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�ÀÇËÎÆÅÍÈÅ �Å�ÓËß�ÍÎÉ ÊÂÀÒÅ�ÍÈÎÍ-ÔÓÍÊÖÈÈ

Â ñòàòüå ðàññìîòðåíû çàäà÷è, ñâÿçàííûå ñ ðàçëîæåíèåì ðåãóëÿðíîé êâàòåðíèîí-�óíêöèè â îáîáùåí-

íûå ðÿäû Òåéëîðà è Ëîðàíà. Îáîáùåííûé ðÿä Òåéëîðà äëÿ ðåãóëÿðíîé êâàòåðíèîí-�óíêöèè ïîëó÷åí

ïóòåì ðàçëîæåíèÿ ÿäðà Êîøè â 4-ìåðíîì ãèïåðøàðå â àëãåáðå êâàòåðíèîíîâ è â ñèñòåìå ãèïåðñ�å-

ðè÷åñêèõ êîîðäèíàò. Îáîáùåííûé ðÿä Ëîðàíà äëÿ ðåãóëÿðíîé êâàòåðíèîí-�óíêöèè ïîëó÷åí ïóòåì

ðàçëîæåíèÿ ÿäðà Êîøè âî âíåøíîñòè 4-ìåðíîãî ãèïåðøàðà â àëãåáðå êâàòåðíèîíîâ è â ñèñòåìå ãè-

ïåðñ�åðè÷åñêèõ êîîðäèíàò. Íà îñíîâå ïîëó÷åííûõ ðåøåíèé ïðè ðàññìîòðåíèè ðàçëîæåíèÿ ðåãóëÿðíîé

êâàòåðíèîí-�óíêöèè â áåñêîíå÷íî ìàëîì øàðå, êîòîðûé îãðàíè÷åí 3-ñ�åðîé, çàäàíî ïðàâèëî îïðå-

äåëåíèÿ âû÷åòà ðåãóëÿðíîé êâàòåðíèîí-�óíêöèè â àëãåáðå êâàòåðíèîíîâ è â ñèñòåìå ãèïåðñ�åðè÷å-

ñêèõ êîîðäèíàò îòíîñèòåëüíî èçîëèðîâàííîé îñîáîé òî÷êè. Òàêæå íàéäåíî ðàçëîæåíèå ìåðîìîð�íîé

êâàòåðíèîí-�óíêöèè â ñòåïåííîé ðÿä.

Êëþ÷åâûå ñëîâà: ðåãóëÿðíàÿ êâàòåðíèîí-�óíêöèÿ, ðÿä Òåéëîðà, ðÿä Ëîðàíà, âû÷åò, ìåðîìîð�íàÿ êâà-

òåðíèîí-�óíêöèÿ.
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Òåîðèÿ êâàòåðíèîíîâ, áàçèðóþùàÿñÿ íà îáîáùåíèè [1℄ óñëîâèé Êîøè��èìàíà [2℄ äëÿ ãîëî-

ìîð�íîé (ðåãóëÿðíîé) êâàòåðíèîí-�óíêöèè [3℄, ïîçâîëÿåò èñïîëüçîâàòü àëãåáðó óäîáíóþ äëÿ

îïèñàíèÿ èçîìåòðèé â R
3
, R

4
[4℄ ïðè ðåøåíèè çàäà÷ êîí�îðìíîãî îòîáðàæåíèÿ [5℄. Îäíàêî,

íåñìîòðÿ íà äëèòåëüíûé ïåðèîä åå �îðìèðîâàíèÿ [1, 6, 7℄, ïðîáëåìà ðàçëîæåíèÿ ðåãóëÿðíîé

êâàòåðíèîí-�óíêöèè â îáîáùåííûå ñòåïåííûå ðÿäû ÿâëÿåòñÿ íåäîñòàòî÷íî ïðîðàáîòàííîé. Ïî-

ñëåäíåå ñâÿçàíî ñ òåì, ÷òî ðÿä èçâåñòíûõ ðåçóëüòàòîâ [1,8,9℄ ïîëó÷åí íå íà îñíîâå ïðèìåíåíèÿ

íåêîììóòàòèâíîé àëãåáðû êâàòåðíèîíîâ èëè åå ãåîìåòðè÷åñêîé èíòåðïðåòàöèè (ãèïåðñ�åðè-

÷åñêàÿ ñèñòåìà êîîðäèíàò [10℄), à ñ èñïîëüçîâàíèåì àëãåáðû äåéñòâèòåëüíûõ ÷èñåë ñ êîìïî-

íåíòíûì ðàçëîæåíèåì êâàòåðíèîííûõ ïåðåìåííûõ è �óíêöèé. Òàêæå â ðÿäå ðàáîò [11,12℄ äëÿ

ðåøåíèÿ çàäà÷ ïî ðàçëîæåíèþ ðåãóëÿðíîé êâàòåðíèîí-�óíêöèè â îáîáùåííûå ñòåïåííûå ðÿ-

äû ïðåäëàãàåòñÿ èñïîëüçîâàòü òåîðèþ ñðåçà ðåãóëÿðíûõ �óíêöèé íàä êâàòåðíèîíàìè [13℄. Ïðè

ýòîì îïðåäåëåíèå ðåãóëÿðíîé êâàòåðíèîí-�óíêöèè îòëè÷àåòñÿ îò êëàññè÷åñêîãî [7℄.

Ñëåäñòâèåì âûøåèçëîæåííîãî, ïî íàøåìó ìíåíèþ, ÿâëÿþòñÿ îøèáî÷íîå èñòîëêîâàíèå ïî-

ëó÷àåìûõ ðåøåíèé è çàòðóäíåíèÿ ïðè ïðèêëàäíîì ïðèìåíåíèè ðåçóëüòàòîâ. Öåëüþ ñòàòüè

ÿâëÿåòñÿ ïîëó÷åíèå ðàçëîæåíèé ðåãóëÿðíîé êâàòåðíèîí-�óíêöèè â îáîáùåííûå ñòåïåííûå ðÿ-

äû [9, 10℄ ñ óñòàíîâëåíèåì âçàèìîñâÿçè ìåæäó ïðåäñòàâëåíèÿìè ýòîãî ðàçëîæåíèÿ â àëãåáðå

êâàòåðíèîíîâ è ãèïåðñ�åðè÷åñêîé ñèñòåìå êîîðäèíàò.

� 1. Îñíîâíûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ

Ïîä H áóäåì ïîíèìàòü àëãåáðó êâàòåðíèîíîâ �àìèëüòîíà [6℄, îáúåêòîì êîòîðîé ÿâëÿåòñÿ

êâàòåðíèîí q ∈ H, çàäàííûé ëèíåéíîé êîìáèíàöèåé q = q0 + j1q1 + j2q2 + j3q3
(

q0, q1, q2, q3 ∈
∈ R; j1, j2, j3 − ìíèìûå åäèíèöû

)

, ñî ñêàëÿðíûìè õàðàêòåðèñòèêàìè è êâàòåðíèîííûìè îïå-

ðàöèÿìè [1℄.

Ïîä êâàòåðíèîí-�óíêöèåé F (q) â H-àëãåáðå áóäåì ïîíèìàòü îòîáðàæåíèå F : H → H,

�óíêöèîíàëüíàÿ çàâèñèìîñòü êîòîðîãî ìîæåò áûòü ïðåäñòàâëåíà â âèäå ëèíåéíîé êîìáèíàöèè

÷åòûðåõ äåéñòâèòåëüíûõ �óíêöèé îò q0, q1, q2, q3 ∈ R : F (q) = F0 (q0, . . . , q3)+j1F1 (q0, . . . , q3)+
+ j2F2 (q0, . . . , q3) + j3F3 (q0, . . . , q3) [1℄.

