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The effect of bubble–bubble interaction on wave propagation in homogeneous weakly compressible vis-
coelastic bubbly flow is investigated using the reductive perturbation method. The bubble dynamics
equation is derived using the kinetic energy conservation approach. The bubble dynamics and mixture
equations are coupled with the equation of state for gas to investigate the shock wave propagation phe-
nomenon in the mixture. A two-dimensional Korteweg–de Vries–Burger (KdVB) equation in terms of a
pressure profile is derived. It is found that the bubble–bubble interaction has no effect when using the
parameters under our consideration.
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Introduction

The mixture of liquid with gas bubbles has been observed in many areas of science and
engineering [1, 2]. A homogeneous bubbly liquid flow model in which mixture equations are
coupled with the bubble dynamics equation and that of state for gas has been considered in [3–5].

A modified Rayleigh–Plesset equation used to describe the bubble dynamics in a compressible
viscoelastic liquid has been studied in [6, 7]. Other characteristics of bubble dynamics in cavi-
tating flow and their effects such as relative motion between bubbles and liquid, bubble–bubble
interaction, thermal and mass diffusion are important in order to understand fully the behavior
of bubbles in cavitation flows [4, 8]. These studies are focused on the single bubble dynamics
behavior. Analysis of a bubbly compressible viscoelastic liquid accounting for bubble–bubble
interaction is scarce [9–12].

The effect of variation of a bubble radius on the shock wave propagation in bubbly liquid
flow was investigated by Ando [13,14]. To analyse the effect of randomly distributed bubbles on
shock wave propagation, non-uniform bubble distribution in a homogeneous bubbly liquid was
investigated in [15, 16]. Furthermore, the effect of a spatially non-uniform bubble distribution on
the propagation of shock wave with high void fraction was considered in [1].

Using the homogeneity assumption, Kubota et al. [17] incorporated the velocity potential of
other bubbles within a cluster to model the bubble–bubble interaction, which is a simplification
of works by Chahine [18, 19]. Delale et al. [20, 21] carried out direct numerical simulations to
shock propagation in bubbly viscous liquids with bubble–bubble interaction, but their approach
is computationally expensive and handles small number of bubbles. A comprehensive reviews
on various modeling strategies adopted to capture the response of bubble clusters to pressure
fluctuation was carried out in [22, 23]. In the above-mentioned studies, bubbles are assumed to
be compressible with clusters in only viscous liquid, no account is given for the corresponding
behavior in a viscoelatic liquid, whereas in reality most bubbly mixtures are viscoelastic [1, 10,
11, 22–25]. No analysis on shock wave propagation in a weakly compressible viscoelastic liquid
containing bubbly clusters is conducted.

The objective of the present work is to investigate the shock wave propagation in a bubbly
weakly compressible viscoelastic liquid, including the bubble–bubble interaction effect in con-
tinuum homogeneous flows through the derivation of a non-linear evolution equation using the
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perturbation method. This method has been well adopted and used to analyse many multi-phase,
bubbly liquid flow problems [26, 27].

As an extension to the earlier studies by Delale et al. [20,21], we study shock wave propaga-
tion in weakly compressible viscoelastic liquid flow with bubble–bubble interaction effects taken
into account. For the analysis of bubbly shock flows, we consider the solution of the unsteady,
homogeneous bubbly mixture model [28–30]. In this study therefore, we exclude thermal damp-
ing and relative motion between bubbles and liquid. A modified version of the Rayleigh–Plesset
equation in compressible viscoelastic liquid is proposed by incorporating the effect of bubble–
bubble interactions. The bubble dynamics equation will be derived using conservation of kinetic
energy.

§ 1. Formulation of the problem

We consider a homogeneous bubbly weakly compressible viscoelastic liquid mixture with
averaged density, velocity and pressure. The number of gas bubbles in the unit mass of mixture
is constant N . The pressure in gas bubble is uniform. There are no formation and destruction of
bubbles. The bubbles are assumed to be spherical and develop only radial motion. There are no
mass and heat transfer between the bubbles and viscoelastic liquid. The viscoelastic influence of
the liquid is considered only at the interphase boundary between the liquid and gas bubbles. In
these assumptions, the system of equations for the description of waves propagation in weakly
compressible viscoelastic liquid with gas bubbles will be derived.

1.1 Equations of the mixture

The effective equations for mixture flow using the above assumptions are governed by the conti-
nuity and momentum equations, which are written as

∂ρ

∂t
+∇ · (ρV) = 0, ρ

(

∂V

∂t
+V · ∇V

)

= −∇p, (1.1)

where V(x, y, t) = (v(1)(x, y, t), v(2)(x, y, t)) is the averaged velocity of the liquid, ∇ is the “del”
operator vector in x and y coordinates and t is time. ρ is the averaged density of the bubbly-liquid
mixture, p is the averaged pressure of the mixture, the extra stress effect of the liquid is negligible
and therefore it is omitted. Equation (1.1) is derived in [31, 32].

