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1

�àññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà äâóõ ëèö, îïèñûâàåìàÿ ñèñòåìîé âèäà ẋ = f(x, u) + g(x, v),
x ∈ R

k
, u ∈ U , v ∈ V . Ìíîæåñòâîì çíà÷åíèé óïðàâëåíèé ïðåñëåäîâàòåëÿ ÿâëÿåòñÿ êîíå÷íîå ïîäìíî-

æåñòâî �àçîâîãî ïðîñòðàíñòâà. Ìíîæåñòâîì çíà÷åíèé óïðàâëåíèé óáåãàþùåãî ÿâëÿåòñÿ êîìïàêòíîå

ïîäìíîæåñòâî �àçîâîãî ïðîñòðàíñòâà. Öåëüþ ïðåñëåäîâàòåëÿ ÿâëÿåòñÿ ïîèìêà, òî åñòü ïðèâåäåíèå ñè-

ñòåìû â ëþáóþ çàäàííóþ îêðåñòíîñòü íà÷àëà êîîðäèíàò. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè

çàäà÷è ïðåñëåäîâàíèÿ â êëàññå êóñî÷íî-ïðîãðàììíûõ ñòðàòåãèé ïðåñëåäîâàòåëÿ. Òàêæå äîêàçàíî, ÷òî

íåçàâèñèìî îò äåéñòâèé óáåãàþùåãî âðåìÿ ïîèìêè ñòðåìèòñÿ ê íóëþ, åñëè íà÷àëüíîå ñîñòîÿíèå ïðè-

áëèæàåòñÿ ê íà÷àëó êîîðäèíàò.

Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíàÿ èãðà, ïðåñëåäîâàòåëü, óáåãàþùèé, íåëèíåéíàÿ ñèñòåìà.
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Äè��åðåíöèàëüíûå èãðû äâóõ ëèö, ïîëó÷èâøèå ïåðâîíà÷àëüíîå ðàçâèòèå â ðàáîòàõ �. Àé-

çåêñà [1℄, â íàñòîÿùåå âðåìÿ ïðåäñòàâëÿþò ñîáîé áîãàòóþ ñîäåðæàòåëüíóþ òåîðèþ [2�14℄. Ñóùå-

ñòâåííûé âêëàä â ðàçâèòèå òåîðèè âíåñ Í.Í. Êðàñîâñêèé è À.Ñ. Ïîíòðÿãèí. Â øêîëå Í.Í. Êðà-

ñîâñêîãî ñîçäàíà òåîðèÿ ïîçèöèîííûõ èãð, â îñíîâå êîòîðîé ëåæèò ïîíÿòèå ìàêñèìàëüíîãî

ñòàáèëüíîãî ìîñòà è ïðàâèëî ýêñòðåìàëüíîãî ïðèöåëèâàíèÿ. Ê ñîæàëåíèþ, ïîñòðîåíèå ìàê-

ñèìàëüíûõ ñòàáèëüíûõ ìîñòîâ äëÿ èññëåäîâàíèÿ êîíêðåòíûõ äè��åðåíöèàëüíûõ èãð âåñüìà

çàòðóäíèòåëüíî, à ïîðîé íåâîçìîæíî. Áîëåå ý��åêòèâíûì ìåòîäîì ÿâëÿåòñÿ ïîñòðîåíèå ìî-

ñòîâ, íå ÿâëÿþùèõñÿ ìàêñèìàëüíûìè, íî îáëàäàþùèõ ñâîéñòâîì ñòàáèëüíîñòè è ðåàëèçóþùèå

ý��åêòèâíûå ïðîöåäóðû óïðàâëåíèÿ. Äàííûé ïîäõîä àêòèâíî ðåàëèçóåòñÿ ïðè èññëåäîâàíèè

íåëèíåéíûõ äè��åðåíöèàëüíûõ èãð. Â ÷àñòíîñòè, â ðàáîòå [15℄ ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ

ðàçðåøèìîñòè â íåëèíåéíîì ïðèìåðå À.Ñ. Ïîíòðÿãèíà. Ñïåöèàëüíûé êëàññ äè��åðåíöèàëü-

íûõ èãð ðàññìîòðåí â [16℄. Â ðàáîòàõ [17, 18℄ ïðåäëîæåíû ìåòîäû ïðèáëèæåííîãî ïîñòðîåíèÿ

ñòàáèëüíûõ ìîñòîâ â íåëèíåéíûõ äè��åðåíöèàëüíûõ èãðàõ.

