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Ïðåäìåò èçó÷åíèÿ � ïñåâäîâåðøèíû êðàåâîãî ìíîæåñòâà, íåîáõîäèìûå äëÿ àíàëèòè÷åñêîãî è ÷èñëåí-

íîãî êîíñòðóèðîâàíèÿ ñèíãóëÿðíûõ âåòâåé îáîáùåííîãî (ìèíèìàêñíîãî) ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ

óðàâíåíèÿ òèïà ýéêîíàëà. �àññìîòðåí ñëó÷àé ïåðåìåííîé ãëàäêîñòè ãðàíèöû êðàåâîãî ìíîæåñòâà, ïðè

êîòîðîì ïîðÿäîê ãëàäêîñòè â òî÷êàõ ðàññìîòðåíèÿ ïîíèæàåòñÿ äî ìèíèìàëüíî âîçìîæíîãî çíà÷åíèÿ �

äî åäèíèöû. Ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ ïñåâäîâåðøèí, âûðàæåííûå â òåðìèíàõ

îäíîñòîðîííèõ ÷àñòè÷íûõ ïðåäåëîâ äè��åðåíöèàëüíûõ ñîîòíîøåíèé, çàâèñÿùèõ îò ñâîéñòâ ëîêàëüíûõ

äè��åîìîð�èçìîâ, êîòîðûå îïðåäåëÿþò ýòè òî÷êè. Ïðèâåäåí ïðèìåð, èëëþñòðèðóþùèé ïðèëîæåíèÿ

ïîëó÷åííûõ ðåçóëüòàòîâ ïðè ðåøåíèè çàäà÷è óïðàâëåíèÿ ïî áûñòðîäåéñòâèþ íà ïëîñêîñòè.

Êëþ÷åâûå ñëîâà: óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, ìèíèìàêñíîå ðåøåíèå, áûñòðî-

äåéñòâèå, âîëíîâîé �ðîíò, äè��åîìîð�èçì, ýéêîíàë, �óíêöèÿ îïòèìàëüíîãî ðåçóëüòàòà, ñèíãóëÿðíîå

ìíîæåñòâî, ñèììåòðèÿ, ïñåâäîâåðøèíà.

DOI: 10.20537/vm180106

Ââåäåíèå

Íåîáõîäèìîñòü ïîñòðîåíèÿ ðåøåíèé êðàåâûõ çàäà÷ äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-

íûõ ïåðâîãî ïîðÿäêà îáóñëîâëåíà ïîòðåáíîñòÿìè ìåõàíèêè, ãåîìåòðè÷åñêîé îïòèêè, òåîðèè

îïòèìàëüíîãî óïðàâëåíèÿ, äè��åðåíöèàëüíûõ èãð, ñåéñìîëîãèè, ýêîíîìèêè è äðóãèõ îòðàñëåé

çíàíèÿ. �ëàäêîñòü êðàåâûõ óñëîâèé â îáùåì ñëó÷àå íå âëå÷åò äè��åðåíöèðóåìîñòü ðåøåíèÿ

óðàâíåíèÿ óêàçàííîãî òèïà íà âñåé îáëàñòè ðàññìîòðåíèÿ. Ïðîáëåìà ïîñòðîåíèÿ íåëîêàëüíîé

òåîðèè äëÿ òàêèõ óðàâíåíèé ñíèìàåòñÿ ââåäåíèåì îáîáùåííûõ ðåøåíèé. Ñðåäè ðàçëè÷íûõ ïîä-

õîäîâ [1�3℄ ê îïðåäåëåíèþ îáîáùåííûõ ðåøåíèé óðàâíåíèé âûäåëèì êîíöåïöèþ ìèíèìàêñíîãî

ðåøåíèÿ [3℄, êîòîðàÿ áàçèðóåòñÿ íà êîíñòðóêöèÿõ òåîðèè ïîçèöèîííûõ äè��åðåíöèàëüíûõ

èãð [4℄. Ý��åêòèâíîñòü ìèíèìàêñíîãî ïîäõîäà íàøëà ïîäòâåðæäåíèå â ðàçðàáîòêå òåîðåòè÷å-

ñêèõ ìåòîäîâ è àïïðîêñèìàöèîííûõ ïðîöåäóð ïîñòðîåíèÿ ðåøåíèé ðàçëè÷íûõ êëàññîâ êðàåâûõ

çàäà÷ äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà è óðàâíåíèé ãàìèëüòîíîâà òèïà,

èçó÷àåìûõ â òåîðèè óïðàâëåíèÿ è äè��åðåíöèàëüíûõ èãðàõ (íàïðèìåð, [5℄).

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ïðîáëåìà âîçíèêíîâåíèÿ íåãëàäêîñòè ó ìèíèìàêñíîãî ðå-

øåíèÿ óðàâíåíèÿ �àìèëüòîíà�ßêîáè, êîòîðîå èìååò ñìûñë �óíêöèè îïòèìàëüíîãî ðåçóëüòàòà

â ñîîòâåòñòâóþùåé çàäà÷å óïðàâëåíèÿ ïî áûñòðîäåéñòâèþ. Â ñëó÷àå íåâûïóêëîñòè êðàåâîãî

ìíîæåñòâà äàæå ïðè äîñòàòî÷íî âûñîêîì ïîðÿäêå ãëàäêîñòè åãî ãðàíèöû ìèíèìàêñíîå ðåøåíèå

óðàâíåíèÿ íå ÿâëÿåòñÿ âñþäó äè��åðåíöèðóåìîé �óíêöèåé. Îáîáùåííîå ðåøåíèå ñîäåðæèò

ñèíãóëÿðíûå ìíîæåñòâà, íà êîòîðûõ ýòà �óíêöèÿ òåðïèò ¾ãðàäèåíòíóþ êàòàñòðî�ó¿. Çàäà÷à

èññëåäîâàòåëÿ ñîñòîèò, â ÷àñòíîñòè, â òîì, ÷òîáû íàó÷èòüñÿ âûÿâëÿòü ñèíãóëÿðíûå ìíîæåñòâà

è íà èõ îñíîâå ñòðîèòü ðåøåíèå êðàåâîé çàäà÷è â öåëîì [6�11℄.

Îòìåòèì, ÷òî ìèíèìàêñíîå ðåøåíèå ðàññìàòðèâàåìîãî óðàâíåíèÿ �àìèëüòîíà�ßêîáè îò-

ëè÷àåòñÿ ëèøü çíàêîì îò ýéêîíàëà � �óíäàìåíòàëüíîãî ðåøåíèÿ [1℄ îñíîâíîãî óðàâíåíèé

ãåîìåòðè÷åñêîé îïòèêè. Âîëíîâûå �ðîíòû ýéêîíàëà ÿâëÿþòñÿ ëèíèÿìè óðîâíÿ ñîîòâåòñòâó-

þùåé �óíêöèè îïòèìàëüíîãî ðåçóëüòàòà. Ýâîëþöèÿ âîëíîâûõ �ðîíòîâ, èõ ïåðåñòðîéêà, âîç-

íèêíîâåíèå è êëàññè�èêàöèÿ îñîáåííîñòåé èçó÷àþòñÿ ìåòîäàìè è ñðåäñòâàìè òåîðèè îñîáåííî-

ñòåé ãëàäêèõ îòîáðàæåíèé [12,13℄. Òåõíèêà ãðóïïîâîãî àíàëèçà, ðàçâèâàåìàÿ íà ñòûêå àëãåáðû

1

�àáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà �ÔÔÈ (ïðîåêò �18�01�00264).
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è êëàññè÷åñêîãî àíàëèçà, ïîçâîëÿåò â ðÿäå ñëó÷àåâ íàõîäèòü ãëàäêèå ðåøåíèÿ óðàâíåíèÿ ýé-

êîíàëà â ÿâíîì âèäå [14℄. ×èñëåííûå ïðîöåäóðû ïîñòðîåíèÿ íà ñåòêàõ îáîáùåííûõ ðåøåíèé

óðàâíåíèé ãàìèëüòîíîâà òèïà è óðàâíåíèé òèïà ýéêîíàëà ïðåäëàãàþòñÿ, íàïðèìåð, â [15℄.

Îñíîâíûì ðåçóëüòàòîì èññëåäîâàíèÿ ÿâëÿåòñÿ òåîðåìà î íåîáõîäèìûõ óñëîâèÿõ ñóùåñòâî-

âàíèÿ ïñåâäîâåðøèí. Ïñåâäîâåðøèíû � îñîáûå òî÷êè ãðàíèöû êðàåâîãî ìíîæåñòâà, ñâÿçàííûå

ñ õàðàêòåðèçàöèåé ìíîæåñòâà ñ òî÷êè çðåíèÿ ìåðû íåâûïóêëîñòè [16, 17℄. Èõ îòûñêàíèå åñòü

íåîáõîäèìîå çâåíî êîíñòðóèðîâàíèÿ ìèíèìàêñíîãî ðåøåíèÿ êðàåâîé çàäà÷è Äèðèõëå äëÿ óðàâ-

íåíèé òèïà ýéêîíàëà.

