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ON FUNCTIONS WITH THE BOUNDARY MORERA PROPERTY IN DOMAINS
WITH PIECEWISE-SMOOTH BOUNDARY

The problem of holomorphic extension of functions defined on the boundary of a domain into this domain
is actual in multidimensional complex analysis. It has a long history, starting with the proceedings of
Poincaré and Hartogs. This paper considers continuous functions defined on the boundary of a bounded
domain D in C", n > 1, with piecewise-smooth boundary, and having the generalized boundary Morera
property along the family of complex lines that intersect the boundary of a domain. Morera property is
that the integral of a given function is equal to zero over the intersection of the boundary of the domain
with the complex line. It is shown that such functions extend holomorphically to the domain D. For
functions of one complex variable, the Morera property obviously does not imply a holomorphic extension.
Therefore, this problem should be considered only in the multidimensional case (n > 1). The main method
for studying such functions is the method of multidimensional integral representations, in particular, the
Bochner—Martinelli integral representation.
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Introduction

This article contains some results related to the holomorphic extension of functions that are
continuous on the boundary of a bounded domain with a piecewise-smooth boundary to this
domain. We will talk about functions that satisfy the Morera boundary condition. It consists in the
equality of zero integrals of this function at the intersection of the boundary of this domain with
coplex lines or complex planes. E. Greenberg [1] studied functions with the Morera property in
the ball (in fact, this result was contained in the article by M. L. Agranovsky and R. E. Walsky [2]).
I. Globevnik and E. L. Stout [3] and D. Govekar [4] obtained Morera’s boundary theorem for an
arbitrary bounded domain with a twice smooth boundary. The local version of Morera’s theorem
is considered by I. Globevnik [5], D. Govekar-Leban [6]. In the work of S.G. Myslivets [7],
functions with the Morera property along complex curves are considered. In the works of the
authors [8-11], some families of complex lines sufficient for holomorphic extension of functions
are given.

Let D be a bounded domain in C" (n > 1) with a connected piecewise-smooth boundary.
(A domain with a piecewise-smooth boundary is a smooth polyhedron.) We denote the ball of
radius ¢ > 0 with center at the point z € C" by B(z,¢), and we denote its boundary by S(z, ¢)
(that is, S(z,¢) = 0B(z,¢)). When z € 0D, we denote by 7(z) the expression

. vol{S(z,e) N D}
m(2) = al—lglo vol S(z,e)

In other words, 7(z) is the solid angle of the tangent cone to the surface D at the point z. Since
we are considering a domain D with piecewise-smooth boundary, the quantity 7(z) is defined
and is not zero.
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Consider one-dimensional complex lines [, of the form
lz7b:{<€CnZCj:Zj+bjt,jzl,...,n,tEC}, (01)

passing through a point z € C” in the direction of a vector b = {by,...,b,} € CP" ! (the
direction of b is determined with an accuracy of up to multiplication by a complex number A # 0).
By Sard’s theorem, for almost all z € C™ and almost all b € CP" L, the intersection 9D N L.y is
a finite set of piecewise-smooth curves (except for the degenerate case where 0D NI, = ©).

Definition 1. We say that a continuous function f on 0D (f € C(0D)) satisfies the Morera
property along a complex plane [ of dimension k, 1 < k <n —1,i1f

/ FOBO) =0

aDnl

for any differential form /3 of type (k, k — 1) with constant coefficients.

It is assumed that the plane [ transversally intersects the boundary of the domain D. If [, is
a complex line intersecting 0D transversally, then the Morera property along [, consists of the
equality

/ f(z+bt)dt = / flz1+bit, ..., 2, + byt)dt =0 (0.2)

aDﬂlz’b 8Dﬂlz’b

for the given parameterization ¢ = z + bt of the complex line [, .
For complex lines, we consider a more general condition. Let £ be a fixed non-negative
integer, then the condition

/ f(z+bt)thdt = / flz1+bit, ..oz, + bt)tRdt = 0 (0.3)

aDﬁlz’b 3Dﬂlz’b

we will call the generalized Morera property. For k = 0, the condition (0.3) becomes the
condition (0.2).
We formulate the Theorem proved in the articles [11,12] for domains with a smooth boundary.

Theorem 1. Let D be a bounded domain in C" (n > 1) with a connected smooth boundary
and let k be a fixed nonnegative integer and let a function f € C(OD). If, for almost all z € C"
and almost all b € CP"', the condition

/ flzi4bit,... 2z +but)th dt = 0, 0.4)

8Dﬂlz’b
holds, then f is holomorphically extended to D.