The mixture density is a combination of liquid and gas densities expressed as

ρ = ρl(1− α) + αρg, α = V ρ, V =
4

3
πNR3, (1.2)

where R = R(x, y, t) is the bubble radius, ρl, ρg are densities of the liquid and gas bubbles
respectively. α is the gas volume fraction in the unit mass of the mixture. Equation (1.2) is
expressed by the following relations [32]:

ρ =
ρl

(1−X + V ρl)
, X = V ρg. (1.3)

We suppose that

R(x, y, t) = R0 + φ(x, y, t), |φ(x, y, t)| < R0, (1.4)

where φ(x, y, t) is the perturbation of bubble radius from the equilibrium. The series expansion
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of (1.3) to order φ2 is

ρ = ρ0 − γ1φ+ γ2φ
2 − · · · ,

ρ0 =
ρl

(1−X + V0ρl)
, γ1 =

3V0ρ
2
l

R0(1−X + V0ρl)
2 ,

γ2 =
6V0ρ

2
l (X − 1 + 2V0ρl)

R2
0(1−X + V0ρl)

3 , V0 =
4

3
πNR3

0.

(1.5)

1.2 Equation of motion for bubbles in compressible Kelvin–Voigt fluid

In this research, spherical bubble dynamics equation in a compressible viscoelastic liquid is de-
rived using energy conservation approach [33,34]. It is shown that the compressibility corrections
appear only in the radial equation.

Let the velocity vector in the surrounding bubble V = vrer be defined by the wave equa-
tion [35]

∆ϕ−
1

c2l

∂2ϕ

∂t2
= 0, (1.6)

where ϕ is the velocity potential, v = ∇ϕ. cl is the speed of sound in the liquid, approximated
by its value in the unperturbed liquid (cl ≫ 1). The potential describing the radial motion of the
bubble and liquid satisfying (1.6) is of the form

ϕ =
1

r
A

(

t−
r

cl

)

, (1.7)

where r is distance from the bubble centre. Taking the series expansion of (1.7), we have

ϕ(R, t) =
A(t)

R
−

1

cl

∂A(t)

∂t
+O

(

c−2
l

)

, r = R. (1.8)

With the assumption of no mass transfer across the liquid–bubble boundary, the wall velocity at
the liquid–bubble boundary is simply the time rate of change of the radius, therefore at the bubble
boundary, A is obtained using the kinematic boundary condition

V · n =
∂ϕ

∂r
= R′, r = R(t). (1.9)

This is due to the fact that in the near field, the mixture behaves in an incompressible fashion.
The derivative of (1.7) with respect to r, is

∂ϕ

∂r
= −

1

clr
A′

(

t−
r

cl

)

−
1

r2
A

(

t−
r

cl

)

, (1.10)

where the Taylor series expansion of (1.10) is

∂ϕ

∂r

∣

∣

∣

∣

r=R(t)

= −
A(t)

R2
+O

(

c−2
l

)

. (1.11)

Using (1.11), equation (1.9) becomes

A = −R2 R′ +O
(

c−2
l

)

, (1.12)
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or

vr =
R2R′

r2
. (1.13)

Let the kinetic energy conservation of the liquid given in [33, 34] be

1

2

d

dt

∫

V

ρV ·V dV =

∫

V

p∇ ·V dV −

∫

SB+S∞

pV · n dS, (1.14)

where n is the outward unit normal, and V is the volume comprised between the bubble surface SB

and a concentric spherical surface S∞. The kinetic energy conservation approach is on the basis
that the work done on a liquid by all forces acting on the liquid is equal to the change of the
kinetic energy of the liquid. The conservation of momentum for a spherically symmetric radial
flow yields [36]

ρ

(

∂V

∂t
+V ·

∂V

∂r

)

= −
∂p

∂r
+

∂τrr
∂r

+
2

r
(τrr − τθθ), (1.15)

where τrr and τθθ are the normal stress components in the radial and polar directions respectively.
The boundary and initial conditions are

p = p∞, r = ∞, R = R0, R′ = 0 at t = 0,

where p∞ is the pressure far from the bubble, R0 and R′ are the equilibrium and velocity of the
bubble radius. The dot indicates time derivative.

To derive the bubble dynamics in compressible viscoelastic fluid, we shall account for the
compressibility of the surrounding medium to first-order acoustic approximation. With the def-
inition of the velocity potential, the momentum equation (1.15) may be integrated once with
respect to the radial coordinate, from r → ∞. Assuming that the velocity potential vanishes as
r → ∞, we have

−ρ

(

∂ϕ

∂t
+

1

2
V ·V

)

= p− p∞ +

∫

∞

r

(

∂τrr
∂r

+
2

r
(τrr − τθθ)

)

dr. (1.16)

From the fact that τrr = −2τθθ [37], equation (1.16) becomes

p = p∞ − ρ

(

∂ϕ

∂t
+

1

2
V ·V

)

+ τrr(R)−

∫

∞

R

3τrr
r

dr. (1.17)

Using (1.17) in the first term on the right-hand side of (1.14), we have
∫

V

p∇ ·V dV =−

∫

V

ρ

(

∂ϕ

∂t
+

1

2
V ·V

)

∇ ·V dV

+

∫

V

(

p∞ + τrr(R)−

∫

∞

R

3τrr
r

dr

)

∇ ·V dV.

(1.18)

Using (1.6), equation (1.18) becomes
∫

V

p∇ ·V dV =−
ρ

c2l

∫

V

∂ϕ

∂t

∂2ϕ

∂t2
dV −

ρ

2c2l

∫

V

V ·V
∂2ϕ

∂t2
dV

+

∫

V

(

p∞ + τrr(R)−

∫

∞

R

3τrr
r

dr

)

∇ ·V dV.

