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��� ������ ������ ������ !��� "  ��� ��#�" $�%�!  �&�'��� � � ��'�����" ��� (
��!�(� )* '����+!�() "�'��(�'� ���  ����%�+�� � (�� " $�%�!  ����#$,-(�� ��!�(� � ! �.
��� / �����(� ��,0� ��+�� � 1� 2�%� �+��) '�0�( �� ��!�(� � ���3��(+�� 4	5 +6�� 0��#6��
��� !��(+� '�0�(* + ��(�'" '�����(' +�-(�� %�)�(+ � � ��!�(� � ! ���� 4�* 75�

� ���(��8��, +'���� �'�%��3��� %��(�(�!��� ��� !��(+� '�$� !�" ��(�%�+ �'�+��� �
��!�(� " ! ��� 495� : �% �  $ � " �� �+���(�� ,� +�'���#��� ��$� ���( �'�0���� �  �(�'.
�'�(�� �) (�"  �  �" ��(�%�+* �� +�� �� ����(�  �(, ( +���

� %����) '�0�(� �'�%��3�-(��  ����%�+�� �* ��!�(� + '�0�(�" 4�;�5�

� �� ���� ���! " � #�

<,�(# $�%��� &,��� � μ : R → [0; 1]� :�!�(� � ! ���� A ��$+��(�� 4	5 ��+��,����(# ��'
+ %�

(
x
∣∣ μA (x)

)
* x ∈ R� =,��� � μA (x) ��$+��(�� &,��� �) �' ��%��3���( ��!�(����

! ��� A* � �� $��!�� � �� ����'�(��� ! ��� x ∈ R ��$+��(�� �(����#- > � ��'�)? �' ��%.
��3���( �(��� ! ��� x ��!�(���, ! ��, A�

��� ��3%��� ! ��� α ∈ [0; 1] �0!��� ���3��(+� A (α) =
{
x ∈ R : μA (x) � α

}
��$+��(.

�� ���3��(+�� ,'�+�� ��!�(���� ! ��� A� @( ���3��(+� ,'�+�� ,%�+��(+�'�-( ���%,-8 �
�+�)�(+��A

A(0) = X; 0 � α � β � 1 ⇒ A(β) ⊂ A(α); 0 < α � 1 ⇒
⋂

0�t<α

A(t) = A(α). >	�	?

<,�(# �' ��3%�� 0 � α � 1 ��'�%����� ���3��(+� A(α) ⊂ R� ��� ��+��,����(# �( " ���.
3��(+ ,%�+��(+�'��( �+�)�(+�� >	�	?* (� ��� �+���(�� ����)�(+�� ���3��(+ ,'�+�� ��!�(����
! ��� A* &,��� � �' ��%��3���( ��(�'��� '�+��

μA(x) = sup
{
α ∈ [0; 1] : x ∈ A(α)

}
.
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<��(��, ��!�(��� ! ��� A ��3�� $�%�(# ����)�(+�� ���3��(+ A(α) ⊂ R �' ��3%�� 0 � α �
1* ��(�'� ,%�+��(+�'�-( �+�)�(+�� >	�	?�

B,%�� '�����(' +�(# ��!�(� � ! ���* , ��(�'" �' �-0�� 0 < α � 1 ���3��(+� ,'�+��
�+��-(�� �('�$��� 

A(α) = [gA(α), GA(α)] . >	��?

=,���  gA, GA : (0, 1] → R ,%�+��(+�'�-( ���%,-8 � �+�)�(+��A

gA(α) � GA(α) �' �-0�� 0 < α � 1;

gA(α1) � gA(α2), GA(α2) � GA(α1) �' �-0" 0 < α1 < α2 � 1;

lim
t→α−0

gA(t) = gA(α), lim
t→α−0

GA(t) = GA(α) �' �-0�� ! ��� 0 < α � 1. >	�7?

