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§ 1. Introduction

In the current paper, let R denote an associative ring with identity element, not necessarily
commutative. Typically, for such a ring R, the sets U(R), Nil(R), and Id(R) represent the set
of invertible elements (i.e., the unit group of R), the set of nilpotent elements, and the set of
idempotent elements in R, respectively. Additionally, J(R) denotes the Jacobson radical of R,
and Z(R) denotes the center of R. The ring of n x n matrices over R and the ring of n x n upper
triangular matrices over R are denoted by M,,(R) and T, (R), respectively. Traditionally, a ring
is termed abelian if each idempotent element is central, meaning that Id(R) C Z(R).

Before we start our investigation of the characteristic properties of a newly defined by us
below class of rings, we need the following background material.

Definition 1.1 (see [31,32]). Let R be a ring. An element r» € R is said to be clean if there is
an idempotent e € R and a unit v € R such that r = e + u. Such an element r is further called
strongly clean if the existing idempotent and unit can be chosen such that ue = eu. A ring is
called clean (respectively, strongly clean) if each of its elements is clean (respectively, strongly
clean).

Definition 1.2 (see [8]). An element r in a ring R is said to be weakly clean if there is an
idempotent e € R such that r + e € U(R) or r — e € U(R), and a weakly clean ring is defined
as the ring in which every element is weakly clean. A ring R is said to be strongly weakly clean
provided that, for any a € R, a or —a is strongly clean.

Definition 1.3 (see [20]). Let R be a ring. An element r € R is said to be nil-clean if there is an
idempotent e € R and a nilpotent b € R such that » = e+ b. Such an element r is further called
strongly nil-clean if the existing idempotent and nilpotent can be chosen such that be = eb.
A ring is called nil-clean (respectively, strongly nil-clean) if each of its elements is nil-clean
(respectively, strongly nil-clean).

Definition 1.4 (see [4,19]). A ring R is said to be weakly nil-clean provided that, for any a € R,
there exists an idempotent e € R such that a — e or a + e is nilpotent. A ring R is said to be
strongly weakly nil-clean provided that, for any a € R, a or —a is strongly nil-clean.

Definition 1.5 (see [5, 18]). A ring is called UU if all of its units are unipotent, that is, U(R) C
C 1+ Nil(R) (and so, 1 + Nil(R) = U(R)).
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Definition 1.6 (see [13]). A ring R is called weakly UU and abbreviated as WUU if U(R) =
= Nil(R) £ 1. This is equivalent to the condition that every unit can be presented as either n+ 1
or n — 1, where n € Nil(R).

Definition 1.7 (see [17]). A ring R is called UWNC if every of its units is weakly nil-clean.
Definition 1.8 (see [15]). A ring R a generalized nil-clean, briefly abbreviated by GNC, provided
R\U(R) C Id(R) + Nil(R).

Definition 1.9 (see [16]). A ring R is called generalized strongly nil-clean, briefly abbreviated
by GSNC, if every non-invertible element in R is strongly nil-clean.

Our aim, which motivates writing of this paper, is to examine what will happen in the
dual case when non-units in rings are weakly nil-clean elements, thus somewhat also expanding
weakly nil-clean rings in an other way. So, we now arrive at our key instrument introduced as
follows.

Definition 1.10. We call a ring R generalized weakly nil-clean, briefly abbreviated by GWNC,
provided
R\U(R) C Nil(R) £ Id(R).

Now, we have the following diagram which violates the relationships between the defined
above classes of rings:

weakly-nil-clean » GWNC » weakly clean
nil-clean » GNC » clean
strongly nil-clean » GSNC » strongly clean

Our principal work is organized as follows. In the next second section, we give some
examples and suitable descriptions of certain crucial properties of GWNC rings that are mainly
stated and proved in Theorems 2.1 and 2.2 and the other statements associated with them. The
subsequent third section is devoted to the classification when a group ring is GWNC as well
as, reversely, what happens with the former objects of a group and a ring when the group ring
is GWNC (see Lemma 3.2 and Theorem 3.1, respectively, and the other assertions related to

them). We close our work in the final fourth section with two challenging questions, namely
Problems 4.1 and 4.2.

§2. Examples and basic properties of GWNC rings
We begin with the following constructions on the definitions alluded to above.

Example 2.1.

1. Any strongly nil-clean ring is GSNC, but the converse is not true in general. For instance,
Mz (Z2) is GSNC, but is not strongly nil-clean.
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2. Any GSNC ring is strongly clean, but the converse is not true in general. For instance,
Zs|[x]] is strongly clean, but is not GSNC.

3. Any nil-clean ring is GNC, but the converse is not true in general. For instance, Zs is
GNC, but is not nil-clean.

4. Any GNC ring is clean, but the converse is not true in general. For instance, Zg is clean,
but is not GNC.

5. Any weakly nil-clean ring is GWNC, but the converse is not true in general. For instance,
Zs is GWNC, but is not weakly nil-clean.

6. Any GWNC ring is weakly clean, but the converse is not true in general. For instance,
M1 (Zg) is weakly clean, but is not GWNC.

7. Any strongly nil-clean ring is nil-clean, but the converse is not true in general. For
instance, Ms(Z) is nil-clean, but is not strongly nil-clean.

8. Any nil-clean ring is weakly nil-clean, but the converse is not true in general. For instance,
Zs is weakly nil-clean, but is not nil-clean.

9. Any GSNC ring is GNC, but the converse is not true in general. For instance, My(Zy) ©
M3 (Zs) is GNC, but is not GSNC.

10. Any GNC ring is GWNC, but the converse is not true in general. For instance, My (Z3) is
GWNC, but is not GNC.

11. Any strongly clean ring is clean, but the converse is nof true in general. For instance,
Ms(Z2)) is clean, but is not strongly clean.

12. Any clean ring is weakly clean, but the converse is not true in general. For instance,
Zs)i] is weakly clean, but is not clean.

We continue our work with a series of technicalities.

Lemma 2.1. Let R be a ring and let a € R be a weakly nil-clean element. Then, —a is weakly
clean.

Proof Assume a = q & e is a weakly nil-clean representation. If a = g + e, then we have
—a = (1—e)—(q¢g+1), where 1 — e is an idempotent and ¢ + 1 is a unit in R. If a = g — e,
then we have —a = —(1 —¢) + (1 — ¢), where again 1 — ¢ is an idempotent and 1 — ¢ is a unit
in R. Thus, —a has a weakly clean decomposition and hence it is a weakly clean element. [

Corollary 2.1. Let R be a GWNC ring. Then, R is weakly clean.
Lemma 2.2. Let R be a GWNC ring. Then, J(R) is nil.

Proof Choose j € J(R). Since j ¢ U(R), we have e = ¢ € R and ¢ € Nil(R) such that
Jj = q = e. Therefore,

l1—e=(q+1)—jeUR)+J(R)CU(R)

or
l—e=(1—q)+j€UR)+J(R) CUR),

so e = 0. Hence, j = g € Nil(R), as required. O
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Example 2.2. For any ring R, both the polynomial ring R[z]| and the formal power series ring
R[[z]] are not GWNC rings.

Pr oo f Considering R[[z]] as a GWNC ring, we know that
J(R[[z]]) = {a+af(z): a € J(R) and f(z) € R[[z]]}.

So, it is evident that z € J(R[[x]]). Consequently, J(R[[z]]) is not nil, which contradicts the
consideration, thereby establishing the desired claim.