Â ðàáîòå [20℄ áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïðèâåäåíèÿ òðàåêòîðèè ñèñòåìû â íà-

÷àëî êîîðäèíàò çà êîíå÷íîå âðåìÿ ïðè óñëîâèè, ÷òî ïðåñëåäîâàòåëü èñïîëüçóåò êîíòðñòðàòå-

ãèè. Â äàííîé ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïðèâåäåíèÿ òðàåêòîðèè ñèñòåìû â ëþ-

áóþ çàäàííóþ îêðåñòíîñòü íà÷àëà êîîðäèíàò â ïðåäïîëîæåíèè, ÷òî ïðåñëåäîâàòåëü èñïîëüçóåò

êóñî÷íî-ïðîãðàììíûå ñòðàòåãèè.

� 1. Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå R
k (k > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà äâóõ ëèö: ïðåñëåäîâà-

òåëÿ P è óáåãàþùåãî E. Äèíàìèêà èãðû îïèñûâàåòñÿ ñèñòåìîé äè��åðåíöèàëüíûõ óðàâíåíèé.

ẋ = f(x, u) + g(x, v), u ∈ U, v ∈ V, x(0) = x0,

ãäå x ∈ R
k
� �àçîâûé âåêòîð, u, v ∈ R

k
� óïðàâëÿþùèå âîçäåéñòâèÿ. Ìíîæåñòâî U =

{u1, . . . , um}, ui ∈ R
l
, i = 1, . . . ,m. Ìíîæåñòâî V ⊂ R

s
� êîìïàêò. Ôóíêöèÿ f : Rk × U → R

k

äëÿ êàæäîãî u ∈ U ëèïøèöåâà ïî x. Ôóíêöèÿ g : Rk × V → R
k
ëèïøèöåâà ïî ñîâîêóïíîñòè

ïåðåìåííûõ.

Ïîä ðàçáèåíèåì σ ïðîìåæóòêà [0, T ] áóäåì ïîíèìàòü êîíå÷íîå ðàçáèåíèå {τq}
η
q=0, ãäå 0 =

τ0 < τ1 < τ2 < · · · < τη = T.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíò 17�38�50118�ìîë_íð).
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Îïðåäåëåíèå 1. Êóñî÷íî-ïîñòîÿííîé ñòðàòåãèåé W ïðåñëåäîâàòåëÿ P íàçûâàåòñÿ ïàðà

(σ,Wσ), ãäå σ � ðàçáèåíèå ïðîìåæóòêà [0, T ], à Wσ � ñåìåéñòâî îòîáðàæåíèé dr, r = 0, 1, . . . , η,
ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷èíàì (τr, x(τr)) òî÷êó ur ∈ U .

Ïîä óïðàâëåíèåì óáåãàþùåãî áóäåì ïîíèìàòü ïðîèçâîëüíóþ èçìåðèìóþ �óíêöèþ v :
[0,∞) → V , íå èçâåñòíóþ ïðåñëåäîâàòåëþ P . Îáîçíà÷èì äàííóþ èãðó Γ(x0).

Îïðåäåëåíèå 2. Â èãðå Γ(x0) ïðîèñõîäèò ïîèìêà, åñëè ñóùåñòâóåò T > 0 òàêîå, ÷òî äëÿ

ëþáîãî ε > 0 ñóùåñòâóåò êóñî÷íî-ïîñòîÿííàÿ ñòðàòåãèÿ W ïðåñëåäîâàòåëÿ P òàêàÿ, ÷òî äëÿ

ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ óáåãàþùåãî v(·) âûïîëíåíî íåðàâåíñòâî ‖x(τ)‖ < ε äëÿ íåêî-

òîðîãî τ ∈ [0, T ].