� 1. Îáúåêò èññëåäîâàíèÿ

�àññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à Äèðèõëå:

min
ν : ‖ν‖61

(
ν1

∂u

∂x
+ ν2

∂u

∂y

)
+ 1 = 0, (1.1)

u|Γ = 0. (1.2)

Çäåñü ‖ν‖ =
√

ν21 + ν22 � íîðìà âåêòîðà ν = (ν1, ν2). Êðàåâîå óñëîâèå (1.2) îïðåäåëåíî íà

ãðàíèöå Γ = ∂M çàìêíóòîãî ìíîæåñòâà M ⊂ R
2
. Ïðåäïîëàãàåòñÿ, ÷òî Γ íå èìååò òî÷åê ñàìî-

ïåðåñå÷åíèÿ. Äè��åðåíöèàëüíûå ñâîéñòâà ãðàíèöû Γ áóäóò îãîâîðåíû íèæå ïðè îáîñíîâàíèè

óòâåðæäåíèé.

Ìèíèìàêñíîå ðåøåíèå u(x, y)= ρ
(
(x, y),M

)
çàäà÷è (1.1), (1.2), ãäå ρ(x,M)= min

m∈M
‖m−x‖ �

åâêëèäîâî ðàññòîÿíèå îò òî÷êè x = (x, y) äî ìíîæåñòâà M (ñì. [6℄), ÿâëÿåòñÿ �óíêöèåé îïòè-

ìàëüíîãî ðåçóëüòàòà â çàäà÷å óïðàâëåíèÿ ïî áûñòðîäåéñòâèþ [3℄ ñ äèíàìèêîé

{
ẋ = ν1,
ẏ = ν2,

(1.3)

ãäå óïðàâëåíèå ν = (ν1, ν2) ñòåñíåíî îãðàíè÷åíèåì ‖ν‖ 6 1, M � öåëåâîå ìíîæåñòâî. Ìè-

íèìàêñíîå ðåøåíèå çàäà÷è (1.1), (1.2) ïðîòèâîïîëîæíî ïî çíàêó �óíäàìåíòàëüíîìó ðåøåíèþ

uk = uk(x, y) [1℄ êðàåâîé çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïî-

ðÿäêà òèïà ýéêîíàëà äëÿ ñëó÷àÿ èçîòðîïíîé ñðåäû:

(
∂u

∂x

)2

+

(
∂u

∂y

)2

= 1, (1.4)

u|Γ = 0. (1.5)

Çäåñü êðàåâîå óñëîâèå òî æå, ÷òî è â çàäà÷å (1.1), (1.2). Êàðòû ëèíèé óðîâíÿ �óíäàìåíòàëü-

íîãî ðåøåíèÿ çàäà÷è (1.4), (1.5) è ìèíèìàêñíîãî ðåøåíèÿ çàäà÷è (1.1), (1.2) ñîâïàäàþò. Â ýòîì

ñìûñëå ðåøåíèÿ îáåèõ êðàåâûõ çàäà÷ ýêâèâàëåíòíû. Õàðàêòåð ýâîëþöèè âîëíîâûõ �ðîíòîâ

îïðåäåëÿåòñÿ ãåîìåòðèåé êðàåâîãî ìíîæåñòâà è äè��åðåíöèàëüíûìè ñâîéñòâàìè åãî ãðàíèöû.

Íåâûïóêëîñòü ýòîãî ìíîæåñòâà âëå÷åò íàëè÷èå ó ðåøåíèÿ çàäà÷è ñèíãóëÿðíîãî ìíîæåñòâà, êî-

òîðîå îòíîñèòñÿ ê ìíîæåñòâàì ñèììåòðèè [7℄. Â îáùåì ñëó÷àå ñèíãóëÿðíîå ìíîæåñòâî ñîñòîèò

èç íóëü- è îäíîìåðíûõ ìíîãîîáðàçèé. Îòûñêàíèå ñèíãóëÿðíîãî ìíîæåñòâà â àíàëèòè÷åñêîì

âèäå èëè æå íàõîæäåíèå åãî àïïðîêñèìàöèè ñ ïîìîùüþ âû÷èñëèòåëüíûõ ïðîöåäóð çàìåòíûì

îáðàçîì îáëåã÷àåò ïîñòðîåíèå ðåøåíèÿ êðàåâîé çàäà÷è â öåëîì. Îñîáóþ ðîëü ïðè ýòîì èãðàþò

ïñåâäîâåðøèíû � òî÷êè íà ãðàíèöå êðàåâîãî ìíîæåñòâà, ¾ñèãíàëèçèðóþùèå¿ î íàëè÷èè îä-

íîìåðíûõ ìíîãîîáðàçèé, âåòâåé ìíîæåñòâà ñèììåòðèè. �àíåå óñòàíîâëåíà ñâÿçü ïîñðåäñòâîì

àíàëèòè÷åñêèõ �îðìóë ìåæäó ïñåâäîâåðøèíàìè êðàåâîãî ìíîæåñòâà è êðàéíèìè òî÷êàìè îä-

íîìåðíûõ ìíîãîîáðàçèé (¾íà÷àëàìè¿ âåòâåé ñèíãóëÿðíîãî ìíîæåñòâà) â ðÿäå ñëó÷àåâ [9℄.

Îòìåòèì, ÷òî âûÿâëåíèå ïñåâäîâåðøèí ïðîùå âñåãî îñóùåñòâëÿåòñÿ íà äâóõ êëàññàõ êðè-

âûõ, îãðàíè÷èâàþùèõ êðàåâûå ìíîæåñòâà. Ïåðâûé êëàññ ñîñòàâëÿþò êóñî÷íî-ãëàäêèå êðèâûå,

èçëîìû êîòîðûõ ÿâëÿþòñÿ ïñåâäîâåðøèíàìè [9℄. Âòîðîé êëàññ ñîñòàâëÿþò êðèâûå ñ ïîðÿäêîì
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ãëàäêîñòè íå íèæå òðåòüåãî, ó êîòîðûõ ïñåâäîâåðøèíû ñîäåðæàòñÿ âî ìíîæåñòâå òî÷åê ñî ñòà-

öèîíàðíîé êðèâèçíîé [11℄. Íàèáîëåå ñëîæíûìè äëÿ àíàëèçà âûñòóïàþò êðèâûå ïåðåìåííîé

ãëàäêîñòè, ïîðÿäîê êîòîðîé ïðè ëîêàëüíîì ðàññìîòðåíèè ìîæåò ìåíÿòüñÿ â äèàïàçîíå îò 1

äî 3. Íèæå ðàññìîòðåí ñëó÷àé, êîãäà ãëàäêîñòü êðèâîé ìèíèìàëüíà, òî åñòü ðàâíà 1. Ïðè

ýòîì ïðåäïîëàãàåòñÿ, ÷òî ïðîèçâîäíûå âòîðîãî ïîðÿäêà êîîðäèíàòíûõ �óíêöèé, çàäàþùèõ

êðèâóþ, ñóùåñòâóþò â ñìûñëå îäíîñòîðîííèõ ïðåäåëîâ ñîîòâåòñòâóþùèõ äè��åðåíöèàëüíûõ

îòíîøåíèé. Ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ ïñåâäîâåðøèí äëÿ ñëó÷àÿ ïàðàìåò-

ðèçîâàííîé ãðàíèöû êðàåâîãî ìíîæåñòâà â óñëîâèÿõ, äîïóñêàþùèõ íåâûïóêëîñòü ìíîæåñòâà.

Óñëîâèÿ âûïèñàíû â òåðìèíàõ ñòàöèîíàðíîñòè êîîðäèíàòíûõ �óíêöèé, à òàêæå â òåðìèíàõ

îäíîñòîðîííèõ ÷àñòè÷íûõ ïðåäåëîâ äè��åðåíöèàëüíûõ ñîîòíîøåíèé, çàâèñÿùèõ îò ñâîéñòâ

ëîêàëüíûõ äè��åîìîð�èçìîâ, îïðåäåëÿþùèõ ïñåâäîâåðøèíû.

� 2. Îïðåäåëåíèÿ, îñíîâíûå ïîíÿòèÿ

Ïóñòü γ : T → R
2
� íåïðåðûâíîå îòîáðàæåíèå ÷èñëîâîãî èíòåðâàëà T = (t̂, ť), −∞ 6 t̂ <

< ť 6 +∞ íà ïëîñêîñòü. Âåêòîð-�óíêöèÿ γ(t) =
(
γ1(t), γ2(t)

)
ÿâëÿåòñÿ ïî êðàéíåé ìåðå îäèí

ðàç äè��åðåíöèðóåìîé �óíêöèåé. Îáðàç Γ = γ(t) ýòîãî îòîáðàæåíèÿ ïðåäñòàâëÿåò ñîáîé ïëîñ-
êóþ êðèâóþ. Ïîëàãàåì, ÷òî Γ ÿâëÿåòñÿ ðåãóëÿðíîé, òî åñòü γ′(t) 6= (0, 0) äëÿ âñåõ t ∈ T ,
è íå èìååò òî÷åê ñàìîïåðåñå÷åíèÿ. Â ðàññìîòðåíèå òàêæå âõîäÿò êîíòóðû � êðèâûå, çàäàííûå

íà êîíå÷íûõ èíòåðâàëàõ T = (t̂, ť), −∞ < t̂ < ť < +∞, äîïóñêàþùèå äîîïðåäåëåíèå â êîíöåâûõ

òî÷êàõ t = t̂ è t = ť òàê, ÷òî γ(t̂) = γ(ť).
�àññìîòðèì óðàâíåíèå âèäà

G(t1, t2) = 0.

