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ON SHIMODA’S THEOREM

The present work is devoted to Shimoda’s Theorem on the holomorphicity of a function f(z, w) which is

holomorphic by w ∈ V for each fixed z ∈ U and is holomorphic by z ∈ U for each fixed w ∈ E, where

E ⊂ V is a countable set with at least one limit point in V . Shimoda proves that in this case f(z, w) is

holomorphic in U × V except for a nowhere dense closed subset of U × V . We prove the converse of this

result, that is for an arbitrary given nowhere dense closed subset of U , S ⊂ U , there exists a holomorphic

function, satisfying Shimoda’s Theorem on U ×V ⊂ C
2, that is not holomorphic on S×V . Moreover, we

observe conditions which imply empty exception sets on Shimoda’s Theorem and prove generalizations of

Shimoda’s Theorem.
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Introduction

Well-known Hartogs’s Theorem [1] states that if a function f is holomorphic at any point

of the domain D ⊂ C
n with respect to each of the variables zν , then it is holomorphic in D

with respect to the set of all variables. This fundamental result laid the foundation of the the-

ory of analytic functions of several variables. Proving this fact, he discovered aspects of forced

nature holomorphic continuation of functions in multidimensional complex analysis. Hartogs’s

Theorem has different variations and generalizations in the works of several authors. Significant

results in this direction were obtained in the works of M. Hukuhara [2], I. Shimoda [3], T. Ter-

ada [4], J. Siciak [5], V. P. Zaharjuta [6], A. A. Gonchar [7], A. S. Sadullaev and E. M. Chirka [8],

M. Jarnicki and P. Pflug [9–11], A. S. Sadullaev and S. A. Imomkulov [12], Pham Hien Bang [13],

A. S. Sadullaev and T. T. Tuichiev [14], L. Baracco [15], J. Boman [16], S. Krantz [17], J. Bochnak

and W. Kucharz [18], Y. L. Cho and K. T. Kim [19], A. Boggess, R. Dwilewicz and E. Porten [20].

More new approaches to the question are considered in the works of M. G. Lawrence [21]

(CR separate analytic variations of Hartogs’s Theorem), A. Lewandowski [22] (described en-

velopes of holomorphy of cross-like objects such as the so-called A-cross). In the works of

Thai Thuan Quang and Nguyen Van Dai [23, 24], Thai Thuan Quang and Lien Vuong Lam [25]

authors considered Hartogs type Theorem for vector-valued functions, (·,W )-holomorphic and

(·,W )-meromorphic functions.

Properties of separately analytic functions have found important applications in the theory of

elliptic differential equations. In the work of S. A. Imomkulov and S. M. Abdikadirov [26] it is

applied to the removing thin singularities of separately harmonic functions and it is applied to a

system of elliptic equations in the work of V. P. Palamodov [27].

In this paper, we again turn to one of the important classical cases to clarify some questions.

In 1942, Hukuhara posed the next problem: is a function f(z, w) holomorphic or not in a

domain U × V ⊂ Cz ×Cw, when f(z, w) is holomorphic with respect to w for each fixed z ∈ U
and holomorphic with respect to z for all wm with one limit point w0 ∈ V ?

In 1957, Shimoda [3] gave the next solution to this problem.

https://doi.org/10.35634/vm230102


18 On Shimoda’s Theorem

Theorem 1 (Shimoda’s Theorem). Let f(z, w) be a function defined in a polydisc U × V =
= {|z| < 1} × {|w| < 1} ⊂ C2 and let E ⊂ V be a countable subset having at least one limit

point belonging to V . If

(1) for each fixed z0 ∈ U , f(z0, w) ∈ O(V ),

(2) for each fixed w0 ∈ E, f(z, w0) ∈ O(U),

then there exists a nowhere-dense and relatively closed subset S ⊂ U such that f(z, w) ∈
∈ O((U\S)× V ).

This Theorem presents special interest, because it stays independent of the rest of the сate-

gories of results of authors mentioned above, which include and generalize one another.

In this paper, we will discuss some questions depending on Shimoda’s Theorem. Mainly, we

prove the converse of Shimoda’s Theorem that states the existence of a separately holomorphic

function with a predefined set of singularities and satisfying all conditions of Shimoda’s Theorem.

Moreover, we study conditions of ensuring the nonexistence of singularities. First, discussing

Shimoda’s Theorem, we give a simplified proof of it.

§ 1. Proof of Shimoda’s Theorem

General idea of the proof is the same and it goes back to Osgood’s method. Let U ′ be an

arbitrary open subset of U and V ′ = {|w| < r}, r < 1, be a ball compactly belonging to V .