<' +������  ,���+ ) >	�7? �('�$� >	��? ,%�+��(+�'�-( �+�)�(+�� >	�	?�

� $� �% ������ ��%�"!��

<,�(# � ��* �' � ��-8�� '�6�� � >1<C?* ��3�( +0'�(# �%�,  $ %+," �('�(�� )� D��#
1<C $���-!��(�� + (��* !(�0 +�$��3�) + �'6 x ∈ R* ��(�') �� ���,! ( �' +0�'�
i.�) �('�(��  * 0� ��� ��3�� 0��#6�� ��&�'��� - � +�$��3��� '�$,�#(�(� �� ���,!��( +
+ %� ��!�(���� ! ��� Ai�

2�& �� ',�� ! ��� 0 < α � 1  0,%�� �! (�(#* !(� 1<C  �(�'��,-( (��#�� (� +�$��3��
+ �'6 * $��!�� � ��(�'" x ∈ Ai(α)* i = 1, 2� <' "�% � � $�%�!� � �'�+���  �('�$��+
[g1(α), G1(α)]  [g2(α), G2(α)]� 2%��# �0�$��!��� gi(α) = gAi(α)* Gi(α) = GAi(α)�

��� 1<C +0'�� i.) �('�$��* (� +�$��3��� $��!�� � ��� + �'6� '�+��

Q(i, y) = gi(α) + (Gi(α) − gi(α)) y, y ∈ [0, 1]. >��	?

<'�%����3 �* !(� 1<C �' +0�'� �('�$��  �"�% (  $ �� ",%6��� +�' ��(�* ',��+�%�(+,.
��# �' (�' �� ���#%� 4�5� ���%� �('�$�� +0 '��(��  $ ,���+ �

min
0�y�1

Q(i, y) = gi(α) → max, i = 1, 2.

��� 1<C �' +0�'� �('�$��  �"�% (  $ �� �,!6��� +�' ��(�* ',��+�%�(+,��# �' �� ���
E�'�)���� ��( � $��F* (� �('�$�� +0 '��(��  $ ,���+ �

max
0�y�1

Q(i, y) = Gi(α) → max, i = 1, 2.

<'  ����#$�+��  �' (�' � G,'+ �� +0 '��(�� ! ��� γ ∈ (0, 1)* �+��-8���� ����$�(����
��( � $��*  '�����(' +��(�� $�%�!�

(1− γ) min
0�y�1

Q(i, y) + γ max
0�y�1

Q(i, y) = (1− γ)gi(α) + γGi(α) → max, i = 1, 2.

��� 1<C �' �����( �' (�' ) 1������* (� ���,! � $�%�!,

Li(α) =

∫ 1

0

(
gi(α) +

(
Gi(α) − gi(α)

)
y
)
dy =

1

2
gi(α) +

1

2
Gi(α) → max, i = 1, 2.

<' �' �����  �' (�' � H�%3�;1����� +0 '��(�� ! ��� λ ∈ (0; 1)  '�����(' +��(��
$�%�!�

(1− λ) min
0�y�1

Q(i, y) + λLi(α) =

(
1− λ

2

)
gi(α) +

λ

2
Gi(α) → max, i = 1, 2.
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C�����(' � ��,!�)* ���%� 1<C �' +0�'� �('�$�� ',��+�%�(+,�(�� �' �� ��� � � ���#.
���� ' ���� � �(�� ��,!�� �� �' �����( �' (�' ) /�+ %3� 4�5� C�$���(#

ψ(i, y) = max
k=1,2

Q(k, y) −Q(i, y)

+'�3��( E��3���� �F 1<C � (��* !(� �� +0'�� i.) �('�$��� ���� ���#��� ��3���� � >&,��.
� � ' ���? '�+��

ω(i) = max
0�y�1

ψ(i, y) = max
0�y�1

(
max
k=1,2

Q(k, y)−Q(i, y)

)
.

<�'��(�+��� ���(�� ���'��  +$�( � ���� �,��+  ,! (+�� &�'�,�, >��	?* ���,! �* !(�

ω(i) = max
k=1,2

max (Gk(α)−Gi(α); gk(α) − gi(α)) .

/(��� 0(#*
ω(1) = max (0;G2(α) −G1(α); g2(α)− g1(α)),

ω(2) = max (0;G1(α) −G2(α); g1(α)− g2(α)).
>���?

��&& �� ��� ����� �	
�� β ∈ R 	 χ ∈ R ������
���

max (0;β;χ) � max (0;−β;−χ) >��7?