For k = 0, we obtain Theorem from [3]. Here we prove a generalization of the Theorem 1 for
domains with a piecewise-smooth boundary.
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§ 1. The main result

Consider the exterior differential form (the Bochner-Martinelli kernel) U((,z) of type
(n,n — 1) given by

n

0(¢ ) = B DS gy 8= B ey g

(2mi)" = ¢ — 2>

where dC[k] =d{i A ... AdCe 1 AdCey1 A ... AdCp, dC = dCi A ... A dC.
We consider the Bochner—Martinelli integral

F(z) = / fOUC.2),  =¢ oD, (L1)

for the function f € C(OD). It is a function that is harmonic both in D and C" \ D, moreover,
F(z) = O<|z|1_2”> as |z| — oo. We will write F'*(z) for the integral (1.1) when z € D,

and F~(z) when z ¢ D. When 2z € 0D, we will consider the Cauchy principal value of the
Bochner—Martinelli integral

vp [FOUCH =T [ fQUEE,  zeop,

e—+0
OD\B(z,¢)
We present the Sokhotskii-Plemelj formulas for the Bochner—Martinelli integral [15, Theo-
rem 2.3]. In [15] these formulas are given for functions f that satisfy the Holder condition. For
continuous functions f, they follow from [15, Theorem 3.1]:

FHz) = (1 7(2))f(2) +v.p. / FOUC,2),
oD
F(2) = —(2)f(2) + v.p. / FOUC,2),  =edD,
oD

and F*(z) extends continuously to D, and F'~(z) extends continuously to C" \ D, and then
Fr(z) = F(2) = f(2).

Let’s formulate the main result. Let D be a bounded domain in C" (n > 1) with a connected
piecewise-smooth boundary, i.e. smooth polyhedron (that is smooth parts of the boundary are of
class C?) and the complement C" \ D is connected.

Theorem 2. Let D be a bounded domain in C" (n > 1) with a connected piecewise-smooth
boundary and let for a fixed k and a function f € C(OD) the condition (0.4) hold for almost all
lines 1., of the form (0.1) intersecting an open set V C D (or an open set V C C"\ D), then the
function f is holomorphically extended into D.

§ 2. The auxiliary statements

Proof of Theorem is performed for the case of the set V' C D.
Consider complex lines [, of the form (0.1) passing through z in the direction of the vec-
tor b € CP" .
Lemma 1. The Bochner—Martinelli kernel in the coordinates t and b has the form
dt

UG 2) = A) A —,

where \(b) is some differential form of the type (n — 1,n — 1) in CP""" independent of t.
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Pro o f Assume that z = 0. Express the Bochner-Martinelli kernel in the variables ¢ and 0.
We obtain

o1y S (DG A dC
vic.0) = (2mi) C[2n =
_1\k=1F. % N k-1
_ (_l)nfl(n —1)! | kZ::l( 1) bpdb[k] A kZ::l( 1)5=1bydbk]

Lemma 2. If condition (0.4) holds for a point = € C*\ 0D and for almost all b € CP" ', then

[c-arsue=o e
oD,
where o = (v, . .., o) is an arbitrary multi-index such that

lal=a1+---+a,=k+1, and (¢—2)"=(C—2)" - (Cu— 2a)™.

P r o o f. We use the representation of the Bochner—Martinelli kernel from Lemma 1. Then by
Fubini’s theorem (this Theorem holds for piecewise-smooth polyhedron (see, for example, [13])),
we have

/(C—Z)"f(C) U(¢,2) = / (D) / bitEf(z 4+ bt)dt =0
oD cpr-t aDN
by condition (0.4).

§ 3. Proof of the main result

Lemma 3. Let condition (2.1) hold for points z € V, then the function f is holomorphically
extended into D.

Proof. If (2.1) holds for z € V, then it also holds for all points z € D by the real
analyticity of the integral in (2.1) and connectivity of the set C* \ D. Let us rewrite (2.1) in a
different form. Introduce the following differential forms Us((, z), considered for the first time
by E. Martinelli [14] (see also [15, § 8]):

U(C,2) = % <i(—1)j|fi% dclj, s] +

4 Z (=11 KCJ __27{72 dg[s,j]> A dC.

, — z]?
Jj=s+1

It is easy to verify that
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for (5 # 25, s = 1,...,n. Then condition (2.1) can be written in the form
/f (¢ —2)°Us(¢,2)) =0, z€D, (3.1

for all monomials (¢ — 2)? with ||3]| = k.
Let us show that condition (3.1) also holds for the monomials (¢ — z)” with ||y|| < k. Indeed,
consider such a monomial ({ — z)” and ||y|| = £ — 1. Then (3.1) holds for monomials of the form

(C—2)"(Cn— 2m), m=1,...,n,

since the degree of these monomials is equal to k.