Çäåñü G = G(t1, t2) � �óíêöèÿ äâóõ ïåðåìåííûõ (t1, t2) ∈ R
2, êîòîðàÿ, âîîáùå ãîâîðÿ,

íå îáÿçàòåëüíî âñþäó äè��åðåíöèðóåìà. Óðàâíåíèå àíàëèçèðóåòñÿ íà ïðÿìîóãîëüíûõ îòêðû-

òûõ îáëàñòÿõ Π(t0, δ1, δ2) = {(t1, t2) ∈ R
2 : t1 ∈ (t0 − δ1, t0), t2 ∈ (t0, t0 + δ2)}, ãäå t0 ∈ R �èêñè-

ðîâàíî, ïàðàìåòðû ìàëîñòè δ1 > 0, δ2 > 0. �åøåíèÿ ýòîãî óðàâíåíèÿ èùåì â êëàññå ëîêàëüíûõ

äè��åîìîð�èçìîâ [18℄, ãðà�èêè êîòîðûõ ëåæàò â Π(t0, δ1, δ2). Çäåñü äè��åîìîð�èçì � ñêà-

ëÿðíàÿ íåïðåðûâíî äè��åðåíöèðóåìàÿ ñòðîãî ìîíîòîííàÿ áåç íóëåé ïðîèçâîäíîé �óíêöèÿ.

�îâîðÿ î ëîêàëüíîì äè��åîìîð�èçìå, ìû ïîäðàçóìåâàåì, ÷òî îí îïðåäåëåí â ìàëîì � â ëå-

âîé (ëèáî â ïðàâîé) ïîëóîêðåñòíîñòè òî÷êè ðàññìîòðåíèÿ.

Îïðåäåëåíèå 1. Ëîêàëüíûé äè��åîìîð�èçì t2 = t2(t1), òàêîé, ÷òî G(t1, t2) = 0, íåïðåðû-
âåí ñëåâà â òî÷êå t1 = t0 è îòîáðàæàåò ëåâóþ ïîëóîêðåñòíîñòü òî÷êè â åå ïðàâóþ ïîëóîêðåñò-

íîñòü, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

(A1) t2
(
(t0 − δ1, t0)

)
= (t0, t0 + δ2), δ1 > 0, δ2 > 0,

(A2) lim
t1→t0−0

t2(t1) = t0.

Çàìåòèì, ÷òî â ñëó÷àå óðàâíåíèÿ ñ ñèììåòðè÷íîé ïðàâîé ÷àñòüþ, êîãäà G(t1, t2) = G(t2, t1),
ñóùåñòâóåò îáðàòíûé ëîêàëüíûé äè��åîìîð�èçì t1 = t1(t2), îòîáðàæàþùèé ïðàâóþ ïîëó-

îêðåñòíîñòü òî÷êè t1 = t0 â åå ëåâóþ ïîëóîêðåñòíîñòü, ïðè÷åì lim
t2→t0+0

t1(t2) = t0.

Âûáåðåì ïðîèçâîëüíî è çà�èêñèðóåì äâà ìîìåíòà: t1 ∈ T è t2 ∈ T , t1 < t2. Ïðîâåäåì ÷åðåç

òî÷êè γ(t1) è γ(t2) êàñàòåëüíûå ïðÿìûå.

Îïðåäåëåíèå 2. Ïñåâäîâåðøèíîé êðèâîé Γ íàçûâàåòñÿ òî÷êà

(x0, y0) , lim
t1→t0−0

(x∗, y∗),

ãäå (x∗, y∗) =
(
x∗(t1), y∗(t1)

)
,
(
x∗(t1, t2(t1)), y∗(t1, t2(t1))

)
� îäíîïàðàìåòðè÷åñêîå ïîäìíîæå-

ñòâî ðåøåíèé (x∗, y∗) =
(
x∗(t1, t2), y∗(t1, t2)

)
ñèñòåìû óðàâíåíèé

{ (
x− γ1(t1)

)
γ′2(t1) =

(
y − γ2(t1)

)
γ′1(t1),(

x− γ1(t2)
)
γ′2(t2) =

(
y − γ2(t2)

)
γ′1(t2),

(2.1)
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îïðåäåëÿåìîå íåïðåðûâíûì ñëåâà â òî÷êå t1 = t0 ëîêàëüíûì äè��åîìîð�èçìîì t2 = t2(t1)
ëåâîé ïîëóîêðåñòíîñòè òî÷êè t1 = t0 íà åå ïðàâóþ ïîëóîêðåñòíîñòü, êîòîðûé çàäàåòñÿ óðàâíå-

íèåì

G(t1, t2) = 0. (2.2)

Çäåñü

1) (x∗, y∗) � òî÷êà ïåðåñå÷åíèÿ êàñàòåëüíûõ ê êðèâîé Γ â òî÷êàõ γ(t1) è γ(t2),

2) G(t1, t2) = ρ2
(
γ(t1), (x∗, y∗)

)
− ρ2

(
γ(t2), (x∗, y∗)

)
� ðàçíîñòü êâàäðàòîâ ðàññòîÿíèé ìåæäó

óêàçàííûìè òî÷êàìè γ(t1) è γ(t2) êðèâîé è òî÷êîé (x∗, y∗) ïåðåñå÷åíèÿ êàñàòåëüíûõ, ïðîâå-

äåííûõ ÷åðåç γ(t1) è γ(t2).

Óðàâíåíèå (2.2) ïîçâîëÿåò âûÿâëÿòü è êëàññè�èöèðîâàòü îñîáûå òî÷êè ãðàíèöû êðàåâîãî

ìíîæåñòâà â çàäà÷àõ (1.1), (1.2) è (1.4), (1.5) â çàâèñèìîñòè îò äè��åðåíöèàëüíûõ ñâîéñòâ

êðèâîé.

Äîïîëíèòåëüíî ê óñëîâèÿì (A1), (A2) íà ëîêàëüíûé äè��åîìîð�èçì t2 = t2(t1), îïðåäå-
ëåííûé ñëåâà îò ýòîé òî÷êè t1 = t0 ∈ R, òàêæå ïîòðåáóåì, ÷òîáû âûïîëíÿëîñü óñëîâèå

(A3) lim
t1→t0−0

dt2
dt1

= c, c ∈ [−∞, 0].

Óêàçàííûì îáðàçîì îïðåäåëåííûé äè��åîìîð�èçì äëÿ ñëó÷àÿ óðàâíåíèÿ (2.2) ìîæíî ðàñ-

ñìàòðèâàòü êàê ëîêàëüíóþ ïåðåïàðàìåòðèçàöèþ êðèâîé, êîòîðàÿ (ïåðåïàðàìåòðèçàöèÿ) çàäà-

åòñÿ â îêðåñòíîñòè òî÷êè íåÿâíî ñ ïîìîùüþ åâêëèäîâà ðàññòîÿíèÿ. Îòìåòèì îñîáåííîñòè ïðåä-

ëîæåííîé ìàòåìàòè÷åñêîé ìîäåëè. Ââåäåííûé äè��åîìîð�èçì îïðåäåëÿåòñÿ ñ îäíîé ñòîðîíû

(ñëåâà) îò òî÷êè t1 = t0. Ïðè ýòîì êîíñòðóêöèè ïðèñóùà ñèììåòðèÿ â ñëåäóþùåì ñìûñëå.

Îáðàòíûé ëîêàëüíûé äè��åîìîð�èçì t1 = t1(t2) ïðè ñîáëþäåíèè óñëîâèÿ (A2) ñóùåñòâóåò,

îïðåäåëåí ñ äðóãîé ñòîðîíû (ñïðàâà) îò òîé æå òî÷êè t2 = t0 è íàñëåäóåò àíàëîã ýòîãî óñëîâèÿ
â òîì ñìûñëå, ÷òî lim

t2→t0+0
t1(t2) = t0. Òàêèì îáðàçîì, â ðàìêàõ ýòîé êîíñòðóêöèè òî÷êà t1 = t0

¾âûêîëîòà¿ è ðàññìàòðèâàåòñÿ êàê ïðåäåëüíûé ýëåìåíò. Ýòî âàæíîå ñâîéñòâî ìàòåìàòè÷åñêîé

ìîäåëè, êîòîðîå ïîçâîëÿåò èññëåäîâàòü êðèâûå ñ ðàçëè÷íûìè äè��åðåíöèàëüíûìè ñâîéñòâà-

ìè, âêëþ÷àÿ íåãëàäêèå êðèâûå [9℄. Íà ëîêàëüíûé äè��åîìîð�èçì ìîæíî ñìîòðåòü òàêæå êàê

íà ïðàâèëî, óñòàíàâëèâàþùåå âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ïàðàìè òî÷åê, ëåæà-

ùèìè â îêðåñòíîñòè òî÷êè ðàññìîòðåíèÿ ïî ðàçíûå îò íåå ñòîðîíû. Êðîìå òîãî, çäåñü ìîæíî

ãîâîðèòü î äâîéñòâåííîé êðèâîé Γ̃, îïðåäåëåííîé â ïëîñêîñòè ïåðåìåííûõ t1, t2 íåïðåðûâíîé
ñêëåéêîé ãðà�èêîâ èñõîäíîãî äè��åîìîð�èçìà t2 = t2(t1) è åìó îáðàòíîãî äè��åîìîð�èçìà

t1 = t1(t2). Ïðè ýòîì äè��åðåíöèàëüíûå ñâîéñòâà êðèâîé Γ̃ â òî÷êå (t1, t2) = (t0, t0) îïðåäåëÿ-
þòñÿ äè��åðåíöèàëüíûìè ñâîéñòâàìè èñõîäíîé êðèâîé Γ [19℄.