Îïðåäåëåíèå ðåãóëÿðíîé êâàòåðíèîí-�óíêöèè F (q), ñîãëàñíî [1℄, áóäåì ðàññìàòðèâàòü ÷å-

ðåç êâàòåðíèîííî-ïðàâîäè��åðåíöèðóåìóþ F ′
r (q) = dF (q) (dq)−1

è êâàòåðíèîííî-ëåâîäè��å-

ðåíöèðóåìóþ F ′
l (q) = (dq)−1 dF (q) �óíêöèè, íå ñîâïàäàþùèå â ñèëó íåêîììóòàòèâíîñòè H-àë-

ãåáðû. Ñ ó÷åòîì òîãî, ÷òî òåîðèè êâàòåðíèîíííî-äè��åðåíöèðóåìûõ ñëåâà è ñïðàâà �óíêöèé

http://dx.doi.org/10.20537/vm180104
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ýêâèâàëåíòíû [1℄, ïîä êâàòåðíèîííî-äè��åðåíöèðóåìîé �óíêöèåé áóäåì ïîíèìàòü ïðàâîäè�-

�åðåíöèðóåìóþ �óíêöèþ, äëÿ êîòîðîé ïðåäåë dF (q) (dq)−1 = lim
h→0

[(

F (q+h·dq)−F (q)
h

)

(dq)−1
]

ñóùåñòâóåò (ïðîèçâîäíàÿ �àòî [14℄), ãäå q, dq ∈ H; h ∈ R. Ñîîòâåòñòâåííî ïîä ðåãóëÿðíîé

êâàòåðíèîí-�óíêöèåé áóäåì ïîíèìàòü îïðåäåëåíèå èç [1℄ äëÿ ïðàâîðåãóëÿðíîé êâàòåðíèîí-

�óíêöèè, äëÿ êîòîðîé ñóùåñòâóåò êâàòåðíèîí F ′
r (q) òàêîé, ÷òî d (F dq ∧ dq) = −2F ′

r (q)Dq, ãäå
Dq = dq1 ∧ dq2 ∧ dq3 − j1dq0 ∧ dq2 ∧ dq3 − j2dq0 ∧ dq3 ∧ dq1 − j3dq0 ∧ dq1 ∧ dq2 � âíåøíÿÿ 3-�îðìà;

d (F dq ∧ dq) = dF (q) ∧ dq ∧ dq.
Ïîëó÷åíèå ðàçëîæåíèé ðåãóëÿðíîé êâàòåðíèîí-�óíêöèè â îáîáùåííûå ðÿäû Òåéëîðà è Ëî-

ðàíà ïîçâîëÿåò îïðåäåëèòü àíàëèòè÷åñêîå ïðîäîëæåíèå F (q).

Òåîðåìà 1. Ïóñòü ãðàíèöû îáëàñòåé G1, G2 ∈ H ñîäåðæàò îáùóþ ñ�åðè÷åñêóþ ïîâåðõ-

íîñòü γ, à �óíêöèè F1 è F2 ÿâëÿþòñÿ ðåãóëÿðíûìè ñîîòâåòñòâåííî â G1 è G2. Òîãäà �óíê-

öèÿ F1 äîïóñêàåò àíàëèòè÷åñêîå ïðîäîëæåíèå F2 ÷åðåç γ â G2, åñëè ñóùåñòâóåò ðåãóëÿðíàÿ

�óíêöèÿ F â îáëàñòè G = G1 ∪G2 ⊂ H òàêàÿ, ÷òî

F (q) =







F1 (q) ∀q ∈ G1,

F2 (q) ∀q ∈ G2,
ïðè F1 (q) = F2 (q) ∀q ∈ γ.

Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì ÷åðåç ∂G ãðàíèöó îáëàñòè G. Ïóñòü âíóòðè îáëà-

ñòè G ñîäåðæèòñÿ ãëàäêàÿ çàìêíóòàÿ ïîâåðõíîñòü ∂G′
, ðàñïîëîæåííàÿ îòíîñèòåëüíî ∂G íà

ñêîëü óãîäíî áëèçêîì ðàññòîÿíèè. Òîãäà ïåðåñå÷åíèå ∂G′
ñ γ îáðàçóåò ãëàäêèé çàìêíóòûé êîí-

òóð ∂γ. Ñîãëàñíî îáîáùåííîé èíòåãðàëüíîé �îðìóëå Êîøè â àëãåáðå êâàòåðíèîíîâ [1℄ è ñ ó÷å-

òîì ââåäåííûõ ïðåäñòàâëåíèé èìååì

F
(

q0
)

=
1

2π2

∮

∂G′

F (q)DqM(q − q0), q0 ∈ G, (1.1)

ãäå M(q − q0) = (q − q0)−1
/∥

∥q − q0
∥

∥

� ÿäðî Êîøè (Êîøè�Ôüþòåðà). Îáîçíà÷èì ÷åðåç ∂G′
1

çàìêíóòóþ ïîâåðõíîñòü, îáðàçîâàííóþ ÷àñòüþ ∂G̃′
1 êîíòóðà ∂G′

, ñîäåðæàùåéñÿ â G1, è ñ�å-

ðè÷åñêîé ïîâåðõíîñòüþ γ1 ⊂ γ, îãðàíè÷åííîé ãëàäêèì çàìêíóòûì êîíòóðîì ∂γ. Àíàëîãè÷íî
÷åðåç ∂G′

2 îáîçíà÷èì çàìêíóòóþ ïîâåðõíîñòü, îáðàçîâàííóþ ÷àñòüþ ∂G̃′
2 êîíòóðà ∂G

′
, ñîäåð-

æàùåéñÿ â G2, è γ1 ⊂ γ. Â ñèëó (1.1) è îáîáùåíèÿ òåîðåìû Êîøè â àëãåáðå êâàòåðíèîíîâ [8℄

∀q0 ∈ G ïîëó÷èì ñîîòíîøåíèÿ

F
(

q0
)

= F1

(

q0
)

+ F2

(

q0
)

,

F1

(

q0
)

=
1

2π2

∮

∂G′

1

F (q)DqM
(

q − q0
)

=
1

2π2

(
∫

∂G̃′

1

+

∫

γ1

)

,

F2

(

q0
)

=
1

2π2

∮

∂G′

2

F (q)DqM
(

q − q0
)

=
1

2π2

(∫

∂G̃′

2

−
∫

γ1

)

= 0,

(1.2)

çàäàþùèå òîæäåñòâî F (q) = F1 (q) ∀q ∈ G1.

Àíàëîãè÷íî (1.2) îïðåäåëÿåòñÿ òîæäåñòâî F (q) = F2 (q) ∀q ∈ G2. Òåîðåìà äîêàçàíà. �

� 2. �àçëîæåíèå êâàòåðíèîí-�óíêöèè â îáîáùåííûé ðÿä Òåéëîðà

Òåîðåìà 2. Âñÿêàÿ êâàòåðíèîí-�óíêöèÿ F (q), ðåãóëÿðíàÿ â íåêîòîðîì 4-ìåðíîì ãèïåð-

øàðå

∣

∣q − q0
∣

∣ < R ñ öåíòðîì â òî÷êå q0, ìîæåò áûòü ïðåäñòàâëåíà â ýòîì ãèïåðøàðå ñòå-

ïåííûì ðÿäîì

F (q) =

∞
∑

n=0

cn
(

q − q0
)n

ïðè cn = F (n)
(

q0
)

/

n!, (2.1)
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ãäå

F (n)
(

q0
)

= dnF
(

q0
)

(dq)−n =
(−1)n−1

2π2

∮

S0

F
(

q′
)

Dq′dnM
(

q′ − q0
)

(dq)−n;

dnM
(

q′ − q0
)

= (−1)n−1 n!
(

q′ − q0
)−1

/

∥

∥q′ − q0
∥

∥

{

[

dq
(

q′ − q0
)−1

]n

+

+

n
∑

m=1











[

dq
(

q′ − q0
)−1

]n−m ⌊m/2⌋
∑

k=0











2m−2k (m− k)!

