]2)
+ 2 (1+α)

n∑

k=2

[
x2k

]2
− 2 (1−α)

N∑

k=2

x2k−2x2k.

(Â ïåðâîé ñóììå çàìåíèëè èíäåêñ k íà k +1.) Ïîñêîëüêó (1+α) = −(1−α) y, òî

S1
0 = −(1−α) y

([
x2

]2
+

[
x2N

]2)
− (1−α)

n∑

k=2

x2k
{
2yx2k

}
− 2 (1−α)

N∑

k=2

x2k−2x2k =

= −(1−α) y
([
x2

]2
+

[
x2N

]2)
− (1−α)

n∑

k=2

x2k
{
vk− x2k−2− x2k+2

}
− 2 (1−α)

N∑

k=2

x2k−2x2k.

Çàìåíèëè âûðàæåíèå, ñòîÿùåå â �èãóðíûõ ñêîáêàõ, â ñîîòâåòñòâèè ñ ïåðâûì óðàâíåíèåì (5.9).

Â ðåçóëüòàòå ìàññîâûõ ñîêðàùåíèé ïîëó÷àåì ðàâåíñòâî

S1
0 = −(1−α) y

([
x2

]2
+

[
x2N

]2)
− (1−α)

[
x2x4+ x2nx2N

]
− (1−α)

n∑

k=2

x2kvk.

Èìåþò ìåñòî ðàâåíñòâà

S2
0 = −4α

( N∑

k=2

x2k−2zk +

N∑

k=2

x2kzk
)
= −4α

(
x2z2+ x2N zN +

n∑

k=2

x2k
[
zk+ zk+1

])
.

(Â ïåðâîé ñóììå çàìåíèëè èíäåêñ k íà k +1.) Òàê êàê 2α = −(1−α) (1+y), òî

S2
0 = 2 (1−α) (1+y)

[
x2z2+ x2N zN

]
+ 2 (1−α)

n∑

k=2

x2kvk.

Âîñïîëüçîâàëèñü ðàâåíñòâîì (1+y)
[
zk+ zk+1

]
= vk (ñì. îïðåäåëåíèå (5.4)). Íàêîíåö,

S3
0 = −2 (1−α) (1+y)

N∑

k=2

[
zk
]2
.
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Ñëåäîâàòåëüíî, â ñîîòâåòñòâèè ñ îáîçíà÷åíèÿìè äëÿ ñóìì â ïðàâîé ÷àñòè (7.1) ñïðàâåäëèâî

Θ=̇
1

1−α

N∑

k=2

ςk0 =
1

1−α
S0 =

1

1−α

(
S1
0 + S2

0 + S3
0

)
= σ +

n∑

k=2

x2kvk − 2 (1+y)

N∑

k=2

[
zk
]2
, (7.3)

ãäå σ =̇ − y
([
x2

]2
+

[
x2N

]2)
−

[
x2x4 + x2nx2N

]
+ 2 (1+y)

[
x2z2 + x2N zN

]
. Ñîãëàñíî âòîðîìó

óðàâíåíèþ (5.9) è îïðåäåëåíèþ (5.4) ÷èñëà vN
ïîëó÷àåì, ÷òî

σ = x2
[
− yx2 − x4 + 2 (1+y) z2

]
+ x2N

[
− yx2N − x2n + 2 (1+y) zN

]
=

= x2
[
− yx2 − x4 + 2 (1+y) z2

]
+ x2N vN .

Òàêèì îáðàçîì, Θ = Θ1+Θ2+Θ3, ãäå

Θ1 =̇x2
[
− yx2 − x4 + 2 (1+y) z2

]
, Θ2 =̇

N∑

k=2

x2kvk, Θ3 =̇ − 2 (1+y)

N∑

k=2

[
zk
]2
, (7.4)

à â ñèëó (6.5) ñïðàâåäëèâî ðàâåíñòâî TnΘ2 = −x2
N∑

k=2

(−1)k T
N−k

vk +

N∑

k=2

N∑

i=2

B
N−k,N−i

vkvi. (Àð-

ãóìåíò y â �óíêöèÿõ Um, Tm è Bmj çäåñü è äàëåå íå ïèøåì.) Îáîçíà÷èì äâîéíóþ ñóììó

÷åðåç Σ, òîãäà â ñîîòâåòñòâèè ñ (5.4) èìååì

Σ = (1+y)2
N∑

k=2

N∑

i=2

B
N−k,N−i

[
zkzi + zkzi+1 + zk+1zi + zk+1zi+1

]
=

= (1+y)2
N∑

k=2

N∑

i=2

B
N−k,N−i

zkzi + (1+y)2
N∑

k=2

N+1∑

i=3

B
N−k,N+1−i

zkzi +

+ (1+y)2
N+1∑

k=3

N∑

i=2

B
N+1−k,N−i

zkzi + (1+y)2
N+1∑

k=3

N+1∑

i=3

B
N+1−k,N+1−i

zkzi.