Without loss of generality, we may assume that w = 0 is a limit point of the set E.

For a fixed z ∈ U
′
we put

M(z) = max
w∈V

′

|f(z, w)|

and consider the sets

Em =
{
z ∈ U

′
: M(z) ≤ m

}
, m = 1, 2, . . . .

First, we show that these sets are closed. Assume that the sequence of points {zn} converging

to z0, is contained in Em. If we put f(zn, w) = fn(w), then fn(w) is holomorphic in V ′ and

satisfies |fn(w)| ≤ m. Therefore we get sequence of holomorphic functions {fn(w)} which is

uniformly bounded on V ′ and consequently, it is compact there.

On the other side, we take the sequence {wν} in E, which tends to w = 0. Since, for a

fixed wν , the function f(z, wν) is holomorphic with respect to z, then lim
n→∞

f(zn, wν) = f(z0, wν),

i. e., lim
n→∞

fn(wν) = f(z0, wν), where m = 1, 2, 3, . . . .

By Vitali’s Theorem (see [28]), the sequence of holomorphic functions {fn(w)} in V ′ con-

verges uniformly to f0(w). Since z0 ∈ U , the function f(z0, w) is holomorphic with respect

to w. In addition, the equality f0(wν) = f(z0, wν) holds for ν = 1, 2, 3, . . . . Since the se-

quence of points wν converges to a limit point 0 ∈ V ′, according to the uniqueness Theorem for

holomorphic functions we get f0(w) ≡ f(z0, w) on V ′. Since |f(zn, w)| ≤ m, it follows that

|f(z0, w)| = lim
n→∞

|fn(zn, w)| ≤ m. Thus, the sets Em are closed.

So we have the increasing sequence of sets Em, m = 1, 2, 3, . . . , and any point z ∈ U
′

belongs to all Em, starting from some of them, and U
′
=
⋃

m Em. According to Baire category

Theorem, there exists a number m0, such that Em0
contains some ball B. Then the inequality

|f(z, w)| ≤ m0 holds for all (z, w) ∈ (B × V ′).



A. A. Atamuratov, K. K. Rasulov 19

Now we fix the point z ∈ B and expand the function f(z, w) into the Taylor series

f(z, w) =

∞∑

k=0

ck(z)w
k. (1)

For all z ∈ B the series (1) converges at |w| < r and by Cauchy’s inequality for the coeffi-

cients we have |ck(z)| ≤
m0

rk
. On the other hand, for w = wν the function

f(z, wν) =

∞∑

k=0

ck(z)w
k
ν

is holomorphic with respect to z on B. Then, using the Vitali’s Theorem again, we get that the

limit function f(z, 0) is holomorphic in B, i. e., c0(z) = f(z, 0) ∈ O (B). Since lim
ν→∞

wν = 0,

we can assume that |wν | <
r

2
(for this it is enough to skip a finite number of elements of the

sequence for which this inequality does not hold). Then from inequality

∣∣∣∣∣

∞∑

k=1

ck(z)(wν)
k−1

∣∣∣∣∣ ≤
∞∑

k=1

|ck(z)| |wν |
k−1 ≤

∞∑

k=1

m0

2k−1r
≤

m0

r

we obtain that the sequence of holomorphic functions gν(z) =
1

wν

(f(z, wν)− c0(z)) is uniformly

bounded at B and has a finite limit c1(z) at every point z ∈ B. Hence, again by the Vitali’s

Theorem, the sequence {gν(z)} converges uniformly to c1(z) in B and c1(z) ∈ O (B). Continuing

this process, we will establish that all coefficients ck(z) ∈ O (B), k = 0, 1, 2, . . . .
Thus, series (1) is a Hartogs series with holomorphic coefficients ck(z) on B. Now, we

show that this series (1) converges uniformly on compact subsets of the domain B × V ′. For

this purpose, we consider a sequence of subharmonic functions
1

k
ln |ck(z)| in B. Since for each

fixed z ∈ B it holds true that |ck(z)|r
k → 0 as k → ∞, then for any z ∈ B there exists a

number k0, such that starting from this number the inequality |ck(z)|r
k ≤ 1 holds. Therefore

from
1

k
ln |ck(z)| ≤ ln

1

r
, the inequality follows

lim
k→∞

1

k
ln |ck(z)| ≤ ln

1

r
.

On the other hand, the Cauchy inequality implies

1

k
ln |ck(z)| ≤

lnm0

k
− ln r ≤ A.