(

Re

((

q′ − q0
)

dq
)

)m−2k

k! (m− 2k)! ‖q′ − q0‖m−k (−‖dq‖)−k







































.

(2.2)

Â (2.2) dq = q − q0, S0 � 3-ñ�åðà ñ öåíòðîì â òî÷êå q0 è ðàäèóñîì R, ⌊m/2⌋ îïðåäåëÿåò

öåëóþ ÷àñòü îò äåëåíèÿ m/2.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðèíèìàÿ âî âíèìàíèå, ÷òî

∥

∥q′ − q0
∥

∥ = R,
∥

∥q − q0
∥

∥ = r, r < R,

è èñïîëüçóÿ ðàçëîæåíèå (1− q)−1 =
∞
∑

n=0
qn [10℄ äëÿ |q| < 1, ‖q′ − q‖−1 =

∥

∥

∥
(q′ − q)−1

∥

∥

∥
, ïîëó÷èì

(

q′ − q
)−1

=
(

q′ − q0 −
(

q − q0
))−1

=
(

q′ − q0
)−1

[

1−
(

q − q0
) (

q′ − q0
)−1
]−1

=

=
(

q′ − q0
)−1

∞
∑

n=0

[

(

q − q0
) (

q′ − q0
)−1
]n
;

∥

∥q′ − q
∥

∥

−1
=
∥

∥q′ − q0
∥

∥

−1

∥

∥

∥

∥

∥

∞
∑

n=0

[

(

q − q0
)(

q′ − q0
)−1

]n
∥

∥

∥

∥

∥

=
∥

∥q′ − q0
∥

∥

−1 ×

×
∞
∑

n=0

[

(

q − q0
)(

q′ − q0
)−1

]n ∞
∑

n=0

[

(

q̄′ − q̄0
)−1(

q̄ − q̄0
)

]n

.

(2.3)

Íàéäåííûå ðàçëîæåíèÿ (2.3) óäîâëåòâîðÿþò óñëîâèÿì àáñîëþòíîé è ðàâíîìåðíîé ñõîäèìî-

ñòè. Ñ ó÷åòîì (2.3) è ñâîéñòâ ñòåïåííûõ ðÿäîâ îïðåäåëèì ÿäðî Êîøè M (q′ − q) â âèäå

M
(

q′ − q
)

=

(

q′ − q0
)−1

‖q′ − q0‖

∞
∑

n=0

(n+ 1)

[

(

q − q0
)(

q′ − q0
)−1

]n ∞
∑

k=0

[

(

q̄′ − q̄0
)−1

×

×
(

q̄ − q̄0
)

]n

=
(

q′ − q0
)−1/∥

∥q′ − q0
∥

∥

∞
∑

n2=0

∞
∑

n1=0

(

(

n1 + 1
)

[

(

q − q0
)(

q′ − q0
)−1

]n1

×

×
[

(

q̄′ − q̄0
)−1(

q̄ − q̄0
)

]n2

)

.

(2.4)

Èñïîëüçóÿ ñâîéñòâà êðàòíûõ ðÿäîâ, ïðèâåäåì (2.4) ê âèäó

M
(

q′ − q
)

=

(

q′ − q0
)−1

‖q′ − q0‖

{

1 +
∞
∑

n=1

∞
∑

m=0

(

(

n+ 1−m
)

[

(

q − q0
)(

q′ − q0
)−1

]n−m

×

×
[

(

q̄′ − q̄0
)−1(

q̄ − q̄0
)

]m
)}

=

(

q′ − q0
)−1

‖q′ − q0‖

{

1 +
∞
∑

n=1

[

(

(

q − q0
)(

q′ − q0
)−1

)n

+

+
n
∑

m=1

(

[

(

q − q0
)(

q′ − q0
)−1

]n−m ⌊m/2⌋
∑

k=0

[

2m−2k
(

−
∥

∥q − q0
∥

∥

)k ∥
∥q′ − q0

∥

∥

k−m×

× (m− k)!
(

Re

((

q′ − q0
)(

q̄ − q̄0
)))m−2k/

(k! (m− 2k)!)

])]}

.

(2.5)
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Ñ ó÷åòîì îïðåäåëåíèÿ dq = q − q0 â (2.2) ïðèâåäåì (2.5) ê âèäó

M
(

q′ − q
)

=

(

q′ − q0
)−1

‖q′ − q0‖

{

∞
∑

n=0

[

(

dq
(

q′ − q0
)−1

)n

+

n
∑

m=1

(

[

dq
(

q′ − q0
)−1

]n−m

×

×
⌊m/2⌋
∑

k=0

[

2m−2k (m− k)!

k! (m− 2k)!
(−‖dq‖)k

(

Re

((

q′ − q0
)

dq
))m−2k ∥

∥q′ − q0
∥

∥

k−m

])]}

.

(2.6)

Ïîäñòàâëÿÿ ðàçëîæåíèå (2.6) ÿäðà Êîøè â èíòåãðàëüíóþ �îðìóëó Êîøè

F (q) =
1

2π2

∮

S0

F
(

q′
)

Dq′M
(

q′ − q
)

,

ñ ó÷åòîì (2.2) ïðè âûíåñåíèè ñóììû ïî n çà çíàê èíòåãðàëà è äîìíîæåíèè (2.6) ñïðàâà íà (dq)−n

ïîëó÷èì ñîîòíîøåíèå (2.1). Òåîðåìà äîêàçàíà. �

Çàäàäèì êâàòåðíèîííûå ïåðåìåííûå q′, q â ãèïåðñ�åðè÷åñêèõ êîîðäèíàòàõ:

q′ = R
(

cosψ′ +
[(

j1 cosϕ
′ + j2 sinϕ

′
)

sin θ′ + j3 cos θ
′
]

sinψ′
)

,

q = r
(

cosψ +
[(

j1 cosϕ+ j2 sinϕ
)

sin θ + j3 cos θ
]

sinψ
)

ïðè q0 = 0 è ââåäåì â ðàññìîòðåíèå ãàðìîíè÷åñêèå ìíîãî÷ëåíû [15℄:

Y a
n,m,k (ϕ, θ, ψ) = Zn,m,k (θ, ψ) cos (kϕ) ; Y b

n,m,k (ϕ, θ, ψ) = Zn,m,k (θ, ψ) sin (kϕ), (2.7)

îáðàçóþùèå îðòîãîíàëüíûé áàçèñ íà åäèíè÷íîé 3-ñ�åðå. Â âûðàæåíèè (2.7) n,m, k ∈ Z>0 �

èíäåêñû, çàäàâàåìûå ïðè óñëîâèè n > m > k; Zn,m,k (θ, ψ) � âñïîìîãàòåëüíûå �óíêöèè, îïðå-

äåëÿåìûå ñîîòíîøåíèåì [15℄

Zn,m,k (θ, ψ) = Cm+1
n−m (cosψ)Ck+0,5

m−k (cos θ) sinm ψ sink θ, (2.8)

ãäå Cα
n (z) � ìíîãî÷ëåí �åãåíáàóýðà [16℄.