Îïðåäåëåíèå 3 (ñì. [19℄). Ñîâîêóïíîñòü âåêòîðîâ a1, . . . , an ∈ R
k
íàçûâàåòñÿ ïîëîæè-

òåëüíûì áàçèñîì, åñëè äëÿ ëþáîé òî÷êè ξ ∈ R
k
ñóùåñòâóþò ÷èñëà µ1, . . . , µn > 0 òàêèå, ÷òî

ξ =
∑n

i=1 µiai.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: IntA � âíóòðåííîñòü ìíîæåñòâà A; coA � âûïóêëàÿ îáî-

ëî÷êà ìíîæåñòâà A; Oε(x) � ε-îêðåñòíîñòü òî÷êè x; Dε(x) � çàìêíóòûé øàð ðàäèóñà ε ñ öåí-
òðîì â òî÷êå x.

� 2. Òåîðåìà î ïîèìêå

Òåîðåìà 1. Ïóñòü f(0, u1), . . . , f(0, um) îáðàçóþò ïîëîæèòåëüíûé áàçèñ è

−g(0, V ) ⊂ Int (co {f(0, u1), . . . , f(0, um)}). Òîãäà, ñóùåñòâóåò ε > 0 òàêîå, ÷òî äëÿ ëþáîé

òî÷êè x0 ∈ Oε(0) â èãðå Γ(x0) ïðîèñõîäèò ïîèìêà.

Ä î ê à ç à ò å ë ü ñ ò â î. 1
0. Äîêàæåì, ÷òî ñóùåñòâóþò α > 0, ε > 0 òàêèå, ÷òî äëÿ ëþáîé

òî÷êè x ∈ Oε(0) è ëþáîãî v ∈ V íàéäåòñÿ i ∈ {1, . . . ,m}, äëÿ êîòîðîãî âûïîëíåíî

〈

f(x, ui) + g(x, v),−
x

‖x‖

〉

> α. (1)

Òàê êàê �óíêöèÿ f(x, u) ÿâëÿåòñÿ ëèïøèöåâîé ïî x, òî ñóùåñòâóåò ε1 > 0 òàêîå, ÷òî äëÿ âñåõ

x ∈ Oε1(0) íàáîð âåêòîðîâ {f(x, u1), . . . , f(x, um)} ÿâëÿåòñÿ ïîëîæèòåëüíûì áàçèñîì. Òàê êàê

�óíêöèÿ g(x, v) ëèïøèöåâà ïî ñîâîêóïíîñòè ïåðåìåííûõ, ìíîæåñòâî g(x, V ) ÿâëÿåòñÿ êîìïàê-
òîì äëÿ ëþáîãî x ∈ R

k
. Êðîìå òîãî ñóùåñòâóåò ε2 > 0 òàêîå, ÷òî äëÿ ëþáîãî x ∈ Oε2(0)

âûïîëíåíî −g(x, V ) ⊂ Int (co {f(x, u1), . . . , f(x, um)}). Âîçüìåì ïðîèçâîëüíîå ïîëîæèòåëüíîå

÷èñëî ε3 < min{ε1, ε2}. Òîãäà, äëÿ ëþáîãî x ∈ Oε3(0) è ëþáîãî v ∈ V âûïîëíåíî âêëþ÷åíèå

0 ∈ Int (co {f(x, u1)+g(x, v), . . . , f(x, um)+g(x, v)}). Ñëåäîâàòåëüíî, ïî ñâîéñòâó ïîëîæèòåëüíûõ
áàçèñîâ (ñì., íàïðèìåð, [19℄), íàáîð âåêòîðîâ {f(x, u1)+ g(x, v), . . . , f(x, um)+ g(x, v)} ÿâëÿåòñÿ
ïîëîæèòåëüíûì áàçèñîì.