Â ñóììàõ çàìåíèëè èíäåêñíûå âûðàæåíèÿ k+1 è i+1 íà k è i ñîîòâåòñòâåííî. Ñëåäîâàòåëüíî,

Σ/(1+y)2 =
N∑

k=2

N∑

i=2

(−1)k+i
[
δ >

n−i,N−k
T

N−k
Ui−2 + δ >

N−k,N−i
Uk−2 TN−i

]
zkzi +

+
N∑

k=2

N+1∑

i=3

(−1)k+i−1
[
δ >

N−i,N−k
T

N−k
Ui−3 + δ >

N−k,N+1−i
Uk−2 TN+1−i

]
zkzi +

+
N+1∑

k=3

N∑

i=2

(−1)k+i−1
[
δ >

N−i,N+1−k
T

N+1−k
Ui−2 + δ >

N−k,N−i
Uk−3 TN−i

]
zkzi +

+

N+1∑

k=3

N+1∑

i=3

(−1)k+i
[
δ >

N−i,N+1−k
T

N+1−k
Ui−3 + δ >

N+1−k,N+1−i
Uk−3 TN+1−i

]
zkzi.

Â òðåòüåé ñóììå äëÿ âåëè÷èíû B
N+1−k,N−i

ïðèìåíèëè �îðìóëó (6.1), à â îñòàëüíûõ ñëó÷àÿõ �

�îðìóëó (6.2). Â ñèëó ðàâåíñòâ U−1 = 0 è zN+1 = 0 è îïðåäåëåíèÿ ÷èñåë δ >

mj âñå ñóììèðîâàíèÿ

ìîæíî âåñòè îò 2 äî N, ïîýòîìó Σ = (1+y)2
N∑

k=2

N∑

i=2

(−1)k+iΨki z
kzi, ãäå

Ψki =̇
[
δ >

k−1,i TN−k
Ui−2 + δ >

ik Uk−2 TN−i

]
−

[
δ >

ki TN−k
Ui−3 + δ >

i−1,k Uk−2 TN+1−i

]
−

−
[
δ >

k−1,i TN+1−k
Ui−2 + δ >

ik Uk−3 TN−i

]
+

[
δ >

k−1,i TN+1−k
Ui−3 + δ >

ik Uk−3 TN+1−i

]
.
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Ïðèìåíèëè ëåãêî ïðîâåðÿåìûå ðàâåíñòâà

δ >

n−i,N−k
= δ >

N−i,N+1−k
= δ >

k−1,i, δ >

N−k,N−i
= δ >

N+1−k,N+1−i
= δ >

ik, δ >

N−i,N−k
= δ >

ki, δ >

N−k,N+1−i
= δ >

i−1,k.

Â ñëó÷àÿõ k < i, i < k, i = k ñïðàâåäëèâû ðàâåíñòâà

Ψki = Uk−2 TN−i
− Uk−2 TN+1−i

− Uk−3 TN−i
+ Uk−3 TN+1−i

=
(
Uk−2− Uk−3

) (
T

N−i
− T

N+1−i

)
,

Ψki = T
N−k

Ui−2− T
N−k

Ui−3− T
N+1−k

Ui−2+ T
N+1−k

Ui−3 =
(
T

N−k
− T

N+1−k

) (
Ui−2− Ui−3

)
,

Ψkk = Uk−2 TN−k
− T

N−k
Uk−3− Uk−3 TN−k

+ Uk−3 TN+1−k
=

=
(
Uk−2 TN+1−k

− Uk−3 TN−k

)
+

(
Uk−2− Uk−3

) (
T

N−k
− T

N+1−k

)

ñîîòâåòñòâåííî. Â ñèëó ïåðâîé �îðìóëû (6.4) ñïðàâåäëèâî Uk−2 TN+1−k
−Uk−3 TN−k

= Tn, à â ñè-
ëó òðåòüåé è ÷åòâåðòîé �îðìóë (6.4) èìååì

Ψki = δki Tn +
1− y

1 + y

{ (
Tk−2 + Tk−1

) (
Un−i + U

N−i

)
, åñëè k 6 i,(

Un−k + U
N−k

) (
Ti−2 + Ti−1

)
, åñëè k > i.