Ìíîæèòåëü, íîðìèðóþùèé �óíêöèè (2.7) äî îðòîíîðìèðîâàííîé ñèñòåìû Y ′a,b
n,m,k (ϕ, θ, ψ),

ïðè δk =

{

1/
√
π, k = 0,

√

2/π, k 6= 0,
îáîçíà÷èì ÷åðåç

An,m,k = δk2
m+k+0,5m!Γ (k + 0, 5)

√

(n+ 1) (m+ 0, 5) (n−m)! (m− k)!

(n+m+ 1)! (n+ k)!
.

Ñ ó÷åòîì ââåäåííûõ ñîîòíîøåíèé ñ�îðìóëèðóåì ñëåäóþùåå óòâåðæäåíèå, îïðåäåëÿþ-

ùåå èíîå ïðåäñòàâëåíèå n-õ ýëåìåíòîâ M (n) (q′ − q) = (−1)n−1 dnM (q′) /n! ðàçëîæåíèÿ ÿäðà

Êîøè (2.5) â îðòîíîðìèðîâàííîé ñèñòåìå ãèïåðñ�åðè÷åñêèõ �óíêöèé.

Ëåììà 1. Ïóñòü n ∈ Z>0 è |q| /|q′| < 1, òîãäà

M (n)
(

q′ − q
)

=
n+1
∑

m=0

m
∑

k=0

[

Y ′a
n+1,m,k

(

ϕ′, θ′, ψ′
)

λan+1,m,k + Y ′b
n+1,m,k

(

ϕ′, θ′, ψ′
)

λbn+1,m,k

]

, (2.9)

ãäå

λa,bn,m,k =
An,m,k

2(n+1)R3

(

r
R

)n−1
[

Y a,b

n−1,m,k

(n+m+1)−1 + j1
m+0,5

(

Y a,b

n−1,m+1,k+1

(m+1)−1(k+0,5)−1 +
Y a,b

n−1,m−1,k+1
(n+m+1)

4m(k+0,5)−1(n+m)−1 −

−Y a,b

n−1,m+1,k−1
(m+1)(k−0,5)−1

4(m−k+1)−1(m−k+2)−1 − Y a,b

n−1,m−1,k−1
(m+k−1)(m+k)

16m(k−0,5)(n+m)−1(n+m+1)−1

)

± j2
m+0,5

(

Y b,a

n−1,m+1,k+1

(m+1)−1(k+0,5)−1+

+
Y b,a

n−1,m−1,k+1
(k+0,5)

4m(n+m)−1(n+m+1)−1 +
Y b,a

n−1,m+1,k−1
(m+1)(k−0,5)−1

4(m−k+1)−1(m−k+2)−1 +
Y b,a

n−1,m−1,k−1
(m+k−1)(m+k)

16m(k−0,5)(n+m)−1(n+m+1)−1

)

+

+ j3
m+0,5

(

Y a,b

n−1,m+1,k
(m+1)

(m−k+1)−1 − Y a,b

n−1,m−1,k
(n+m+1)

4m(n+m)−1(m+k)−1

)]

.

(2.10)
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Â âûðàæåíèè (2.10) äëÿ ñîêðàùåíèÿ çàïèñè ïðèíÿòî îáîçíà÷åíèå Y a,b
n,m,k = Y a,b

n,m,k (ϕ, θ, ψ).
Ä î ê à ç à ò å ë ü ñ ò â î. Çàäàäèì ðàçëîæåíèå ÿäðà Êîøè M (q′ − q) â ñèñòåìå ãàðìîíè-

÷åñêèõ ìíîãî÷ëåíîâ:

M
(

q′ − q
)

=

∞
∑

n=0

n
∑

m=0

m
∑

k=0

[

Y ′a
n,m,k

(

ϕ′, θ′, ψ′
)

λan,m,k + Y ′b
n,m,k

(

ϕ′, θ′, ψ′
)

λbn,m,k

]

, (2.11)

ãäå λa,bn,m,k ñ ó÷åòîì îðòîíîðìèðîâàííîñòè ñèñòåìû ãèïåðñ�åðè÷åñêèõ �óíêöèé (2.7) îïðåäåëÿ-

åòñÿ êðàòíûì èíòåãðàëîì ïî ïîâåðõíîñòè 3-ñ�åðû ïðè çàäàíèè M (q′ − q) â ãèïåðñ�åðè÷åñêîé
ñèñòåìå êîîðäèíàò:

λa,bn,m,k =
1

2π2

∫ 2π

0

∫ π

0

∫ π

0

(Rη̄′ − rη̄)Y ′a,b
n,m,k (ϕ

′, θ′, ψ′)
[

R2 + r2 − 2rRRe (η′η̄)
]2 ε

(

ψ′, θ′
)

dψ′dθ′dϕ′, (2.12)

ãäå η =
q

r
, η′ =

q′

R
� åäèíè÷íûå âåêòîðû â R

4
, ε (ψ′, θ′) = sin2 ψ′ sin θ′.

Çàïèñàâ èíòåãðàë (2.12) â âèäå ñóììû äâóõ èíòåãðàëîâ, ÷èñëèòåëè êîòîðûõ çàâèñÿò îò ïå-

ðåìåííûõ η′ è η ñîîòâåòñòâåííî, ñ ó÷åòîì èíòåãðàëà Ïóàññîíà äëÿ âíóòðåííåé ÷àñòè 3-ñ�åðû,

òåîðåìû Ôóíêà��åêêå [17℄ äëÿ R > r ïîëó÷èì ïðåäñòàâëåíèå âòîðîãî ñëàãàåìîãî èíòåãðà-

ëà (2.12) â âèäå

−1

2π2

∫ 2π

0

∫ π

0

∫ π

0

rη̄Y ′a,b
n,m,k (ϕ

′, θ′, ψ′) ε (ψ,′ θ′)
[

R2 + r2 − 2rRRe (η′η̄)
]2 dψ

′dθ′dϕ′ = −
( r

R

)n−1 r2η̄Y ′a,b
n,m,k (ϕ, θ, ψ)

R3 (R2 − r2)
. (2.13)

Ñ ó÷åòîì âûðàæåíèé (2.7), (2.8), ïðåäñòàâëåíèÿ ìíîãî÷ëåíà �åãåíáàóýðà [15℄ è âûðàæåíèÿ

âåêòîðà η′ â ãèïåðñ�åðè÷åñêîé ñèñòåìå êîîðäèíàò ïðåîáðàçóåì ïðîèçâåäåíèå η̄′Y a,b
n,m,k (ϕ

′, θ′, ψ′)
ê âèäó

η̄′Y a,b
n,m,k = E1Y

a,b
n+1,m,k + E2Y

a,b
n−1,m,k + j1

(

I11Y
a,b
n+1,m+1,k+1 + I21Y

a,b
n+1,m−1,k+1 +

+ I31Y
a,b
n+1,m+1,k−1 + I41Y

a,b
n+1,m−1,k−1 + I12Y

a,b
n−1,m+1,k+1 + I22Y

a,b
n−1,m−1,k+1 + I32 ×

× Y a,b
n−1,m+1,k−1 + I42Y

a,b
n−1,m−1,k−1

)