Óòî÷íèì äè��åðåíöèàëüíûå ñâîéñòâà ðåãóëÿðíîé êðèâîé Γ, îãðàíè÷èâàþùåé êðàåâîå ìíî-
æåñòâî M . Áóäåì ïîëàãàòü, ÷òî ïðîèçâîäíàÿ âòîðîãî ïîðÿäêà γ′′(t) =

(
γ′′1 (t), γ

′′
2 (t)

)
ñóùåñòâóåò

ïðè âñåõ çíà÷åíèé àðãóìåíòà t ∈ T , êðîìå êîíå÷íîãî ÷èñëà òî÷åê. À èìåííî, èìååòñÿ êî-

íå÷íàÿ ñîâîêóïíîñòü T = {t∗}, ñîñòîÿùàÿ èç òî÷åê t∗ ∈ T , â êîòîðûõ ñóùåñòâóþò êîíå÷íûå

îäíî-ñòîðîííèå ïðîèçâîäíûå âòîðîãî ïîðÿäêà γ′′−(t∗) è γ′′+(t∗), ïðè ýòîì γ′′−(t∗) 6= γ′′+(t∗). Çäåñü
è äàëåå íèæíèå èíäåêñû ¾−¿ è ¾+¿ îáîçíà÷àþò îäíîñòîðîííèå ïðîèçâîäíûå (ëåâûå è ïðà-

âûå ñîîòâåòñòâåííî) óêàçàííîãî ïîðÿäêà ñêàëÿðíûõ è âåêòîðíûõ �óíêöèé. Îáîçíà÷èì det(a, b)
îïðåäåëèòåëü âòîðîãî ïîðÿäêà, ïîñòðîåííûé íà âåêòîðàõ a =

(
a1, a2

)
, b =

(
b1, b2

)
, çàïèñàííûõ

ïî ñòðîêàì. Áóäåì ïîëàãàòü, ÷òî âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå äëÿ êðèâîé Γ:

(Â) Äëÿ âñåõ t∗ ∈ T îïðåäåëèòåëè det
(
γ′(t∗), γ

′′
−(t∗)

)
è det

(
γ′(t∗), γ

′′
+(t∗)

)
êîíå÷íû, èìåþò

îäèí è òîò æå çíàê (â íåñòðîãîì ñìûñëå), ïðè ýòîì det
(
γ′(t∗), γ

′′
−(t∗)

)
6= det

(
γ′(t∗), γ

′′
+(t∗)

)
.

Óñëîâèå (Â) îçíà÷àåò, ÷òî îäíîñòîðîííèå êðèâèçíû κ−
(
γ(t)

)
= det

(
γ′(t), γ′′−(t)

)
/(s(t))3

è κ+
(
γ(t)

)
= det

(
γ′(t), γ′′+(t)

)
/(s(t))3, ãäå s(t) = ‖γ′(t)‖, íå ìåíÿþò çíàê â òî÷êå ðàçðûâà ïðîèç-

âîäíîé âòîðîãî ïîðÿäêà. Äóãà ðåãóëÿðíîé êðèâîé, ñîäåðæàùàÿ òî÷êó ñ ðàçðûâíîé êðèâèçíîé

â êà÷åñòâå âíóòðåííåé òî÷êè, ïðè ñîáëþäåíèè óñëîâèÿ (Â) ÿâëÿåòñÿ âûïóêëîé. Ìíîæåñòâî êðè-

âûõ Γ ñ óêàçàííûìè äè��åðåíöèàëüíûìè ñâîéñòâàìè è óñëîâèåì (Â), íàëàãàåìûì íà òî÷êè

ðàçðûâà êðèâèçíû, îáîçíà÷èì {Γ}T . Ïðè ñîáëþäåíèè óñëîâèé (À1)�(À3), (Â) â ñëó÷àå, êîãäà
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γ(t0) =
(
γ1(t0), γ2(t0)

)
� ïñåâäîâåðøèíà ïëîñêîé êðèâîé Γ ∈ {Γ}T , à t2 = t2(t1) � ëîêàëüíûé

äè��åîìîð�èçì, îïðåäåëÿåìûé óðàâíåíèåì (2.2), ïðåäåëüíîå çíà÷åíèå c ïðîèçâîäíîé ëîêàëü-

íîãî äè��åîìîð�èçìà ïðèíèìàåò îäíî èç äâóõ çíà÷åíèé, îíî ðàâíî 0 ëèáî −∞ [10℄. Ñîäåðæà-

òåëüíî c ÿâëÿåòñÿ ÷èñëîâûì ìàðêåðîì ïñåâäîâåðøèíû, �èêñèðóþùèì êà÷åñòâåííîå ñîñòîÿíèå

êðèâîé ñ òî÷êè çðåíèÿ äè��åðåíöèðóåìîñòè. Ìàðêåð c = −1 â ñëó÷àå äâàæäû äè��åðåíöèðó-

åìîñòè êðèâîé â ïñåâäîâåðøèíå. Åñëè æå êðèâàÿ ãëàäêàÿ, íî ïðè ýòîì íå èìååò êëàññè÷åñêîé

êðèâèçíû (ïðîèçâîäíûå âòîðîãî ïîðÿäêà êîîðäèíàòíûõ �óíêöèé ðàçðûâíû, ïðè òîì, ÷òî îä-

íîñòîðîííèå ïðîèçâîäíûå âòîðîãî ïîðÿäêà ñóùåñòâóþò è êîíå÷íû), òî ìàðêåð ïðèíèìàåò îäíî

èç äâóõ êðàéíèõ çíà÷åíèé èç ñâîåãî ñïåêòðà. Íàêîíåö, åñëè ðâóòñÿ ïðîèçâîäíûå ïåðâîãî ïî-

ðÿäêà, òî ìàðêåð ðàâåí îòíîøåíèþ äè��åðåíöèàëîâ äóã êðèâîé, ñòÿíóòûõ â òî÷êó, ïðè ýòîì

c 6= −1 (ñì. [19℄).

� 3. Íåîáõîäèìûå óñëîâèÿ äëÿ ïñåâäîâåðøèí êðàåâîãî ìíîæåñòâà

Ñ�îðìóëèðóåì è äîêàæåì îñíîâíîé ðåçóëüòàò èññëåäîâàíèÿ.

Òåîðåìà 1. Åñëè γ(t0) = (x0, y0) � ïñåâäîâåðøèíà ïëîñêîé ðåãóëÿðíîé êðèâîé Γ = γ(t) ∈
∈ {Γ}T , îãðàíè÷èâàþùåé êðàåâîå ìíîæåñòâî M â çàäà÷å Äèðèõëå (1.1), (1.2), îïðåäåëÿåìàÿ

ëîêàëüíûì äè��åîìîð�èçìîì t2 = t2(t1) èç (2.2), òî â ýòîé òî÷êå âûïîëíÿåòñÿ îäíî èç

óñëîâèé:

γ′1(t0) 6= 0, γ′2(t0) = 0, (3.1)

γ′1(t0) = 0, γ′2(t0) 6= 0, (3.2)

lim
t1→t0−0

1

t1 − t0

(
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)
− −γ′1(t1)γ

′
1(t2) + γ′2(t1)γ

′
2(t2) + s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

)
= 0,

êîãäà

t2 = t2(t1), γ′1(t0) 6= 0, γ′2(t0) 6= 0, c = 0, (3.3)

lim
t2→t0+0

1

t2 − t0

(
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)
− −γ′1(t1)γ

′
1(t2) + γ′2(t1)γ

′
2(t2) + s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

)
= 0,

êîãäà

t1 = t1(t2), γ′1(t0) 6= 0, γ′2(t0) 6= 0, c = −∞. (3.4)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïî îïðåäåëåíèþ ïñåâäîâåðøèíû

(x∗, y∗) =
(
x∗(t1), y∗(t1)

)
=
(
x∗(t1, t2(t1)), y∗(t1, t2(t1))

)
,

ãäå (x∗, y∗) =
(
x∗(t1, t2(t1)), y∗(t1, t2(t1))

)
� îäíîïàðàìåòðè÷åñêîå ïîäìíîæåñòâî ðåøåíèé ñè-

ñòåìû (2.1), îïðåäåëÿåìîå ëîêàëüíûì äè��åîìîð�èçìîì t2 = t2(t1), ÿâëÿþùèìñÿ ðåøåíèåì

óðàâíåíèÿ (2.2). Êðèâàÿ Γ ðåãóëÿðíàÿ, ïóñòü äëÿ îïðåäåëåííîñòè γ′1(t0) 6= 0. Òîãäà â íåêîòîðîé
îêðåñòíîñòè t = t0 ïðèðàùåíèå γ1(t2)− γ1(t1) 6= 0 è ïðîèçâîäíûå γ′1(t1) 6= 0, γ′1(t2) 6= 0. Â ýòîì

ñëó÷àå óðàâíåíèå (2.2) äîïóñêàåò ýêâèâàëåíòíîå ïðåäñòàâëåíèå

2(γ2(t1)− γ2(t2))(γ1(t2)− γ1(t1)) +
(γ′2(t1)
γ′1(t1)

+
γ′2(t2)

γ′1(t2)

)
(γ1(t1)− γ1(t2))

2 −

− 2
γ′2(t1)γ

′
2(t2)

γ′1(t1)γ
′
1(t2)

(γ1(t1)− γ1(t2))(γ2(t2)− γ2(t1))−
(γ′2(t1)
γ′1(t1)

+
γ′2(t2)

γ′1(t2)

)
(γ2(t1)− γ2(t2))

2 = 0.