Thus, the considered sequence of subharmonic functions satisfies the conditions of Hartogs’s

lemma and therefore, for a fixed compact set K ⊂⊂ B and an arbitrary positive number ρ < r,
there exists a number k0 such that for all k > k0 and for any z ∈ K the inequality holds

1

k
ln |ck(z)| ≤ ln

1

ρ
,

i. e.,

|ck(z)|ρ
k ≤ 1.
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This implies that for any (z, w) ∈ K × {|w| < σ}, 0 < σ < ρ, the estimation

|ck(z) · w
k| = |ck(z)| · |w

k| = |ck(z)| · ρ
k ·

|w|k

ρk
≤

(
σ

ρ

)k

holds and the series (1) converges uniformly on the compact set K × {|w| ≤ σ}. From the

arbitrariness of the compact set K and the numbers σ < ρ < r < 1, we obtain that the series (1)

converges uniformly on compact subsets of the domain B × V and consequently, its sum f(z, w)
is holomorphic on this domain.

Thus, we have proved that for any open subset U ′ ⊂ U , there exists such a ball B ⊂ U ′, that

the function f(z, w) is holomorphic in B×V . Let’s denote by Ω the union of all balls B ⊂ U for

which the function f(z, w) is holomorphic on B×V . Then, the complement S = U\Ω is a closed

and nowhere dense subset of U . Otherwise, if we assume that S contains some ball B ⊂ S, then

there is another ball B′ ⊂ B for which f(z, w) ∈ O (B′ × V ), and this situation contradicts to the

definition of the set Ω. �

§ 2. Converse of Shimoda’s Theorem

Theorem 2. Let U × V = {|z| < 1} × {|w| < 1} be a unit polydisc in space C2. If S ⊂ U is an

arbitrary nowhere dense, relatively closed subset of U , such that the union ∂U ∪ S is connected

and E ⊂ V is a countable subset having at least one limit point belonging to V , then there exists

a function f(z, w) in U × V , which satisfies the following conditions:

(1) for each fixed z0 ∈ U , f(z0, w) ∈ O (V );

(2) for each fixed w0 ∈ E, f(z, w0) ∈ O (U);

(3) f(z, w) ∈ O ((U\S)× V ) and f(z, w) doesn’t extend holomorphically to any point of the

set S × V .

P r o o f. First, we consider a compact set S for which the complement C\S is connected. We fix

a strictly decreasing sequence of positive real numbers εn that is vanishing. Let B11, B12, . . . , B1j1

be the balls with radii not exceeding ε1, which cover the set S and we take points z11, z12, . . . , z1j1
from these balls respectively and not belonging to S.

After that, we take balls B21, B22, . . . , B2j2 covering the set S with radii not exceeding ε2 and

satisfying the following conditions:

(1)
j1⋃
k=1

B1k ⊃
j2⋃
k=1

B2k,

(2) z11, z12, . . . , z1j1 /∈ B2k, k = 1, 2, . . . j2.

We take points z21, z22, . . . , z2j2 /∈ S from these balls respectively. And so on continuing this

process, we get a sequence of compact sets of the form Km = U\
⋃jm

k=1
Bmk, m = 1, 2, . . . , with

connected complement and a countable set of points {zmj} ⊂ U\S, such that the set of all limit

points {zmj}
′

coincides with S. We put Gm = Km ∪ S.

For each fixed m ∈ N we construct polynomials pkm(z) of a degree km on the complex

plane Cz satisfying conditions |pkm(zmν)| ≥ m, m = 1, 2, . . . , ν = 1, jm, and ‖pkm(z)‖Gm
≤

1

3
.

By Mergelyan’s Theorem (see [29]) such a polynomial always exists. Let’s put ‖pkm‖U = Am.

Let E ⊂ V be a polar compact (as every countable subset of V is polar we consider generally

polar compacts). We denote by tm(w) Chebyshev polynomials (see [28]) for the compact set E,

all zeroes of which also lie on E. Since the capacity is C(E) = 0, we have ‖tm(w)‖
1

m

E → 0
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as m → ∞. This implies that there is a sequence of numbers sm (sm < sm+1) such that the

inequality ‖tsm(w)‖
1

sm

E ≤
1

2Am

holds for all m ∈ N. Let’s put Pm(z) = [pkm(z)]
sm . Since all the

roots of the polynomials tm(w) lie on the unit disc V , the inequality ‖tm(w)‖V ≤ 2m holds.