Ñëåäîâàòåëüíî,

Σ = (1+y)2
N∑

k=2

N∑

i=2

(−1)k+iΨki z
kzi = (1+y)2 Tn

N∑

k=2

[
zk
]2

+ (1−y2)

N∑

k=2

N∑

i=2

(−1)k+i Φki z
kzi,

ãäå Φki =̇ δ >

ik

(
Tk−2 + Tk−1

) (
Un−i + U

N−i

)
+ δ >

k−1,i

(
Un−k + U

N−k

) (
Ti−2 + Ti−1

)
è, çíà÷èò,

TnΘ2 = −x2
N∑

k=2

(−1)k T
N−k

vk + (1+y)2 Tn

N∑

k=2

[
zk
]2

+ (1−y2)

N∑

k=2

N∑

i=2

(−1)k+i Φki z
kzi. (7.5)

Îáîçíà÷èì äâîéíóþ ñóììó â (7.5) ÷åðåç σ, òîãäà èìååò ìåñòî ïðåäñòàâëåíèå

σ =

N∑

k=2

N∑

i=2

(−1)k+i
[
δ >

ik Tk−1 Un−i + δ >

k−1,i Un−k Ti−1

]
zkzi +

+

N∑

k=2

N∑

i=2

(−1)k+i
[
δ >

ik Tk−2 Un−i + δ >

k−1,i UN−k
Ti−1

]
zkzi +

+
N∑

k=2

N∑

i=2

(−1)k+i
[
δ >

ik Tk−1 UN−i
+ δ >

k−1,i Un−k Ti−2

]
zkzi +

+

N∑

k=2

N∑

i=2

(−1)k+i
[
δ >

ik Tk−2 UN−i
+ δ >

k−1,i UN−k
Ti−2

]
zkzi.

Îáîçíà÷èì ñëàãàåìûå ÷åðåç σ1, σ2, σ3 è σ4 ñîîòâåòñòâåííî. Â ñóììå σ4 çàìåíèì èíäåêñû k è i
íà k +1 è i+1 ñîîòâåòñòâåííî. Â ñèëó (6.1) ñïðàâåäëèâî

σ4 =

n∑

k=1

n∑

i=1

(−1)k+i
[
δ >

i+1,k+1 Tk−1 Un−i + δ >

k,i+1 Un−k Ti−1

]
zk+1zi+1 =

=

n∑

k=2

n∑

i=2

Bk−1,i−1 z
k+1zi+1 − z2

n∑

k=2

(−1)k Un−k z
k+1 − z2

n∑

i=2

(−1)i Un−i z
i+1 + Un−1

[
z2
]2
.

Â ñóììå σ3 çàìåíèì èíäåêñ i íà i+1. Òàê êàê δ >

i+1,k = δ >

ik + δi,k−1, δ
>

k−1,i+1 = δ >

k−1,i − δk−1,i, òî

σ3 =
N∑

k=2

n∑

i=1

(−1)k+i+1
[
δ >

i+1,k Tk−1 Un−i + δ >

k−1,i+1 Un−k Ti−1

]
zkzi+1 =
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=
N∑

k=2

n∑

i=1

(−1)k+i+1
[(
δ >

ik + δi,k−1

)
Tk−1 Un−i +

(
δ >

k−1,i − δk−1,i

)
Un−k Ti−1

]
zkzi+1 = σ13 + σ23,

σ13 =̇−

N∑

k=2

n∑

i=1

(−1)k+i
[
δ >

ik Tk−1 Un−i + δ >

k−1,i Un−k Ti−1

]
zkzi+1,

σ23 =̇−

N∑

k=2

n∑

i=1

(−1)k+i
[
δi,k−1 Tk−1 Un−i − δk−1,i Un−k Ti−1

]
zkzi+1.

Òàê êàê U−1 = 0, òî â ïåðâîé ñóììå ñóììèðîâàíèå ïî ïåðåìåííîé k ìîæíî âåñòè îò 2 äî n:

σ13 = −

n∑

k=2

n∑

i=2

Bk−1,i−1 z
kzi+1 + z2

n∑

k=2

(−1)k Un−k z
k,

σ23 =

N∑

k=2

[
Tk−1 UN−k

− Un−k Tk−2

] [
zk
]2

= Tn

N∑

k=2

[
zk
]2
.

Âî âòîðîé ñóììå âîñïîëüçîâàëèñü �îðìóëîé (6.4). Â ñóììå σ2 çàìåíèì èíäåêñ k íà k+1. Òîãäà

σ2 =
n∑

k=1

N∑

i=2

(−1)k+i+1
[
δ >

i,k+1 Tk−1 Un−i + δ >

ki Un−k Ti−1

]
zk+1zi =

=
n∑

k=1

N∑

i=2

(−1)k+i+1
[(
δ >

ik − δik
)
Tk−1 Un−i +

(
δ >

k−1,i + δki
)
Un−k Ti−1

]
zk+1zi = σ12 + σ22,

σ12 =̇−

n∑

k=1

N∑

i=2

(−1)k+i
[
δ >

ik Tk−1 Un−i + δ >

k−1,i Un−k Ti−1

]
zk+1zi,

σ22 =̇

n∑

k=1

N∑

i=2

(−1)k+i
{
δik Tk−1 Un−i − δki Un−k Ti−1

}
zk+1zi = 0.