��������� ����� 	 ������ ������ ����� β + χ � 0�

� � � � $ � ( � � # � ( + �� <,�(# β+χ � 0� ��� β � 0  χ � 0* (� ��'�+���(+� >��7? �+���(��
�!�+ %��� <,�(#* ���' ��'* β > 0  χ � 0� � �(�� ��,!�� ��+�� !��(# ��'�+���(+� >��7? '�+��
β* � �'�+�� '�+�� (−χ) � �$ ��'�+���(+� β + χ � 0 ���,! � ��'�+���(+� >��7?�

<,�(# +������� ��'�+���(+� >��7?� I!�+ %��* !(� �,3�� '�����('�(# ��,!�)* ���%� ! ���
β  χ  ��-( '�$�� $��� � <,�(#* ���' ��'* β � 0  χ � 0� ���%�  $ ��'�+���(+� >��7? ���,! �*
!(� β � −χ� �

�$ %���$����) ����   $ &�'�,� >���? ���,! �* !(�

ω(1) � ω(2) ⇔ g1(α) +G1(α) � g2(α) +G2(α).

1<C � � � $ ',�( $��!�� � &,���  ' ���� <��(��,  ���� $�%�!,

1

2
gi(α) +

1

2
Gi(α) → max, i = 1, 2.

��� � �0'�$��* ��� 1<C �' +0�'� �('�$�� ',��+�%�(+,�(�� �%� �  $ '�����('���"
�' (�' �+* (� �� '�6��( $�%�!,

(1− ν)gi(α) + νGi(α) → max, i = 1, 2

�' $�%����� ! ��� ν ∈ [0; 1]�

� '� �% ������ ��#��!�( #���)

<,�(# $�%�� %+� ��!�(� " ! ��� A  B� ��$#��� '�$0 �� � 0 = α0 < α1 < · · · < αs <
αs+1 < · · · < αn+1 = 1� /! (���* !(� %�� $��!�� � αs �('�$�� [gA(αs), GA(αs)] �'�%��!( (��#.
��� �('�$�� [gB(αs), GB(αs)] (��%�  (��#�� (��%�* ���%�

(1− ν)gA(αs) + νGA(αs) � (1− ν)gB(αs) + νGB(αs).
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g(α) a(D) b(D) G(a)

α

1

μD(x)

x

���� �� G'�& � &,���  �' ��%��3���( ���������0'�$���� ��!�(���� ! ���

����3 � ��3%��  $ �( " ��'�+���(+ �� ���(' ��(��#��� ! ��� αs+1 − αs� /��3 � ��.
�,!���� ��'�+���(+�  ��'�)%�� � �'�%��, �' max

0�s�n
(αs+1 − αs) → 0� ���%�* �'�%�������

�,8��(+�+�� � ���(+�(�(+,-8 "  �(��'���+* ���,! � ��'�+���(+�

c(A; ν) � c(B; ν). >7�	?

2%��# �0�$��!���

c(D; ν) =

∫ 1

0

(
(1− ν)gD(α) + νGD(α)

)
dα, D = A,B. >7��?

�*%���)���� �� <' $�%����� ! ��� ν ∈ [0, 1] ��!�(��� ! ��� A �������	������� ��!�(.
���� ! ��� B (��%�  (��#�� (��%�* ���%� +������� ��'�+���(+� >7�	?�

B,%�� '�����(' +�(# ��!�(� � ! ��� D = A,B* , ��(�'" +��(� 4
5 hgtD = sup
x∈R

μD(x) = 1�

���%�  $ ,���+ ) >	�7? ���%,�(* !(� �,8��(+,-( ! ��� a(D) � b(D) (�� �* !(� �%'� 4
5 core
{
x ∈

R : μD(x) = 1
}
= [a(D), b(D)]�

/��%�+�(��#��* μD(x) = 1 �' x ∈ [a(D), b(D)]  μD(x) < 1 �' x /∈ [a(D), b(D)]� G'�& �
(���) &,���  �' ��%��3���( �' +�%�� �� ' �� 	�

I0�$��! �

S(1)(D) =

∫ a(D)

−∞
μD(x) dx, S(2)(D) =

∫ +∞

b(D)
μD(x) dx. >7�7?

�$ ' �� 	 + %��* !(�

S(1)(D) =

∫ 1

0

(
a(D)− gD(α)

)
dα = a(D)−

∫ 1

0
gD(α) dα,

S(2)(D) =

∫ 1

0

(
GD(α)− b(D)

)
dα =

∫ 1

0
GD(α) dα − b(D).

I(�-%�   $ &�'�,� >7��? ���,! �* !(�

c(D; ν) = a(D)−
∫ a(D)

−∞
μD(x) dx + ν

∫ +∞

−∞
μD(x) dx. >7�9?
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a c b x

M F P

Q
S(1)(D) S(2)(D)

N

1

μD(x)

���� $� G����(' !�����  �(�'�'�(�� �

<'�+�%�� ���� $ &�'�,� >7�9?� <,�(# 1<C ',��+�%�(+,�(�� �' (�' �� ���#%�� ���%� +
&�'�,�� >7�9? �,3�� ����3 (# ν = 0� �����#$,� �0�$��!�� � >7�7?* ���,! �

c(D; ν) = a(D)− S(1)(D).