(3.5)

Âîçìîæíû äâà ñëó÷àÿ:

ñëó÷àé 1:

(γ′2(t1)
γ′1(t1)

+
γ′2(t2)

γ′1(t2)

)
= 0;
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ñëó÷àé 2:

(γ′2(t1)
γ′1(t1)

+
γ′2(t2)

γ′1(t2)

)
6= 0.

Ñëó÷àé 1 ðàçîáðàí â [11℄. Äîêàçàíî, ÷òî òîãäà γ′2(t0) = 0. Òàì æå ïîêàçàíî, ÷òî ïðè ïðåä-

ïîëîæåíèè γ′1(t0) 6= 0 âòîðàÿ êîìïîíåíòà ïñåâäîâåðøèíû ñòàöèîíàðíà: γ′2(t0) = 0. Òåì ñàìûì

ñ÷èòàåì óñëîâèÿ (3.1) è (3.2) äîêàçàííûìè.

Ïóñòü òåïåðü ðåàëèçîâàëñÿ íàèáîëåå ñëîæíûé ñëó÷àé 2. Ïîñëå àëãåáðàè÷åñêèõ ïðåîáðàçî-

âàíèé óðàâíåíèå (3.5) ïðèíèìàåò âèä

(
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)

)2

+ 2
γ′1(t1)γ

′
1(t2)− γ′2(t1)γ

′
2(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

· γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)
− 1 = 0.

Åñëè ïðèíÿòü îáîçíà÷åíèÿ

λ , λ(t1, t2) ,
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)
, µ , µ(t1, t2) ,

γ′1(t1)γ
′
1(t2)− γ′2(t1)γ

′
2(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t1)γ

′
1(t1)

,

òî óðàâíåíèå îòíîñèòåëüíî λ ïðèìåò âèä

λ2 + 2µλ− 1 = 0.

Óðàâíåíèå ÿâëÿåòñÿ êâàäðàòè÷íûì, ïðè ýòîì åãî êîý��èöèåíòû çàâèñÿò îò äâóõ ïàðàìåò-

ðîâ. Çàìåòèì, ÷òî îíî áëèçêî ê óðàâíåíèþ ãàðìîíè÷åñêîé ïðîïîðöèè [20℄ è èìååò äâà äåéñòâè-

òåëüíûõ ðåøåíèÿ ðàçíîãî çíàêà:

λ− = −µ−
√

µ2 + 1 < 0, λ+ = −µ+
√

µ2 + 1 > 0,

ò. å. λ2+2µλ−1 = (λ−λ−)(λ−λ+). �àíåå ïîêàçàíî (ñì. [11℄), ÷òî òî÷êà t1 = t0 ÿâëÿåòñÿ êîðíåì
âòîðîãî ñîìíîæèòåëÿ â ðàçëîæåíèè, ò. å. óêàçàííàÿ òî÷êà åñòü ðåøåíèå óðàâíåíèÿ

γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)
+ µ(t1, t2)−

√
(µ(t1, t2))2 − 1 = 0, (3.6)

êîãäà ïåðåìåííûå ñâÿçàíû â ñèëó äè��åîìîð�èçìà t2 = t2(t1). Ïîñêîëüêó

µ2 + 1 =
(s(t1))

2(s(t2))
2

γ′2(t1)γ
′
1(t2) + γ′2(t1)γ

′
1(t1)

,

ãäå s(t) =
√

(γ′1(t))
2 + (γ′2(t))

2
� äëèíà êàñàòåëüíîãî âåêòîðà, òî

λ+ = −µ+
√

µ2 + 1 =
−γ′1(t1)γ

′
1(t2) + γ′2(t1)γ

′
2(t1) + s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t1)γ

′
1(t1)

.

Óðàâíåíèå (3.6) ïðèíèìàåò âèä

γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)
− −γ′1(t1)γ

′
1(t2) + γ′2(t1)γ

′
2(t2) + s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

= 0. (3.7)

Èçó÷èì ñâîéñòâà ýòîãî óðàâíåíèÿ è åãî çíà÷èìîé ÷àñòè â îêðåñòíîñòè òî÷êè (t1, t2) = (t0, t0).
Ñîãëàñíî ëåììå èç [10℄, ìîæåò ðåàëèçîâàòüñÿ îäíà èç äâóõ ñèòóàöèé îòíîñèòåëüíî ïðåäåëüíîãî

çíà÷åíèÿ ïðîèçâîäíîé ëîêàëüíîãî äè��åîìîð�èçìà:

ñèòóàöèÿ 1: c , lim
t1→t0−0

dt2
dt1

= 0;

ñèòóàöèÿ 2: c , lim
t1→t0−0

dt2
dt1

= −∞.

Äàëåå ðàññìîòðèì ïîäðîáíî ñèòóàöèþ 1, êîãäà ìàðêåð

c = 0. (3.8)
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Ïðè àíàëèçå íàì ïîòðåáóþòñÿ ïðåîáðàçîâàíèÿ ïðèðàùåíèé �óíêöèé ïî �îðìóëå êîíå÷íûõ

ïðèðàùåíèé Ëàãðàíæà íà ïàðàõ òî÷åê (t1, t2), ëåæàùèõ â îêðåñòíîñòè t0 ∈ R è óïîðÿäî÷åííûõ

òàê, ÷òî t1 < t0 < t2:

γ1(t2)− γ1(t1) = γ′1(τ)(t2 − t1), t2 < τ < t1, (3.9)

γ2(t2)− γ2(t1) = γ′2(τ̃ )(t2 − t1), t2 < τ̃ < t1. (3.10)

Çàìåòèì, ÷òî ïðè t2 = t2(t1) â ñèëó (3.9), (3.10), íåïðåðûâíîñòè ïðîèçâîäíûõ êîîðäèíàòíûõ

�óíêöèé è, âîîáùå ãîâîðÿ, âíå çàâèñèìîñòè îò çíà÷åíèÿ ìàðêåðà îäíîñòîðîííèé ëåâûé ÷àñòè÷-

íûé ïðåäåë çíà÷èìîé ÷àñòè óðàâíåíèÿ (3.7) ðàâåí íóëþ:

lim
t1→t0−0

(
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)
− −γ′1(t1)γ

′
1(t2) + γ′2(t1)γ

′
2(t2) + s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

)
=

= lim
t1→t0−0

γ′2(τ̃)(t2 − t1)

γ′1(τ)(t2 − t1)
− 2(γ′2(t0))

2

2γ′1(t0)γ
′
2(t0)

=
γ′2(t0)

γ′1(t0)
− γ′2(t0)

γ′1(t0)
= 0, (3.11)

òî åñòü t1 = t0 ÿâëÿåòñÿ êîðíåì óðàâíåíèÿ

γ2(t2(t1))− γ2(t1)

γ1(t2(t1))− γ1(t1)
− −γ′1(t1)γ

′
1(t2(t1)) + γ′2(t1)γ

′
2(t2(t1)) + s(t1)s(t2(t1))

γ′2(t1)γ
′
1(t2(t1)) + γ′2(t2(t1))γ

′
1(t1)

= 0.

Äðóãèìè ñëîâàìè, íàéäåòñÿ ïî êðàéíåé ìåðå îäèí ðàç äè��åðåíöèðóåìàÿ ñêàëÿðíàÿ �óíêöèÿ

g = g(t1), îïðåäåëåííàÿ â ëåâîé ïîëóîêðåñòíîñòè òî÷êè t0 ∈ R, òàêàÿ, ÷òî (ëåììà Àäàìàðà [18,

. 58℄)

γ2(t2(t1))− γ2(t1)

γ1(t2(t1))− γ1(t1)
− −γ′1(t1)γ

′
1(t2(t1)) + γ′2(t1)γ

′
2(t2(t1)) + s(t1)s(t2(t1))

γ′2(t1)γ
′
1(t2(t1)) + γ′2(t2(t1))γ

′
1(t1)

= (t1 − t0)g(t1).

Óñëîâèå (3.11) íå ÿâëÿåòñÿ êîíñòðóêòèâíûì ñ òî÷êè çðåíèÿ âûÿâëåíèÿ ïñåâäîâåðøèí, ïîñêîëü-

êó îíî âûïîëíÿåòñÿ íå òîëüêî â ïñåâäîâåðøèíå, íî è â ëþáîé äðóãîé òî÷êå γ(t0) ∈ Γ, γ′1(t0) 6= 0,
îòëè÷íîé îò ïñåâäîâåðøèíû. Â ýòîì ñìûñëå ðàâåíñòâî (3.11) çàêëþ÷àåò â ñåáå âûðîæäåííîå

óñëîâèå � óñëîâèå, çàâåäîìî âûïîëíÿåìîå âî âñåõ òî÷êàõ êðèâîé ñ íåñòàöèîíàðíîé ïåðâîé

êîîðäèíàòîé.