(Âûðàæåíèå, ñòîÿùåå â �èãóðíûõ ñêîáêàõ, ðàâíî íóëþ ïðè âñåõ k è i.) Òàê êàê U−1 = 0, òî
â ïåðâîé ñóììå ñóììèðîâàíèå ïî ïåðåìåííîé i ìîæíî âåñòè îò 2 äî n:

σ12 = −

n∑

k=2

n∑

i=2

Bk−1,i−1 z
k+1zi + z2

n∑

i=2

(−1)i Un−i z
i.

Íàêîíåö, σ1 =

n∑

k=2

n∑

i=2

Bk−1,i−1 z
kzi, ñëåäîâàòåëüíî, â ñèëó îïðåäåëåíèé (2.3) ñïðàâåäëèâî

σ = σ1 + σ12 + σ13 + σ23 + σ4 = Tn

N∑

k=2

[
zk
]2

+ 2z2
n∑

k=2

(−1)k Un−k

(
zk− zk+1

)
+ Un−1

[
z2
]2
+

+
n∑

k=2

n∑

i=2

Bk−1,i−1

(
zk− zk+1

) (
zi− zi+1

)
=

= Tn

N∑

k=2

[
zk
]2

+ 2z2
n∑

k=2

(−1)k Un−k ξ
k + Un−1

[
z2
]2

+
n∑

k=2

n∑

i=2

Bk−1,i−1 ξ
kξi.

Òàêèì îáðàçîì, �îðìóëà (7.5) ïðèíèìàåò âèä

TnΘ2 = −x2
N∑

k=2

(−1)k T
N−k

vk + 2 (1+y)Tn

N∑

k=2

[
zk
]2
+
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+2 (1−y2) z2
n∑

k=2

(−1)k Un−k ξ
k + (1−y2)Un−1

[
z2
]2

+ (1−y2)

n∑

k=2

n∑

i=2

Bk−1,i−1 ξ
kξi.

Âîçâðàùàÿñü ê ïåðåìåííîé Θ (ñì. �îðìóëû (7.4)), ïîëó÷àåì ðàâåíñòâî

TnΘ = TnΘ1 + TnΘ2 + TnΘ3 = x2
{
− yTn x

2 − Tn x
4 + 2 (1+y)Tn z

2 −
N∑

k=2

(−1)k T
N−k

vk
}
+

+ 2 (1−y2) z2
n∑

k=2

(−1)k Un−k ξ
k + (1−y2)Un−1

[
z2
]2

+ (1−y2)

n∑

k=2

n∑

i=2

Bk−1,i−1 ξ
kξi.

Îáîçíà÷èì âûðàæåíèå, ñòîÿùåå â �èãóðíûõ ñêîáêàõ, ÷åðåç Σ. Òîãäà, ïðèìåíèâ �îðìóëó (6.5)
ê âåëè÷èíå x4, ïîëó÷èì ðàâåíñòâî

Σ = −yTn x
2 + Tn−1 x

2 −
N∑

i=2

B
N−2,N−i

vk + 2 (1+y)Tn z
2 −

N∑

k=2

(−1)k T
N−k

vk.

Òàê êàê Tk = Uk− yUk−1, òî Tn−1− yTn = (1−y2)Un−1 (÷òî ëåãêî ïðîâåðèòü íåïîñðåäñòâåí-

íîé ïîäñòàíîâêîé), à òàê êàê B
N−2,N−i

= (−1)i T
N−i

, òî

Σ = (1−y2)Un−1 x
2 + 2 (1+y)Tn z

2 − 2

N∑

k=2

(−1)k T
N−k

vk =

= (1−y2)Un−1 x
2 + 2 (1+y)Tn z

2 − 2 (1+y)

N∑

k=2

(−1)k T
N−k

zk − 2 (1+y)

N∑

k=2

(−1)k T
N−k

zk+1 =

= (1−y2)Un−1 x
2 − 2 (1+y)

N∑

k=2

(−1)k T
N−k

zk − 2 (1+y)

n∑

k=1

(−1)k T
N−k

zk+1.

Âíåñëè ñëàãàåìîå 2 (1+y)Tn z
2
âî âòîðóþ ñóììó è ó÷ëè ðàâåíñòâî zN+1 = 0. Çàìåíèâ â ïîñëåä-

íåé ñóììå èíäåêñíîå âûðàæåíèå k +1 íà k, ïîëó÷àåì, ÷òî

Σ − (1−y2)Un−1 x
2= 2 (1+y)

N∑

k=2

(−1)k
[
T

N+1−k
−T

N−k

]
zk= −2 (1−y2)

N∑

k=2

(−1)k
[
Un−k+UN−k

]
zk.