�àññìîòðèì øàð Dε3(0). Òàê êàê �óíêöèè f, g ÿâëÿþòñÿ ëèïøèöåâûìè ïî ïåðâîìó àðãóìåí-
òó, òî �óíêöèè f(x, u1), . . . , f(x, um) íåïðåðûâíû ïî x, êîìïàêòíîå ìíîæåñòâî g(x, V ) íåïðå-
ðûâíî ïî x â ìåòðèêå Õàóñäîð�à. Òîãäà íà äàííîì øàðå äîñòèãàåòñÿ ñëåäóþùèé ìèíèìàêñ

min
x∈Dε3

(0)
min
v∈V

max
i=1,...,m

〈

f(x, ui) + g(x, v),−
x

‖x‖

〉

, (2)

Ïóñòü îí äîñòèãàåòñÿ â òî÷êàõ x̂ ∈ Dε3(0), v̂ ∈ V , uj ∈ {u1, . . . , um}. Òàê êàê íàáîð âåêòîðîâ

{f(x̂, u1) + g(x̂, v̂), . . . , f(x̂, um) + g(x̂, v̂)} ÿâëÿåòñÿ ïîëîæèòåëüíûì áàçèñîì, òî, â ñèëó ïîñòðî-

åíèÿ (2) è ñâîéñòâ ïîëîæèòåëüíûõ áàçèñîâ (ñì., íàïðèìåð, [19℄), èìååò ìåñòî íåðàâåíñòâî

α1 =

〈

f(x̂, uj) + g(x̂, v̂),−
x̂

‖x̂‖

〉

> 0.
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Òàêèì îáðàçîì, ε3 ÿâëÿåòñÿ èñêîìûì ε, à èñêîìîå α ÿâëÿåòñÿ ïðîèçâîëüíûì ÷èñëîì èç èíòåð-

âàëà (0, α1). Íåðàâåíñòâî (1) äîêàçàíî.
Èç ñâîéñòâ �óíêöèé f, g ñëåäóåò, ÷òî ñóùåñòâóåò D > 0 òàêîå, ÷òî äëÿ âñåõ x ∈ Oε(0),

ëþáîãî v ∈ V è ëþáîãî i ∈ {1, . . . ,m} èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî:

‖f(x, ui) + g(x, v)‖ 6 D. (3)

Îöåíêà ñïðàâåäëèâà â ñèëó îãðàíè÷åííîñòè �óíêöèé f, g â äàííîé îêðåñòíîñòè.

2
0. Ïóñòü ÷èñëà ε, α ñîîòâåòñòâóþò (1) è x0 ∈ Oε(0). Âûáåðåì âåêòîð u0 ∈ U òàêîé, ÷òî

max
u∈U

〈

f(x0, u),−
x0

‖x0‖

〉

=

〈

f(x0, u0),−
x0

‖x0‖

〉

. (4)

Ñîâîêóïíîñòü âåêòîðîâ f(x0, u1), . . . , f(x0, um) îáðàçóåò ïîëîæèòåëüíûé áàçèñ. Ñëåäîâàòåëüíî

〈

f(x0, u0),−
x0

‖x0‖

〉

> 0.

Ïóñòü âåêòîð v ∈ V òàêîé, ÷òî

min
v∈V

〈

f(x0, u0) + g(x0, v),−
x0

‖x0‖

〉

=

〈

f(x0, u0) + g(x0, v),−
x0

‖x0‖

〉

. (5)

Òàê êàê −g(x0, v) ∈ Int (co {f(x0, u1), . . . , f(x0, um)}), òî ñóùåñòâóþò òàêèå λ1, . . . , λm > 0, ÷òî
λ1 + · · ·+ λm = 1 è λ1f(x0, u1) + · · ·+ λmf(x0, um) = −g(x0, v). Îòñþäà

〈

f(x0, u0) + g(x0, v),−
x0

‖x0‖

〉

=

〈

f(x0, u0)−
∑

j=1,...,m

λjf(x0, uj),−
x0

‖x0‖

〉

.

Çàìåòèì, ÷òî â ñèëó âûáîðà u0 è −g(x0, v) ∈ Int (co {f(x0, u1), . . . , f(x0, um)}) ñóùåñòâóåò òàêîé
èíäåêñ j ∈ {1, . . . ,m}, ÷òî λj > 0 è

〈

f(x0, u0),−
x0

‖x0‖

〉

>

〈

f(x0, uj),−
x0

‖x0‖

〉

.

Èíà÷å äëÿ êàæäîãî j òàêîãî, ÷òî λj > 0 âûïîëíåíî ðàâåíñòâî

〈

f(x0, uj),−
x0

‖x0‖

〉

=

〈

f(x0, u0),−
x0

‖x0‖

〉

.