Ñ öåëüþ íàõîæäåíèÿ êîíñòðóêòèâíûõ äëÿ âûÿâëåíèÿ ïñåâäîâåðøèí ñîîòíîøåíèé âû÷èñ-

ëèì îäíîñòîðîííèé ëåâûé ïðåäåë �óíêöèè g = g(t1) â òî÷êå t1 = t0, ïî-ïðåæíåìó ïîëàãàÿ,

÷òî ïåðåìåííûå ñòåñíåíû äè��åîìîð�èçìîì t2 = t2(t1), è ïðè òîì òðåáóÿ âûïîëíåíèÿ óñëî-

âèÿ (3.8) (àðãóìåíò ó äè��åîìîð�èçìà âñþäó äàëåå äëÿ êðàòêîñòè èçëîæåíèÿ îïóùåí):

lim
t1→t0−0

g(t1) = lim
t1→t0−0

(
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)
− −γ′1(t1)γ

′
1(t2) + γ′2(t1)γ

′
2(t2) + s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

)
(t0 − t1)

−1.

Âîçíèêøåå îòíîøåíèå áåñêîíå÷íî ìàëûõ ìîæíî ðàçðåøèòü ñ ïîìîùüþ òåõíèêè ñòðóé (ñì., íà-

ïðèìåð, [11℄) èëè, ÷òî ïî ñóòè áëèçêî ê óêàçàííîé òåõíèêå è â äàííîì ñëó÷àå áîëåå îïðàâäàííî

ñ òî÷êè çðåíèÿ ìèíèìèçàöèè îáúåìà âû÷èñëåíèé, ñ ïîìîùüþ ïðàâèëà Ëîïèòàëÿ. Ñëåäóÿ ýòîìó

ïðàâèëó, íàéäåì ïðîèçâîäíóþ ïî t1 ÷èñëèòåëÿ:

lim
t1→t0−0

(
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)
− −γ′1(t1)γ

′
1(t2) + γ′2(t1)γ

′
2(t2) + s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

)′

=

=

(
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)

)′

−
(
− det

(
γ′(t1), γ̂

′(t2)
)
+ s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

)′

. (3.12)

Çäåñü äëÿ êðàòêîñòè ïðèíÿòî îáîçíà÷åíèå γ̂′(t2) =
(
γ′2(t2), γ

′
1(t2)

)
.

Äàëåå ïîñëåäîâàòåëüíî íàéäåì ïðåäåë êàæäîé èç äâóõ äðîáåé â (3.12). Ïîä÷åðêíåì, ÷òî âû-

÷èñëÿåì îäíîñòîðîííèå ëåâûå ÷àñòè÷íûå ïðåäåëû. ×àñòè÷íîñòü ïðåäåëîâ îáóñëîâëåíà âûáîðîì
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ëîêàëüíîãî äè��åîìîð�èçìà ñ âïîëíå îïðåäåëåííûì çíà÷åíèåì ìàðêåðà c = 0, õàðàêòåðèçó-
þùèì äè��åðåíöèàëüíûå ñâîéñòâà êðèâîé â ïñåâäîâåðøèíå.

Âû÷èñëèì ïðîèçâîäíóþ ïåðâîé äðîáè:

(
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)

)′

=

(
γ′2(t2)t

′
2 − γ′2(t1)

)
(γ1(t2)− γ1(t1))− (γ2(t2)− γ2(t1))

(
γ′1(t2)t

′
2 − γ′1(t1)

)
(
γ1(t2)− γ1(t1)

)2 =

=
γ′2(t2)(γ1(t2)− γ1(t1))− γ′1(t2)(γ2(t2)− γ2(t1))(

γ1(t2)− γ1(t1)
)2 t′2 +

+
−γ′2(t2)(γ1(t2)− γ1(t1)) + γ′1(t1)(γ2(t2)− γ2(t1))(

γ1(t2)− γ1(t1)
)2 . (3.13)

Ïðîèçâîäíàÿ t′2 (3.13) ÿâëÿåòñÿ ëèíåéíîé �óíêöèåé îòíîñèòåëüíî ïðîèçâîäíîé ëîêàëüíîãî

äè��åîìîð�èçìà. Ïðè ýòîì åå êîý��èöèåíòû ïðåäñòàâëÿþò ñîáîé ÷àñòíûå îò áåñêîíå÷íî ìà-

ëûõ â ëåâîé ïîëóîêðåñòíîñòè òî÷êè t1 = t0. Íàéäåì îäíîñòîðîííèé ëåâûé ÷àñòè÷íûé ïðåäåë

êîý��èöèåíòà ïðè t′2, ïðèìåíÿÿ ïðàâèëî Ëîïèòàëÿ, �îðìóëû êîíå÷íûõ ïðèðàùåíèé Ëàãðàí-

æà (3.9), (3.10), à òàêæå ðàâåíñòâî (3.8) äëÿ ìàðêåðà c = 0:

lim
t1→t0−0

γ′2(t2)(γ1(t2)− γ1(t1))− γ′1(t2)(γ2(t2)− γ2(t1))(
γ1(t2)− γ1(t1)

)2 t′2 =

= lim
t1→t0−0

[
γ′′2 (t2)

(
γ1(t2)− γ1(t1)

)
t′2 − γ′2(t2)

(
γ′1(t2)t

′
2 − γ′1(t1)

)

2
(
γ1(t2)− γ1(t1)

)(
γ′1(t2)t

′
2 − γ′1(t1)

) +

+
−γ′′1 (t2)

(
γ2(t2)− γ2(t1)

)
t′2 − γ′1(t2)

(
γ′2(t2)t

′
2 − γ′2(t1)

)

2
(
γ1(t2)− γ1(t1)

)(
γ′1(t2)t

′
2 − γ′1(t1)

)
]
=

= lim
t1→t0−0

[
γ′′2 (t2)

(
γ1(t2)− γ1(t1)

)
− γ′′1 (t2)

(
γ2(t2)− γ2(t1)

)

2
(
γ1(t2)− γ1(t1)

)(
γ′1(t2)t

′
2 − γ′1(t1)

) t′2 +

+
γ′1(t1)γ

′
2(t2) + γ′1(t2)γ

′
2(t2)

2
(
γ1(t2)− γ1(t1)

)(
γ′1(t2)t

′
2 − γ′1(t1)

)
]
=

= lim
t1→t0−0

[
γ′′2 (t2)γ

′
1(τ)− γ′′1 (t2)γ

′
2(τ̃ )

2γ′1(τ)
(
γ′1(t2)t

′
2 − γ′1(t1)

) t′2 +
−γ′1(t1)γ

′
2(t2) + γ′1(t2)γ

′
2(t1)

2
(
γ′1(t2)t

′
2 − γ′1(t1)

) · 1

γ′1(t2)t
′
2 − γ′1(t1)

]
=

=
det
(
γ′(t0), γ

′′
−(t0)

)

2
(
γ′1(t1)

)2 . (3.14)

Ïðè âû÷èñëåíèè ïðåäåëà (3.14) ïðèíÿòû âî âíèìàíèå ñëåäóþùèå òðè ïðåäåëüíûõ ñîîòíîøåíèÿ:

lim
t1→t0−0

γ′′2 (t2)γ
′
1(τ)− γ′′1 (t2)γ

′
2(τ̃)

2γ′1(τ)
(
γ′1(t2)t

′
2 − γ′1(t1)

) =
det
(
γ′(t0), γ

′′
−(t0)

)

2
(
γ′1(t1)

)2
(−1)

= −det
(
γ′(t0), γ

′′
−(t0)

)

2
(
γ′1(t1)

)2 ,

lim
t1→t0−0

−γ′1(t1)γ
′
2(t2) + γ′1(t2)γ

′
2(t1)

2
(
γ′1(t2)t

′
2 − γ′1(t1)

) = lim
t1→t0−0

(−γ′1(t1)γ
′
2(t2) + γ′1(t2)γ

′
2(t1))

′

(
2
(
γ′1(t2)t

′
2 − γ′1(t1)

))′ =

= lim
t1→t0−0

−
(
γ′1(t1)γ

′′
2 (t2)− γ′′1 (t2)γ

′
2(t1)

)
t′2 + γ′1(t2)γ

′′
2 (t1)− γ′′1 (t1)γ

′
2(t2)

2
(
γ′1(t2)t

′
2 − γ′1(t1)

) = −det
(
γ′(t0), γ

′′
−(t0)

)

2
(
γ′1(t1)

) ,

lim
t1→t0−0

1

γ′1(t2)t
′
2 − γ′1(t1)

= − 1

γ′1(t0)
.
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Ñëåäîì íàéäåì îäíîñòîðîííèé ëåâûé ÷àñòè÷íûé ïðåäåë ¾ñâîáîäíîãî ÷ëåíà¿ â (3.13):

lim
t1→t0−0

−γ′2(t2)(γ1(t2)− γ1(t1)) + γ′1(t1)(γ2(t2)− γ2(t1))(
γ1(t2)− γ1(t1)