+ j2

(

J1
1Y

b,a
n+1,m+1,k+1 + J2

1Y
b,a
n+1,m−1,k+1 +

+ J3
1Y

b,a
n+1,m+1,k−1 + J4

1Y
b,a
n+1,m−1,k−1 + J1

2Y
b,a
n−1,m+1,k+1 + J2

2Y
b,a
n−1,m−1,k+1 + J3

2 ×

× Y b,a
n−1,m+1,k−1 + J4

2Y
b,a
n−1,m−1,k−1

)

+ j3

(

K1
1Y

a,b
n+1,m+1,k +K2

1Y
a,b
n+1,m−1,k +

+K1
2Y

a,b
n−1,m+1,k +K2

2Y
a,b
n−1,m−1,k

)

,

(2.14)

ãäå êîý��èöèåíòû çàäàþòñÿ ñîîòíîøåíèÿìè

E1 =
n−m+ 1

2 (n+ 1)
, E2 =

n+m+ 1

2 (n+ 1)
, I11 = −I12 = J1

1 = −J1
2 =

− (m+ 1) (k + 0, 5)

2 (n+ 1) (m+ 0, 5)
,

I21 = J2
1 =

− (n−m+ 1) (n−m+ 2) (k + 0, 5)

8m (n+ 1) (m+ 0, 5)
, I22 = J2

2 =
(n+m) (n+m+ 1) (k + 0, 5)

8m (n+ 1) (m+ 0, 5)
,

I31 = −I32 = −J3
1 = J3

2 =
(m+ 1) (m− k + 1) (m− k + 2)

8 (n+ 1) (m+ 0, 5) (k − 0, 5)
,

I41 = −J4
1 =

(n−m+ 2) (n−m+ 1) (m+ k − 1)

32m (n+ 1) (m+ 0, 5) (k − 0, 5) (m+ k)−1 ,

I42 = −J4
2 =

− (n+m) (n+m+ 1) (m+ k − 1) (m+ k)

32m (n+ 1) (m+ 0, 5) (k − 0, 5)
, K1

1 = −K1
2 =

− (m− k + 1) (m+ 1)

2 (n+ 1) (m+ 0, 5)
,

K2
1 =

− (n+m) (n+m+ 1) (m+ k)

8m (n+ 1) (m+ 0, 5)
, K2

2 =
(n−m+ 2) (n−m+ 1) (m+ k)

8m (n+ 1) (m+ 0, 5)
.
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Â âûðàæåíèè (2.14) äëÿ ñîêðàùåíèÿ çàïèñè ïðèíÿòî îáîçíà÷åíèå Y a,b
n,m,k = Y a,b

n,m,k (ϕ
′, θ′, ψ′).

Ñ ó÷åòîì âûðàæåíèÿ (2.14) è òåîðåìû Ôóíêà��åêêå [17℄ äëÿ R > r ïðåîáðàçóåì ïåðâîå

ñëàãàåìîå èíòåãðàëà (2.12) ê âèäó

1

2π2

∫ 2π

0

∫ π

0

∫ π

0

Rη̄′Y ′a,b
n,m,k (ϕ

′, θ′, ψ′) ε (ψ,′ θ′)
[

R2 + r2 − 2rRRe (η′η̄)
]2 dψ′dθ′dϕ′ =

( r

R

)n−1 An,m,kW
a,b
n,m,k (ϕ, θ, ψ)

R3 (R2 − r2)
, (2.15)

ãäå

W a,b
n,m,k (ϕ, θ, ψ) = r2E1Y

a,b
n+1,m,k +R2E2Y

a,b
n−1,m,k + j1

[

r2
(

I11Y
a,b
n+1,m+1,k+1 +

+ I21Y
a,b
n+1,m−1,k+1 + I31Y

a,b
n+1,m+1,k−1 + I41Y

a,b
n+1,m−1,k−1

)

+R2
(

I12Y
a,b
n−1,m+1,k+1 +

+ I22Y
a,b
n−1,m−1,k+1 + I32Y

a,b
n−1,m+1,k−1 + I42Y

a,b
n−1,m−1,k−1

)]

+ j2

[

r2
(

J1
1Y

b,a
n+1,m+1,k+1 +

+ J2
1Y

b,a
n+1,m−1,k+1 + J3

1Y
b,a
n+1,m+1,k−1 + J4

1Y
b,a
n+1,m−1,k−1

)

+R2
(

J1
2Y

b,a
n−1,m+1,k+1 +

+ J2
2Y

b,a
n−1,m−1,k+1 + J3

2Y
b,a
n−1,m+1,k−1 + J4

2Y
b,a
n−1,m−1,k−1

)]

+ j3

[

r2
(

K1
1Y

a,b
n+1,m+1,k +

+K2
1Y

a,b
n+1,m−1,k

)

+R2
(

K1
2Y

a,b
n−1,m+1,k +K2

2Y
a,b
n−1,m−1,k

)]

.

(2.16)

Â âûðàæåíèè (2.16) äëÿ ñîêðàùåíèÿ çàïèñè ïðèíÿòî îáîçíà÷åíèå Y a,b
n,m,k = Y a,b

n,m,k (ϕ, θ, ψ).

Îáúåäèíÿÿ òåïåðü ñëàãàåìûå (2.13), (2.15) è ïðåîáðàçóÿ ïðîèçâåäåíèå η̄Y ′a,b
n,m,k (ϕ, θ, ψ) ñ ó÷å-

òîì (2.14), íàõîäèì λa,bn,m,k â âèäå (2.10).

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò îïðåäåëèòü ðàçëîæåíèå ÿäðà Êîøè â îðòîíîðìèðîâàí-

íîé ñèñòåìå ãàðìîíè÷åñêèõ ìíîãî÷ëåíîâ (2.7).

Ñ äðóãîé ñòîðîíû, îïðåäåëèâ n-å ýëåìåíòû ðàçëîæåíèÿ ÿäðà Êîøè (2.5) â ãèïåðñ�åðè÷å-

ñêîé ñèñòåìå êîîðäèíàò â âèäå

M (n)
(

q′ − q
)

=
η̄′

R3

( r

R

)n







(

ηη̄′
)n

+

n
∑

m=1





(

ηη̄′
)n−m

⌊m/2⌋
∑

k=0

(−1)k 2m−2k (m− k)!

k! (m− 2k)!Re (ηη̄′)2k−m











, (2.17)

äëÿ n = 0 ñ ó÷åòîì (2.10) ïîëó÷èì òîæäåñòâî

M (0)
(

q′ − q
)

=
η̄′

R3
=

1

R3

(

cosψ′ −
[(

j1 cosϕ
′ + j2 sinϕ

′
)

sin θ′ + j3 cos θ
′
]

sinψ′
)

=

= λa1,0,0Y
′a
1,0,0 + λb1,0,0Y

′b
1,0,0 + λa1,1,0Y

′a
1,1,0 + λb1,1,0Y

′b
1,1,0 + λa1,1,1Y

′a
1,1,1 + λb1,1,1Y

′b
1,1,1.

(2.18)

Â âûðàæåíèè (2.18) äëÿ ñîêðàùåíèÿ çàïèñè ïðèíÿòî îáîçíà÷åíèå Y ′a,b
n,m,k = Y ′a,b

n,m,k (ϕ
′, θ′, ψ′).