Ñëåäîâàòåëüíî, â ñèëó (4), âåêòîð −g(x0, v) áóäåò ïðèíàäëåæàòü ãðàíèöå ìíîæåñòâà
co {f(x0, u1), . . . , f(x0, um)}. Òàê êàê u0 ∈ U , òî ñóùåñòâóåò òàêîé èíäåêñ ν ∈ {1, . . . ,m}, ÷òî
u0 = uν . Ïîýòîìó

〈

f(x0, u0)−
∑

j=1,...,m

λjf(x0, uj),−
x0

‖x0‖

〉

>

〈

(1− λν)f(x0, u0)− f(x0, u0)
∑

j=1,...,m,j 6=ν

λj,−
x0

‖x0‖

〉

=

=

〈

(1− λν)f(x0, u0)− f(x0, u0)(1− λν),−
x0

‖x0‖

〉

= 0.

Îòñþäà

〈

f(x0, u0) + g(x0, v),−
x0

‖x0‖

〉

> 0. (6)
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Òàê êàê ìèíèìóì â (5) äîñòèãàåòñÿ íà v äëÿ ëþáîãî u0 ∈ U , òî, â ñèëó (4) è (6), äëÿ âñåõ u ∈ U
èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî

〈

f(x0, u0) + g(x0, v),−
x0

‖x0‖

〉

>

〈

f(x0, u) + g(x0, v),−
x0

‖x0‖

〉

.

Ñëåäîâàòåëüíî, â ñèëó (1), äëÿ ëþáîãî v ∈ V èìååò ìåñòî îöåíêà

〈

f(x0, u0) + g(x0, v),−
x0

‖x0‖

〉

> α.

Òàêæå, â ñèëó (1) è ëèïøèöåâîñòè �óíêöèé f, g ïî x, ñóùåñòâóåò ÷èñëî δ > 0 òàêîå, ÷òî äëÿ

ëþáîãî x ∈ Dδ(x0), ëþáîãî v ∈ V âûïîëíåíî íåðàâåíñòâî

〈

f(x, u0) + g(x, v),−
x0

‖x0‖

〉

>
α

2
. (7)

Çàìåòèì, ÷òî δ ìîæíî âçÿòü îáùåå äëÿ âñåõ x0 ∈ Oε(0):

〈

f(x, u0) + g(x, v),−
x0

‖x0‖

〉

=

=

〈

f(x, u0) + f(x0, u0)− f(x0, u0) + g(x, v) + g(x0, v) − g(x0, v),−
x0

‖x0‖

〉

=

=

〈

f(x0, u0) + g(x0, v),−
x0

‖x0‖

〉

+

〈

f(x, u0)− f(x0, u0),−
x0

‖x0‖

〉

+

+

〈

g(x, v) − g(x0, v),−
x0

‖x0‖

〉

> α− Lf‖x− x0‖ − Lg‖x− x0‖.

Çäåñü Lf , Lg � êîíñòàíòû Ëèïøèöà �óíêöèé f è g ñîîòâåòñòâåííî. Îòñþäà âèäíî, ÷òî äîñòà-
òî÷íî, ÷òîáû δ 6 α/(2Lf + 2Lg).

3
0. Ïîñòðîèì ñòðàòåãèþ W = (σ,Wσ) ïðåñëåäîâàòåëÿ P äëÿ ïðîèçâîëüíîãî óïðàâëåíèÿ

óáåãàþùåãî, σ = {τi}
∞
i=0, τ0 = 0. Ïóñòü äàëåå ÷èñëà ε, α ñîîòâåòñòâóþò (1), x0 ∈ Oε(0), δ

ñîîòâåòñòâóåò (7).

Ïîñòðîèì ïåðâûé îòðåçîê ðàçáèåíèÿ è óïðàâëåíèå ïðåñëåäîâàòåëÿ íà íåì. Îïðåäåëèì

óïðàâëåíèå u0 íà ïåðâîì îòðåçêå ðàçáèåíèÿ êàê â ïóíêòå 2. Òîãäà, â ñèëó (7), äëÿ ëþáîãî

v ∈ V èìååì

〈

f(x, u0) + g(x, v),−
x0

‖x0‖

〉

>
α

2
.