Furthermore, if R[z| is GWNC, then it is weakly clean in virtue of Corollary 2.1. But this is
an obvious contradiction, and hence R[z] cannot be GWNC, as claimed. O

A ring R is said to be reduced if R has no non-zero nilpotent elements, that is, Nil(R) = {0}.

Lemma 2.3. Let R be a GWNC ring with 2 € U(R) and, for every u € U(R), we have u® = 1.
Then, R is a commutative ring.

P r o o f. Firstly, we demonstrate that R is reduced. Assume R contains no non-trivial nilpotent
elements. Suppose ¢ € Nil(R). Then, (1+¢q) € U(R), so

1-2g+¢=(1-¢°=1=(1+¢q°=1+2¢+¢"

Thus, 4¢ = 0. Since 2 € U(R), we conclude ¢ = 0. Hence, R is reduced and, consequently,
R is abelian.

Moreover, for any u,v € U(R), we have u? = v*> = (uv)? = 1. Therefore, uv = (uv)~! =
= v~ 'u~! = vu, whence the units commute with each other.

In addition, let z,y € R. We consider the following cases.
1. z,y € U(R): since the units commute, it must be that zy = yz.

2. z,y ¢ U(R): since R is a GWNC ring, there exist e, f € Id(R) such that z = e and
y = = f. Thus, xy = yx, because R is abelian.

3. 2 € U(R) and y ¢ U(R): in this case, there exists e € Id(R) such that y = te. Moreover,
R being abelian implies xy = yx.

4. x ¢ U(R) and y € U(R): similarly to case (3), we can easily see that xy = yx. O

As the competent referee observed, this lemma can significantly be extended to GWNC
rings with v = 1 and n € U(R). For instance, taking n = 3 and 0 # ¢ € Nil(R), we have
(1 + ¢)® = 1 and, therefore, 3¢ + 3¢ + ¢®> = 0. Letting k¥ > 1 be the nilpotence index of ¢, it
must be that

0= 3¢5 1 4 3¢" + gF1 = 3¢+,

But, since 3 € U(R), we arrive at ¢*~! = 0, a contradiction.

In the general case, we may get a linear combination of positive powers of ¢ as 0 = (n)g+. ...
Multiplying by ¢*~2 both sides, we obtain an easy contradiction with ¢ # 0. Now, every element
of R is either a unit or ¢ with ¢? = e. Consequently, "1 = x for any z € R and so R is
commutative in view of the classical Jacobson’s density theorem (see, e.g., [27] or [28]).

We now proceed by proving with a series of corollaries.

Corollary 2.2. Let R be a GWNC ring. Then, Nil(R) + J(R) = Nil(R).
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Proof Let us assume that x+ € Nil(R) and y € J(R). Thus, there exists m € N such
that 2™ = 0. Therefore, (z +y)™ = 2™ + j, where j € J(R). Employing Lemma 2.2, we arrive
at (x +y)™ = j € Nil(R), as required. O

Proposition 2.1. Let R be a ring and I be a nil-ideal of R. Then,
(1) R is GWNC if, and only if, R/I is GWNC;
(2) R is GWNC if, and only if, J(R) is nil and R/J(R) is GWNC.

Proof

(1) We assume that R = R/I and @ ¢ U(R). Then, a ¢ U(R), so there exist e € Id(R)
and ¢ € Nil(R) such that a = ¢ &= e. Thus, @ = ¢ & e. Conversely, let us assume that R is a
GWNC ring. We, besides, assume that a ¢ U(R), so a ¢ U(R), and hence @ = ¢ + €, where
¢ € Id(R) and ¢ € Nil(R). Since [ is a nil-ideal, we can assume that e € Id(R) and ¢ € Nil(R).
Therefore, a — (¢ £ e) € I C J(R), so that there exists j € J(R) such that a« = (¢ + j) L e.
Hence, Corollary 2.2 applies to get that a has a weakly nil-clean representation, as needed.

(2) Utilizing Lemma 2.2 and part (1), the conclusion is fulfilled. U
Corollary 2.3. Every homomorphic image of a GWNC ring is again GWNC.
Proof Itis straightforward. UJ
Corollary 2.4. Let I be an ideal of a ring R. Then, the following are equivalent:

(1) R/I is GWNC;

(2) R/I™ is GWNC for all n € N;

(3) R/I™ is GWNC for some n € N.

Proof
R/I"

(1) = (2). For any n € N, we know that W =~ R/I. Since I/I™ is a nil-ideal of R/I"

and R/I is GWNC, Proposition 2.1 works to derive that R/I™ is a GWNC ring.

(2) = (3). This is quite trivial, so we leave the details.

R/I"

I/

each homomorphic image of a GWNC ring is again GWNC, we conclude that R/I is GWNC.
O

(3) = (1). For any ideal I of R, we have = R/I, and because we have seen above that

Let Nil,(R) denote the prime radical of a ring R, i.e., the intersection of all prime ideals
of R. We know that Nil,(R) is a nil-ideal of R, and so the next assertion is immediately true.

Corollary 2.5. Let R be a ring. Then, the following are equivalent:

(1) R is GWNC;

R
2) — :
@ i Ok GWNC
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Let R be a ring and M a bi-module over R. The trivial extension of R and M is defined as
T(R,M) ={(r,m): r € Rand m € M},
with addition defined componentwise and multiplication defined by
(r,m)(s,n) = (rs,rn +ms).

The trivial extension T(R, M) is isomorphic to the subring

{(T m):'rERandeM}
0 r

of the formal 2 x 2 matrix ring <§ j\g), and also T(R, R) = R[z]/ (x?). We, moreover, note
that the set of units of the trivial extension T(R, M) is

U(T(R,M)) =T(U(R),M).
So, as two immediate consequences, we yield:
Corollary 2.6. Let R be a ring and M a bi-module over R. Then, the following hold:

(1) the trivial extension T(R, M) is a GWNC ring if, and only if, R is a GWNC ring;

R
(2) for n > 2, the quotient-ring < [:1:)] is a GWNC ring if, and only if, R is a GWNC ring;
xn

(3) for n > 2, the quotient-ring ]?Hx;] is a GWNC ring if, and only if, R is a GWNC ring.
xn
Proof
(1) Set A =T(R, M) and consider I := T(0, M). It is not too hard to verify that [ is a nil-ideal

of A such that T = R. So, the result follows directly from Proposition 2.1.