(1.19)
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Applying divergence theorem, (1.19) becomes
∫

V

p∇ ·V dV =−
ρ

c2l

∫

V

∂ϕ

∂t

∂2ϕ

∂t2
dV −

ρ

2c2l

∫

V

V ·V
∂2ϕ

∂t2
dV

+

∫

SB+S∞

(

p∞ + τrr(R)−

∫

∞

R

3τrr
r

dr

)

V · n dS.

(1.20)

Simplifying the first term on the right-hand side of (1.20), we have

1

c2l

∫

V

∂ϕ

∂t

∂2ϕ

∂t2
dV =

1

2c2l

∫

V

∂

∂t

(

∂ϕ

∂t

)2

dV

=
2π

c2l

∫

∞

R

∂

∂t

(

∂A

∂t

)2

dr

= −
2π

cl

∫

∞

R

∂

∂r

(

∂A

∂t

)2

dr.

(1.21)

Equation (1.21) was obtained by using A(t − r/cl) and ∂A/∂t = −cl ∂A/∂r, and that dV =
= 4πr2 dr. Using (1.11) and (1.21), equation (1.20) becomes
∫

V

p∇ ·V dV =

∫

SB+S∞

(

p∞ + τrr(R)−

∫

∞

R

3τrr
r

dr

)

V · n dS −
2πρ

cl

(

∂A

∂t

)2

r=R(t)

+O
(

c−2
l

)

.

(1.22)

Let the right hand side of (1.14) be

A =

∫

V

p∇ ·V dV −

∫

SB+S∞

pV · n dS. (1.23)

Substituting (1.22) into (1.23) we have

A =

∫

SB

(

p∞ − pB + τrr(R)−

∫

∞

R

3τrr
r

dr

)

V · n dS −
2πρ

cl

(

∂A

∂t

)2

r=R(t)

+O
(

c−2
l

)

= 4πR2R′

(

pB − p∞ − τrr(R) +

∫

∞

R

3τrr
r

dr

)

−
2πρ

cl
R2(2R′2 +RR′′)2.

(1.24)

Calculating the left-hand side of (1.14),

B =
1

2

∫

V

ρV ·V dV =
1

2
ρ

∫

V

∇ϕ · ∇ϕdV

=
1

2
ρ

∫

V

(

∇ · (ϕ∇ϕ)− ϕ∇2ϕ
)

dV

= −2πρR2ϕ(R, t)R′ −
ρ

2c2l

∫

V

ϕ
∂2ϕ

∂t2
dV.

(1.25)

Using (1.7),

1

c2l

∫

V

ϕ
∂2ϕ

∂t2
dV =

4π

c2l

∫

∞

R

A
∂2A

∂t2
dr = −

4π

cl

∫

∞

R

A
∂2A

∂r∂t
dr

= −
4π

cl

∫

∞

R

[

∂

∂r

(

A
∂A

∂t

)

−
∂A

∂r

∂A

∂t

]

dr

=
4π

cl

(

A
∂A

∂t

)

r=R(t)

−
4π

c2l

∫

∞

R

(

∂A

∂t

)2

dr.

(1.26)
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The Taylor series expansion of the non-integral term on the right-hand side of (1.26) is

1

cl

(

A
∂A

∂t

)

r=R(t)

=
1

cl
A
∂A

∂t
+
(

c−2
l

)

. (1.27)

Letting s = t − R/cl, and assuming that the motion starts at t = 0 so that A(s) vanishes
for s < 0, the integral term on the right-hand side of (1.26) is

1

c2l

∫

∞

R

(

∂A

∂t

)2

dr =
1

cl

∫ t−R/cl

0

(

∂A

∂s

)2

ds =
1

cl

∫ t

0

(

∂A

∂s

)2

ds+O
(

c−2
l

)

. (1.28)

Using (1.27) and (1.28) into (1.26), we have

1

c2l

∫

V

ϕ
∂2ϕ

∂t2
dV =

4π

cl
A
∂A

∂t
−

4π

cl

∫ t

0

(

∂A

∂s

)2

ds+O
(

c−2
l

)

. (1.29)

Substituting (1.8) and (1.29) into (1.25), we have

B = −2πρR2

(

A(t)

R
−

1

cl

∂A(t)

∂t

)

R′ −

(

2πρ

cl
A
∂A

∂t
−

2πρ

cl

∫ t

0

(

∂A

∂s

)2

ds+O
(

c−2
l

)

)

,

and using (1.12),

B = 2πρ

[

−RR′f(t) +
1

cl

∂A(t)

∂t
(R2R′ −A) +

1

cl

∫ t

0

(

∂A

∂s

)2

ds+O
(

c−2
l

)

]

. (1.30)

By substituting (1.12) into (1.30), we have

B = 2πρ

[

R3R′2 −
2

cl
R3R′(2R′2 +RR′′) +

1

cl

∫ t

0

(

∂A

∂s

)2

ds+O
(

c−2
l

)]

. (1.31)

The derivative of (1.31) with respect to time is

dB

dt
=

1

2

d

dt

∫

V

ρV ·VdV = 4πρC, (1.32)

where

C =
3

2
R2R′3 +R3R′R′′ −

(2R′3 + 6RR′R′′ +R2R′′′)R2R′

cl

−
2(2RR′2 +R2R′′)RR′2

cl
−

(2RR′2 +R2R′′)2R′′

cl
−

(2RR′2 +R2R′′)2

2cl
.

