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ON FUNCTIONS WITH THE BOUNDARY MORERA PROPERTY IN DOMAINS

WITH PIECEWISE-SMOOTH BOUNDARY

The problem of holomorphic extension of functions defined on the boundary of a domain into this domain

is actual in multidimensional complex analysis. It has a long history, starting with the proceedings of

Poincaré and Hartogs. This paper considers continuous functions defined on the boundary of a bounded

domain D in C
n, n > 1, with piecewise-smooth boundary, and having the generalized boundary Morera

property along the family of complex lines that intersect the boundary of a domain. Morera property is

that the integral of a given function is equal to zero over the intersection of the boundary of the domain

with the complex line. It is shown that such functions extend holomorphically to the domain D. For

functions of one complex variable, the Morera property obviously does not imply a holomorphic extension.

Therefore, this problem should be considered only in the multidimensional case (n > 1). The main method

for studying such functions is the method of multidimensional integral representations, in particular, the

Bochner–Martinelli integral representation.
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Introduction

This article contains some results related to the holomorphic extension of functions that are

continuous on the boundary of a bounded domain with a piecewise-smooth boundary to this

domain. We will talk about functions that satisfy the Morera boundary condition. It consists in the

equality of zero integrals of this function at the intersection of the boundary of this domain with

coplex lines or complex planes. E. Greenberg [1] studied functions with the Morera property in

the ball (in fact, this result was contained in the article by M. L. Agranovsky and R. E. Walsky [2]).

I. Globevnik and E. L. Stout [3] and D. Govekar [4] obtained Morera’s boundary theorem for an

arbitrary bounded domain with a twice smooth boundary. The local version of Morera’s theorem

is considered by I. Globevnik [5], D. Govekar–Leban [6]. In the work of S. G. Myslivets [7],

functions with the Morera property along complex curves are considered. In the works of the

authors [8–11], some families of complex lines sufficient for holomorphic extension of functions

are given.

Let D be a bounded domain in C
n (n > 1) with a connected piecewise-smooth boundary.

(A domain with a piecewise-smooth boundary is a smooth polyhedron.) We denote the ball of

radius ε > 0 with center at the point z ∈ C
n by B(z, ε), and we denote its boundary by S(z, ε)

(that is, S(z, ε) = ∂B(z, ε)). When z ∈ ∂D, we denote by τ(z) the expression

τ(z) = lim
ε→+0

vol{S(z, ε) ∩D}

volS(z, ε)
.

In other words, τ(z) is the solid angle of the tangent cone to the surface ∂D at the point z. Since

we are considering a domain D with piecewise-smooth boundary, the quantity τ(z) is defined

and is not zero.

https://doi.org/10.35634/vm210104


A. M. Kytmanov, S. G. Myslivets 51

Consider one-dimensional complex lines lz,b of the form

lz,b = {ζ ∈ C
n : ζj = zj + bjt, j = 1, . . . , n, t ∈ C}, (0.1)

passing through a point z ∈ C
n in the direction of a vector b = {b1, . . . , bn} ∈ CP

n−1 (the

direction of b is determined with an accuracy of up to multiplication by a complex number λ 6= 0).
By Sard’s theorem, for almost all z ∈ C

n and almost all b ∈ CP
n−1, the intersection ∂D ∩ lz,b is

a finite set of piecewise-smooth curves (except for the degenerate case where ∂D ∩ lz,b = ∅).

Definition 1. We say that a continuous function f on ∂D (f ∈ C(∂D)) satisfies the Morera

property along a complex plane l of dimension k, 1 6 k 6 n− 1, if

∫

∂D∩l

f(ζ)β(ζ) = 0

for any differential form β of type (k, k − 1) with constant coefficients.

It is assumed that the plane l transversally intersects the boundary of the domain D. If lz,b is

a complex line intersecting ∂D transversally, then the Morera property along lz,b consists of the

equality
∫

∂D∩lz,b

f(z + bt)dt =

∫

∂D∩lz,b

f(z1 + b1t, . . . , zn + bnt)dt = 0 (0.2)

for the given parameterization ζ = z + bt of the complex line lz,b.

For complex lines, we consider a more general condition. Let k be a fixed non-negative

integer, then the condition

∫

∂D∩lz,b

f(z + bt)tkdt =

∫

∂D∩lz,b

f(z1 + b1t, . . . , zn + bnt)t
kdt = 0 (0.3)

we will call the generalized Morera property. For k = 0, the condition (0.3) becomes the

condition (0.2).

We formulate the Theorem proved in the articles [11,12] for domains with a smooth boundary.

Theorem 1. Let D be a bounded domain in C
n (n > 1) with a connected smooth boundary

and let k be a fixed nonnegative integer and let a function f ∈ C(∂D). If, for almost all z ∈ C
n

and almost all b ∈ CP
n−1, the condition

∫

∂D∩lz,b

f(z1 + b1t, . . . , zn + bnt)t
k dt = 0, (0.4)

holds, then f is holomorphically extended to D.