Â ñèëó òîãî, ÷òî f(x, u0) + g(x, v) 6= 0, äëÿ ëþáîãî x ∈ (Oε(0) ∩ Dδ(x0)) è ëþáîãî v ∈ V
âûïîëíåíî ñëåäóþùåå íåðàâåíñòâî:

〈

f(x, u0) + g(x, v)

‖f(x, u0) + g(x, v)‖
,−

x0

‖x0‖

〉

>
α

2‖f(x, u0) + g(x, v)‖
.

Òàê êàê ‖f(x, u0) + g(x, v)‖ 6 D â ñèëó (3), ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî:

1 >

〈

f(x, u0) + g(x, v)

‖f(x, u0) + g(x, v)‖
,−

x0

‖x0‖

〉

>
α

2D
.
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Âîçüìåì ïðîèçâîëüíûé âåêòîð p0 ∈ R
k
, ‖p0‖ = 1 òàêîé, ÷òî

〈

p0,−
x0

‖x0‖

〉

=
α

2D
. (8)

Òîãäà ñóùåñòâóåò òàêîå ÷èñëî γ0 > 0, ÷òî ‖x0+γ0p0‖ = ‖x0‖, òî åñòü òî÷êà x0+γ0p0 ÿâëÿåòñÿ
âòîðûì êîíöîì õîðäû øàðà D‖x0‖(0). Ñëåäîâàòåëüíî èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî

min
β∈[0,1]

‖x0 + βγ0p0‖ =
∥

∥

∥
x0 +

γ0
2
p0

∥

∥

∥
. (9)

Âûáåðåì δ0 = min{δ, γ0/2}. Äàëåå ïîëàãàåì τ1 = δ0/D, u(t) = u0, t ∈ [0, τ1).

�àññìîòðèì òî÷êó x(τ1) = x0 +

∫ τ1

τ0

(f(x(s), u0) + g(x(s), v(x(s), s))) ds
.
= x1. Äëÿ äàííîãî x1

âûïîëíåíû ñëåäóþùèå ñâîéñòâà: ‖x1 − x0‖ 6 δ0/2, â ñèëó âûáîðà τ1;

〈

x1 − x0

‖x1 − x0‖
,−

x0

‖x0‖

〉

>
α

2D
,

â ñèëó (9). Äîêàæåì, ÷òî ‖x1‖ 6 ν‖x0‖ äëÿ íåêîòîðîãî ν ∈ [0, 1). �àññìîòðèì ‖x1‖
2
:

‖x1‖
2 = ‖x0‖

2+

∥

∥

∥

∥

∫ τ1

τ0

(f(x(s), u0) + g(x(s), v(s))) ds

∥

∥

∥

∥

2

+2

〈

x0,

∫ τ1

τ0

(f(x(s), u0) + g(x(s), v(s))) ds

〉

.

�àññìîòðèì ñêàëÿðíîå ïðîèçâåäåíèå:

〈

x0,

∫ τ1

τ0

(f(x(s), u0) + g(x(s), v(s))) ds

〉

=

∫ τ1

τ0

〈x0, f(x(s), u0) + g(x(s), v(s))〉 ds 6

6 −

∫ τ1

τ0

α‖x0‖

2
ds = −

α‖x0‖

2
·
δ0

D
.

Çàìåòèì, ÷òî

∥

∥

∥

∥

∫ τ1

τ0

(f(x(s), u0) + g(x(s), v(s))) ds

∥

∥

∥

∥

2

6 δ0
2.

Â ñèëó (1), (3) èìååò ìåñòî íåðàâåíñòâî α < D. Òîãäà, â ñèëó (8) è îïðåäåëåíèÿ γ0, èìååò ìåñòî
ðàâåíñòâî γ0 = α‖x0‖/D. Ïîýòîìó, δ0 = µγ0/2, ãäå

µ =
min {α‖x0‖/(2D), δ}

α‖x0‖/(2D)
.