Equating (1.24) and (1.32), we have
(

3

2
R′2 +RR′′

)

−
1

cl
(2R′3 + 6RR′R′′ +R2R′′′) =

1

ρl

[

pB − p∞ − τrr(R) +

∫

∞

R

3τrr
r

dr

]

, (1.33)

wherein the near field ρ = ρl is constant. Equation (1.33) is the single bubble dynamics equation
in compressible viscoelastic liquid.

We shall adopt the model for bubble clusters used in [17, 38] to account for bubble–bubble
interactions in a bubbly viscoelastic liquid. The interactions are considered within spherical
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clusters, each of radius R0. The total pressure on bubble i due to radiation from the neighbouring
bubbles within the cluster at the origin 0 is

pi =
ρl
4π

∑

i

1

ri
V

(

t−
ri
cl

)

, (1.34)

where ri is the distance between bubble i and bubble at the centre O [39]. Taking the series
expansion of (1.34), we have

pi =
ρl
4π

(

V
′′

(t)

ri
−

V
′′′

(t)

cl

)

+O
(

c−2
l

)

.

After differentiating V (t) = 4
3
πR(t)3 once and recognizing that Ri = R (by the homogeneity of

the mixture),

pi = ρl
d

dt

(

∑

i

1

ri
R′R2

)

−
ρl
cl

d2

dt2
(R′R2), R < ri,

assuming that all bubbles within the spherical cluster have the same radius. The Rayleigh–Plesset
equation (1.33) is now modified to

d

dt

(

∑

i

1

ri
R′R2

)

−
l

cl

d2

dt2
(R′R2) +

(

3

2
R′2 +RR′′

)

−
1

cl
(2R′3 + 6RR′R′′ +R2R′′′)

=
1

ρl

[

pB − p∞ − τrr(R) +

∫

∞

R

3τrr
r

dr

]

.

(1.35)

Let 4
3
Nk3 be the number of bubbles within the cluster of radius k, where N is constant. The

summation on the left-hand side in (1.35) becomes [17]

d

dt

(

∑

i

1

ri
R′R2

)

= 2πk2N [R2R′′ + 2RR′2]. (1.36)

Substituting (1.36) into (1.35), we have

[2πk2NR + 1]RR′′ +

[

4πk2NR +
3

2

]

R′2 −
2

cl
(2R′3 + 6RR′R′′ +R2R′′′)

=
1

ρl

[

pB − p∞ − τrr(R) +

∫

∞

R

3τrr
r

dr

]

.

(1.37)

This is the modified bubble dynamics equation in a compressible viscoelastic liquid with
bubble–bubble interaction. In the case cl → ∞, equation (1.37) becomes the bubble dynamics
equation in an incompressible viscoelastic liquid [41] with bubble–bubble interaction. The relation
between the pressure inside the bubble and the pressure in the liquid involves both the surface
tension and viscoelastic stresses, given as [36]

pB = pg −
2σ

R
+ τrr(R), r = R, (1.38)

where σ is the surface tension between the gas bubble and viscoelastic liquid. Using (1.38) in
(1.37), we have

[2πk2NR + 1]RR′′ +

[

4πk2NR +
3

2

]

R′2 −
2

cl
(2R′3 + 6RR′R′′ +R2R′′′)

=
1

ρl

[

pg −
2σ

R
− p∞ +

∫

∞

R

3τrr
r

dr

]

.

(1.39)
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For the measure of the cluster radius k, we use the concept adopted in [38] that is k =
= ΛR0 = 300R0. To describe the thermal effects that occur during the evolution of the bubble, a
relationship between the gas pressure pg and bubble radius R is considered using the polytropic
equation for gas

pg = pg0

(

R0

R

)3n

, pg0 = p0 +
2σ

R0
,

where n denotes the polytropic index; n = 1 implies that bubble behaves isothermally, whereas
1 < n ≤ 1.4 represents the isentropic condition of the gas [4], pg0 is the pressure of the gas in
an equilibrium state. Kelvin–Voigt fluid is the viscoelastic liquid that would be considered in our
analysis, the stress tensor (τ ) is given as [40, 42, 43]

τrr = 2(Gγrr + µγ̇rr), γ̇ = D =











∂ur

∂r
0 0

0
ur

r
0

0 0
ur

r











, (1.40)

where γ̇rr is the rate of strain tensor, D is the symmetric velocity gradient tensor. By symmetry,
the velocity of the bubble has only radial component v = v(r, t) and the stress tensor is diagonal;
τ = diag (τrr, τθθ, τφφ), µ is the dynamic viscosity of the liquid. From (1.40), using (1.13),
we have

γ̇rr =
∂ur

∂r
= −

2R2R′

r3
, γrr =

∫ R

R0

γ̇rr dt = −
2(R3 −R3

0)

3r3
. (1.41)

Using (1.41) in (1.40), we have

τrr = −
4G(R3 −R3

0)

3r3
−

4µR2R′

r3
. (1.42)

Using (1.42), the integral term in (1.39) becomes

∫

∞

R

3τrr
r

dr = −
4

3

G(R3 −R3
0)

R3
−

4µR′

R
,

and subsequently (1.39) becomes

[2πk2NR + 1]RR′′ +

[

4πk2NR +
3

2

]

R′2 −
2

cl
(2R′3 + 6RR′R′′ +R2R′′′)

=
1

ρl

[

(

p0 +
2σ

R0

)(

R0

R

)3n

−
2σ

R
− p−

4µR′

R
−

4G

3

(

1−
R3

0

R3

)

]

.