Âîñïîëüçîâàëèñü �îðìóëîé (6.4). Òàêèì îáðàçîì, ðàçáèâ ñóììó íà äâå, ïîëó÷àåì ðàâåíñòâî

Σ /(1−y2) = Un−1 x
2 − 2

n∑

k=2

(−1)kUn−k z
k + 2

n∑

k=1

(−1)kUn−k z
k+1

(â ïåðâîé ñóììå ó÷ëè ðàâåíñòâî U−1 = 0, à âî âòîðîé çàìåíèëè èíäåêñ k íà k +1). Çíà÷èò,

Σ /(1−y2) = Un−1 x
2 − 2Un−1 z

2 − 2

n∑

k=2

(−1)kUn−k ξ
k,

TnΘ /(1−y2) = Un−1 (x
2− z2)2 − 2 (x2− z2)

n∑

k=2

(−1)kUn−k ξ
k +

n∑

k=2

n∑

i=2

Bk−1,i−1 ξ
kξi,

à òàê êàê B00 = Un−1, Bk−1,0 = −(−1)kUn−k, B0,i−1 = −(−1)iUn−i, ξ
1 = x2− z2 (ñì. (2.3)), òî

Tn(y)Θ /(1−y2) =

n∑

k=1

n∑

i=1

Bk−1,i−1 ξ
kξi =

n−1∑

k=0

n−1∑

i=0

Bki ξ
k+1ξi+1 =

〈
B(y) ξ, ξ

〉
,

N∑

k=2

ςk0 = (1−α)Θ = (1−α)
1−y2

Tn(y)

〈
B(y) ξ, ξ

〉
=

2 (1+y)

Tn(y)

〈
B(y) ξ, ξ

〉
,

ñì. �îðìóëó (7.3). (Ïðèìåíèëè îáîçíà÷åíèå ξ =̇ col (ξ1, . . . , ξn) è çàïèñü êâàäðàòè÷íîé �îðìû

÷åðåç ñêàëÿðíîå ïðîèçâåäåíèå â R
n.)
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Àíàëîãè÷íî,

N∑

k=2

ςk1 =
2 (1+x)

Tn(x)

〈
B(x) η, η

〉
, η =̇ col (η1, . . . , ηn)

(÷èñëà ηk îïðåäåëåíû â (2.3)), ñëåäîâàòåëüíî, �îðìóëà (7.1) ïðèíèìàåò îêîí÷àòåëüíûé âèä:

N∑

k=2

Jk =
27b2

8N

( 1+y

Tn(y)

〈
B(y) ξ, ξ

〉
+

3 (1+x)

Tn(x)

〈
B(x) η, η

〉)
,

à â ñèëó (7.2) è (6.3) èìååì

J∗ =

N∑

k=1

Jk =
27b2

8N

(
6
[
ξ0]2+ 18

[
η0]2+

1+y

Tn(y)

〈
B(y) ξ, ξ

〉
+

3 (1+x)

Tn(x)

〈
B(x) η, η

〉)
=

=
27b2

8N

(
6
[
ξ0]2+ 18

[
η0]2+ (1+y)

〈
A−1(y) ξ, ξ

〉
+ 3 (1+x)

〈
A−1(x) η, η

〉)
. (7.6)

Òàêèì îáðàçîì, â òåðìèíàõ ââåäåííûõ îáîçíà÷åíèé ñïðàâåäëèâà

Òåîðåìà 2. Ìèíèìóì J∗
�óíêöèîíàëà (1.2) äîñòèãàåòñÿ íà ðåøåíèè ñèñòåìû óðàâíåíèé

(5.9), è äëÿ íåãî èìåþò ìåñòî ïðåäñòàâëåíèÿ (7.6) ÷åðåç ãðàíè÷íûå ýëåìåíòû (2.3).

� 8. Ïîâåäåíèå íåâÿçêè J∗
ïðè N → ∞ â ñëó÷àå ãëàäêèõ ãðàíè÷íûõ óñëîâèé

Ïóñòü {J
N
} � ýòî ïîñëåäîâàòåëüíîñòü, â êîòîðîé J

N
=̇ J∗

� ìèíèìàëüíîå çíà÷åíèå �óíê-

öèîíàëà (1.2), âû÷èñëåííîå ïðè çàäàííîì N.
Â ñèëó ñëåäñòâèÿ 2 [3℄ ñïåêòðû ìàòðèö A(y) è A−1(y) âåùåñòâåííûå è ñïðàâåäëèâî