Àíàëîãè÷íî (2.18), ïðîäîëæàÿ îïðåäåëåíèå (2.17) äëÿ n > 0 ïðè âûïîëíåíèè óñëîâèÿ

λa0,0,0Y
′a
0,0,0 (ϕ

′, θ′, ψ′) + λb0,0,0Y
′b
0,0,0 (ϕ

′, θ′, ψ′) = 0, ïîëó÷èì (2.9). Ëåììà äîêàçàíà. �

� 3. �àçëîæåíèå êâàòåðíèîí-�óíêöèè â îáîáùåííûé ðÿä Ëîðàíà

Èç äîêàçàòåëüñòâà ëåììû 1 ñëåäóåò ðàçëîæåíèå ÿäðà Êîøè äëÿ r > R â ãèïåðñ�åðè÷åñêîé

ñèñòåìå �óíêöèé.

Ëåììà 2. Ïóñòü |q| /|q′| > 1, òîãäà

M
(

q′ − q
)

=
∞
∑

n=0

n
∑

m=0

m
∑

k=0

[

Y ′a
n,m,k

(

ϕ′, θ′, ψ′
)

λ̃an,m,k + Y ′b
n,m,k

(

ϕ′, θ′, ψ′
)

λ̃bn,m,k

]

, (3.1)
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ãäå

λ̃a,bn,m,k =
An,m,k

2 (n+ 1) r3

(

R

r

)n
[

Y a,b
n+1,m,k

− (n−m+ 1)−1 +
j1

m+ 0, 5

(

Y a,b
n+1,m+1,k+1

(m+ 1)−1 (k + 0, 5)−1 +

+
Y a,b
n+1,m−1,k+1 (k + 0, 5)

4m (n−m+ 1)−1 (n−m+ 2)−1 −
Y a,b
n+1,m+1,k−1 (m+ 1) (k − 0, 5)−1

4 (m− k + 1)−1 (m− k + 2)−1 −

−
Y a,b
n+1,m−1,k−1 (m+ k − 1) (m+ k)

16m (k − 0, 5) (n−m+ 1)−1 (n−m+ 2)−1

)

±

± j2
m+ 0, 5

(

Y b,a
n+1,m+1,k+1

(m+ 1)−1 (k + 0, 5)−1 +
Y b,a
n+1,m−1,k+1 (k + 0, 5)

4m (n−m+ 1)−1 (n−m+ 2)−1 +

+
Y b,a
n+1,m+1,k−1 (m+ 1) (k − 0, 5)−1

4 (m− k + 1)−1 (m− k + 2)−1 +
Y b,a
n+1,m−1,k−1 (m+ k − 1) (n−m+ 2)

16m (k − 0, 5) (n−m+ 1)−1 (m+ k)−1

)

+

+
j3

m+ 0, 5

(

Y a,b
n+1,m+1,k (m+ 1)

(m− k + 1)−1 −
Y a,b
n+1,m−1,k (n−m+ 2)

4m (n−m+ 1)−1 (m+ k)−1

)]

.

(3.2)

Â âûðàæåíèè (3.2) äëÿ ñîêðàùåíèÿ çàïèñè ïðèíÿòî îáîçíà÷åíèå Y a,b
n,m,k = Y a,b

n,m,k (ϕ, θ, ψ).

Ä î ê à ç à ò å ë ü ñ ò â î. Ñïðàâåäëèâîñòü òîæäåñòâà (3.1) ñëåäóåò èç ðàçëîæåíèÿ ÿäðà

Êîøè M (q′ − q) â ñèñòåìå ãàðìîíè÷åñêèõ ìíîãî÷ëåíîâ àíàëîãè÷íî (2.11) ñ îïðåäåëåíèåì çíà-

÷åíèé λ̃a,bn,m,k â âèäå èíòåãðàëà (2.12). Ïðè ýòîì ñëàãàåìûå èíòåãðàëà (2.12) ïðè óñëîâèè r > R
ïðåäñòàâëÿþòñÿ â ñëåäóþùåì âèäå:

−1

2π2

∫ 2π

0

∫ π

0

∫ π

0

rη̄Y ′a,b
n,m,k (ϕ

′, θ′, ψ′) ε (ψ,′ θ′)
[

R2 + r2 − 2rRRe (η′η̄)
]2 dψ

′dθ′dϕ′ =

(

R

r

)n r2η̄Y ′a,b
n,m,k (ϕ, θ, ψ)

r3 (R2 − r2)
, (3.3)

1

2π2

∫ 2π

0

∫ π

0

∫ π

0

Rη̄′Y ′a,b
n,m,k (ϕ

′, θ′, ψ′) ε (ψ,′ θ′)
[

R2 + r2 − 2rRRe (η′η̄)
]2 dψ′dθ′dϕ′ = −

(

R

r

)n An,m,kW̃
a,b
n,m,k (ϕ, θ, ψ)

r3 (R2 − r2)
, (3.4)

ãäå ãàðìîíè÷åñêàÿ �óíêöèÿ W̃ a,b
n,m,k (ϕ, θ, ψ) îïðåäåëÿåòñÿ àíàëîãè÷íûì (2.16) âûðàæåíèåì ïðè

çàìåíå ìåñòàìè ñîîòâåòñòâóþùèõ ìíîæèòåëåé r2 è R2
.

Îáúåäèíèâ ñëàãàåìûå (3.3), (3.4) è ïðåîáðàçóÿ ïðîèçâåäåíèå η̄Y ′a,b
n,m,k (ϕ, θ, ψ) â âûðàæå-

íèè (3.3) ñ ó÷åòîì ñîîòíîøåíèÿ (2.14), ïîëó÷èì λ̃a,bn,m,k â âèäå (3.2). Äëÿ çàäàííûõ λ̃a,bn,m,k ïðè

|q| /|q′| > 1 è óñëîâèè îðòîíîðìèðîâàííîñòè ãèïåðñ�åðè÷åñêîé ñèñòåìû �óíêöèé (2.7) ñïðà-

âåäëèâî ðàçëîæåíèå ÿäðà Êîøè M (q′ − q) â ñèñòåìå ãàðìîíè÷åñêèõ ìíîãî÷ëåíîâ â âèäå (3.1).

Ëåììà äîêàçàíà. �

Òàêèì îáðàçîì, ïîëó÷åííûå â ëåììå 1 è ëåììå 2 ñîîòâåòñòâóþùèå ðàçëîæåíèÿ ÿäðà Êîøè

â îðòîíîðìèðîâàííîé ñèñòåìå ãàðìîíè÷åñêèõ ìíîãî÷ëåíîâ äëÿ ñëó÷àåâ |q|/|q′| < 1 è |q|/|q′| > 1
ïîçâîëÿþò îïðåäåëèòü êâàòåðíèîí-�óíêöèþ F (q) âíóòðè øàðîâîãî ñëîÿ.

Òåîðåìà 3. Âñÿêàÿ êâàòåðíèîí-�óíêöèÿ F (q), ðåãóëÿðíàÿ âíóòðè øàðîâîãî ñëîÿ D, îãðà-
íè÷åííîãî 3-ñ�åðîé S0 ðàäèóñîì R =

∣

∣ζ − q0
∣

∣

è 3-ñ�åðîé S1 ðàäèóñîì r =
∣

∣σ − q0
∣

∣

ñ îáùèì

öåíòðîì â òî÷êå q0, ìîæåò áûòü ïðåäñòàâëåíà â êàæäîé òî÷êå q ∈ D ïðè r <
∣

∣q − q0
∣

∣ < R
ðÿäîì

F (q) =
∞
∑

n=0

cn
(

q − q0
)n

+
∞
∑

n=1

c′n
(

q − q0
)−n

, (3.5)

ãäå cn � êîý��èöèåíòû ðÿäà (2.1), à c′n îïðåäåëÿþòñÿ ñîîòíîøåíèåì

c′n =
1

2π (n− 1)!