For k = 0, we obtain Theorem from [3]. Here we prove a generalization of the Theorem 1 for

domains with a piecewise-smooth boundary.
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§ 1. The main result

Consider the exterior differential form (the Bochner–Martinelli kernel) U(ζ, z) of type

(n, n− 1) given by

U(ζ, z) =
(n− 1)!

(2πi)n

n
∑

k=1

(−1)k−1 ζ̄k − z̄k
|ζ − z|2n

dζ̄[k] ∧ dζ,

where dζ̄[k] = dζ̄1 ∧ . . . ∧ dζ̄k−1 ∧ dζ̄k+1 ∧ . . . ∧ dζ̄n, dζ = dζ1 ∧ . . . ∧ dζn.

We consider the Bochner–Martinelli integral

F (z) =

∫

∂D

f(ζ)U(ζ, z), z /∈ ∂D, (1.1)

for the function f ∈ C(∂D). It is a function that is harmonic both in D and C
n \ D, moreover,

F (z) = O
(

|z|1−2n
)

as |z| → ∞. We will write F+(z) for the integral (1.1) when z ∈ D,

and F−(z) when z /∈ D. When z ∈ ∂D, we will consider the Cauchy principal value of the

Bochner–Martinelli integral

v.p.

∫

∂D

f(ζ)U(ζ, z) = lim
ε→+0

∫

∂D\B(z,ε)

f(ζ)U(ζ, z), z ∈ ∂D.

We present the Sokhotskĭı–Plemelj formulas for the Bochner–Martinelli integral [15, Theo-

rem 2.3]. In [15] these formulas are given for functions f that satisfy the Hölder condition. For

continuous functions f , they follow from [15, Theorem 3.1]:

F+(z) = (1− τ(z))f(z) + v.p.

∫

∂D

f(ζ)U(ζ, z),

F−(z) = −τ(z)f(z) + v.p.

∫

∂D

f(ζ)U(ζ, z), z ∈ ∂D,

and F+(z) extends continuously to D, and F−(z) extends continuously to C
n \ D, and then

F+(z)− F−(z) = f(z).
Let’s formulate the main result. Let D be a bounded domain in C

n (n > 1) with a connected

piecewise-smooth boundary, i.e. smooth polyhedron (that is smooth parts of the boundary are of

class C2) and the complement Cn \D is connected.

Theorem 2. Let D be a bounded domain in C
n (n > 1) with a connected piecewise-smooth

boundary and let for a fixed k and a function f ∈ C(∂D) the condition (0.4) hold for almost all

lines lz,b of the form (0.1) intersecting an open set V ⊂ D (or an open set V ⊂ C
n \D), then the

function f is holomorphically extended into D.

§ 2. The auxiliary statements

P r o o f of Theorem is performed for the case of the set V ⊂ D.

Consider complex lines lz,b of the form (0.1) passing through z in the direction of the vec-

tor b ∈ CP
n−1.

Lemma 1. The Bochner–Martinelli kernel in the coordinates t and b has the form

U(ζ, z) = λ(b) ∧
dt

t
,

where λ(b) is some differential form of the type (n− 1, n− 1) in CP
n−1 independent of t.
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P r o o f. Assume that z = 0. Express the Bochner–Martinelli kernel in the variables t and b.
We obtain

U(ζ, 0) =
(n− 1)!

(2πi)n
·

n
∑

k=1

(−1)k−1ζ̄kdζ̄[k] ∧ dζ

|ζ|2n
=

=
(−1)n−1(n− 1)!

(2πi)n
·

n
∑

k=1

(−1)k−1b̄kdb̄[k] ∧
n
∑

k=1

(−1)k−1bkdb[k]

|b|2n
∧
dt

t
=

= λ(b) ∧
dt

t
.

�

Lemma 2. If condition (0.4) holds for a point z ∈ C
n \∂D and for almost all b ∈ CP

n−1, then

∫

∂Dζ

(ζ − z)αf(ζ)U(ζ, z) = 0, (2.1)

where α = (α1, . . . , αn) is an arbitrary multi-index such that

‖α‖ = α1 + · · ·+ αn = k + 1, and (ζ − z)α = (ζ1 − z1)
α1 · · · (ζn − zn)

αn .

P r o o f. We use the representation of the Bochner–Martinelli kernel from Lemma 1. Then by

Fubini’s theorem (this Theorem holds for piecewise-smooth polyhedron (see, for example, [13])),

we have
∫

∂D

(ζ − z)αf(ζ)U(ζ, z) =

∫

CP
n−1

λ(b)

∫

∂D∩l

bαtkf(z + bt) dt = 0

by condition (0.4).

�

§ 3. Proof of the main result

Lemma 3. Let condition (2.1) hold for points z ∈ V , then the function f is holomorphically

extended into D.