)2 =

= lim
t1→t0−0

[−γ′2(t2)(γ1(t2)− γ1(t1)) + γ′1(t1)(γ2(t2)− γ2(t1))]
′

[(
γ1(t2)− γ1(t1)

)2]′ =

lim
t1→t0−0

[
−γ′′2 (t1)(γ1(t2)− γ1(t1))− γ′2(t1)

(
γ′1(t2)t

′
2 − γ′1(t1)

)

2(γ1(t2)− γ1(t1))
(
γ′1(t2)t

′
2 − γ′1(t1)

) +

+
γ′′1 (t1)(γ2(t2)− γ2(t1)) + γ′1(t1)

(
γ′2(t2)t

′
2 − γ′1(t2)

)

2(γ1(t2)− γ1(t1))
(
γ′1(t2)t

′
2 − γ′1(t1)

)
]
=

lim
t1→t0−0

[
−γ′′2 (t1)(γ1(t2)− γ1(t1)) + γ′′1 (t1)(γ2(t2)− γ2(t1))

2(γ1(t2)− γ1(t1))
(
γ′1(t2)t

′
2 − γ′1(t1)

) +

+
(γ′1(t1)γ

′
2(t2)− γ′2(t1)γ

′
1(t2))t

′
2

2(γ1(t2)− γ1(t1))
(
γ′1(t2)t

′
2 − γ′1(t1)

)
]
=

=
−γ′′2 (t0)γ

′
1(t0) + γ′′1 (t0)γ

′
2(t0)

−2
(
γ′1(t0)

)2 =
det
(
γ′(t0), γ

′′
−(t0)

)

2
(
γ′1(t0)

)2 .

Òîãäà ñ ó÷åòîì (3.8) è ïðåäñòàâëåíèÿ (3.13) èìååì

lim
t1→t0−0

(
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)

)′

=
det
(
γ′(t0), γ

′′
−(t0)

)

2
(
γ′1(t0)

)2 . (3.15)

Âû÷èñëèì ïðîèçâîäíóþ âòîðîé äðîáè â (3.12):

(
− det

(
γ′(t1), γ̂

′(t2)
)
+ s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

)′

=

=

(
− det

(
γ′′(t1), γ̂

′(t2)
)
− det

(
γ′(t1), γ̂

′′(t2)
)
t′2
)
(γ′2(t1)γ

′
1(t2) + γ′2(t2)γ

′
1(t1))

(γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1))

2
+

+

(
γ′1(t1)γ

′′
1 (t1) + γ′2(t1)γ

′′
2 (t1)

s(t1)
s(t2) + s(t1)

γ′1(t2)γ
′′
1 (t2) + γ′2(t2)γ

′′
2 (t2)

s(t2)

)
×

× γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t2)

(γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1))

2
−

−
(
− det

(
γ′(t1), γ̂

′(t2)
)
+ s(t1)s(t2)

) γ′′2 (t1)γ′1(t2) + γ′2(t1)γ
′′
1 (t2)t

′
2 + γ′′2 (t2)γ

′
1(t1)t

′
2 + γ′2(t2)γ

′′
1 (t1)

(γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1))

2
.

Ïîñëå ÷åãî íàéäåì îäíîñòîðîííèé ëåâûé ÷àñòè÷íûé (îáóñëîâëåííûé çíà÷åíèåì ìàðêåðà (3.8))

ïðåäåë ýòîé äðîáè, îïóñêàÿ äëÿ êðàòêîñòè îáîçíà÷åíèå t0 ïðåäåëüíîãî çíà÷åíèÿ àðãóìåíòà t1:

lim
t1→t0−0

(
− det

(
γ′(t1), γ̂

′(t2)
)
+ s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

)′

=

=
− det(γ′′−, γ̂

′)2γ′2γ
′
1 + (γ′1γ

′′
1,− + γ′2γ

′′
2,−)2γ

′
2γ

′
1 −

(
− det(γ′−, γ̂

′) + (s)2
)
(γ′′2,−γ

′
1 + γ′2γ

′′
1,−)

4(γ′2γ
′
1)

2
.



68 À.À. Óñïåíñêèé, Ï.Ä. Ëåáåäåâ

ÌÀÒÅÌÀÒÈÊÀ 2018. Ò. 28. Âûï. 1

Â äàëüíåéøåì ó÷èòûâàÿ îãðàíè÷åíèå íà çíàìåíàòåëü, ïîëàãàåì γ′2 6= 0. Ïîñêîëüêó

− det(γ′−, γ̂
′) + (s)2 = −(γ′1)

2 + (γ′2)
2 + (γ′1)

2 + (γ′2)
2 = 2(γ′2)

2,

òî

lim
t1→t0−0

(
− det

(
γ′(t1), γ̂

′(t2)
)
+ s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

)′

=

=
− det(γ′′−, γ̂

′)2γ′2γ
′
1 + (γ′1γ

′′
1,− + γ′2γ

′′
2,−)2γ

′
2γ

′
1 − 2(γ′2)

2(γ′′2,−γ
′
1 + γ′2γ

′′
1,−)

4(γ′
2
γ′
1
)2

=

=
− det(γ′′−, γ̂

′)γ′1 + (γ′1γ
′′
1,− + γ′2γ

′′
2,−)γ

′
1 − γ′2(γ

′′
2,−γ

′
1 + γ′2γ

′′
1,−)

2γ′2(γ
′
1)

2
=

=
−(γ′1)

2γ′′1,− + γ′1γ
′
2γ

′′
2,− + (γ′1)

2γ′′1,− + γ′1γ
′
2γ

′′
2,− −+γ′1γ

′
2γ

′′
2,− − (γ′2)

2γ′′1,−
2γ′2(γ

′
1)

2
=

=
γ′1γ

′
2γ

′′
2,− − (γ′2)

2γ′′1,−
2γ′2(γ

′
1)

2
=

det(γ′, γ′′−)

2(γ′1)
2

. (3.16)

Â èòîãå èç (3.15), (3.16) ñëåäóåò

lim
t1→t0−0

1

t1 − t0

(
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)
− −γ′1(t1)γ

′
1(t2) + γ′2(t1)γ

′
2(t2) + s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

)
=

=
det(γ′(t0), γ

′′
−(t0))

2(γ′1(t0))
2

− det(γ′(t0), γ
′′
−(t0))

2(γ′1(t0))
2

= 0,

êîãäà t2 = t2(t1), lim
t1→t0−0

dt2
dt1

(t1) = 0, γ′1(t0) 6= 0, γ′2(t0) 6= 0. �àâåíñòâî (3.3) äîêàçàíî.

�àññóæäàÿ àíàëîãè÷íûì îáðàçîì â ñèòóàöèè 2, êîãäà ìàðêåð c = −∞, ÷òî ðàâíîñèëüíî

óñëîâèþ lim
t2→t0+0

dt1
dt2

(t1) = 0, ïðèíèìàÿ âî âíèìàíèå èìåþùèåñÿ â ìàòåìàòè÷åñêîé ìîäåëè ñèì-

ìåòðèè, ïîëó÷èì

lim
t2→t0+0

1

t2 − t0

(
γ2(t2)− γ2(t1)

γ1(t2)− γ1(t1)
− −γ′1(t1)γ

′
1(t2) + γ′2(t1)γ

′
2(t2) + s(t1)s(t2)

γ′2(t1)γ
′
1(t2) + γ′2(t2)γ

′
1(t1)

)
= 0,

çäåñü t1 = t1(t2), c = −∞, γ′1(t0) 6= 0, γ′2(t0) 6= 0. �àâåíñòâî (3.4) îáîñíîâàíî. �

� 4. Ïðèëîæåíèå

Ïðèìåð 1. Ïðèâåäåì ïðèìåð çàäà÷è óïðàâëåíèÿ, ðåøåíèå êîòîðîé îñíîâàíî íà âûÿâëå-

íèè ïñåâäîâåðøèíû öåëåâîãî ìíîæåñòâà ñ óêàçàííûìè âûøå äè��åðåíöèàëüíûìè ñâîéñòâà-

ìè. �àññìîòðèì çàäà÷ó óïðàâëåíèÿ ïî áûñòðîäåéñòâèþ ñ äèíàìèêîé (1.3) äëÿ ñëó÷àÿ, êîãäà

öåëåâîå ìíîæåñòâî M ÿâëÿåòñÿ ïîäãðà�èêîì �óíêöèè y = f(x), x ∈ R, ãäå

f(x) =

{
2− x, x 6 x0,
x−1, x > x0.