(1.43)

If R in the modified Rayleigh–Plesset equation (1.43) is to be considered as a function of position
and time; R = R(x, y, t) to take the effect of the liquid flow coordinates, therefore it gives

[2πk2NR + 1]RRtt +

[

4πk2NR +
3

2

]

R2
t −

2

cl
(2R3

t + 6RRtRtt +R2Rttt)

=
1

ρl

[

(

p0 +
2σ

R0

)(

R0

R

)3n

−
2σ

R
− p−

4µRt

R
−

4G

3

(

1−
R3

0

R3

)

]

.

(1.44)
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Substituting (1.4) and (1.5) into (1.1) and (1.44) to order φ2, we obtain

−γ1
∂φ

∂t
+ 2γ2φ

∂φ

∂t
+ ρ0∇ ·V − γ1φ∇ ·V − γ1V · ∇φ = 0, (1.45)

ρ0

(

∂V

∂t
+V · ∇V

)

− γ1φ
∂V

∂t
+∇p = 0, (1.46)

p =− a1φ− a2φt + a10φφt − a3φtt + a4φttt

− a5φ
2
t − a6φφtt + a7φtφtt + a8φφttt + a9φ

2,
(1.47)

where

a1 =

[

3n

R0

(

p0 +
2σ

R0

)

−
2σ

R2
0

+
4G

R0

]

, a2 =
4µ

R0

, a10 =
4µ

R2
0

,

a3 = [2NπR2
0k

2ρl + ρlR0], a4 =
2ρlR

2
0

cl
,

a5 = [4NπR0k
2ρl +

3

2
ρl], a6 = [ρl + 4ρlπNk2R0], a7 =

4ρlR0

cl
,

a8 =
12ρlR0

cl
, a9 =

[

3n(3n+ 1)

2R2
0

(

p0 +
2σ

R0

)

−
2σ

R3
0

+
8G

R2
0

]

.

Equations (1.45), (1.46) and (1.47) shall be considered for our study of wave dispersion and
dissipation in the bubbly Kelvin–Voigt liquid flow.

§ 2. Linear Wave

Considering linear cases of (1.45)–(1.47), we have the following system of equations

γ1
∂ϕ

∂t
− ρ0∇ ·V = 0, (2.1a)

ρ0
∂V

∂t
+∇p = 0, (2.1b)

p = −a1φ− a2φt − a3φtt + a4φttt. (2.1c)

From (2.1), we have a two-dimensional wave equation in φ(x, y, t), written in the form

φtt − c20∆φ = 0, (2.2)

where c20 = a1/γ1 is the speed of wave in the mixture. The wave equation (2.2) is linear and
non-dispersive, which has a well known solution [44]

φ = F (k · x− wt).

For free oscillation of the bubble, the natural frequency of (2.1c) is

w0 =

√

a1a3
a23 + a2a4

. (2.3)

Ignoring the effect of the damping term and bubble–bubble interaction, (2.3) becomes

w∗ =

√

√

√

√

1

ρlR0

[

3n

R0

(

p0 +
2σ

R0

)

−
2σ

R2
0

+
4G

R0

]

. (2.4)
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Equation (2.4) without the modulus of elasticity is called the Minnert natural frequency [45].
We introduce the following dimensionless variables

t =
l

c0
t∗, x = lx∗, y = ly∗, ρ = ρ0ρ

∗, ϕ = R0ϕ
∗, V = c0V

∗, p = p0p
∗, (2.5)

where the quantities l/c0 and l are the characteristic time and length scales of the problem.
Substituting (2.5) into equations (1.45)–(1.47), we have the following non-dimensional equations
(dropping the asterisk)

∂φ

∂t
+ φ∇ ·V +V · ∇φ−

2γ2
γ1

R0φ
∂φ

∂t
−

ρ0
γ1R0

∇ ·V = 0, (2.6a)

ρ0
γ1R0

(Vt +V · ∇V)− φVt +
p0

γ1c
2
0R0

∇p = 0, (2.6b)

p =− a11φ− a12φt + a12φφt − a13φtt + a14φttt

− a15φ
2
t − a16φφtt + a17φtφtt + a18φφttt + a19φ

2,
(2.6c)

where the coefficients ai (i = 11, . . . , 19) are obtained as

a11 =
R0

p0

[

3n

R0

(

p0 +
2σ

R0

)

−
2σ

R2
0

+
4G

R0

]

, a12 =
4µw0

p0
,

a13 =
R0w

2
0

p0
[2NπR2

0k
2ρl + ρlR0], a14 =

2ρl
cl

w3
0R

3
0

p0
,

a15 =
R2

0w
2
0

p0
[4NπR0k

2ρl +
3

2
ρl], a16 =

R2
0w

2
0

p0
[ρl + 4ρlπNk2R0],

a17 =
4ρlw

3
0R

3
0

clp0
, a18 =

12ρlw
3
0R

3
0

clp0
,

a19 =

[

3n(3n+ 1)

2R2
0

(

p0 +
2σ

R0

)

−
2σ

R3
0

+
8G

R2
0

]

R2
0

p0
.

