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Âûâåäåíà ôîðìóëà, ñâÿçûâàþùàÿ ôóíäàìåíòàëüíîå ðåøåíèå è ìàòðèöó Êîøè
ëèíåéíîãî àâòîíîìíîãî ñêàëÿðíîãî óðàâíåíèÿ íåéòðàëüíîãî òèïà.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå íåéòðàëüíîãî òè-
ïà, ôóíäàìåíòàëüíîå ðåøåíèå, ôóíêöèÿ Êîøè.

Ðàññìîòðèì äèôôåðåíöèàëüíî-ðàçíîñòíîå óðàâíåíèå íåéòðàëüíîãî òèïà
(

E −
I∑

i=1
aiS

i

)
ẋ(t) =

(
J∑

j=0
bjS

j

)
x(t) + f(t), t ∈ R+, (1)

ãäå I ∈ N, J ∈ N0, ai, bj ∈ R, h ∈ R+, ôóíêöèÿ f : R+ → R ñóì-
ìèðóåìà íà êàæäîì êîíå÷íîì îòðåçêå [0, l], S � îïåðàòîð, îïðåäåëåííûé
ðàâåíñòâîì

(Sy)(t) =

{
y(t− h), t− h > 0,

0, t− h < 0.

Ñòàâèòñÿ çàäà÷à ïîëó÷åíèÿ ïðîñòûõ ôîðìóë, ñâÿçûâàþùèõ ôóíêöèþ
Êîøè è ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1).

Ïóñòü X � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1). Ïîñòàâèì åìó â
ñîîòâåòñòâèå ïîñëåäîâàòåëüíîñòü {xk}k∈Z, ýëåìåíòû êîòîðîé îïðåäåëÿþò-
ñÿ ðàâåíñòâîì xk(τ) = X(kh + τ) , τ ∈ [0, h], è äëÿ ýòîé ïîñëåäîâàòåëü-
íîñòè ñîñòàâèì ïðîèçâîäÿùóþ ôóíêöèþ FX(τ, z) =

∞∑
k=0

xk(τ)zk, z ∈ C.

Îáîçíà÷èì Pa(z) =
I∑

i=1
aiz

i , Pb(z) =
J∑

j=1
bjz

j .

Ëåììà 1. FX(τ, z) =
exp

(
Pb(z) τ
1−Pa(z)

)

1− z exp
(

Pb(z) h
1−Pa(z)

) , τ ∈ [0, h].

Ðàññìîòðèì óðàâíåíèå

Y (t) = 1 +
I∑

i=1
ai

(
SiY

)
(t) +

J∑
j=0

bjS
j

(∫ t

0
Y (µ) dµ

)
, t ∈ R+. (2)
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Ïîëîæèì Y (t) ≡ 0 ïðè t ∈ (−∞, 0) .
Ëåììà 2. Ïóñòü C � ôóíêöèÿ Êîøè óðàâíåíèÿ (1), Y � ðåøåíèå

óðàâíåíèÿ (2). Òîãäà C(t, s) = Y (t− s).

Ïóñòü C � ôóíêöèÿ Êîøè óðàâíåíèÿ (1). Ïîñòàâèì åé â ñîîòâåòñòâèå ñ
ïîìîùüþ ëåììû 2 ïîñëåäîâàòåëüíîñòü {yk}k∈Z, îïðåäåëåííóþ ðàâåíñòâîì

yk(τ) =

{
Y (kh + τ), τ ∈ [0, h),
lim

τ→h−0
Y (kh + τ), τ = h,

è ñîñòàâèì ïðîèçâîäÿùóþ ôóíêöèþ FC(τ, z) =
∞∑

k=0

yk(τ)zk, z ∈ C.

Ëåììà 3. FC(τ, z) =
1

1− Pa(z)

exp
(

Pb(z) τ
1−Pa(z)

)

1− z exp
(

Pb(z) h
1−Pa(z)

) , τ ∈ [0, h].

Ñëåäóþùèå òåîðåìû óñòàíàâëèâàþò ñâÿçü ìåæäó ôóíêöèåé Êîøè è
ôóíäàìåíòàëüíûì ðåøåíèåì, à òàêæå èõ ïðîèçâîäÿùèìè ôóíêöèÿìè.
Òåîðåìà 1. Ïóñòü rX , rC � ðàäèóñû ñõîäèìîñòè ðÿäîâ

∞∑
k=0

xk(τ)zk è
∞∑

k=0

yk(τ)zk. Òîãäà rC 6 rX , à äëÿ ñóìì ýòèõ ðÿäîâ èìååò ìåñòî ðàâåí-

ñòâî FC(τ, z) = 1
1−Pa(z)FX(τ, z) .

Òåîðåìà 2. Ïóñòü X � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1), à

Y � ðåøåíèå óðàâíåíèÿ (2). Òîãäà X(t) =
(

E −
I∑

i=1
aiS

i

)
Y (t).

Íà îñíîâàíèè ëåìì 1 è 3 ìîæíî èñëåäîâàòü àñèìïòîòè÷åñêîå ïîâåäå-
íèå ôóíêöèè Êîøè è ôóíäàìåíòàëüíîãî ðåøåíèÿ; â ÷àñòíîñòè, íåòðóäíî
ïîëó÷èòü êðèòåðèè ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè óðàâíåíèÿ (1).
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di�erential-di�erence equation of neutral type to its Cauchy function.
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