���� � $ ',� �(, +�� ! �,* 1<C ���� � $ ',�( ��+) ����� coreD  � � � $ ',�( ���.
8�%# & �,'* ��'�� !����) ��#- x  �' +�) NMa(D) >��� ' �� �?�

��� 1<C ',��+�%�(+,�(�� �' (�' �� E�'�)���� ��( � $��F* (� + &�'�,�� >7�9? �,3��
����3 (# ν = 1� <��,! �

c(D; ν) = b(D) + S(2)(D).

���� � $ ',� �(, +�� ! �,* 1<C ���� � $ ',�( �'�+) ����� coreD  ���� � $ ',�(
���8�%# & �,'* ��'�� !����) ��#- x  �' +�) b(D)PQ >��� ' �� �?�

<' �' �����  �' (�' � 1������  � �' (�' � /�+ %3� + &�'�,�� >7�9? �,3�� ����.
3 (# ν = 1

2 � ���%�  $ >7�7?  >7�9? ���,! �

c(D;
1

2
) =

1

2

(
a(D)− S(1)(D)

)
+

1

2

(
b(D) + S(2)(D)

)
. >7��?

<'�%��3 �* !(�

S(1)(D)− (b(D)− a(D)) � S(2)(D) � S(1)(D) + (b(D)− a(D)) . >7�
?

��� + %��  $ ' �� �* ��+�� ��'�+���(+� �$��!��(* !(� ���8�%# & �,'* �0'�$�+����) ��#- x
 �' +�) NMa(D)* �� �'�+��"�% ( ���8�%# & �,'* �0'�$�+����) ��#- x  �' +�) a(D)MPQ�
<'�+�� ��'�+���(+� + >7��? �$��!��(* !(� ���8�%# & �,'* �0'�$�+����) ��#- x  �' +�)
b(D)PQ* �� �'�+��"�% ( ���8�% & �,'* �0'�$�+����) ��#- x  �' +�) NMPb(D)�

�$ ��'�+���(+ >7�
? ���%,�(* !(� ! ��� c = c
(
D; 12

)
�' ��%��3 ( �('�$�, [a(D), b(D)]� �$

&�'�,� >7��? ���%,(* !(� �'���� cF %�� ( & �,',* �0'�$�+���,- ��#- x  �' +�) NMPQ*
�� %+� '�+��+�� � � �� ���8�% !��( >��� ' �� �?�
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� +� �% ������ !�)�!�)��,% "�-( � �% *�.��� )/�-( ��#��!�( #���)

C�����(' � ���������0'�$��� ��!�(��� ! ���D* , ��(�'��� &,��� � �' ��%��3���(  ��.
�( ���%,-8 ) + %A

μD(x) = exp

(
−
(
x− a

ε

)2
)

�' x � a; μD(x) = 1 �' a � x � b;

μD(x) = exp

(
−
(
x− b

δ

)2
)

�' b � x.

2%��# ! ��� a � b* ε > 0* δ > 0 $�%��� G'�& � �(�) &,���  �'�%�(�+��� �� ' �� 	�
1 ��+ �( !����� �� ��� � (�� " ��!�(� " ! ���  ���( + % D = E�' ��'�� �� �('�$�� [a, b]F�
�����#$,� &�'�,�, %�� $��!�� �  �(��'��� 1������ 4	�5* ���,! �

∫ a

−∞
μD(x) dx = ε

∫ 0

−∞
exp(−t2) dt =

√
π

2
ε;

∫ +∞

b
μD(x) dx = δ

∫ 0

−∞
exp(−t2) dt =

√
π

2
δ;

∫ +∞

−∞
μD(x) dx =

√
π

2
(ε+ δ) + b− a.

I(�-%�   $ &�'�,� >7�9?* ���,! �* !(�

c(D; ν) = (1− ν)a+ νb− (1− ν)

√
π

2
ε+ ν

√
π

2
δ.