We consider the series

f(z, w) =
∞∑

m=1

Pm(z) · tsm(w). (2)

Series (2) has the following properties.

1. For each fixed z0 ∈ U ,

a) if z0 ∈ S, then since

∣∣Pm(z
0) · tsm(w)

∣∣ ≤ 1

3sm
· 2sm =

(
2

3

)sm

,

the series

f(z0, w) =

∞∑

m=1

Pm(z
0) · tsm(w)

converges uniformly in V , and hence, f(z0, w) ∈ O (V ),
b) if z0 ∈ U\S, then there exists a number m0 such that, for all m > m0, z

0 ∈ Km, and

therefore, from the expression

f(z0, w) =

m0∑

m=1

Pm(z
0) · tsm(w) +

∞∑

m=m0+1

Pm(z
0) · tsm(w),

using the arguments of the previous case a) again we get f(z0, w) ∈ O (V ).
2. For each fixed w0 ∈ E, we have

|Pm(z)| ·
∣∣tsn(w0)

∣∣ ≤ Asm
m ·

(
1

2Am

)sm

=

(
1

2

)sm

,

and therefore, we get f(z, w0) ∈ O (U).
Thus, for the functions f(z, w) defined by series (2), conditions (1) and (2) of Theorem 2 are

satisfied.

However, since there is a lower bound

|f(zνµ, w)| =

∣∣∣∣∣∣∣
Pν(zνµ) · tsν (w) +

∞∑

m=1
m6=ν

Pm(zνµ) · tsm(w)

∣∣∣∣∣∣∣
≥ νsν · |tsν (w)| −

∞∑

m=1

(
2

3

)sm

and when w /∈ E, then d = dist (w,E) = inf
ξ∈E

|w − ξ| > 0 and for any ν, there holds lower

estimation |tsν(w)| > dsν . This implies |f(zνµ, w)| ≥ (ν ·d)sν −
∞∑

m=1

(
2

3

)sm

→ ∞ when ν → ∞,

i. e., the function f(z, w) is not holomorphic at any point of the set S × V .

Now we prove that the function f(z, w) is holomorphic in the domain (U\S) × V . Let

z0 ∈ U\S, then we can show that there exists a neighborhood U(z0, r), such that the series (2)

converges uniformly in the domain U(z0, r)× V .
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If z0 ∈ U\S, then there exists a number m0 and a neighborhood U(z0, r) such that for all

m > m0, it holds U(z0, r) ⊂ Km. It follows that for any z ∈ U(z0, r) and for any w ∈ V we

have the representation

f(z, w) =

m0∑

m=1

Pm(z) · tsm(w) +
∞∑

m=m0+1

Pm(z) · tsm(w),

where the common terms of the series are estimated as

|Pm(z) · tsm(w)| ≤

(
2

3

)sm

.

Therefore, in this case we get f(z, w) ∈ O (U(z0, r)× V ).
Thus, the function f(z, w) defined by the series (2) is holomorphic in the domain (U\S)×V .

Generally, we can represent the set S as a union (at most countable number of components

and they may intersect if it is necessary) of sets with connected complements and for each part we

construct the function as above. Summing these functions we get the corresponding function. �

Remark 1. If a nowhere dense closed subset S compactly lies in the unit disc U then the Theo-

rem 2 is not true, i. e., there is no function satisfying conditions of Shimoda’s Theorem, holomor-

phic on (U\S) × V and doesn’t extend holomorphically to any point of the set S × V . All of

such functions are holomorphic on U × V.

I n d e e d, let S ⊂⊂ U be a compact nowhere dense closed subset. And let a function f(z, w)
be holomorphic on (U\S)× V and for each fixed z0 ∈ U the function f(z0, w) ∈ O(V ) and for

each fixed wj from the set E ⊂ V with at least one limit point in V , the function f(z, wj) ∈ O(U).
For a subdomain D : S ⊂⊂ D ⊂⊂ U with smooth boundary ∂D we consider the Cauchy integral

F (z, w) =

∫

∂D

f(ξ, w)

ξ − z
dξ

for fixed z ∈ U\D̄. As f(z, wj) ∈ O(U), we have

F (z, wj) =

∫

∂D

f(ξ, wj)

ξ − z
dξ = 0.

And consequently, from the uniqueness Theorem we get F (z, w) ≡ 0 for all z ∈ U\D̄.