{z)

R A
(2) Put A = 2 . Considering [ := we obtain that [ is a nil-ideal of A such that T = R.

xn )’
So, the result follows automatically from Proposition 2.1.
R R
(3) Knowing that the isomorphism < [x)] = <Hx>“ is true, point (3) follows at once from (2). [
m xn

Corollary 2.7. Let R be a ring and M be a bi-module over R. Then, the following statements
are equivalent:

(1) R is a GWNC ring;
(2) T(R, M) is a GWNC ring;
(3) T(R, R) is a GWNC ring;

Rlx]

(4) =)

is a GWNC ring.
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Consider now R to be a ring and M to be a bi-module over R. Let
DT(R,M) :={(a,m,b,n) | a,b € R,m,n € M}
with addition defined componentwise and multiplication defined by
(a1, my, by, ny)(az, ma, by, ng) = (@102, a1y + Myag, arby + brag, aing + mibs 4 bims + nyas).
Then, DT(R, M) is a ring which is isomorphic to T(T(R, M), T(R, M)). We also have

m

DT(R, M) = a,be R.m,ne M

o O o

n
b

m
a

o O O

a
0
0

R
In particular, we obtain the following isomorphism of rings: < g:c, z]> — DT(R, R) defined by
x5y

a b ¢ d
a+ bx + cy + dry — 0 a0 c
0 0 a b
00 0 a

We, thereby, extract the following.
Corollary 2.8. Let R be a ring and M be a bi-module over R. Then, the following statements

are equivalent:
(1) R is a GWNC ring;
(2) DT(R, M) is a GWNC ring;
(3) DT(R, R) is a GWNC ring;

R
4) [z,9] is a GWNC ring.
(22,9?)
Now, let o be an endomorphism of R, and suppose n is a positive integer. It was defined by
Nasr-Isfahani in [29] the skew triangular matrix ring like this:

( )

Gy ai Gz -+ Qp-1
0 a ar -+ apo
Tn(R7 a) = 0 0 o -+ Gn-3 a; € R
\ 0O 0 0 - a )

with addition point-wise and multiplication, given by:

ap aip az -+ Gp-1 bo b1 by --- by ¢ €1 C - Cp-1
0 ay ap -+ Ap—2 0 bo b1 cee bn_g 0 Ch C1 -+ Cp-2

0 0 ag -+ QAp—3 0 0 bo s bn_g — 0 0 Co -+ Cp—3 ,

0O 0 0 - a 0O 0 0 - b 0O 0 0 - o
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where _
ci = apd® (b)) + arat (bi_1) + ... Fa;a'(by), 1<i<n-—1.

We denote the elements of T, (R, «) by (ag,ai,...,a,-1). If « is the identity endomorphism,
then one verifies that T, (R, «) is a subring of upper triangular matrix ring T,,(R).

We now come to the following.
Corollary 2.9. Let R be a ring. Then, the following are equivalent:
(1) R is a GWNC ring;
(2) T, (R, ) is a GWNC ring.

Proof Choose

0 a2 ... Qipn
0 0 Qo

I:= . . a; € R (i <J)
0 O 0

o T,(R,
Then, one easily inspects that /™ = {0} and that % = R. Consequently, we apply
Proposition 2.1 to receive the desired result. t

Now, let @ be again an endomorphism of R. We denote by R[x,«a] the skew polynomial
ring whose elements are the polynomials over R, the addition is defined as usual, and the
multiplication is defined by the equality zr = «(r)z for any » € R. So, there is a ring
isomorphism

— T, (R, ),

given by

olag+amz+ ...+ ap "+ (™)) = (ag, a1, ...,a,_1)

Rz, o]
(zm)

with a; € R, 0 <i < n — 1. Thus, one finds that T, (R, a) = , where (z") is the ideal
generated by z”.

We, thereby, detect the following claim.

Corollary 2.10. Let R be a ring with an endomorphism « such that «(1) = 1. Then, the
following are equivalent:

(1) R is a GWNC ring;

2) Rz, o is a GWNC ring;
{z7)
3) M is a GWNC ring.
{z7)
0 0 aq
‘ 0 - 0 a
Assuming now that L,,(R) = ... |eTuR):a; € R} CT,(R)and S,(R) =
0 --- 0 a,
= {(aij) € To(R): a11 = ... = ann} C T, (R), it is not so difficult to check that the mapping
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v: Sp(R) — T(S,—1(R),L,_1(R)), defined as

aj; ap - arp-1 0 --- 0 Qin
0 ap --- a2 n—1 0o - 0 A2n
11 Qa2 - Aip : : : : : :
0 an -+ ay 10 0 - ay 0 -+ 0 ap1n
4 : e o o - 0 ain a2 v Qg1 |
0 0 ceeoaq 0 0 cee 0 0 a1 - A2np-1
0 0o .- 0 0 o --- ary

gives S, (R) = T(S,-1(R),L,—1(R)). Notice that this isomorphism is a helpful instrument to
study the ring S, (R), because by examining the trivial extension and using induction on n, we
can extend the result to S, (R).

Specifically, we are able to establish truthfulness of the following two statements.
Corollary 2.11. Let R be a ring. Then, the following items hold:
(1) for n > 2, S,(R) is a GWNC ring if, and only if, R is GWNC;

(2) for n,m > 2, A, n(R) :== R[z,y | 2" = yx = y™ = 0] is a GWNC ring if, and only if,
R is GWNC;

(3) for n,m > 2, B,w(R) := Rlz,y | " = y™ = 0] is a GWNC ring if, and only if,
R is GWNC.

Proof
(1) We assume [ := {(a;;) € S,(R): a;1 = 0}, so evidently I is a nil-ideal of S, (R), and
therefore, we derive S,,(R)/I = R.

We set ) .
I:= {a + Zbixi + Z ciy’ € Aym(R): a= 0},
i=1 j=1

so apparently [/ is a nil-ideal of A, ,,(R), and thus, we infer A,, ,,(R)/I = R.

(2) We put
n—1m-—1
I:= { > aia'y’ € Bum(R): ag = 0}7

J=0

—_

o

w

so elementarily I is a nil-ideal of B,, ,,,(R), and so, we deduce B, ,,(R)/I = R.
This sustains our arguments. 0

In the other vein, Wang introduced in [36] the matrix ring S,, ,,(R) for a given ring R. Then,
the matrix ring S,,,,(R) can be represented as

([a bl T bn—l Cin T Cin+m—1 )
0 - a bl Ch—1n " Cn—1n+m—1
o --- 0 a dy s A1 € Tn+m_1(R)Z a, bi, dj, Cij € R
o --.-. 0 0 ce a dl

L o --- 0 0 R 0 a J
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Also, let T,, ,,,(R) be

( a bl b2 bn,1
0 a bl bn—Z
0 0 a by 0
0O 0 O a
a Cp Co - Cm—1 = Tner(R) - a, bi7 Cj € R R
0 a ¢ - Cps
0 0 0 a Cm—3
\ 0 0 0 a )
and let )
a by by by by -+ by
0 a ¢ ¢ €3 -+ Cpo
0 0 a b by -+ bys
Un(R) = 0O 0 0 a Cl -+ Cp_a GTn(R) a,bi’cj c R
o 0o 0 o0 o0 --- a
) 7

Thus, we come to the following assertion.
Corollary 2.12. Let R be a ring. Then, the following statements are equivalent:
(1) R is a GWNC ring;
(2) Spm(R) is a GWNC ring;
(3) Tym(R) is a GWNC ring;
4) U,(R) is a GWNC ring.

Let us now recall that a ring R is called local, provided R/J(R) is a division ring, that is,
every element of R lies in either U(R) or J(R).

We are now establishing a series of preliminary claims before formulating the major assertion.

Proposition 2.2. Let R be a ring with only trivial idempotents. Then, R is GWNC if, and only
if, R is a local ring with J(R) nil.

Proof Assuming R is a GWNC ring, Lemma 2.2 insures that J(R) is nil. Now, if a ¢ U(R),
then we have either a = ¢+ 1 or a = ¢ £ 0, where ¢ € Nil(R). Since a is not a unit, it must be
that « = ¢ + 0, implying a = ¢ € Nil(R). So, according to [27, Proposition 19.3], R is a local
ring.

Conversely, suppose R is a local ring with nil Jacobson radical J(R). So, for each a ¢ U(R),
we have a € J(R) C Nil(R), whence a is a weakly nil-clean element, as required. O

Proposition 2.3. Let R and S be rings. If R x S is GWNC, then R and S are weakly nil-clean.