<������ + �(�) &�'�,�� ν = 0* ���,! �* !(� ���������0'�$��� ��!�(��� ! ��� A �'�%��.
!( (��#��� ���������0'�$���� ��!�(���� ! ��� B �� �' (�' - ���#%� (��%�  (��#�� (��%�*
���%�

a(A)−
√
π

2
ε(A) � a(B)−

√
π

2
ε(B).

c(D) a(D) b(D) d(D)

1

μD(x)

x

���� '� G'�& � &,���  �' ��%��3���( ('����� %��#���� ��!�(���� ! ���
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<' ν = 1 ���,! � ,���+ � �'�%��!( (��#���( �� �' (�' - E�'�)���� ��( � $��FA

b(A) +

√
π

2
δ(A) � b(B) +

√
π

2
δ(B).

<������ ν = 0,5* ���,! � ,���+ � �'�%��!( (��#���( �� �' (�' �� 1������  /�+ %3�A

a(A) + b(A)−
√
π

2
ε(A) +

√
π

2
δ(A) � a(B) + b(B)−

√
π

2
ε(B) +

√
π

2
δ(B).

C�����(' � (���'# ('����� %��#�� ��!�(� � ! ���� G'�& � &,���  �' ��%��3���( 
(����� ��!�(���� ! ��� D �' +�%�� �� ' �� 7� 1 ��+ �( !����� �� ��� � (�� " ��!�(� " ! ���
 ���( + % D = J�' ��'�� �� �('�$�� [a, b]* �� �� 0���� d  �� ����� cK�

=�'�,�� >7�9? �' � ���( + %

c(D; ν) =
1

2
(a(D) + c(D) + ν (b(D) + d(D)− a(D)− c(D))) .

/��%�+�(��#��*

c(D; 0) =
a(D) + c(D)

2
, c(D; 1) =

b(D) + d(D)

2
,

c(D;
1

2
) =

c(D) + a(D) + b(D) + d(D)

4
.
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dFO!Tx FP F UHPMXQ TS F PQUFQHcO PHXHaQVTR" `IVP VRSTU9FQVTR aFR fH cV8HR FP F SMNNO RM9fHU FRG QIH dUTfXH9
TS VQP aT9dFUVPTR FddHFUP" K PdHaVya aIFUFaQHU TS QIH dUTfXH9 VP F 9FVR SFaQTU QT aITTPH QIH 9HQITG TS QIH
SMNNO RM9fHUP aT9dFUVPTR" 0R QIVP dFdHU FR FddUTFaI TS aT9dFUVRc SMNNO RM9fHUP IFP fHHR dUTdTPHG� VQzP
fFPHG TR QIH aT9dFUVPTR TS α!aMQP" `IHPH α!aMQP FUH PHc9HRQP" .MUVRc QIH aT9dFUVPTR TS QIH PHc9HRQP� HFaI
PHc9HRQ aFR aTRQFVR F 9HUVQ 8FXMH{ TRH TS QIH GHaVPVTR!9FjVRc aUVQHUVF VP aITPHR %|FXGzP 9F}V9VR 9TGHX�
~HcUHQ QIHTUO 9TGHXP� ~TMQI]_MUbVQN PQFfVXVQO aUVQHUVTR HQa")" `IH UHPMXQP TS QIH aT9dFUVPTR FUH F8HUFcHG
TMQ" LMNNO RM9fHUP FUH aT9dFUHG FaaTUGVRc QT QIHPH 9HFR 8FXMHP" KaaTUGVRc QT cHT9HQUVaFX VRQHUdUHQFQVTR
bIVaI IFP fHHR cV8HR� QIH aT9dFUVPTR TS SMNNO RM9fHUP VP H�MV8FXHRQ QT QIH aT9dFUVPTR TS ycMUHPz FUHFP" `IHPH
FUHFP FUH STU9HG fO cUFdIVaP TS 9H9fHUPIVd SMRaQVTRP TS QIH SMNNO RM9fHUP" KP FR H}F9dXH QUFdHNTVGFX FRG
fHXX!PIFdHG SMNNO RM9fHUP FUH H}F9VRHG"

~vLv~vkWvh

1" EFGHI J"K" LMNNO PHQP� ����������� ��� �������� 1Y:4� 8TX" ;� RT" 5� dd" 55;]545"
3" .MQQF \"� ^TUMFI _"� KXV `" LMNNO FUVQI9HQVa bVQI FRG bVQITMQ MPVRc FXdIF!aMQ 9HQITG- F aT9dFUFQV8H

PQMGO� ������������� ������� �� ������ ������ �� ��� ����!� 3211� 8TX" 3� RT" 1� dd" YY]126"
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