We have
0
ac. ((¢ = 2)(Gn = 2m)Us(¢, 2)) = (ym + 1)(C = 2)"Us(C, 2) —
—wn—n@—@”@”w@@@_%”mmxy (32)
¢ — 2]
Summing relations (3.2) with respect to m, we obtain
"0
>, W((C — 2)(Gn = 2m) Us (¢, 2)) = (NIl + 1)(¢ = 2)7 Us(C, 2). (3.3)
m=1 m

Since condition (3.1) can be differentiated in 2z and the derivatives in z and ( of the integrand
are equal, (3.3) implies that the degree of the monomial in (3.1) can be reduced by 1. Sequentially
reducing this degree, we arrive at the conditions

/f(()@US(C,z):O, zeD, s=1,...,n,

1.e.,

/(CS_ZS)f<<)U(<7Z):07Z€D73:17"'7n' (34)
oD
Applying the Laplace operator

0? 0?
- 821821 Tt 827183”7
to the left-hand side of relation (3.4), we obtain
/f (—2)=0,z€D,s=1,...,n
074

Here, we have used the harmonicity of the kernel U({ — 2) and the identity

Of Oh - 0f O

(fh)_hAf+fAh+Za 02 9255

Therefore, the Bochner—Martinelli-type integral of f

=l&mU<z
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is a holomorphic function in the domain C" \ D. Since this set is connected and the Bochner—
Martinelli integral tends to zero at |z| — oo, then it is zero. By Corollary 15.5 in [15], the
function F' is holomorphically extended into DD. In [15] these Theorems are given for domains
with a smooth boundary. They can also be transferred to our case using [16, Theorem 4]. Then
we get that the boundary value of the function F'* coincides with f on 9D, and we obtain the
desired extension of the function f(z).
The proposal is also true if the open set V' C D. In this case, we can show that the inte-
gral F~(z) is zero outside D.
OJ

Theorems 1 and 2 are consequences of Lemmas 2 and 3.

Funding. The research is supported by grant of the Russian Science Foundation (project no. 20-
11-20117).
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A. M. Keemmanos, C. I. Mviciueey
O ¢pyHKIMAX ¢ TPAHUYHBIM CBOHCTBOM Mopepa B 00acTSX ¢ KyCOYHO-IJIAAKON IpaHumei

Kntouessie cnosa: orpannueHHas 00J1aCTh ¢ KyCOYHO-TIIQAKON IpaHHIed, HepepbIBHAS (yHKITHS, CBOWCTBO
Mopepsl, HHTETpalbHOE NpeacTaBieHne boxaepa—MapTuHem.

YIK 517.55
DOI: 10.35634/vm210104

[TpoGnema ronomopdHOro NponorKeHMs PYHKUMH, OTIPEeTICHHBIX Ha IpaHMLe 00IacTH, B 3Ty 001acTh ak-
TyaJbHa B MHOTOMEPHOM KOMIUIEKCHOM aHanmn3e. OHa HMeeT JONTYI0 HCTOpHIo, HaunHas ¢ padot Ilyankape
u laprorca. B crarse paccMaTpuBaloTCsl HENIPEPhIBHbIC (PYHKLUNH, ONpEIeICHHbIE HAa IPAaHNLE OTpaHUYCH-
Hoit oomactu D B C", n > 1, ¢ KycouHO-IIIaJKO# rpaHMIied U oOnagaroime 0000IICHHBIM TPAHUYHBIM
CBOMCTBOM Mopepsl BIONb CEMEHCTBA KOMIUIEKCHBIX NPSIMBIX, KOTOpPHIE IEPECEKAI0OT I'PaHMIly OO0JacTH.
CBoiicTBO Mopepsl COCTOUT B TOM, YTO MHTETpall 33JaHHON (YHKIIUH PaBEeH HYIIO IO IepeceueHuIo rpa-
HUIIBI 00JIaCTH C KOMIUIEKCHOM npsAMoi. [loka3ano, uto Takue QyHKIMH TOJI0MOP(HO NPOI0IIKAIOTCS B 00-
nactb D. JIng QpyHKuuMit onHON KOMIJIEKCHOH NepeMeHHO# cBOiicTBO Mopepbl, OueBHIHO, HE BICYET ToJIo-
MopdHoro npoaoipkeHus. IloaroMy 3Ty npobiemy cieayer paccMarpuBaTh TOJIBKO B MHOTOMEPHOM Cllydae
(n > 1). OCHOBHBIM METOJOM H3y4YCHHs TaKUX (DYHKIHIi SBJISETCS METOJ MHOTOMEPHBIX MHTETPAbHBIX
MPEICTABICHUM, B YaCTHOCTH MHTErPAJIBLHOIO NpeAcTaBicHus: boxnepa—MapTtunennu.

@dunancupoBaHue. VccnenoBanue BBIMONHEHO 3a cueT rpanta Poccuiickoro HaydHoro ¢oHma (IpoekT
Ne 20-11-20117).
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