−2 (1−y) < Λ1 < . . . < Λn < y−y−1 < 0, −
y

1−y2
< Λ−1

n < . . . < Λ−1
1 < −

1

2 (1−y)
< 0

(çäåñü ìû íàõîäèìñÿ â óñëîâèÿõ, êîãäà ïåðåìåííûå c, x è β èç ñëåäñòâèÿ 2 [3℄ òàêîâû, ÷òî c > 0,
x < 0 è β < −1: â íàøåì ñëó÷àå c = 1, à x è β ðàâíû y, ïðè÷åì y <−3). Çíà÷èò,

−
y

1−y2
〈
ξ, ξ

〉
6 Λ−1

n

〈
ξ, ξ

〉
6

〈
A−1(y) ξ, ξ

〉
, (1+y)

〈
A−1(y) ξ, ξ

〉
6 −

y

1−y

〈
ξ, ξ

〉
6

〈
ξ, ξ

〉
.

Àíàëîãè÷íî, (1+x)
〈
A−1(x) η, η

〉
6

〈
η, η

〉
. Ñëåäîâàòåëüíî, â ñîîòâåòñòâèè ñ (7.6)

J
N
= J∗

6
27b2

8N

(
6
[
ξ0]2+ 18

[
η0]2+

〈
ξ, ξ

〉
+ 3

〈
η, η

〉)
.

Ïîëàãàåì äàëåå, ÷òî ρ0, ρ1 ∈ C3[0, 1], òîãäà ρ̂0, ρ̂1 ∈ C3[0, 1]. Â ñèëó îïðåäåëåíèé (2.3) è �îðìó-

ëû Òåéëîðà ïðè N → ∞ ñïðàâåäëèâî zk − zk+1 = O(N−1), wk− wk+1 = O(N−1), k = 1, . . . , n,
ïðè÷åì ýòè îöåíêè ðàâíîìåðíû ïî k:

| zk− zk+1 | 6 5a
27bN M, |wk−wk+1 | 6 5a

81bN M, ãäå M =̇
(
max | ρ

(3)
0 (·) |+max | ρ

(3)
1 (·) |

)
. (8.1)

Ñëåäîâàòåëüíî, ξk = O(N−1), ηk = O(N−1) äëÿ âñåõ k = 2, . . . , n. ×òî êàñàåòñÿ îöåíîê äëÿ

âåëè÷èí ξ1 è η1, òî ñïðàâåäëèâû ðàâåíñòâà ξ1 = x2− z2 = (x0− z1) + (z1− z2) = O(N−1)
(âîñïîëüçîâàëèñü ðàâåíñòâîì x2 = x0, ñì. (4.2), îöåíêîé x0− z1 = O(N−1), ñì. êîììåíòàðèè
ê (4.3), è îöåíêîé z1− z2 = O(N−1), ñì. (8.1)) è η1 = y2−w2 = (y0−w1) + (w1−w2) = O(N−1).

Òàêèì îáðàçîì,

〈
ξ, ξ

〉
=

n∑

k=1

[
ξk
]2

= O(N−1),
〈
η, η

〉
=

n∑

k=1

[
ηk

]2
= O(N−1), à ïîñêîëüêó

ξ0 = x0− z1 = O(N−1) è η0 = y0− w1 = O(N−1), òî îêîí÷àòåëüíî J
N
= O(N−2).

Ïîëó÷åííàÿ îöåíêà îçíà÷àåò, â ÷àñòíîñòè, ÷òî äëÿ ëþáîãî ε > 0 íàéäóòñÿ ðàçìåðíîñòü N
è ñïëàéí u ∈ σ

N
(Π) (ïîðîæäåííûé ðåøåíèåì ñèñòåìû (5.9)) òàêèå, ÷òî

∥∥ autt − buξξ
∥∥ 2

L2(Π)
< ε.
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Çàêëþ÷åíèå

Â ñèëó ïîëó÷åííûõ îöåíîê îïòèìàëüíûé àïïðîêñèìèðóþùèé ñïëàéí u ∈ σ
N
(Π) çàäà÷è (1.2)

óäîâëåòâîðÿåò ðàâåíñòâàì

‖ autt − buξξ ‖L2(Π) = O(N−1), u(0, ξ) = φ̂(ξ), ξ ∈ [0, 1], ‖ut(0, ξ) − ψ̂(ξ) ‖C[0,1] = O(N−2),

u(τi, 0) = ρ̂0(τi), u(τi, 1) = ρ̂1(τi), i = 0, 1, . . . , 2N.