On expansion of the function f(z, w)

f(z, w) =

∞∑

k=0

ck(z)w
k

it is known that ck(z) ∈ O (U\S). Therefore from equality

0 =

∫

∂D

f(ξ, w)

ξ − z
dξ =

∞∑

k=0

∫

∂D

ck(ξ)

ξ − z
dξ · wk

we get

∫

∂D

ck(ξ)

ξ − z
dξ = 0
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for all z ∈ U\D̄. On the other hand, if we take a disc Ur = {|z| < r} ⊃⊃ D with the radius r < 1
and close enough to 1 then from the Cauchy integral formula the equality

ck(z) =
1

2πi

∫

|ξ|=r

ck(ξ)

ξ − z
dξ −

1

2πi

∫

∂D

ck(ξ)

ξ − z
dξ

holds for all z ∈ Ur\D̄. As the second integral is zero and it is independent of the chosen

subdomain D we get the integral formula

ck(z) =
1

2πi

∫

|ξ|=r

ck(ξ)

ξ − z
dξ, z ∈ Ur\D̄.

It means that coefficients holomorphically extend to Ur and we denote these extensions by

ĉk(z) =
1

2πi

∫

|ξ|=r

ck(ξ)

ξ − z
dξ, z ∈ Ur, ĉk(z) ∈ O (Ur).

As r is arbitrary we get ĉk(z) = ck(z), z ∈ U\S, and now we show that ĉk(z) ≡ ck(z), z ∈ U .

Thus we have a holomorphic function f̂(z, w) ∈ O(U × V ) defined by the following Hartogs

series

f̂(z, w) =

∞∑

k=0

ĉk(z)w
k, z ∈ U.

If we fix z ∈ S, then for w = wj we have the equality

∞∑

k=0

ĉk(z)w
k
j =

∞∑

k=0

ck(z)w
k
j ,

therefore,

∞∑

k=0

(ĉk(z)− ck(z))w
k
j = 0.

And the uniqueness Theorem shows that

∞∑

k=0

(ĉk(z)− ck(z))w
k
j ≡ 0.

Consequently, ĉk(z) ≡ ck(z), z ∈ U and

f(z, w) =

∞∑

k=0

ĉk(z)w
k. �

§ 3. Separately holomorphic functions without singularities

In this section, we consider questions about additional conditions to Shimoda’s Theorem that

provide an empty exceptional set S, i. e., whether a function satisfying the conditions of the

Theorem is holomorphic on U × V under additional requirements?

When the set E is not polar, T. Terada [4] proved that the exceptional set S is empty. Later

J. Siciak [5] and V. P. Zaharyuta [6] described the envelope X̂ of holomorphy of so called sepa-

rately holomorphic functions on special (cross) sets X = (D′ ×G)∪(D ×G′), D′ ⊂ D, G′ ⊂ G.

They showed that if a function f(z, w) defined on the cross set X satisfies the next two condi-

tions:
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(1) for each fixed z0 ∈ D′ the function f(z0, w) is holomorphic in G;

(2) for each fixed w0 ∈ G′ the function f(z, w0) is holomorphic in D,

then the function f(z, w) is called separately holomorphic on X and holomorphically continues

to the domain

X̂ = {(z, w) | ω∗(z,D′, D) + ω∗(w,G′, G) < 1}.

For the cases D = U , G = V , D′ = U and G′ = E the nonpolar Terada’s result is a strictly

consequence of Siciak–Zaharyuta Theorem and the function f is holomorphic on

X̂ = {(z, w) | ω∗(z, U, U) + ω∗(w,E, V ) < 1} = U × V,

i. e., S = ∅.

We can get similar result without expanding the set E, by imposing another condition on the

function f(z, w), i. e., the following Theorem is true.

Theorem 3. Let f(z, w) be a function defined in the domain U × V = {|z| < 1} × {|w| < 1} ⊂
⊂ C

n
z × Cw and let E ⊂ V be a countable subset having one limit point a ∈ V . If

(1) for each fixed z0 ∈ U , f(z0, w) ∈ O (V ),

(2) for each fixed w0 ∈ E, f(z, w0) ∈ O (U),

(3) the function f(z, w) is locally bounded in some neighborhood of the set U × {a},

then f(z, w) ∈ O (U × V ).