Îòñþäà, 0 < µ 6 1 è µ = 1 ïðè ‖x0‖ 6 2Dδ/α. Ñëåäîâàòåëüíî ñïðàâåäëèâà îöåíêà

∥

∥

∥

∥

∫ τ1

τ0

(f(x(s), u0) + g(x(s), v(s))) ds

∥

∥

∥

∥

2

+ 2

〈

x0,

∫ τ1

τ0

(f(x(s), u0) + g(x(s), v(s))) ds

〉

6

6 δ0
2 − 2 ·

α‖x0‖

2
·
δ0

D
=

µ2γ20
4

−
α‖x0‖µγ0

2D
=

µ2α2‖x0‖
2

4D2
−

α2‖x0‖
2µ

2D2
=

α2(µ2 − 2µ)

4D2
· ‖x0‖

2 < 0.

Òîãäà

‖x1‖
2 6 ‖x0‖

2 −
α2µ(2− µ)

4D2
· ‖x0‖

2.

Îòñþäà, èñêîìîå ν =
√

1− α2µ(2− µ)/(4D2).
Äàëåå, ñ÷èòàÿ íà÷àëüíîé òî÷êó x1 âìåñòî x0, ïîâòîðÿåì âûøåîïèñàííóþ ïðîöåäóðó. Íàéäåì

âåêòîð u1 ∈ U , óäîâëåòâîðÿþùèé (4). Çàòåì â ñîîòâåòñòâèè ñ (8) è (9) íàõîäèì ÷èñëî γ1,
êîòîðîå ÿâëÿåòñÿ äëèíîé ñîîòâåòñòâóþùåé õîðäû øàðà D‖x1‖(0). Òàê êàê ÷èñëî δ íå çàâèñèò
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îò x1, òî àíàëîãè÷íî âîçüìåì ÷èñëî δ1 = min{δ, γ1/2}. Äàëåå ïîëàãàåì τ2 = τ1+δ1/D, u(t) = u1,
t ∈ [τ1, τ2). Îïðåäåëèì êîíåö âòîðîãî îòðåçêà ðàçáèåíèÿ êàê τ2 − τ1 = δ1/D. Òîãäà, àíàëîãè÷íî

îöåíêàì äëÿ ‖x1‖
2
, ïîëó÷èì è îöåíêó äëÿ x2

.
= x(τ2) 6 ν‖x1‖.

Ïðîäîëæèâ äàííóþ ïðîöåäóðó ïîëó÷èì ïîñëåäîâàòåëüíîñòè ëåâûõ êîíöîâ {τj}
∞
j=0 îòðåç-

êîâ ðàçáèåíèÿ, óïðàâëåíèé {uj}
∞
j=0 ïðåñëåäîâàòåëÿ íà ñîîòâåòñòâóþùèõ îòðåçêàõ, ñîñòîÿíèé

{xj}
∞
j=0 ñèñòåìû â ìîìåíò íà÷àëà îòðåçêîâ ðàçáèåíèÿ.

Â ñèëó âûøåîïèñàííîé ïðîöåäóðû èìååò ìåñòî îöåíêà ‖xj‖ 6 ν‖xj−1‖. Ñëåäîâàòåëüíî, òàê
êàê 0 < ν < 1, äëÿ ëþáîãî x0 ∈ Oε(0) ñïðàâåäëèâî

lim
j→∞

‖xj‖ 6 lim
j→∞

νj‖x0‖ 6 lim
j→∞

νjε = 0. (10)

Îöåíèì ñóììó äëèí îòðåçêîâ ðàçáèåíèÿ:

lim
j→∞

τj = lim
j→∞

j
∑

q=1

(τq − τq−1) = lim
j→∞

j
∑

q=1

δj−1

D
6 lim

j→∞

j
∑

q=1

γj−1

2D
= lim

j→∞

j
∑

q=1

αxj−1

2D2
6

6 lim
j→∞

j
∑

q=1

ανj−1‖x0‖

2D2
< lim

j→∞

j
∑

q=1

ανj−1ε

2D2
= lim

j→∞

αε

2D2
·
1− νj

1− ν
=

αε

2D2(1− ν)
. (11)

Îáîçíà÷èì T = αε/(2D2(1−ν)). Â ñèëó (10) è (11) ïîëó÷åííûå ε è T åñòü èñêîìûå âåëè÷èíû,