Proof Leta € R be an arbitrary element, so (a,0) € R x S is not a unit. Then, we have
(a,0) = (¢,0) & (e, 0), where (g, 0) is a nilpotent and (e, 0) is an idempotent in R x S, whence
a = q £ e, where ¢ is a nilpotent and e is an idempotent in R. So, a is a weakly nil-clean
element. Thus, R is a weakly nil-clean ring. Similarly, S is a weakly nil-clean ring. U
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Proposition 2.4. Let R; be a ring for all i € I. If [[\_, R; is GWNC, then each R; is GWNC.
P ro o f Itis immediate referring to Corollary 2.3. 0J

Proposition 2.5. The direct product [[_, R; is GWNC for n > 3 if, and only if, each R; is
weakly nil-clean and at most one of them is not nil-clean.

Proof

(=). Assume [/, R; is a GWNC ring. Therefore, by Proposition 2.3, [[/=' R; and R, are
weakly nil-clean rings. Thus, owing to [4, Proposition 3], with no loss of generality, we may
assume that, for each 1 <7 <n — 2, R; is a nil-clean ring. Again, since

n

HRZ- = (Rl X ... X Rn_Q) X (Rn—l X Rn)7

i=1

Proposition 2.3 implies that R, | X R, is weakly nil-clean. Therefore, [4, Proposition 3] allows
us to assume that R,,_; is nil-clean and R,, is weakly nil-clean, as needed.
(«). It follows directly from [4, Proposition 3]. U

A more concrete exhibition relevant to the previous proposition is the following.

Example 2.3. The ring Zs x Zs is GWNC, but Zs is not nil-clean. The ring Zg is weakly
nil-clean, but Zg x Zg is not GWNC.

Two related consequences are the following.

Corollary 2.13. Let L = [],.; R; be the direct product of rings R; = R and |I| > 3. Then,
L is a GWNC ring if, and only if, L is a GNC ring if, and only if, L is nil-clean if, and only
if, R is nil-clean.

Corollary 2.14. For any n > 3, the ring R" is GWNC if, and only if, R" is GNC if, and only
if, R is nil-clean.

We are now looking at the triangular matrix ring.
Proposition 2.6. Let R be a ring. Then, the following are equivalent:
(1) R is nil-clean;
(2) T,.(R) is weakly nil-clean for all n € N;
(3) T, (R) is weakly nil-clean for some n > 3;
4) T,.(R) is GWNC for some n > 3.

Proof

(1) = (2). This follows employing [20, Theorem 4.1].

(2) = (3) = (4). These two implications are trivial, so we remove the details.

(4) = (1). Setting I := {(a;;) € T,(R) | a;; = 0}, we obtain that it is a nil-ideal in T, (R)

Tn(R)

with % = R"™. Therefore, Corollary 2.14 is applicable to get the pursued result. 0

The next example illustrates that some of the restrictions in the preceding proposition cannot
be eliminated.
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Example 2.4. The ring Ty(Z3) is GWNC, but Zj is not nil-clean. The ring Zg is weakly
nil-clean, but Ty(Zs) is not GWNC.

The next technicality is worthy of documentation.
Lemma 2.4. Let R be a ring and 2 € J(R). Then, the following two points are equivalent:
(1) R is a GWNC ring;
(2) R is a GNC ring.

Proof

(2) = (1). It is straightforward.

(1) = (2). Note that 7R) is of characteristic 2, because 2 € J(R), and so a = —a for
each a € m That is why, m is a GNC ring, and so we can invoke [15, Proposition 2.11]
as J(R) is nil in virtue of Proposition 2.1. O

A ring R is said to be exchange if, for any a € R, there exists an idempotent ¢ € aR such
that 1 —e € (1 —a)R (see, e.g., [31] and [30]). Notice that every clean ring is exchange,
whereas the converse is true in the abelian case (see [31, Proposition 1.8]). Moreover, a ring R
is said to be weakly exchange if, for any a € R, there exists an idempotent e € aR such that
l—-e€(l—a)Rorl—e€ (14+a)R (see, e.g., [10]). Note that any weakly clean ring is weakly
exchange, while the converse is valid for abelian rings (see [10, Theorem 2.1]).

Two more helpful technical claims are the following.
Lemma 2.5. Let R be a ring. Then, the following are equivalent:
(1) R is a strongly weakly nil-clean ring;
(2) R is both WUU and GWNC.

Proof

(1) = (2). We know that each strongly weakly nil-clean ring is weakly nil-clean, and hence
1s GWNC. Also, every strongly weakly nil-clean ring is WUU appealing to [17, Proposition 2.1].
(2) = (1). We know that each GWNC ring is weakly clean, whence is weakly exchange, so
the conclusion follows from [6, Theorem 3.6]. O

Lemma 2.6. 4 ring R is strongly nil-clean if, and only if,
(1) R is GWNC, and
(2) R is an UU ring.
Proo f Itis immediate from the combination of [6, Corollary 3.4] and Lemma 2.2. O

A ring R is said to be strongly m-regular provided that, for any a € R, there exists a natural
number n such that a” € a"™'R. A ring R is called semi-potent if every one-sided ideal not
contained in J(R) contains a non-zero idempotent.

We now have the following coincidences.
Corollary 2.15. Let R be an UU ring. Then, the following are equivalent:

(1) R is a strongly clean ring;
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(2) R is a strongly nil-clean ring;
(3) R is a GSNC ring;

(4) R is a strongly m-regular ring;
(5) R is a GNC ring;

(6) R is a GWNC ring;

(7) R is a semi-potent ring;

(8) R is a weakly clean ring;

(9) R is a weakly exchange ring.

Proof

(1), (2), (3), and (4) are equivalent by [16, Corollary 2.20].

(2) and (5) are equivalent via [15, Corollary 2.28].

(2) and (6) are equivalent by Lemma 2.6.

(2) and (7) are equivalent via [21, Theorem 2.25].

(6) = (8). It is elementary thanks to Corollary 2.1.

(8) = (6). Let R is a weakly clean ring and let a € R, so we have a +1 = u + e, where u is a
unit in R and e is an idempotent in R. Thus, a = (u— 1) + e, where u — 1 is a nilpotent element
in R. So, R is a weakly nil-clean ring and hence is a GWNC ring.

(9) and (2) are equivalent under validity of [18, Theorem 2.4] and [6, Corollary 3.4]. U

Lemma 2.7. Let R be a local ring. Then, the following are equivalent:
(1) R is a GWNC ring;
(2) R is a GNC ring.

Proo f It is routine that every division ring is GNC, so the result is concluded exploiting
Lemma 2.2. UJ

Lemma 2.8 (see [4, Lemma 24]). Let D be a division ring. If |D| > 4 and a € D\{0,1, -1},
then (8 8) € M,,(D) is not weakly nil-clean.

Lemma 2.9. Let n > 2 and let D be a division ring. Then, the matrix ring M,,(D) is a GWNC
ring if, and only if, either D = 7y, or D = 73 and n = 2.

Proof If D = Z,, then M, (D) is nil-clean and hence is GWNC. If, however, D = Z;
and n = 2, then My(Z3) is a GWNC ring.