Ýòî îçíà÷àåò, ÷òî ïðè äîñòàòî÷íî áîëüøèõ N ó ñïëàéíà u : Π → R åñòü âñå îñíîâàíèÿ ïðåòåí-

äîâàòü íà ñòàòóñ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (I). Êðîìå òîãî, ñëåäóåò îòìåòèòü ñëåäóþùåå

âàæíîå îáñòîÿòåëüñòâî. Àëãîðèòì ÷èñëåííîãî ðåøåíèÿ çàäà÷è (I) èìååò ëèíåéíóþ âû÷èñëè-

òåëüíóþ ñëîæíîñòü, òðåáóåòñÿ ëèøü ìåòîäîì ïðîãîíêè ðåøèòü ïåðâóþ è òðåòüþ ñèñòåìû (5.9)

è îñóùåñòâèòü ÿâíûå âû÷èñëåíèÿ âî âòîðîé è ÷åòâåðòîé ñèñòåìàõ. Áîëåå òîãî, äëÿ êîý��è-

öèåíòîâ ñïëàéíà u ïîëó÷åíî ÿâíîå àíàëèòè÷åñêîå ïðåäñòàâëåíèå, ñì. �îðìóëû (6.5), (6.6).

(Çàìåòèì, ÷òî çàäà÷à (II) èññëåäîâàíà â [5, 6℄, ãäå ïîëó÷åí àëãîðèòì åå ÷èñëåííîãî ðåøåíèÿ,

òàêæå èìåþùèé ëèíåéíóþ âû÷èñëèòåëüíóþ ñëîæíîñòü.)

Òàêèì îáðàçîì, ïðåäëàãàåìûé àëãîðèòì èìååò ëèíåéíóþ ñëîæíîñòü âû÷èñëåíèé è, áåç-

óñëîâíî, îòíîñèòñÿ ê êàòåãîðèè ýêîíîìè÷íûõ. Î÷åâèäíî, îí óñòîé÷èâ (òàê êàê â ñèëó �îðìóë

(6.5), (6.6) èìååò ìåñòî íåïðåðûâíàÿ çàâèñèìîñòü îò âõîäíûõ äàííûõ). Ê òîìó æå â ñèëó îöå-

íîê |y | > 3, |x | > 19 ìåòîä ïðîãîíêè óñòîé÷èâ (òàê êàê ïåðâàÿ è òðåòüÿ ñèñòåìû (5.9) èìåþò

òðåõäèàãîíàëüíûé âèä ñ äîìèíèðóþùåé ãëàâíîé äèàãîíàëüþ).

Â âû÷èñëèòåëüíîé ìàòåìàòèêå ñëîæèëàñü òðàäèöèÿ ñðàâíèâàòü íîâûé ìåòîä ñ ñóùåñòâóþ-

ùèìè. Â ðàìêàõ òåîðèè ðàçíîñòíûõ ñõåì ñëîæíîñòü âû÷èñëåíèé äëÿ ðåøåíèÿ èñõîäíîé êðàåâîé

çàäà÷è åñòü âåëè÷èíà O(mn), ãäå m è n � ýòî êîëè÷åñòâî ñëîåâ ïî ïåðåìåííûì t è ξ ñîîòâåò-
ñòâåííî (íà êàæäîì âðåìåííîì ñëîå ìåòîäîì ïðîãîíêè ðåøàåòñÿ ëèíåéíàÿ ñèñòåìà óðàâíåíèé

ñ òðåõäèàãîíàëüíîé ìàòðèöåé). Ñ äðóãîé ñòîðîíû, ðåøåíèå èñõîäíîé çàäà÷è åñòü ñóììà ðåøå-

íèé çàäà÷ (I) è (II): â ïåðâîì ñëó÷àå íà÷àëüíûå �óíêöèè èìåþò ñïåöèàëüíûé âèä, à âî âòîðîì

ãðàíè÷íûå �óíêöèè ïîñòîÿííû. Õîðîøî èçâåñòíî, ÷òî òî÷íîå ðåøåíèå çàäà÷è (II) äîïóñêà-

åò ÿâíîå àíàëèòè÷åñêîå ïðåäñòàâëåíèå â âèäå ðÿäà Ôóðüå (÷åãî íåëüçÿ ñêàçàòü î çàäà÷å (I)).

Ñ ïîçèöèé ÷èñëåííîãî àíàëèçà òðåáóåòñÿ ëèøü ïîñòðîèòü ïîëèíîì Ôóðüå, àïïðîêñèìèðóþùèé

ýòîò ðÿä ñ çàäàííîé òî÷íîñòüþ, òî åñòü âû÷èñëèòü äîñòàòî÷íîå êîëè÷åñòâî êîý��èöèåíòîâ

Ôóðüå. Ñëîæíîñòü âû÷èñëåíèé åñòü âåëè÷èíà O(mn), ãäå n � êîëè÷åñòâî ñëàãàåìûõ â ïîëè-

íîìå, à m � êîëè÷åñòâî óçëîâ ÷èñëåííîãî èíòåãðèðîâàíèÿ êîý��èöèåíòîâ Ôóðüå. Êàê âèäèì,

ïðåäëàãàåìûé íàìè ìåòîä èìååò î÷åâèäíûå ïðåèìóùåñòâà.