(2.7)

The linearised cases of (2.6) are simplified to

∂2φ

∂t2
−∆φ−

a12
a11

∆φt −
a13
a11

∆φtt +
a14
a11

∆φttt = 0. (2.8)

Let the harmonic solution be of the form

φ(x, t) = ei(k·x−wt), k = (kx, ky), x = (x, y), (2.9)

where k is the wave number of x and y directions, while x is the coordinate vector of the
dispersive wave; w is the angular frequency of the wave. Substituting (2.9) into (2.8), neglecting
wave number ky, we have

i
a14
a11

w3k2
x + i

a12
a11

wk2
x +

a13
a11

w2k2
x − k2

x + w2 = 0,

and

w2 =
k2
x(−ia14w

3 − ia12w + a11)

k2
xa13 + a11

, (2.10)
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which is similar to the dispersion relation obtained in [46] if compressibility and viscoelasticity
of the liquid are neglected. We observe from (2.10) that the linear case indicates the existence of
two travelling waves in opposite directions whose phase speed is

cp =
w

kx
≈ 1−

a13
2a11

k2
x. (2.11)

It is noted from the coefficients in equation (2.7), that the dispersive wave is influenced by the
equilibrium pressure of the liquid, the initial bubbles radius, density, elasticity of the viscoelastic
liquid and surface tension between the liquid and the bubble. Similarly, the damping of the wave
is influenced by the equilibrium pressure of the liquid, the initial bubbles radius and density,
viscosity and the compressibility of the liquid. In component form, equations (2.6a) and (2.6b)
can be written as

∂φ

∂t
+ φ

(

v(1)x + v(2)y

)

+ v(1)φx + v(2)φy −
2γ2R0

γ1
φ
∂φ

∂t
−

ρ0
γ1R0

(

v(1)x + v(2)y

)

= 0, (2.12)

ρ0
γ1R0

(

v
(1)
t + v(1)v(1)x + v(2)v(1)y

)

− φv
(1)
t +

p0
γ1c20R0

px = 0, (2.13)

ρ0
γ1R0

(

v
(2)
t + v(1)v(2)x + v(2)v(2)y

)

− φv
(2)
t +

p0
γ1c

2
0R0

py = 0. (2.14)

Equations (2.6c), (2.12)–(2.14) give sufficient relation to determine the field quantities v(1), v(2),
φ and p completely.

§ 3. Non-linear wave

We employ the reductive perturbation method [47,48] to derive a non-linear evolution equation
for the shock waves propagation of the bubbly Kelvin–Voigt liquid flow. The space and time in
equations (2.6c), (2.12)–(2.14) are rescaled in order to introduce space and time variables, which
are appropriate for the description of long wavelength behavior. Assuming k2

x ≪ 1, k2
x = εη2 and

using (2.11), we have

kxx− wt = η

[

ε
1

2 (x− t) +
a13
2a11

ε
3

2η2t

]

,

thus, the independent variables are stretched as

ξ = ε
1

2 (x− t), δ = εκy, τ = ε
3

2 t. (3.1)

In (3.1), κ is a free parameter. The small parameter ε = R0

l
measures the weakness of non-

linearity; δ represents the perturbation of the wave in y direction. Substituting (3.1) into (2.6c)
and (2.12)–(2.14), and equating ε

1

2 in (2.12)–(2.14), we get

γ1(εφτ − φξ) + γ1φ
(

v
(1)
ξ + ε

1

2κv
(2)
δ

)

+ γ1
(

v(1)φξ + ε
1

2κv(2)φδ

)

− 2γ2R0φ(εφτ − φξ)−
ρ0
R0

(

v
(1)
ξ + ε

1

2κv
(2)
δ

)

= 0,
(3.2)
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ρ0
γ1R0

(

εv(1)τ − v
(1)
ξ + v(1)v

(1)
ξ + ε

1

2κv(2)v
(1)
δ

)

− φ
(

εv(1)τ − v
(1)
ξ

)

+
pξ
a11

= 0, (3.3)

ρ0
γ1R0

(

εv(2)τ − v
(2)
ξ + v(1)v

(2)
ξ + ε

1

2κv(2)v
(2)
δ

)

− φ
(

εv(2)τ − v
(2)
ξ

)

+ ε
1

2

κpδ
a11

= 0, (3.4)

p =− a11φ− a12ε
3

2φτ + a12ε
1

2φξ − a13ε
3φττ + 2a13ε

2φτξ

− a13εφξξ + a14ε
9

2φτττ − 3ε
7

2a14φττξ + 3ε
5

2a14φτξξ

− ε
3

2a14φξξξ + ε
3

2a12φφτ − ε
1

2a12φφξ − φ2
τa15ε

3 + 2φξε
2a15φτ

− φ2
ξεa15 − ε3a16φφττ + 2ε2a16φφτξ − εa16φφξξ + ε

9

2a17φτφττ

− 2ε
7

2a17φτφτξ − ε
7

2a17φξφττ + ε
5

2a17φτφξξ + 2ε
5

2a17φξφτξ

− ε
3

2a17φξφξξ + ε
9

2a18φφτττ − 3ε
7

2a18φφττξ + 3ε
5

2a18φφτξξ

− ε
3

2a18φφξξξ + a19φ
2.