Çäåñü x0 = 1.M ÿâëÿåòñÿ íåâûïóêëûì ìíîæåñòâîì ñ ãëàäêîé ãðàíèöåé Γ, îïèñûâàåìîé âåêòîð-
�óíêöèåé γ(t) = (t, f(t)), t ∈ R. Ñëåäóÿ îïðåäåëåíèþ 2, íàõîäèì ñîâîêóïíîñòü ïñåâäîâåðøèí

ìíîæåñòâà M , êîòîðàÿ äëÿ äàííîãî ïðèìåðà âêëþ÷àåò åäèíñòâåííóþ òî÷êó A = (x0, f(x0)) =
= (1, 1), ïðè÷åì â ýòîé òî÷êå ïðîèçâîäíàÿ âòîðîãî ïîðÿäêà ðàçðûâíà, îäíîñòîðîííèå ïðî-

èçâîäíûå âòîðîãî ïîðÿäêà f ′′
−(x0) = 0, f ′′

+(x0) = 2. Ëîêàëüíûé äè��åîìîð�èçì t1 = t1(t2),
îïðåäåëÿþùèé ïñåâäîâåðøèíó A = (1, 1), íàõîäèòñÿ èç óðàâíåíèÿ (2.2) è èìååò âèä

t1(t2) =
2t2

t2 + 1
− 1√

2

t2 − 1

t2 + 1

√
t22 + t−2

2 .
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�èñ. 1. Íåïðåðûâíàÿ ñêëåéêà ãðà�èêîâ âçàèìîîáðàòíûõ äè��åîìîð�èçìîâ t1 = t1(t2) è t2 = t2(t1) â òî÷êå
(t1, t2) = (x0, x0) â ñëó÷àå ðàçðûâà êðèâèçíû êðèâîé Γ â ïñåâäîâåðøèíå A =

(

x0, f(x0)
)

Íè îäíà èç êîîðäèíàò ïñåâäîâåðøèíû íå ÿâëÿåòñÿ ñòàöèîíàðíîé, çäåñü γ′(x0) = (−1,−1).
Íåòðóäíî ïðîâåðèòü, ÷òî lim

t2→x0+0

dt1
dt2

(t2) = 0, ñòàëî áûòü, ìàðêåð c = −∞ (ñì. ðèñ. 1).

Â ñèëó òåîðåìû ñ íåîáõîäèìîñòüþ äîëæíî âûïîëíÿòüñÿ ïðåäåëüíîå ñîîòíîøåíèå (3.4), êîòî-

ðîå ñ ó÷åòîì ÷àñòíîãî õàðàêòåðà ñèòóàöèè (ãðàíèöà ìíîæåñòâà � ãðà�èê ñêàëÿðíîé �óíêöèè)

ïðèíèìàåò âèä

lim
t2→x0+0

1

t2 − x0

(
t1 − t2

f(t1)− f(t2)
− −f ′(t1)f

′(t2) + 1 +
√

1 + (f ′(t1))2
√

1 + (f ′(t2))2

f ′(t1) + f ′(t2)

)
= 0. (4.1)

Ïðè ïðîâåðêå èñòèííîñòè (4.1) ïðèìåì âî âíèìàíèå, ÷òî îáðàòíàÿ ìàðêåðó âåëè÷èíà

1

c =

= lim
t2→x0+0

dt1
dt2

(t2) = 0. Óäîñòîâåðèìñÿ â ñïðàâåäëèâîñòè íåîáõîäèìûõ óñëîâèé, îïèðàÿñü íà

ïðàâèëî Ëîïèòàëÿ, ïðîäè��åðåíöèðîâàâ ïî t2 êàæäóþ èç äðîáåé, ñòîÿùèõ â (4.1) â ñêîáêàõ.

Íàïîìíèì, ÷òî çäåñü t1 = t1(t2). Èìååì
(

t1 − t2
f(t1)− f(t2)

)′

=
(t′1 − 1)(2 − t1 − t−1

2 )− (t1 − t2)(−t′1 + t−2
2 )

(2 − t1 − t−1
2 )2

=

=
2− t−1

2 − t2

(2− t1 − t−1
2 )2

t′1 +
−2 + t1 + 2t−1

2 − t1t
−2
2

(2− t1 − t−1
2 )2

. (4.2)

Íàéäåì â (4.2) ïðåäåë êîý��èöèåíòà ïðè t′1:

lim
t2→1+0

2− t−1
2 − t2

(2− t1 − t−1
2 )2

= lim
t2→1+0

t−2
2 − 1

2(2 − t1 − t−1
2 )(−t′1 + t−2

2 )
=

= lim
t2→1+0

[
t−2
2 − 1

2(2− t1 − t−1
2 )

· 1

−t′1 + t−2
2

]
= lim

t2→1+0

(t−2
2 − 1)′

2(2 − t1 − t−1
2 )′

= lim
t2→1+0

2t−3
2

2(−t′1 + t−2
2 )

= 1.

Äàëåå âû÷èñëèì ïðåäåë ñâîáîäíîãî ÷ëåíà â (4.2):

lim
t2→1+0

−2 + t1 + 2t−1
2 − t1t

−2
2

(2− t1 − t−1
2 )2

= lim
t2→1+0

t′1 − 2t−2
2 + t′1t

−2
2 + 2t1t

−3
2

2(2− t1 − t−1
2 )(−t′1 + t−2

2 )
=
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= lim
t2→1+0

[
1− t−2

2

2(2 − t1 − t−1
2 )

· t′1
−t′1 + t−2

2

+
−2t−2

2 + 2t1t
−3
2

2(2− t1 − t−1
2 )

· 1

−t′1 + t−2
2

]
= −1.

Çäåñü ó÷òåíî, ÷òî

lim
t2→1+0

1− t−2
2

2(2− t1 − t−1
2 )

= lim
t2→1+0

2t−3
2

2(−t′1 + t−2
2 )

= 1, lim
t2→1+0

t′1
−t′1 + t−2

2

= 0, lim
t2→1+0

1

−t′1 + t−2
2

= 1,

lim
t2→1+0

−2t−2
2 + 2t1t

−3
2

2(2 − t1 − t−1
2 )

= lim
t2→1+0

4t−3
2 + 2t′1t

−3
2 − 6t1t

−4
2

2(−t′1 + t−2
2 )

= −1.

Ïîñêîëüêó lim
t2→1+0

t′1(t2) = 0, òî èç (4.2) ñëåäóåò

(
t1 − t2

f(t1)− f(t2)

)′

= −1. (4.3)

Äàëåå âû÷èñëèì ïðîèçâîäíóþ âòîðîé äðîáè, ñòîÿùåé â (4.1), è åå ïðåäåë:

lim
t2→1+0

(
−f ′(t1)f

′(t2) + 1 +
√

1 + (f ′(t1))2
√

1 + (f ′(t2))2

f ′(t1) + f ′(t2)

)′

=

= lim
t2→1+0


−t−2

2 + 1 +
√

2(1 + t−4
2 )

−1− t−2
2




′

=

= lim
t2→1+0

(
2t−3

2 − 4t−5
2 (2(1 + t−4

2 ))−1/2

−1− t−2
2

−
(
−t−2

2 + 1 + (2(1 + t−4
2 ))1/2

)
2t−3

2

(−1− t−2
2 )2

)
= −1. (4.4)

Èç (4.3), (4.4) è ðàâåíñòâà (t2 − x0)
′ = 1 ñëåäóåò ñïðàâåäëèâîñòü (4.1).

Íàëè÷èå ó êðàåâîãî ìíîæåñòâà çàäà÷è óïðàâëåíèÿ ïî áûñòðîäåéñòâèþ ïñåâäîâåðøèíû ïîç-

âîëÿåò ñ�îðìèðîâàòü ñ ïîìîùüþ ñèñòåìû óðàâíåíèé, ñîïðÿæåííîé ê ñèñòåìå (2.1), ñèíãóëÿð-

íîå ìíîæåñòâî, à çàòåì è �óíêöèþ îïòèìàëüíîãî ðåçóëüòàòà. Ïîäðîáíîå îïèñàíèå òåõíîëî-

ãèè ïîñòðîåíèÿ, íàïðèìåð, â [6, 7℄. Íà ðèñ. 2 ïðåäñòàâëåíû ëèíèè óðîâíÿ �óíêöèè îïòèìàëü-

íîãî ðåçóëüòàòà ðàññìàòðèâàåìîé çàäà÷è è ñèíãóëÿðíàÿ êðèâàÿ, îòâå÷àþùàÿ ïñåâäîâåðøèíå

PSfrag replaements
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�èñ. 2. Êðèâàÿ Γ, ñå÷åíèÿ Φ ìíîæåñòâà óïðàâëÿåìîñòè è ñèíãóëÿðíîå ìíîæåñòâî L
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�èñ. 3. �ðà�èê �óíêöèè îïòèìàëüíîãî ðåçóëüòàòà u(x, y)

A = (x0, f(x0)) öåëåâîãî ìíîæåñòâà M . Íà ðèñ. 3 ïîêàçàí ãðà�èê �óíêöèè îïòèìàëüíîãî ðå-

çóëüòàòà u(x, y) = ρ
(
(x, y),M

)
â çàäà÷å óïðàâëåíèÿ ïî áûñòðîäåéñòâèþ ñ äèíàìèêîé (1.3).
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The subjet of the study is pseudo-verties of a boundary set, whih are neessary for the analytial and

numerial onstrution of singular branhes of the generalized (minimax) solution of the Dirihlet problem for

an eikonal type equation. The ase of variable smoothness of the boundary set boundary is onsidered, under

whih the order of smoothness at the points of onsideration is redued to the lowest possible value � up to

one. Neessary onditions for the existene of pseudo-verties are obtained, expressed in terms of one-sided

partial limits of di�erential relations, depending on the properties of loal di�eomorphisms that determine

these points. An example is given that illustrates the appliation of the results obtained while solving the

veloity problem.
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