Çäåñü óìåñòíî îòìåòèòü ñëåäóþùåå îáñòîÿòåëüñòâî. Â ðàáîòå ìû ïðèìåíÿåì âåñüìà ïðèìè-

òèâíûå (íåãëàäêèå) ñïëàéíû u ∈ σ
N
(Π): îíè èìåþò 2-é ïîðÿäîê è äå�åêò 2 ïî ïåðåìåííîé t,

òî åñòü �óíêöèÿ ut ðàçðûâíà íà ìíîæåñòâå
{
(t, ξ) ∈ Π: t = τ2k

}n

k=1
. Áîëåå òîãî, ïî ïåðåìåííîé

ξ ñïëàéí èìååò âñåãî 4 óçëà íà êàæäîì ñå÷åíèè t = τi, i = 0, 1, . . . , 2N. Äàííûé �åíîìåí åùå

ïîäëåæèò îñìûñëåíèþ: ïî÷åìó-òî çàäàííûå ñïåöèàëüíûì îáðàçîì íà÷àëüíûå �óíêöèè ϕ̃ è ψ̃
ïîðîæäàþò òàêóþ �óíêöèþ u : Π → R, ÷òî âñå ñå÷åíèÿ ξ → u(τi, ξ) ñóòü êóáè÷åñêèå ïîëèíîìû,
è ýòà �óíêöèÿ õîðîøî àïïðîêñèìèðóåò òî÷íîå ðåøåíèå çàäà÷è (I).

Òåì íå ìåíåå ïîëó÷åíî âïîëíå ïðèåìëåìîå ïðèáëèæåííîå ðåøåíèå çàäà÷è (I). Ïîëàãàåì,

ïðåäëîæåííûå ïðèìèòèâíûå ñïëàéíû çàéìóò äîñòîéíîå ìåñòî â ðÿäó ìíîãî÷èñëåííûõ àíàëî-

ãè÷íûõ êîíñòðóêöèé. Íàïðèìåð, â 2006 ãîäó àâòîðû [10℄ âûëîæèëè â Èíòåðíåò ïðèëîæåíèå

ê äàííîé ìîíîãðà�èè ñî ñïèñêîì ïóáëèêàöèé (â îñíîâíîì, çàðóáåæíûõ), ïîñâÿùåííûõ ìíîãî-

ìåðíûì ñïëàéíàì. Â òîò ìîìåíò ñïèñîê ñîäåðæàë áîëåå òûñÿ÷è ðàáîò, à àâòîðû îáðàòèëèñü

ê ÷èòàòåëÿì ñ ïðîñüáîé äîïîëíèòü åãî, óêàçàâ ýëåêòðîííûé àäðåñ äëÿ ïåðåïèñêè. Èç ìíîãî-

÷èñëåííîé îòå÷åñòâåííîé è ïåðåâîäíîé ëèòåðàòóðû îòìåòèì �óíäàìåíòàëüíûå òðóäû [11�16℄.
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On the linear algorithm of numeri
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The solution of a boundary value problem for a simple wave equation de�ned on a re
tangle 
an be represented

as a sum of two terms. They are solutions of two boundary value problems: in the �rst 
ase, the boundary

fun
tions are 
onstant, while in the se
ond the initial fun
tions have a spe
ial form. Su
h de
omposition

allows to apply two-dimensional splines for the numeri
al solution of both problems. The �rst problem was

studied previously, and an e
onomi
al algorithm of its numeri
al solution was developed.

To solve the se
ond problem we de�ne a �nite-dimensional spa
e of splines of Lagrangian type, and

re
ommend an optimal spline giving the smallest residual as a solution. We obtain exa
t formulas for the


oe�
ients of this spline and its residual. The formula for the 
oe�
ients of this spline is a linear form of

initial �nite di�eren
es de�ned on the boundary.

The formula for the residual is a sum of two simple terms and two positive de�nite quadrati
 forms

of new �nite di�eren
es de�ned on the boundary. Elements of matri
es of forms are expressed through



144 Â.È. �îäèîíîâ

ÊÎÌÏÜÞÒÅ�ÍÛÅ ÍÀÓÊÈ 2015. Ò. 25. Âûï. 1

Chebyshev polynomials, both matri
es are invertible and have the property that their inverses matri
es are

of tridiagonal form. This feature allows us to obtain upper and lower bounds for the spe
trum of matri
es,

and to show that the residual tends to zero when the numeri
al problem dimension in
reases. This fa
t

ensures the 
orre
tness of the proposed algorithm of numeri
al solution of the se
ond problem whi
h has

linear 
omputational 
omplexity.
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