∮

S1

[

F (σ)Dσdn−1M
(

q − q0
)] (

q − q0
)n
. (3.6)
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Â âûðàæåíèè (3.6) n-é äè��åðåíöèàë ÿäðà Êîøè îïðåäåëÿåòñÿ àíàëîãè÷íî âûðàæåíèþ (2.2)

ïðè ðàâåíñòâå dq = σ − q0.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü çàäàíà êâàòåðíèîí-�óíêöèÿ F (q), ðåãóëÿðíàÿ âíóòðè

øàðîâîãî ñëîÿ D, êîòîðûé îãðàíè÷åí 3-ñ�åðàìè S0 è S1 ñ ðàäèóñàìè R è r ñîîòâåòñòâåí-

íî (0 < r < R) è îáùèì öåíòðîì â òî÷êå q0. Çàäàäèì äîïîëíèòåëüíî äâå 3-ñ�åðû S′
0 è S′

1

ñ öåíòðîì â òî÷êå q0 è ñîîòâåòñòâóþùèìè ðàäèóñàìè R′
è r′, óäîâëåòâîðÿþùèìè íåðàâåíñòâó

0 < r < r′ < R′ < R. Ïîñêîëüêó êâàòåðíèîí-�óíêöèÿ F (q) ðåãóëÿðíà â D, òî ïî �îðìóëå (1.1)
äëÿ äâóñâÿçíîé îáëàñòè, îãðàíè÷åííîé S′

0 è S
′
1, èìååì

F (q) =
1

2π2

∮

S′

0

F (ζ)DζM (ζ − q)− 1

2π2

∮

S′

1

F (σ)DσM (σ − q), (3.7)

ãäå q � òî÷êà, íàõîäÿùàÿñÿ ìåæäó ñ�åðàìè S′
0 è S

′
1. Äëÿ ïåðâîãî èíòåãðàëà (3.7) ïðè

∣

∣ζ − q0
∣

∣→
→ R è

∣

∣q − q0
∣

∣ < R ñ ó÷åòîì (2.5) ñïðàâåäëèâî òîæäåñòâî

1

2π2

∮

S′

0

F (ζ)DζM (ζ − q) =

∞
∑

n=0

cn
(

q − q0
)n
. (3.8)

Âî âòîðîì èíòåãðàëå (3.7) ïðè

∣

∣σ − q0
∣

∣ → r è
∣

∣q − q0
∣

∣ > r, ñ èñïîëüçîâàíèåì ðàçëîæåíèÿ

(1 − q)−1 =
∞
∑

n=0
qn [10℄ äëÿ |q| < 1, ‖σ − q‖−1 =

∥

∥

∥
(σ − q)−1

∥

∥

∥
, âûðàæåíèÿ (σ − q)−1

è ‖σ − q‖
àíàëîãè÷íî (2.3) ïðèâîäÿòñÿ ê âèäó

(σ − q)−1 = −
(

q − q0
)−1

∞
∑

n=0

[

(

σ − q0
) (

q − q0
)−1
]n
,

‖σ − q‖−1 =
∥

∥q − q0
∥

∥

−1
∞
∑

n=0

[

(

σ − q0
)(

q − q0
)−1

]n ∞
∑

n=0

[

(

q̄ − q̄0
)−1(

σ̄ − q̄0
)

]n

.

(3.9)

Ñ ó÷åòîì (3.9) çàäàäèì ðàçëîæåíèå ÿäðà Êîøè M (σ − q) èç (3.7) â ñëåäóþùåì âèäå:

(σ − q)−1
/

‖σ − q‖ = −
∞
∑

n=0

M (n) (σ − q) = −
∞
∑

n=0

dnM
(

q − q0
)/

n! =

=
−
(

q − q0
)−1

‖q − q0‖

{

1 +

∞
∑

n=1

[

(

dq
(

q − q0
)−1
)n

+

n
∑

m=1

([

dq
(

q − q0
)−1

]n

×

×
⌊m/2⌋
∑

k=0

[

(

Re

((

q − q0
)

dq
))m−2k ∥

∥q − q0
∥

∥

k−m 2m−2k (m− k)! (−‖dq‖)k
k! (m− 2k)!

])]}

,

(3.10)

ïðè dq = σ − q0.
Òåïåðü, ïðåäñòàâèâ ÿäðî Êîøè (3.10) â ãèïåðñ�åðè÷åñêîé ñèñòåìå êîîðäèíàò ïðè q0 = 0,

áóäåì èìåòü

(σ − q)−1

‖σ − q‖ = −
∞
∑

n=0

M (n) (σ − q) =

= −
∞
∑

n=0

η̄

r3

(

R

r

)n
[

(

η′η̄
)n

+
n
∑

m=1

(

(

η′η̄
)n−m

⌊m/2⌋
∑

k=0

[

(−1)k 2m−2k (m− k)!

k! (m− 2k)!Re (η′η̄)2k−m

])]

.

(3.11)

Ñ ó÷åòîì ëåììû 2 äëÿ n = 0 ïîëó÷èì

M (0) (σ − q) =
η̄

r3
=

1

r3
(

cosψ −
[(

j1 cosϕ+ j2 sinϕ
)

sin θ + j3 cos θ
]

sinψ
)

=

= λ̃a0,0,0Y
′a
0,0,0

(

ϕ′, θ′, ψ′
)

+ λ̃b0,0,0Y
′b
0,0,0

(

ϕ′, θ′, ψ′
)

.
(3.12)
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Àíàëîãè÷íî (3.12), ïðîäîëæàÿ îïðåäåëåíèå (3.11), äëÿ n > 0 ïîëó÷èì òîæäåñòâî ìåæäó

ðàçëîæåíèåì ÿäðà Êîøè M (σ − q) (3.10) è åãî ðàçëîæåíèåì ïðè r > R â ãèïåðñ�åðè÷åñêîé

ñèñòåìå �óíêöèé (3.1). Äàëåå, óìíîæèâ ýëåìåíòû dnM
(

q − q0
)/

n! â (3.10) ñëåâà íà
(

q − q0
)n+1

,

ïðèõîäèì ê ðàâåíñòâó

1

2π2

∮

S′

1

F (σ)DσM (σ − q) = −
∞
∑

n=1

c′n
(

q − q0
)−n

.
(3.13)

Èç ðàâåíñòâ (3.8), (3.13) ñëåäóåò ñïðàâåäëèâîñòü ðàçëîæåíèÿ (3.5). Òåîðåìà äîêàçàíà. �

Â ðàçëîæåíèè (3.5) ïî àíàëîãèè [2℄ ïåðâîå ñëàãàåìîå ðÿäà áóäåì íàçûâàòü ïðàâèëüíîé ÷à-

ñòüþ, âòîðîå � ãëàâíîé ÷àñòüþ.