Oppositely, if M, (D) is a GWNC ring and |D| > 4, then Lemma 2.8 gives that, for
a 0
0 0
weakly nil-clean, leading to a contradiction. Therefore, it must be that |D| = 2 or |D| = 3. If,
foremost, |D| = 2, then D = Z,. If, next, |D| = 3, then D = Zj. Besides, we have n = 2,
(1) _01) € My(Zs), so we have A := AOH 8 € M, (Zs) is
not weakly nil-clean for all n > 3 arguing as in the proof of [4, Theorem 25]. Likewise, one
inspects that A is not a unit, a contradiction. UJ

every a € D\{0,1, —1}, the element € M,,(D) is a non-unit in M,,(D) which is not

as for otherwise, let Ay, = (
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As two consequences, we extract:

Corollary 2.16. Let n > 3 and let D be a division ring. Then, the matrix ring M, (D) is
a GWNC ring if, and only if, D = Z,.

Corollary 2.17. Let R be a ring with no non-trivial idempotents and n > 2. Then, the following
conditions are equivalent:

(1) M,,(R) is a GWNC ring;

(2) either R/J(R) = Zs for n > 2 and M,(J(R)) is nil, or R/J(R) = Zs for n = 2
and M,,(J(R)) is nil.

Proof Assume M,(R) is a GWNC ring. We show that R is local. Let a € R. Consider
A = ae;; ¢ GL,(R). Thus, there exist £ € Id(M,(R)) and Q € Nil(M,(R)) such that
A=FE+Qor A= —FE+ Q. Assuming first that A = E+ Q, then —A = ([, — E) — (Q + 1,,).
Let U := I, + Q € GL,(R). Therefore,

~U'A=UY1, - E)UU ™ —I,.

Let F =U"!(I, — F)U. Hence, —(I,, — F)U'A = —(I,, — F). So,

e ---0

*0---0
[n_F: e )

¥*0---0

where e € {0,1} since R is a ring with no non-trivial idempotents. If, firstly, e = 0, then
I, — F = 0 implying F = I,,. Since F = U (I, — E)U, we get E = 0, hence A = Q €
€ Nil(M,(R)), so a € Nil(R) forcing 1 — a € U(R).

00 --- 0

100 | -
Assume next that e = 1, then F' = [ . = |. Choosing U~! = (v;;), and bearing in

%0 - 1

mind —~U'A = FU~! — I,,, we have v;;a = 1. Moreover, since R is a ring with no non-trivial
idempotents, and avy; € Id(R), either avy; = 0 or avy; = 1. If avyy = 0, from vi1a = 1, we
deduce a = 0, a contradiction. Therefore, av;; = 1.

Now, suppose A = —E + Q. Then, A= (I — E)+ (Q — I). Assuming U = @ — I, and
similarly to the above arguments, we can demonstrate that either a € U(R) or 1 — a € U(R)
yielding that R is a local ring.

Since M,,(R) is a GWNC ring, it follows that M, (R/J(R)) is also GWNC. Taking into
account Lemma 2.9, for n > 3 we get R/J(R) = Z,, and for n = 2 we get either R/J(R) = Z,
or R/J(R) = Zs. Additionally, with the help of Proposition 2.1, J(M,(R)) = M, (J(R)) is
nil, as required. U

Recall that a ring R is Boolean if every its element is an idempotent, that is, R = Id(R).

We now have all the ingredients necessary to establish the following two main results.

Theorem 2.1. Let R be a commutative ring. Then, M, (R) is GWNC if, and only if, M,,(R) is
nil-clean for all n > 3.
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Proof

(=) Let M be a maximal ideal of R and n > 3. Hence, M, (R/M) is GWNC. Since
R/M is a field, it follows from Corollary 2.16 that R/M = Z,. Thus, R/J(R) is isomorphic
to the subdirect product of Zy’s; whence, R/J(R) is Boolean. Employing [3, Corollary 6],
M,,(R/J(R)) is nil-clean. Apparently, J(M,(R)) is nil. Accordingly, M, (R) is nil-clean in
view of [20, Corollary 3.17].

(«<=) This is obvious, so we omit the details. O

Recall that a ring R is said to be semi-local if R/J(R) is a left artinian ring or, equivalently,
if R/J(R) is a semi-simple ring.

Our next pivotal result is the following.

Theorem 2.2. Let R be a ring. Then, the following conditions are equivalent for a semi-local
ring:

(1) R is a GWNC ring;

(2) either R is a local ring with a nil Jacobson radical, or R/J(R) = My(Z3) with a nil
Jacobson radical, or R/ J(R) = Z3 x Zs with a nil Jacobson radical, or R is a weakly
nil-clean ring.

Proof

(2) = (1). The proof is straightforward by combining Lemma 2.9 and Proposition 2.1. Also,
we know that Z3 x Zs is a GWNC ring.

(1) = (2). Since R is semi-local, R/J(R) is semi-simple, so we have

m

R/J(R) = [ [ M, (D)),

i=1

where each D; is a division ring. Moreover, the application of Proposition 2.1 leads to J(R)
is nil, and R/J(R) is a GWNC ring. If m = 1, then Lemma 2.9 applies to get that either
R/J(R) = D; or R/J(R) 2 M,,(Zs) or R/J(R) = My(Zs).

However, we know that M,,, (Z,) is nil-clean and hence is weakly nil-clean, so R/J(R) is
weakly nil-clean. As J(R) is nil, R is weakly nil-clean. If m = 2, so

R/J(R) = M,,(Dy) x M, (D>).

As R/J(R) is GWNC, both M,,, (D;) and M,,, (D) are weakly nil-clean using Proposition 2.3.
Thus, Dy = Zy, or Dy = Z3 and n; = 1; Dy = Zy, or Dy = Z3 and ny = 1. Consequently, we
have

R/ J(R) = My, (Za) X My, (Zs),

or
R/J(R) = Mn1 (Zg) X Zg,

or
R/J(R) = Zg X Zg.

Knowing that M,,, (Zy) x M,,(Z,) is nil-clean, so R/J(R) is nil-clean, and hence is weakly
nil-clean. As J(R) is nil, R is weakly nil-clean (see [4]).

But, we also know enabling from [4] that M,, (Z;) x Zg is weakly nil-clean and hence
R/J(R) is too weakly nil-clean. As J(R) is nil, as above, R is weakly nil-clean. If m > 2,
then Proposition 2.5 employs to derive that each M, (D;) is weakly nil-clean and at most one
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of them is not nil-clean. Finally, referring to [4, Theorem 25] and [23, Theorem 3], for any
1 < i < m, we deduce D; = Z, and there exists an index, say j, with D; = Z,, or D; = Zj
and n = 1. Therefore, [4, Corollary 26] applies to conclude that R is a weakly nil-clean ring, as
expected. U

Two more consequences sound like these.

Corollary 2.18. Let R be a ring. Then, the following conditions are equivalent for a semi-simple
ring:

(1) R is a GWNC ring;

(2) either R is a division ring, or R = My(Z3), or R = Z3 X Zs, or R is a weakly nil-clean
ring.

Corollary 2.19. Let R be a ring. Then, the following conditions are equivalent for an artinian
(in particular, a finite) ring:

(1) R is a GWNC ring.

(2) either R is a local ring with a nil Jacobson radical, or R/J(R) = My(Z3) with a nil
Jacobson radical, or R/ J(R) = Zs X Zs with a nil Jacobson radical, or R is a weakly
nil-clean ring.

It is long known that a ring R is called 2-primal if its lower nil-radical Nil,(R) consists
precisely of all the nilpotent elements of R. For instance, it is well known that both reduced
rings and commutative rings are 2-primal.

We are now planning to establish the following.