P r o o f. If (2.1) holds for z ∈ V , then it also holds for all points z ∈ D by the real

analyticity of the integral in (2.1) and connectivity of the set Cn \ D. Let us rewrite (2.1) in a

different form. Introduce the following differential forms Us(ζ, z), considered for the first time

by E. Martinelli [14] (see also [15, § 8]):

Us(ζ, z) =
(−1)s(n− 2)!

(2πi)n

(

s−1
∑

j=1

(−1)j
ζ̄j − z̄j

|ζ − z|2n−2
dζ̄[j, s] +

+
n
∑

j=s+1

(−1)j−1 ζ̄j − z̄j
|ζ − z|2n−2

dζ̄[s, j]

)

∧ dζ.

It is easy to verify that

∂̄

(

1

ζs − zs
Us(ζ, z)

)

= U(ζ, z)
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for ζs 6= zs, s = 1, . . . , n. Then condition (2.1) can be written in the form

∫

∂D

f(ζ)∂̄
(

(ζ − z)βUs(ζ, z)
)

= 0, z ∈ D, (3.1)

for all monomials (ζ − z)β with ‖β‖ = k.

Let us show that condition (3.1) also holds for the monomials (ζ − z)γ with ‖γ‖ < k. Indeed,

consider such a monomial (ζ− z)γ and ‖γ‖ = k−1. Then (3.1) holds for monomials of the form

(ζ − z)γ(ζm − zm), m = 1, . . . , n,

since the degree of these monomials is equal to k.

We have

∂

∂ζm
((ζ − z)γ(ζm − zm)Us(ζ, z)) = (γm + 1)(ζ − z)γUs(ζ, z)−

− (n− 1)(ζ − z)γ
(ζm − zm)(ζ̄m − z̄m)

|ζ − z|2
Us(ζ, z). (3.2)

Summing relations (3.2) with respect to m, we obtain

n
∑

m=1

∂

∂ζm
((ζ − z)γ(ζm − zm)Us(ζ, z)) = (‖γ‖+ 1)(ζ − z)γ Us(ζ, z). (3.3)

Since condition (3.1) can be differentiated in z and the derivatives in z and ζ of the integrand

are equal, (3.3) implies that the degree of the monomial in (3.1) can be reduced by 1. Sequentially

reducing this degree, we arrive at the conditions
∫

∂D

f(ζ) ∂̄Us(ζ, z) = 0, z ∈ D, s = 1, . . . , n,

i.e.,
∫

∂D

(ζs − zs) f(ζ)U(ζ, z) = 0, z ∈ D, s = 1, . . . , n. (3.4)

Applying the Laplace operator

∆ =
∂2

∂z1∂z̄1
+ · · ·+

∂2

∂zn∂zn
,

to the left-hand side of relation (3.4), we obtain

∂

∂z̄s

∫

∂D

f(ζ)U(ζ − z) = 0, z ∈ D, s = 1, . . . , n.

Here, we have used the harmonicity of the kernel U(ζ − z) and the identity

∆(fh) = h∆f + f∆h+
n
∑

j=1

∂f

∂z̄j

∂h

∂zj
+

n
∑

j=1

∂f

∂zj

∂h

∂z̄j
.

Therefore, the Bochner–Martinelli-type integral of f

F−(z) =

∫

∂D

f(ζ)U(ζ, z)
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is a holomorphic function in the domain C
n \ D. Since this set is connected and the Bochner–

Martinelli integral tends to zero at |z| → ∞, then it is zero. By Corollary 15.5 in [15], the

function F is holomorphically extended into D. In [15] these Theorems are given for domains

with a smooth boundary. They can also be transferred to our case using [16, Theorem 4]. Then

we get that the boundary value of the function F+ coincides with f on ∂D, and we obtain the

desired extension of the function f(z).

The proposal is also true if the open set V ⊂ D. In this case, we can show that the inte-

gral F−(z) is zero outside D.

�

Theorems 1 and 2 are consequences of Lemmas 2 and 3.
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Проблема голоморфного продолжения функций, определенных на границе области, в эту область ак-

туальна в многомерном комплексном анализе. Она имеет долгую историю, начиная с работ Пуанкаре

и Гартогса. В статье рассматриваются непрерывные функции, определенные на границе ограничен-

ной области D в C
n, n > 1, с кусочно-гладкой границей и обладающие обобщенным граничным

свойством Мореры вдоль семейства комплексных прямых, которые пересекают границу области.

Свойство Мореры состоит в том, что интеграл заданной функции равен нулю по пересечению гра-

ницы области с комплексной прямой. Показано, что такие функции голоморфно продолжаются в об-

ласть D. Для функций одной комплексной переменной свойство Мореры, очевидно, не влечет голо-

морфного продолжения. Поэтому эту проблему следует рассматривать только в многомерном случае

(n > 1). Основным методом изучения таких функций является метод многомерных интегральных

представлений, в частности интегрального представления Бохнера–Мартинелли.
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