P r o o f. Without loss of generality, we may assume that the point a = 0 is the limit point of the

set E. According to the third condition of the Theorem 3, the function f(z, w) is locally bounded

on a neighborhood of the set U × {0}. If we fix an arbitrary subdomain U ′ ⊂⊂ U , then there

exists a circle Vσ = {|w| < σ}, such that the function f(z, w) is bounded on the set U ′ × Vσ. On

the other hand, starting from some number j0, all points wj belong to Vσ = {|w| < σ}. According

to the arguments used in the proof of Shimoda’s Theorem, the function f(z, w) expands into a

Hartogs series

f(z, w) =

∞∑

k=0

ck(z)w
k

with holomorphic coefficients ck(z) ∈ O (U ′) and the series converges uniformly on compact

subsets U ′ × Vσ. Therefore, we get that f(z, w) ∈ O (U ′ × Vσ). Using now Hartogs’s lemma

(see [1]), we obtain that the function f(z, w) is holomorphic on U ′ × V . Since U ′ ⊂⊂ U is an

arbitrary subdomain, f(z, w) ∈ O (U × V ). �

This Theorem implies the following result proved by Hukuhara.

Corollary 1. Let f(z, w) be a function defined in a domain U × V = {|z| < 1} × {|w| < 1} ⊂
⊂ Cn

z × Cw and let E ⊂ V be a countable subset having at least one limit point belonging

to V . If

(1) for each fixed z0 ∈ U , f(z0, w) ∈ O (V ),

(2) for each fixed w0 ∈ E, f(z, w0) ∈ O (U),

(3) f(z, w) is locally bounded to U × V ,

then f(z, w) ∈ O (U × V ).
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§ 4. Some generalizations and applications

In [14], A. Sadullaev and T. Tuichiev studied the holomorphicity of the sum of the Hartogs

series.

Theorem 4. Let a series

f(z, w) =
∞∑

k=0

ck(z)w
k

be given where the coefficients ck(z) are holomorphic in the domain D ⊂ Cn. Then there

exists a nowhere dense closed subset S ⊂ D and a lower semicontinuous function R∗(z) on the

set D\S such that the sum of the series f(z, w) is holomorphic with respect to the set of variables

in (D\S)× {|w| < R∗(z)}.

Using Theorem 4, we can generalize Theorem 1 as follows.

Theorem 5. Let f(z, w) be defined in a domain U × V = {|z| < 1} × {|w| < 1} ⊂ Cn
z × Cw

and let {wj} be a sequence of points from V that converges to origin. If there exists a positive

real-valued function r(z) that is lower semicontinuous on U and the following conditions are

satisfied:

(1) for each fixed z0 ∈ U , f(z0, w) ∈ O(|w| < r(z0)),
(2) for each fixed j = 1, 2, . . . , f(z, wj) ∈ O (U),

then there exists a nowhere dense set S on U and a lower semicontinuous function R∗(z) on U\S
such that f(z, w) ∈ O ((U\S)× {|w| < R∗(z)}).

P r o o f. We fix an arbitrary open subset G ⊂⊂ U and consider the following sets

Em =

{
z ∈ U : r(z) >

1

m

}
, m = 1, 2, 3, . . . .

Obviously Em ⊂ Em+1 and G ⊂
⋃∞

m=1
Em. Moreover, for every fixed m ∈ N the set Em is an

open set. Thus, for each point z ∈ G there is some number mz ∈ N and a neighborhood Ωz, such

that r(ξ) > 1

mz

holds for all ξ ∈ Ωz. Consider now an open cover

Ḡ ⊂
⋃

z∈Ḡ

Ωz ,

which contains a finite sub covering Ḡ ⊂ Ωz1 ∪ Ωz2 ∪ . . . ∪ Ωzs .

If we put

δ = min
1≤ν≤s

1

mzν

then, by construction, we get δ > 0 and therefore, the function f(z, w) satisfies the following

conditions:

(1) for each fixed z0 ∈ G, the function f(z0, w) is holomorphic in the circle Vδ = {|w| < δ},

(2) for each fixed j : |wj| < δ, f(z, wj) ∈ O (G),
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i. e., the function f(z, w) satisfies the conditions of Shimoda’s Theorem on G× Vδ. Hence, there

exists a nowhere dense closed set S such that the function f(z, w) is holomorphic in (G\S)×Vδ.

We now expand the function f(z, w) into a Hartogs series by powers of w

f(z, w) =

∞∑

k=0

ck(z)w
k,

where ck(z) ∈ O (G\S).

Then from Theorem 4 there exists a function R∗(z) : − lnR∗(z) =

(
lim
k→∞

1

k
ln |ck(z)|

)∗

such

that f(z, w) ∈ O ((G\S)× {|w| < R∗(z)}). Since the subset G ⊂⊂ U is arbitrary, there exists a

nowhere dense closed subset S ⊂ U and a lower semicontinuous function R∗(z) on U\S such

that f(z, w) ∈ O ((U\S)× {|w| < R∗(z)}). �

Question. Can a function with the properties of Shimoda’s Theorem be represented by a Hartogs

series, i. e., is the question posed by Hukuhara equivalent to the holomorphicity of the sum of the

Hartogs series?