Proposition 2.7. Let R be a 2-primal ring and n > 3. Then, M,,(R) is GWNC if, and only if,
R/J(R) is Boolean and J(R) is nil.

Proof
(«<=) Invoking [25, Theorem 6.1], we conclude that M, (R) is nil-clean, whence is weakly
nil-clean, so that it is GWNC.
(=) Since M,,(R) is GWNC, one follows that M, (R)/J (M,(R)) = M, (R/J(R)) is GWNC
appealing to Corollary 2.3, and J(M,(R)) = M, (J(R)) is nil appealing to Proposition 2.1. It
now follows that J(R) is nil. But since R is 2-primal, it also follows that Nil,(R) = J(R) =
= Nil(R) and hence R/J(R) is a reduced ring. Therefore, R/J(R) is a sub-direct product of
a family of domains {S;};c;. As being an image of M, (R/J(R)), the matrix ring M,,(S;) is
also GWNC. Therefore, Corollary 2.17 allows us to obtain that, for each i € I, S;/J(S;) = Zs.
On the other hand, for each ¢ € I, S; is a domain and, as well, M,,(.S;) is a GWNC ring,
Lemma 2.2 insures that J(.S;) = {0}. Thus, for each ¢ € I, S; = Z,. Hence, we see that R/ J(R)
is a subring of the Boolean ring [] S;. So, finally R/J(R) is a Boolean ring, as promised. [
iel

We, thereby, yield:

Corollary 2.20. Let R be a 2-primal ring and n > 3. Then, M,,(R) is GWNC if, and only if,
R is a strongly nil-clean ring.

As is well-known, a ring R is called NI if Nil(R) is an ideal of R.

The next series of statements somewhat describes the structure of GWNC matrix rings under
various limitations.
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Proposition 2.8. Let R be an NI ring and n > 3. Then, M, (R) is GWNC if, and only if,
R/J(R) is Boolean and J(M,(R)) is nil.

Proof

(<=) Assume that R/J(R) is Boolean and J(M,(R)) is nil. Thus, an appeal to [3, Corollary 6]
assures that M,,(R/J(R)) = M,(R)/J(M,(R)) is a nil-clean ring, so it is a GWNC ring. On
the other side, since J (M, (R)) is nil, Lemma 2.2 ensures that M, (R) is a GWNC ring.

(=) Assume that M,,(R) is a GWNC ring. So, owing to Lemma 2.2, we have that J (M, (R))
is nil, which forces at once that J(R) is nil. Furthermore, since R is an NI ring, we
have Nil(R) = J(R). Therefore, the ring R/J(R) is obviously reduced and thus 2-primal.
Hence, M,(R/J(R)) is a GWNC ring as being a homomorphic image of M,(R) and, as
R/J(R) is 2-primal, Proposition 2.7 guarantees that R/J(R) is Boolean, as needed. O

Proposition 2.9. Let R be an abelian ring and n > 3. Then, M,,(R) is GWNC if, and only if,
R/J(R) is Boolean and J(M,(R)) is nil.

Proo f If R/J(R) is Boolean and J(M,(R)) is a nil-ideal, then [25, Corollary 6.5] implies
that M,,(R) is a nil-clean ring and thus is GWNC.

Reciprocally, assume that M, (R) is a GWNC ring. Then, according to Lemma 2.2,
J(M,(R)) = M, (J(R)) is a nil-ideal. To illustrate that R/.J(R) is Boolean, we first establish
that R is a weakly clean ring. Since M,,(R) is a GWNC ring, in accordance with Corollary 2.1,
M,,(R) is a weakly clean ring and thus is weakly exchange. Therefore, [14, Proposition 2.1] is
applicable to infer that R is a weakly exchange ring. However, since R is an abelian ring, in
virtue of [10, Theorem 2.1], we conclude that R is a weakly clean ring, as wanted.

Furthermore, since R is an abelian weakly clean ring, it follows from [24, Proposition 14]
that, for each left primitive ideal I, we have R/I = M,,(D), where 1 < m < 2 and D is a
division ring. We prove that D = Z,. In fact, since M,,(R) is a GWNC ring, Corollary 2.3 is a
guarantor that M,,(R//) is a GWNC ring too. Since n > 3, Corollary 2.16 helps us to conclude
that D = Z,. But, [27, Theorem 12.5] or [28] gives that R/J(R) is a subdirect product of
primitive rings, so that R/J(R) is a subdirect product of the M,,(Z,), where 1 < m < 2. In the
other vein, since R is abelian and J(R) is nil, [12, Corollary 2.5] means that R/.J(R) is abelian,
so R/J(R) is a subdirect product of Z,, thus R/J(R) is Boolean, as desired. O

A ring R is called NR, provided Nil(R) is a subring of R. Certainly, each NI ring is NR,
that implication is generally irreversible. Thus, we substantiate the following expansion of
Proposition 2.8.

Proposition 2.10. Let R be an NR ring and n > 3. Then, M, (R) is GWNC if, and only if,
R/J(R) is Boolean and J(M,(R)) is nil.

Proof

(<=) The proof is similar to the proof of Proposition 2.8.

(=) It suffices to show that R/J(R) is Boolean. To that aim, assume R is an NR ring. Since
M, (R) is a GWNC ring, we have that J(R) is nil. Thus, by [9, Proposition 2.16], it follows
that R/J(R) is abelian. Therefore, via Proposition 2.9, we have that R/.J(R) is Boolean, as
wanted. 0J

Three more consequences are as follows:

Corollary 2.21. Let R be a local ring and n > 3. Then, M,,(R) is GWNC if, and only if,
R/J(R) = Zy and J(M,(R)) is nil.
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Proof

(«<=) It is clear.

(=) It is enough to demonstrate only that R/.J(R) = Z,. Indeed, since M, (R) is a GWNC
ring, we discover that M,,(R/J(R)) = M, (R)/J(M,(R)) is a GWNC ring as well. And since
R is local, R/J(R) is a division ring. Therefore, Corollary 2.16 insures that R/J(R) = Z,, as
asked for. O

Corollary 2.22. Let R be a reduced ring and n > 3. Then, M,,(R) is GWNC if, and only if,
R is Boolean.

Proof

(«<=) It follows directly from [3, Corollary 6].

(=) As R is reduced, R is 2-primal. However, we receive J(R) = Nil(R) = {0}. Then, the
result follows at once from Proposition 2.7, as promised. U

The next comments are worthy of documentation.

Remark 2.1. As the referee noticed, if the factor-ring R/.J(R) is boolean, then M, (R/J(R))
is nil-clean as [3, Corollary 6] unambiguously showed. If, moreover, J (Mn(R)) 1s also nil,
then M,,(R) is nil-clean thankfully to [3, Lemma 4]. So, in view of Theorem 2.1, each of the
corresponding subsequent results has a consequence which directly states that M,,(R) is GWNC
if, and only if, M,,(R) is nil-clean, as expected.

An element r of a ring R is called regular if there exists an element z € R such that r = rar.
Moreover, if every element in a ring is regular, then we call it a regular ring. A ring in which,
for every r € R, there is € R such that r?z = r is called strongly regular.

Corollary 2.23. Let R be a strongly regular ring and n > 3. Then, M,,(R) is GWNC if, and
only if, R is Boolean.

Proof

(«<=) It is direct from [3, Corollary 6].

