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Äàþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ èíâàðèàíòíîñòè ìíîæåñòâ äëÿ ñè-
ñòåì ñ ïîñëåäåéñòâèåì.

Êëþ÷åâûå ñëîâà: ñèñòåìû ñ ïîñëåäåéñòâèåì, ìíîæåñòâà âûæèâàåìîñòè, èíâàðè-
àíòíûå ìíîæåñòâà.

Ïóñòü çàäàíî ÷èñëî r > 0. Îáîçíà÷èì X = C([−r, 0],Rn)� ïðîñòðàí-
ñòâî íåïðåðûâíûõ íà îòðåçêå [−r, 0] ôóíêöèé ñî çíà÷åíèÿìè â Rn è íîð-
ìîé ‖ϕ‖X

.= max
s∈[−r,0]

|ϕ(s)|. Äëÿ íåïðåðûâíîé ôóíêöèè t → x(t) ∈ Rn,

t ∈ [t0− r, t0 + α) îáîçíà÷èì t → xt ∈ X, t ∈ [t0− r, t0 + α)� îòîáðàæåíèå
çàäàííîå ðàâåíñòâîì

xt(s)
.= x(t + s), t ∈ [t0 − r, t0 + α), s ∈ [−r, 0]. (1)

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñëå-
äåéñòâèåì

ẋ(t) = f(t, xt), (2)
xt0 = ϕ, (3)

ãäå f : R× X → Rn � íåïðåðûâíàÿ íà R× X ôóíêöèÿ, ϕ ∈ X.

Î ï ð å ä å ë å í è å 1. Ïóñòü M ⊂ R×X. Áóäåì ãîâîðèòü, ÷òî ìíîæå-
ñòâî M ÿâëÿåòñÿ ìíîæåñòâîì âûæèâàåìîñòè ñèñòåìû (2), åñëè äëÿ
ëþáîé òî÷êè (t0, ϕ) ∈ M íàéäåòñÿ ðåøåíèå çàäà÷è (2), (3) t → x(t) ∈ Rn,
t ∈ [t0−r, t0+α) òàêîå, ÷òî äëÿ âñåõ t ∈ [t0−r, t0+α) âûïîëíåíî âêëþ÷åíèå
(t, xt) ∈ M, ãäå t → xt ∈ X îïðåäåëåíî ðàâåíñòâîì (1).

Åñëè äëÿ ëþáîé òî÷êè (t0, ϕ) ∈ M è ëþáîãî ðåøåíèÿ t → x(t) ∈ Rn

çàäà÷è (2), (3) äâèæåíèå t → xt, îïðåäåëåíîå ðàâåíñòâîì (1), íå ïîêèäà-
åò ìíîæåñòâà M, òî áóäåì ãîâîðèòü, ÷òî ìíîæåñòâî M ïîëîæèòåëüíî
èíâàðèàíòíî.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò 06�01�00258).
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Òåîðåìà 1. Ïóñòü M � íåïóñòîå çàìêíóòîå ïîäìíîæåñòâî R×X,
f : R×X → Rn � íåïðåðûâíàÿ ôóíêöèÿ. Òîãäà M ÿâëÿåòñÿ ìíîæåñòâîì
âûæèâàåìîñòè ñèñòåìû (2) , åñëè è òîëüêî åñëè èìååò ìåñòî âêëþ÷å-
íèå f(t, ϕ) ∈ T(t,ϕ)M.

Çäåñü ïîä T(t0,ϕ)M ïîíèìàåòñÿ êëàññ ýêâèâàëåíòíîñòè {t → yt}, ãäå îòîá-
ðàæåíèå t → yt îïðåäåëåíî ðàâåíñòâîì (1) è ôóíêöèåé

y(t) = ϕ(t− t0), t ∈ [t0 − r, t0],
y(t) = ϕ(0) + (t− t0)f(t0, ϕ), t ∈ [t0, t0 + α).

Òåîðåìà 2. Ïóñòü M ⊂ R×X� çàìêíóòîå ïîäìíîæåñòâî è çàäàíà
f : R × X → Rn � íåïðåðûâíàÿ ôóíêöèÿ. Ïóñòü íàéäåòñÿ ïîëîæèòåëü-
íîå ÷èñëî δ̂ òàêîå, ÷òî äëÿ âñåõ 0 6 δ 6 δ̂ è äëÿ âñåõ (t, ϕ) ∈ ∂M δ

âûïîëíåíî âêëþ÷åíèå f(t, ϕ) ∈ T(t,ϕ)M
δ. Òîãäà ìíîæåñòâî M ÿâëÿåòñÿ

ïîëîæèòåëüíî èíâàðèàíòíûì äëÿ ñèñòåìû (2).

Àíàëîãè÷íûå ðåçóëüòàòû èìåþò ìåñòî è äëÿ äèôôåðåíöèàëüíûõ âêëþ-
÷åíèé ñ ïîñëåäåéñòâèåì.

Ïîñòóïèëà â ðåäàêöèþ 15. 02. 08

V.N. Baranov
Invariant sets of systems with aftere�ect

The necessary and su�cient conditions for the positive invariance of a set for systems
(inclusions) with aftere�ect are presented.
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