We can give negative answer to the question with counterexample constructed by using argu-

ments from the proof of Theorem 2 and this shows that these two questions are different.

Example. Let S = [0, i) ⊂ U = {|z| < 1} and E =

{
1

2
,
1

3
, . . . ,

1

n
, . . .

}
⊂ V = {|w| < 1}. We

construct polynomials pkm(z) as in the proof of the Theorem 2 and consider the series

f(z, w) =
∞∑

m=1

[pkm(z)]
m ·

(
w −

1

2

)
·

(
w −

1

3

)
· . . . ·

(
w −

1

m+ 1

)
.

This function satisfies the conditions of Shimoda’s theorem and it is holomorphic in (U\[0, i))×V .

On the other hand, if we decompose series by the powers of w then we get

f(z, w) =

(
∞∑

m=1

(−1)m
1

(m+ 1)!
[pkm(z)]

m

)
+

+

(
∞∑

m=1

(−1)m+1
2 + 3 + . . .+ (m+ 1)

(m+ 1)!
[pkm(z)]

m

)
w + . . . .

Thus, we get Hartogs series with the coefficients

c0(z) =

∞∑

m=1

(−1)m
1

(m+ 1)!
[pkm(z)]

m,

c1(z) =

∞∑

m=1

(−1)m+1
2 + 3 + . . .+ (m+ 1)

(m+ 1)!
[pkm(z)]

m, . . . .

Therefore, for each k ∈ N we get that ck(z) ∈ O (U\[0, i)).
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P. 135–145. https://doi.org/10.1007/978-3-319-52471-9_10

17. Krantz S. G. On a theorem of F. Forelli and a result of Hartogs, Complex Variables and Elliptic

Equations, 2018, vol. 63, issue 4, pp. 591–597. https://doi.org/10.1080/17476933.2017.1345890

18. Bochnak J., Kucharz W. Global variants of Hartogs’ theorem, Archiv der Mathematik, 2019, vol. 113,

issue 3, pp. 281–290. https://doi.org/10.1007/s00013-019-01340-7

19. Cho Y.-W. L., Kim K.-T. Functions holomorphic along a C1 pencil of holomorphic discs, The Journal

of Geometric Analysis, 2021, vol. 31, issue 11, pp. 10634–10647.

https://doi.org/10.1007/s12220-021-00660-x

20. Boggess A., Dwilewicz R., Porten E. On the Hartogs extension theorem for unbounded domains in C
n,

Annales de l’Institut Fourier, 2022, vol. 72, no. 3, pp. 1185–1206. https://doi.org/10.5802/aif.3514

https://doi.org/10.1090/mmono/110
https://doi.org/10.2977/prims/1195195767
https://doi.org/10.4064/ap-22-2-145-171
https://doi.org/10.1070/SM1976v030n01ABEH001898
https://zbmath.org/an:0603.32008
https://doi.org/10.1070/SM1988v060n02ABEH003175
https://doi.org/10.4064/ap80-0-12
https://doi.org/10.1090/S0002-9947-02-03193-8
https://doi.org/10.1090/S0002-9939-2010-10552-X
https://doi.org/10.1134/S0081543806020131
https://www.jstor.org/stable/43679098
https://doi.org/10.1353/ajm.2013.0015
https://doi.org/10.1007/978-3-319-52471-9_10
https://doi.org/10.1080/17476933.2017.1345890
https://doi.org/10.1007/s00013-019-01340-7
https://doi.org/10.1007/s12220-021-00660-x
https://doi.org/10.5802/aif.3514


28 On Shimoda’s Theorem

21. Lawrence M. G. The Lp CR Hartogs separate analyticity theorem for convex domains, Mathematische

Zeitschrift, 2018, vol. 288, issues 1–2, pp. 401–414. https://doi.org/10.1007/s00209-017-1894-z

22. Lewandowski A. A new Hartogs-type extension result for the cross-like objects, Kyushu Journal of

Mathematics, 2015, vol. 69, issue 1, pp. 77–94. https://doi.org/10.2206/kyushujm.69.77

23. Thai Thuan Quang, Nguyen Van Dai. On Hartogs extension theorems for separately (·,W )-holomor-

phic functions, International Journal of Mathematics, 2014, vol. 25, no. 12, 1450112.