(=) It is well known that every strongly regular ring is a subdirect product of division rings
(see, e.g., [27,28]). Then, M, (R) is a subdirect product of matrix rings over division rings
(cf. [27,28]). By virtue of Corollary 2.3, we deduce that each such matrix ring is GWNC, hence
Corollary 2.16 allows us to infer that every division ring is isomorphic to Z,. Thus, R must be
Boolean, as asserted. O

The next technicality is useful.

Lemma 2.10. Let R be a ring such that R = S + K, where S is a subring of R and K is a
nil-ideal of R. Then, S is GWNC if, and only if, R is GWNC.

Proof Weknow that, SN K C K is a nil-ideal of S. Also, we can write that
R/K=(S+K)/K=S/(SNK).
Therefore, Proposition 2.1 is applicable inferring the desired result. U

Let A, B be two rings, and M, N be (A, B)-bi-module and (B, A)-bi-module, respectively.
Also, we consider the bilinear maps ¢: M ®g N — A and ¢¥: N ® 4 M — B that apply to the
following properties.

Idy ®ptY = ¢ @a1dy, Idy®@a¢ =19 @pldy.
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For m € M and n € N, define mn := ¢(m ® n) and nm = ¢(n ® m). Now, the 4-tuple

A M e . . . . .
R = ( N B) becomes to an associative ring with obvious matrix operations that is called a
Morita context ring. Denote two-side ideals Im ¢ and Im v to M N and N M, respectively, that

are called the trace ideals of the Morita context (compare also with [2]).
We are now intending to prove the following.

A M
N B
nilpotent ideals of A and B, respectively. If R is a GWNC ring, then A and B are weakly
nil-clean rings. The converse holds provided one of the A or B is nil-clean and the other is
weakly nil-clean.

Proposition 2.11. Let R = be a Morita context ring such that M N and NM are

P roof Apparently, since MN C J(A) and NM C J(B), by using [35, Lemma 3.1(1)],
we have J(R) = (‘]5\‘;1) JJ(WB)) and R/J(R) = A/J(A) x B/J(B). Since R is a GWNC
ring, a consultation with Corollary 2.3 assures that that R/J(R) is also GWNC. Therefore, the
exploitation of Proposition 2.4 gives that A/.J(A) and B/.J(B) are weakly nil-clean. Moreover,
since J(R) is nil, we infer that both J(A) and J(B) are nil too. Hence, from [4, Lemma 1], we
conclude that A and B are weakly nil-clean.

As for the converse, let us assume that A or B is nil-clean and the other is weakly nil-clean.

A 0) . . MN M\ .
WehaveR:S—i—K,whereS:(O B) 1sasubr1ng0fRandK—(N NM) is a

nil-ideal of R since l z
o (((MN) (MN)
(NM)YN  (NM)
for every [ € N. Furthermore, as S = A x B, Proposition 2.5 enables us that S is a GWNC
ring. Therefore, knowing Lemma 2.10, we deduce that R is a GNC ring as well. UJ

Now, let R, S be two rings, and let M be an (R, S)-bi-module such that the operation
(rm)s = r(ms) is valid for all » € R, m € M and s € S. Given such a bi-module M, we can

T e (59

where this set forms a ring with the usual matrix operations. The so-stated formal matrix
T(R, S, M) is called a formal triangular matrix ring. In Proposition 2.11, if we set N = {0},
then we will obtain the following claim.

TER,TTLEM,SES},

Corollary 2.24. Let R, S be rings and let M be an (R, S)-bi-module. If the formal triangular
matrix ring T(R, S, M) is GWNC, then R, S are weakly nil-clean. The converse holds if one
of the rings R or S is nil-clean and the other is weakly nil-clean.

Given a ring R and a central elements s of R, the 4-tuple R) becomes a ring with

R
R R
addition component-wise and with multiplication defined by

a; I Ao X9 _ aiag + ST1Y2 Q12X + Jflbz
y1 b Y2 bo yi1az +biys  Sy1T2 + biby )

This ring is denoted by K (R). A Morita context (;3 j\g{) with A=B=M=N=R

is called a generalized matrix ring over R. As the referee kindly noted, the term generalized
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matrix ring is also used for formal matrix rings of arbitrary order (e.g., see [33]). For example,
M, (R; s) is a generalized matrix ring over R too.

Furthermore, it was observed by Krylov in [26] that a ring S is a generalized matrix ring
over R if, and only if, S = K (R) for some s € Z(R). Here MN = NM = sR, so
MN C JA) <= s € J(R), NM C J(B) <= s € J(R), and MN, NM are nilpotent
<= s is a nilpotent.

We, thereby, obtain the following.

Corollary 2.25. Let R be a ring and s € Z(R) N Nil(R). If Ks(R) is a GWNC ring, then R is
a weakly nil-clean ring. The converse holds, provided R is a nil-clean ring.

Furthermore, imitating Tang and Zhou (cf. [34]), for n > 2 and for s € Z(R), the nxn formal
matrix ring over R defined by s, and denoted by M,,(R; s), is the set of all n x n matrices over R
with usual addition of matrices and with multiplication defined below:

for (aij) and (sz) n Mn(R, S), set (al-j)(bl-j):(cl-j), where (Cij>2285ikjaikbkj.

Here, 0;j, = 1 + i — 0ij — 05, Where 0y, 6;;, 0;; are the Kroncker delta symbols.
We, thus, come to the following.

Corollary 2.26. Let R be a ring and s € Z(R) N Nil(R). If M,,(R;s) is a GWNC ring, then
R is a weakly nil-clean ring. The converse holds, provided R is a nil-clean ring.

Proof Ifn =1, then M, (R;s) = R. So, in this case, there is nothing to prove. Let n = 2.
By the definition of M, (R;s), we have My(R;s) = K,:(R). Apparently, s> € Nil(R) N Z(R),
so the claim holds for n = 2 with the help of Corollary 2.25.

To proceed by induction, assume now that n > 2 and that the assertion holds for M,,_1(R; s).

Set A :=M,,_1(R;s). Then, M,,(R;s) = <]<17 R) is a Morita context, where
Mln
M = and N = (Mnl c. Mn,n—l)
Mn—l,n

with M;, = M,; = Rforall:=1,...,n— 1, and

YV NQM— N, n®mw— snm
o M@N — M, m®n— smn.

Tin
Besides, for x = : e Mand y = (Yn1 - Ynn-1) € N, we write
Tp—1,n

2

S"T1nYn1 ST1nYn2 o e lenyn,nfl

2
SToanlYnl S TonYn2 o e SxQnyn,nfl
Ty = . ) ) . € sA
2
STn—1nYnl STn—-1nYn2 -+ S Tpn—1nYnn-1

and
.2 2 2 ZR
Yr = S Yn1Tin + s Yn2Ton +--+s Ynn—1Tn—1n €s .
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Since s is nilpotent, we see that M N and N M are nilpotent too. Thus, we obtain that

M. (R:s) _ A R

T(Mo(Rys))  J(A) < J(R)

Finally, the induction hypothesis and Proposition 2.11 yield the claim after all. 0J

A Morita context ]13 j\g{) is called trivial, if the context products are trivial, i.e., M N =0

and NM = 0. We now have

A M\ L
(N B):T(AXB,MEBN),

where <]13 j\g{) is the trivial Morita context by consulting with [22].

An other consequence is the following.

Corollary 2.27. If the trivial Morita context is a GWNC ring, then A, B are weakly

A M
N B
nil-clean rings. The converse holds if one of the rings A or B is nil-clean and the other is
weakly nil-clean.