ñîîòâåòñòâóþùèå óñëîâèþ òåîðåìû. Äåéñòâèòåëüíî, äëÿ ëþáîé íà÷àëüíîé òî÷êè x0 ∈ Oε(0) è
ïðîèçâîëüíîãî óïðàâëåíèÿ óáåãàþùåãî ñóùåñòâóåò ñòðàòåãèÿ ïðåñëåäîâàòåëÿ, ãàðàíòèðóþùàÿ

ñêîëü óãîäíî áëèçêîå ïðèáëèæåíèå ê íóëþ ñîñòîÿíèÿ ñèñòåìû çà êîíå÷íîå âðåìÿ, íå ïðåâîñõî-

äÿùåå T , òî åñòü ïðîèñõîäèò ïîèìêà.

Òåîðåìà äîêàçàíà. �

Çàìå÷àíèå 1. Ïóñòü ÷èñëà ε è T ñîîòâåòñòâóþò óñëîâèþ òåîðåìû, x0 ∈ Oε(0) � íà÷àëü-

íîå ïîëîæåíèå. Òîãäà, â ñèëó (11), ïîèìêà ïðîèñõîäèò ãàðàíòèðîâàííî çà âðåìÿ T (x0) =
α‖x0‖/(2D

2(1 − ν)). Òî åñòü T (x0) → 0 ïðè x0 → 0. Òàêèì îáðàçîì, â äàííîé äè��åðåíöè-

àëüíîé èãðå ïîñòðîåíî óïðàâëåíèå äëÿ ïðåñëåäîâàòåëÿ, êîòîðîå îáåñïå÷èâàåò ñâîéñòâî èãðû,

àíàëîãè÷íîå N -ëîêàëüíîé óïðàâëÿåìîñòè èç òåîðèè óïðàâëåíèÿ.

Ïðèìåð 1. �àññìîòðèì ñèñòåìó (1) â R
2
, ãäå

f(x, u) =

(

−a(x1 − b/d) + c(x1 − b/d)(x2 − c/a)u1,

b(x2 − c/a) − d(x1 − b/d)(x2 − c/a)u2.

)

, g(x, v) =

(

c(x1 − b/d)(x2 − c/a)v1,

−d(x1 − b/d)(x2 − c/a)v2.

)

Çäåñü, a, b, c, d > 0. Ïóñòü

U = {(1− a2/c2, 0), (−1 − a2/c2, 0), (−1 − a2/c2,−2), (1 − a2/c2,−2)},

V = [−α,α] × [−α,α], α ∈ (0, 1).

Ôóíêöèè f, g ÿâëÿþòñÿ ëèïøèöåâûìè ïî ñîâîêóïíîñòè ïåðåìåííûõ.

f(0, U) = {(bc2/(ad),−bc/a), (−bc2/(ad),−bc/a), (−bc2/(ad), bc/a), (bc2/(ad), bc/a)},

g(0, V ) = [−αbc2/(ad), αbc2/(ad)] × [−αbc/a, αbc/a].

Îòñþäà, âûïîëíåíî âêëþ÷åíèå −g(0, V ) ⊂ Int (co f(0, U)). Ñëåäîâàòåëüíî âûïîëíåíû óñëîâèÿ

òåîðåìû, òî åñòü ñóùåñòâóåò îêðåñòíîñòü íóëÿ, èç êîòîðîé ïðîèñõîäèò ïîèìêà.
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onsidered. The game is des
ribed by the system of di�erential equations

ẋ = f(x, u) + g(x, v), where x ∈ R
k
, u ∈ U , v ∈ V . The pursuer's admissible 
ontrol set is a �nite subset of
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phase spa
e. The evader's admissible 
ontrol set is a 
ompa
t subset of phase spa
e. The pursuer's purpose

is to 
apture the evader, viz. system translation to any given neighborhood of zero. Su�
ient 
onditions

for the solvability of a 
apture problem in the pie
ewise open-loop strategies 
lass are obtained. In addition,

it is proved that the 
apture time tends to zero with the initial position approa
hing to zero. It happens

independent of the evader's a
tions.
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