https://doi.org/10.1142/s0129167x14501122

24. Thai Thuan Quang, Nguyen Van Dai. On the holomorphic extension of vector valued functions,

Complex Analysis and Operator Theory, 2015, vol. 9, issue 3, pp. 567–591.

https://doi.org/10.1007/s11785-014-0382-2

25. Thai Thuan Quang, Lien Vuong Lam. Cross theorems for separately (·,W )-meromorphic functions,

Taiwanese Journal of Mathematics, 2016, vol. 20, issue 5, pp. 1009–1039.

https://doi.org/10.11650/tjm.20.2016.7363

26. Imomkulov S. A., Abdikadirov S. M. Removable singularities of separately harmonic functions, Jour-

nal of Siberian Federal University. Mathematics and Physics, 2021, vol. 14, issue 3, pp. 369–375.

https://doi.org/10.17516/1997-1397-2021-14-3-369-375

27. Palamodov V. P. Hartogs phenomenon for systems of differential equations, The Journal of Geometric

Analysis, 2014, vol. 24, issue 2, pp. 667–686. https://doi.org/10.1007/s12220-012-9350-0

28. Goluzin G. M. Geometricheskaya teoriya funktsii kompleksnogo peremennogo (Geometric theory of

functions of a complex variable), Moscow: Nauka, 1966.

29. Gamelin T. W. Uniform algebras, AMS, 1969.

Received 15.11.2022

Accepted 28.01.2023

Alimardon Abdirimovich Atamuratov, Candidate of Physics and Mathematics, Senior Researcher, V. I. Ro-

manovskiy Institute of Mathematics, Uzbekistan Academy of Sciences, ul. Khamida Alimdjana, 14, Ur-

gench, 220100, Uzbekistan;

Associate Professor, Department of Mathematical Analysis, Urgench State University, ul. Khamida Alimd-

jana, 14, Urgench, 220100, Uzbekistan.

ORCID: https://orcid.org/0000-0003-2928-0694

E-mail: alimardon01@mail.ru

Kamol Karim o‘g‘li Rasulov, PhD Student on Mathematics, Department of Mathematical Analysis, Ur-

gench State University, ul. Khamida Alimdjana, 14, Urgench, 220100, Uzbekistan.

ORCID: https://orcid.org/0000-0002-1982-0274

E-mail: rasulov.kamol@gmail.com

Citation: A. A. Atamuratov, K. K. Rasulov. On Shimoda’s Theorem, Vestnik Udmurtskogo Universiteta.

Matematika. Mekhanika. Komp’yuternye Nauki, 2023, vol. 33, issue 1, pp. 17–31.

https://doi.org/10.1007/s00209-017-1894-z
https://doi.org/10.2206/kyushujm.69.77
https://doi.org/10.1142/s0129167x14501122
https://doi.org/10.1007/s11785-014-0382-2
https://doi.org/10.11650/tjm.20.2016.7363
https://doi.org/10.17516/1997-1397-2021-14-3-369-375
https://doi.org/10.1007/s12220-012-9350-0
https://orcid.org/0000-0003-2928-0694
mailto:alimardon01@mail.ru
https://orcid.org/0000-0002-1982-0274
mailto:rasulov.kamol@gmail.com


ВЕСТНИК УДМУРТСКОГО УНИВЕРСИТЕТА. МАТЕМАТИКА. МЕХАНИКА. КОМПЬЮТЕРНЫЕ НАУКИ

МАТЕМАТИКА 2023. Т. 33. Вып. 1. С. 17–31.
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О теореме Шимоды
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ряды.

УДК 517.55

DOI: 10.35634/vm230102

Настоящая работа посвящена теореме Шимоды о голоморфности функции f(z, w), которая является

голоморфной по w ∈ V при фиксированном z ∈ U и голоморфна по z ∈ U при фиксированном

w ∈ E, где E ⊂ V — счетное множество, по крайней мере, с одной предельной точкой в V . Шимода

доказывает, что в этом случае f(z, w) голоморфно в U × V , за исключением нигде не плотного

замкнутого подмножества U × V. Рассматривается обратная задача и доказывается, что для любого

заранее заданного нигде не плотного замкнутого подмножества S ⊂ U существует голоморфная

функция, удовлетворяющая теореме Шимоды на U×V ⊂ C
2, не голоморфная на S×V . Кроме того,

исследованы дополнительные условия, которые влекут за собой пустые множества особенностей

в теореме Шимоды. Доказывается обобщение в случае, когда функция имеет переменный радиус

голоморфности по одному из направлений.
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