Pro o f Itis apparent to see that the isomorphisms

A M\ _ (AxB M®N
(4 ) ertanmarome (457 4N

are fulfilled. Then, the rest of the proof follows by combining Corollary 2.6 and Proposition 2.3.
O

§3. GWNC group rings

We are concerned here with the examination of groups rings in which all non-units are
weakly nil-clean. To this target, following the traditional terminology, we say that a group G is
a p-group if the order of every element of G is a power of the prime number p. Moreover, a
group G is said to be locally finite if every its finitely generated subgroup is finite.

Suppose now that G is an arbitrary group and R is an arbitrary ring. As usual, RG stands
for the group ring of G over R. The homomorphism ¢: RG — R, defined by 5(2 agg) =

geG
= Y ag, is called the augmentation map of RG and its kernel, denoted by A(RG), is called
geG
the augmentation ideal of RG.
Before receiving our major assertion of this section, we start our considerations with the next
few preliminaries.

Lemma 3.1. If RG is a GWNC ring, then R is GWNC too.

P ro o f We know that RG/A(RG) = R. Therefore, in virtue of Corollary 1.3, it follows that
R must be a GWNC ring, as stated. 0J

Lemma 3.2. Let R be a GWNC ring with p € Nil(R) and let G be a locally finite p-group,
where p is a prime. Then, the group ring RG is GWNC.
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Pro o f In accordance with [11, Proposition 16], we know that A(RG) is a nil-ideal. Thus,
since A(RG) is nil and RG/A(RG) = R, Proposition 1.1(1) allows us to infer that RG is a
GWNC ring. O

According to Lemma 3.1, if RG is a GWNC ring, then R is also a GWNC ring. In what
follows, we will focus on the topic of what properties the group G will have when RG is a
GWNC ring. Before formulating the chief results, we need a series of preliminary technical
claims.

Explicitly, we obtain the following two assertions.
Lemma 3.3. Suppose R is a GWNC ring. Then, either 2 € U(R) or 2 € Nil(R) or 6 € Nil(R).

Proof Assume for a moment that 2 ¢ U(R). Then, there exists ¢ € Id(R) and ¢ € Nil(R)
such that 2 = ¢ + e. Note that eq = qe, because 2 is a central element. If 2 = e + ¢, then
l—e=q—1€ld(R)NU(R). Thus, e = 0, which implies 2 = ¢ € Nil(R). Now, if 2 = —e+g,
we have 4 = e + p for some p € Nil(R). Hence, 6 = 4+ 2 = p+ ¢ € Nil(R) by noting that
pq = qp. O

Lemma 3.4. Suppose R is a ring such that 2 ¢ U(R). Then, the following conditions are
equivalent:

(1) R is a GWNC ring;
(2) either R is a GNC ring or R is weakly nil-clean.

Proof

(2) = (1) It is obvious, so we drop off the details.

(1) = (2) Mimicking Lemma 3.3, we have that either 2 € Nil(R) or 6 € Nil(R). If 2 € Nil(R),
it is clear that R is a GNC ring. If 6 € Nil(R) and, for n € N, we have 6™ = 0, then
R = Ry ® Ry, where Ry = R/2"R and Ry, = R/3"R. However, Proposition 2.3 tells us that
Ry and R, are weakly nil-clean rings. Moreover, since 2 € Nil(R;), R; is a nil-clean ring.
Thus, [4, Proposition 3] implies that R is a weakly nil-clean ring, as required. U

Let us now remember that a ring R is said to be an [U ring if, for any a € R, either a or —a
is the sum of an involution and a unipotent. We now need to record the following.

Lemma 3.5 (see [7, Lemma 4.2]). Let R be a ring. Then, the following are equivalent:
(1) R is an 1IU ring;
(2) R is weakly nil-clean and 2 € U(R).
We now can attack the truthfulness of the following key statement.

Theorem 3.1. Let R be a ring such that 2 ¢ U(R), and G be a non-trivial abelian group such
that RG is a GWNC ring. Then, G is a 2-group, where 2 belongs to Nil(R).

Proof Suppose RG is a GWNC ring. From Lemma 3.4, we have that either RG is a
GNC ring or RG is a weakly nil-clean ring. If, foremost, RG is a GNC ring, one concludes
from [15, Theorem 3.8] that GG is a p-group, where p € Nil(R). If p is odd, this obviously
contradicts the initial requirement 2 ¢ U(R), so it must be that p = 2.

If RG is a weakly nil-clean ring, then [1, Theorem 1.14] riches us that either R is a nil-clean
ring and G is a 2-group, or R is an IU ring and G is a 3-group. If R is a nil-clean ring and G is a
2-group, there is nothing left to prove, because from [20, Proposition 3.14], we have 2 € Nil(R).
However, if R is an IU ring and G is a 3-group, from Lemma 3.5, we have 2 € U(R), which is
a contradiction. U
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§4. Open Questions

We finish our work with the following two questions which allude us.

Problem 4.1. Examine those rings whose non-invertible elements are strongly weakly nil-clean
in the sense of [7].

A ring R is called uniquely weakly nil-clean, provided that R is a weakly nil-clean ring in
which every nil-clean element is uniquely nil-clean.

Problem 4.2. Examine those rings whose non-invertible elements are uniquely weakly nil-clean.
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BECTHUK YIMYPTCKOI'O YHUBEPCHUTETA. MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKH
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I1. lanues, O. Xacanzaoe, A. /Dcasan, A. Myccasu

Kosibna, HeoOpaTuMble 3JIeMeHThI KOTOPBIX SIBJISIIOTCS €J1a00 HYJIb-YMCThIMH

Kniouegvie cnosa: UIEMIIOTEHT, HUIBIIOTEHT, OOPAaTUMBIH JIEMEHT, cl1a00 HYIb-4UCTOE KOJIBIIO.
YAK 512.71

DOI: 10.35634/vm250103

Hannast paboTa HaxoguTcs B pyclie HAIIMX MOCICAHUX HCCIENOBAaHMN Kojel, 00JaJarolIuX CBOHCTBAMH
(cunbHOH, c1aboi) HyIb-4UCTOTHI. MBI yIITyOlleHHO M3y4aeM KaK CTPYKTypHBIE, TaK M XapaKTepHUCTHYe-
CKHE CBOWCTBA TAaKUX KOJEI, JUIsl KOTOPBIX 3JIEMEHTHI, He A61fiowuecss HeoOpaTUMBIMH, SBJISIIOTCS clabo
HYJIb-YHCTBIMH. TakKe paccMaTpUBAIOTCS M OMHMCHIBAIOTCS TPYIIIOBBIE KOJIbIIA TAKOTO pola. DTO B HEKO-
TOpOH CTENEeHH AOMOIHAET HAIIN HelIaBHUE Pe3yNIbTaThl B 3TOM HAIlpaBJIeHHWH, OMyOJIMKOBaHHEIE B Punjab
University Journal of Mathematics (2024), koraa oOpaTHMbIE 3JIEMEHTBI SIBISIOTCS CJ1a00 HYJIb-YHCTHIMU.

dunancupoBanue. Pabora mepsoro aBropa, [1. B. JlanueBa, yactuuHo nonaepxana Junta de Andalucia,
rpant FQM 264. Bee ocranbHble Tpu aBTOpa nopaepkusatorcs ponaom Bonyad Meli Nokhbegan u momy-
YaloT CPECTBA U3 ATOTrO (GoHIA.
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