(3.5)

Let the asymptotic series in ε of the field variables be

p = εp1 + ε2p2 + . . . , φ = εφ1 + ε2φ2 + . . . ,

v(1) = εv
(1)
1 + ε2v

(1)
2 + . . . , v(2) = ε

3

2 v
(2)
1 + ε

5

2v
(2)
2 + . . . .

(3.6)

Using (3.6) in (3.2)–(3.5), the following differential equations are obtained as O(ε) equations:

φ1ξ +
ρ0

γ1R0

v
(1)
1ξ

= 0, −
ρ0

γ1R0

v
(1)
1ξ

+
1

a11
p1ξ = 0, (3.7a)

p1(ξ, δ, τ) = −a11φ1(ξ, δ, τ). (3.7b)

Solving (3.7a), we have

φ1(ξ, δ, τ) = −
ρ0

γ1R0
v
(1)
1 (ξ, δ, τ) + v

(1)
1 (δ, τ), (3.8)

where v(1)1 (δ, τ) is an arbitrary function. Assuming v
(1)
1 (δ, τ) = 0 due to the negligible propagation

of the wave in δ direction, (3.8) becomes

φ1(ξ, δ, τ) = −
ρ0

γ1R0

v
(1)
1 (ξ, δ, τ).

Substituting (3.6) into (3.2)–(3.5) and equating at ε2 in (3.2), (3.3), (3.5) and at ε3/2 in (3.4), we
obtain the following set of differential equations in the case a12 = O(ε1/2) as

φ1τ − φ2ξ + φ1v
(1)
1 ξ + v

(1)
1 φ1ξ +

2γ2R0

γ1
φ1φ1ξ −

ρ0
γ1R0

(

v
(1)
2ξ

+ κv
(2)
1δ

)

= 0, (3.9)

ρ0
γ1R0

(

v
(1)
1τ − v

(1)
2ξ + v

(1)
1 v

(1)
1ξ

)

+ φ1v
(1)
1ξ +

1

a11
p2ξ = 0, (3.10)

−
ρ0

γ1R0
v
(2)
1ξ +

κ

a11
p1δ = 0,

p2 = −a11φ2 + a12φ1ξ − a13φ1ξξ + a19φ
2
1. (3.11)

From (3.11), substituting p2 into (3.10) and out of which φ2ξ is substituted into (3.9), we have

φ1τ +
(γ2R0

γ1
−

γ1R0

ρ0
−

a19
a11

)

φ1φ1ξ −
a12
2a11

φ1ξξ +
a13
2a11

φ1ξξξ −
ρ0

2γ1R0
κv

(2)
1δ = 0, (3.12)

−
ρ0

γ1R0

v
(2)
1ξδ − κφ1δδ = 0. (3.13)
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Fig. 1. Two dimensional pressure wave propagation in Kelvin–Voigt liquid for ideal gas
at τ = 10 sec

Differentiating (3.12) with respect to ξ and using (3.13), we obtain
(

φ1τ +
(γ2R0

γ1
−

γ1R0

ρ0
−

a19
a11

)

φ1φ1ξ −
a12
2a11

φ1ξξ +
a13
2a11

φ1ξξξ

)

ξ

+
κ2

2
φ1δδ = 0. (3.14)

Using (3.7b), equation (3.14) can be written in terms of pressure of the liquid in bubbly Kelvin–
Voigt liquid mixture flow as

(

p1τ + q1p1p1ξ − q2p1ξξ + q3p1ξξξ
)

ξ
+ q4p1δδ = 0, (3.15)

where q1, q2 and q3 are the coefficients of the non-linearity, dissipative and dispersion terms
respectively, while q4 denotes the coefficient of the transverse propagation in δ direction, given as

q1 =

(

γ1R0

ρ0
+

a19
a11

−
γ2R0

γ1

)

1

a11
, q2 =

a12
2a11

, q3 =
a13
2a11

, q4 =
κ2

2
. (3.16)

Equations (3.14) and (3.15) are two-dimensional Korteweg–de Vries–Burgers equations in terms
of bubble radius and pressure perturbations. The near field equation (2.2) and far field equa-
tions (3.14) explain the behavior of the first-order perturbation φ in temporal and spatial dimen-
sions of O(1) and O(ǫ2) respectively. It is obvious from (3.16), (2.7) and (1.5), that the shock
wave propagation arising as a result of the mixture behaves according to q1, q2, q3. q1 determines
the strength of the shock which depends on the R0, p0, σ, G, n, N , ρ0 and volume of the clus-
ter. The dissipation of the shock wave is mainly attributed to the effect of the viscosity of the
liquid while the dispersion of the propagating shock wave is caused by the effect of modulus of
elasticity.