� 4. �àçëîæåíèå ìåðîìîð�íîé êâàòåðíèîí-�óíêöèè

�àññìîòðèì ðàçëîæåíèå (3.5) äëÿ ñëó÷àÿ, êîãäà öåíòð îáëàñòè D ÿâëÿåòñÿ åäèíñòâåííîé

îñîáîé òî÷êîé q0 ðåãóëÿðíîé êâàòåðíèîí-�óíêöèè F (q) â áåñêîíå÷íî ìàëîì øàðå, îãðàíè÷åí-

íîì 3-ñ�åðîé S1 ïðè r → 0. Èñïîëüçóÿ (3.10) è (3.6), îïðåäåëèì âû÷åò Res

q=q0
F (q) ðåãóëÿðíîé

êâàòåðíèîí-�óíêöèè F (q) îòíîñèòåëüíî èçîëèðîâàííîé îñîáîé òî÷êè q0 â âèäå

Res

q=q0
F (q) = lim

|q−q0|=r→0







1

2π2

∮

S1

F (q)Dq







. (4.1)

Èç çàäàííûõ ñîîòíîøåíèé (3.1), (3.5), (3.6), (3.10) è ïðåäñòàâëåíèÿ 3-�îðìû Dq =
=
(

q − q0
)

ε (ψ, θ) dψ dθ dϕ â ãèïåðñ�åðè÷åñêîé ñèñòåìå êîîðäèíàò ñëåäóåò, ÷òî âû÷åò (4.1) áó-

äåò îïðåäåëÿòüñÿ ñîîòíîøåíèåì

Res

q=q0
F (q) = c′1 = lim

r→0

{

r

2π2

∫ 2π

0

∫ π

0

∫ π

0
F
(

rη + q0
)

ηε (ψ, θ) dψ dθ dϕ

}

. (4.2)

Äëÿ ïîëó÷åíèÿ àíàëîãà òåîðåìû Ìèòòàã-Ëå��ëåðà [18℄ ñ ó÷åòîì âûðàæåíèé (3.5), (3.6)

è (4.2) ââåäåì îáîçíà÷åíèÿ: av � ïîëþñû ìåðîìîð�íîé êâàòåðíèîí-�óíêöèè F (q), íóìåðàöèÿ
(v = 1, 2, . . .) êîòîðûõ âûïîëíåíà â ïîðÿäêå íåóáûâàþùèõ ìîäóëåé

(

|av| 6 |av+1|
)

; gv (q) =

=
pv
∑

n=1
c′n (q − av)

−n
� ãëàâíàÿ ÷àñòü ðàçëîæåíèÿ (3.5) F (q); Pv (q) =

mn
∑

n=0
g
(n)
v (0) qn

/

n! � íåêî-

òîðûé ïîëèíîì, îïðåäåëÿåìûé îòðåçêîì ðÿäà (2.1) â òî÷êå 0 ïðè ðàçëîæåíèè gv (q).

Òåîðåìà 4. Ëþáóþ ìåðîìîð�íóþ êâàòåðíèîí-�óíêöèþ F : H → H ìîæíî ïðåäñòàâèòü

â âèäå ðàâíîìåðíî ñõîäÿùåãîñÿ ðÿäà

F (q) = F0 (q) +

∞
∑

v=1

(qv (q)− Pv (q)) , (4.3)

â êîòîðîì F0 (q) � öåëàÿ êâàòåðíèîí-�óíêöèÿ.

Äîêàçàòåëüñòâî òåîðåìû 4 àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû Ìèòòàã-Ëå��ëåðà [18℄

è ñëåäóåò èç ðàâíîìåðíîé ñõîäèìîñòè ðÿäà

∞
∑

v=1
(gv (q)− Pv (q)). Ïðè ýòîì ïîä ðàâíîìåðíî ñõî-

äÿùèìñÿ ðÿäîì èç ìåðîìîð�íûõ êâàòåðíèîí-�óíêöèé íà íåêîòîðîì êîìïàêòå K ïîíèìàåòñÿ

ðÿä, ó êîòîðîãî êîíå÷íîå ÷èñëî ÷ëåíîâ èìååò ïîëþñû íà K, è ïîñëå èõ óäàëåíèÿ ðÿä ðàâíî-

ìåðíî ñõîäèòñÿ íà K. Ïðèáëèæåíèå Pv (q) �óíêöèè gv (q), ðåãóëÿðíîé â 4-ìåðíîì ãèïåðøàðå

(|q| < |av|) ñ öåíòðîì â 0, �îðìèðóåòñÿ íà êîìïàêòå Kv = {q : |q| < t |av|} äëÿ 0 < t < 1 îòðåçêîì
ðÿäà (2.1). Ïîðÿäîê mn ïîëèíîìà Pv (q) âûáèðàåòñÿ èç óñëîâèÿ [18℄

|gv (q)− Pv (q)| < 1 /2v .
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Êîý��èöèåíòû c′n ïðè îïðåäåëåíèè gv (q) çàäàþòñÿ ñîîòíîøåíèåì

c′n = lim
r→0







rn

2π2

∫ 2π

0

∫ π

0

∫ π

0
F
(

rη + q0
)

ηε (ψ, θ) ηn−1



1 +

+ sgn

(∣

∣q0
∣

∣

)

n−1
∑

m=1





r2m

‖rη + q0‖m
⌊m/2⌋
∑

k=0

[

(−1)k
2m−2k (m− k)!

k!

]







 dψ dθ dϕ







.

(4.4)

Çàêëþ÷åíèå

Ïîëó÷åííûå â ñòàòüå ðåçóëüòàòû ïîçâîëÿþò çàäàòü íåêîòîðûé òåîðåòè÷åñêèé áàçèñ, èñ-

ïîëüçóåìûé ïðè ðàçëîæåíèè ðåãóëÿðíûõ êâàòåðíèîí-�óíêöèé F (q) â îáîáùåííûå ñòåïåííûå
ðÿäû, ê ïðèìåðó, íåîáõîäèìûé ïðè ðåøåíèè çàäà÷ òèïà [4℄. Îñíîâíûå ÷àñòíûå ðåçóëüòàòû

çàêëþ÷àþòñÿ â ïîëó÷åíèè:

1) îáîáùåíèÿ ðÿäà Òåéëîðà (2.1) äëÿ àëãåáðû êâàòåðíèîíîâ ñ ïðåäñòàâëåíèåì ðàçëîæåíèÿ

ÿäðà Êîøè â ãèïåðøàðå (2.5) è â ñèñòåìå ãèïåðñ�åðè÷åñêèõ êîîðäèíàò (2.9);

2) îáîáùåíèÿ ðÿäà Ëîðàíà (3.5) äëÿ àëãåáðû êâàòåðíèîíîâ ñ ïðåäñòàâëåíèåì ðàçëîæåíèÿ

ÿäðà Êîøè âî âíåøíîñòè ãèïåðøàðà (3.10) è â ñèñòåìå ãèïåðñ�åðè÷åñêèõ êîîðäèíàò (3.1);

3) âû÷åòà êâàòåðíèîí-�óíêöèè (4.1) è êîý��èöèåíòîâ ãëàâíîé ÷àñòè ðÿäà Ëîðàíà â ãèïåð-

ñ�åðè÷åñêîé ñèñòåìå êîîðäèíàò (4.4);

4) ðàçëîæåíèå ìåðîìîð�íîé êâàòåðíèîí-�óíêöèè â ñòåïåííîé ðÿä (4.3).
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This artile deals with the tasks assoiated with the deomposition of a regular quaternion funtion into

generalized Taylor and Laurent series. The generalized Taylor series for a regular quaternion funtion were

obtained by the deomposition of the Cauhy kernel in a 4-dimensional hyperball in the algebra of quaternions

and the hyperspherial oordinate system. The generalized Laurent series for a regular quaternion funtion

were obtained by the deomposition of the Cauhy kernel in the exterior of a 4-dimensional hyperball in the

algebra of quaternions and the hyperspherial oordinate system. On the basis of the obtained solutions by

onsidering the deomposition of a regular quaternion funtion in an in�nitely small ball that is restrited

by the 3-sphere, we set the rule to determine the dedution of a regular quaternion funtion in the algebra

of quaternions and the hyperspherial oordinate system regarding the isolated singular point. In addition,

the deomposition of a meromorphi quaternion funtion into the power series was found.
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