§ 4. Result and discussion

Solutions to (2+1)-KdVB equation (3.15) are derived in [49, 50]. The analysis on the nature
of shock wave is done using the initial condition [51, 52]

p0(ξ, 0, τ) = 0.5
(

1− tanh
|ξ| − 25− τ

5

)

.
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Fig. 2. Two dimensional pressure wave propagation in Kelvin–Voigt liquid for an ideal gas
at τ = 0, . . . , 60 sec

The pressure wave profile of the shock wave propagation in a weakly compressible Kelvin–
Voigt liquid with bubble–bubble interaction will be analysed here. This will be done using
equation (3.15). Fig. 1 shows the two dimensional shock wave propagation of the bubbly-liquid
in ξ and δ directions at τ = 10 sec. Fig. 2 shows the two dimensional shock wave propagation in
ξ over the range of a specified τ which shows the behavior of shock wave over time. The figure
describes wave propagation from τ = 0, . . . , 40 sec, where the oscillation is fully developed.
Fig. 3 shows the two dimensional shock wave propagation in ξ over the range of τ = 0, . . . , 25 sec
to show the start-up of the oscillatory wave. For more detailed analysis, we shall limit ourselves
to the one dimensional case; the ξ direction only.

The dynamics of shock waves propagation in mono-dispersed, weakly compressible bubbly
Kelvin–Voigt liquid flow with bubble–bubble interaction are investigated using the following pa-
rameters [42]: p0 = 101000 Pa, ρl = 1000 kg/m3, ρg = 0.001 kg/m3, G = 0.5MPa2, R0 = 1mm,
σ = 53.5mN/m, µ = 140mPa.s, cl = 1500ms−1 and N = 200, n = 1.4 and K = 300 ∗R0.

Fig. 4 shows the influence of the bubble radius to pressure profile of shock wave propagation
in bubbly compressible Kelvin–Voigt liquid. The figure indicates that the size of the bubble has
no influence on the amplitude of the shock wave as at τ = 0 up to 40 sec. Fig. 5 analyses the
effect of the polytropic index which describes the thermal behavior of gas inside the bubbles. The
effect of the thermal variation of the polytropic index has influence on the wave propagation of
the pressure profile, the higher the polytropic index, the lower the amplitude of the shock wave.
This implies that, just as in the case of velocity profile, the isothermal process will give rise to a
shock wave propagation with highest amplitude. It is observed that there is a significant effect of
module of elasticity on the shock wave. The more elastic the liquid, the lower the amplitude of
the shock wave. Fig. 6 shows the effect of pressure variation on the pressure profile of the shock
wave propagation. It is observed that change in pressure has a significant effect on the shock
wave amplitude. The effect is just the higher the pressure, the higher the shock wave amplitude,
and the more steeper the wave. The number of bubbles and cluster size has no effect using the
parameters under consideration, this result is in agreement with the results and analysis in [25].
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Fig. 3. Two dimensional pressure wave propagation in Kelvin–Voigt liquid for an ideal gas
at τ = 0, . . . , 35 sec
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Fig. 4. Shock wave propagation in terms of pressure in Kelvin–Voigt liquid with variation of
initial bubble radius
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Fig. 5. Shock wave propagation in terms of pressure in Kelvin–Voigt liquid with variation of
polytrophic index
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Fig. 6. Shock wave propagation in terms of pressure in Kelvin–Voigt liquid with variation of
initial pressure
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§ 5. Conclusion

In this paper, a modified Rayleigh–Plesset equation that describes the bubble dynamics in a
weakly compressible viscoelastic liquid with due account for bubble–bubble interaction is derived
using the energy conservation approach. The equation is coupled with equations of state for gas
and mixture to study the shock wave propagation in bubbly Kelvin–Voigt liquid flow. The
reductive perturbation method is adopted. A (2+1)-KdVB equation in terms of pressure profile is
derived. An existing solution is used to graphically represent the result. Our theoretical analysis
indicates that the cluster radius, interaction between bubble–bubble and the number of bubbles in
a cluster have no effect on the shock wave propagation in compressible Kelvin–Voigt liquid flow
taking into account the bubble cluster, whereas the initial bubble radius and pressure, viscosity,
thermal property of the gas affect the shock wave in bubble viscoelastic liquid flow.
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МЕХАНИКА 2023. Т. 33. Вып. 1. С. 171–194.

Ю. Б. Чукколь, И. Белло, М. Абдуллахи

Распространение нелинейных волн в слабосжимаемой жидкости Кельвина–Фойгта, содержа-

щей пузырьковые кластеры

Ключевые слова: ударная волна, жидкость Кельвина–Фойгта, пузырьковая жидкость, уравнение
Кортевега–де Фриза–Бюргера.

УДК 517.958, 532.5

DOI: 10.35634/vm230112

С помощью упрощенного метода возмущений исследуется влияние взаимодействия между пузырь-
ками на распространение волн в однородном слабосжимаемом вязкоупругом пузырьковом потоке.
С использованием подхода сохранения кинетической энергии выводится уравнение динамики пу-
зырьков. Динамика пузырьков и уравнения смеси в сочетании с уравнением состояния газа позво-
ляют исследовать явление распространения ударной волны в смеси. Выведено двумерное уравнение
Кортевега–де Фриза–Бюргера в терминах профиля давления. Установлено, что при использовании
рассматриваемых нами параметров взаимодействие между пузырьками не оказывает влияния.
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