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Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è óïðàâëåíèÿ
ñïåêòðîì â áèëèíåéíîé ñèñòåìå.

Êëþ÷åâûå ñëîâà: óïðàâëåíèå ñïåêòðîì, ñòàáèëèçàöèÿ, áèëèíåéíàÿ ñèñòåìà.

Ðàññìîòðèì ëèíåéíóþ ñòàöèîíàðíóþ óïðàâëÿåìóþ ñèñòåìó
ẋ = A0x + Bu, y = C∗x, (x, u, y) ∈ Rn × Rm × Rk. (1)

Ïóñòü óïðàâëåíèå â ñèñòåìå (1) ñòðîèòñÿ â âèäå ëèíåéíîé íåïîëíîé îá-
ðàòíîé ñâÿçè u = Uy. Ñîîòâåòñòâóþùàÿ çàìêíóòàÿ ñèñòåìà áóäåò èìåòü
âèä

ẋ = (A0 + BUC∗)x, x ∈ Rn. (2)
Íàðÿäó ñ ñèñòåìîé (2), ðàññìîòðèì áèëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó

ẋ = (A0 + u1A1 + . . . + urAr)x, x ∈ Rn. (3)
Âñÿêóþ ñèñòåìó âèäà (2) ìîæíî çàïèñàòü â âèäå (3), åñëè ïîëîæèòü r :=
mk, A1 := b1c

∗
1, . . . , Ak := b1c

∗
k, Ak+1 := b2c

∗
1, . . . , A2k := b2c

∗
k, . . . , Ar−k+1 :=

bmc∗1, . . . , Ar := bmc∗k, u := (u11, . . . , u1k, u21, . . . , u2k, . . . , um1, . . . , umk), ãäå
U = {uij}j=1,...,k

i=1,...,m.
Èññëåäóåòñÿ çàäà÷à óïðàâëåíèÿ ñïåêòðîì ìàòðèöû ñèñòåìû (3) èëè,

ïî-äðóãîìó, çàäà÷à ðàçìåùåíèÿ ñîáñòâåííûõ çíà÷åíèé (pole assignment
problem). Áóäåì ãîâîðèòü, ÷òî çàäà÷à óïðàâëåíèÿ ñïåêòðîì â ñèñòåìå (3)
ðàçðåøèìà, åñëè äëÿ ïðîèçâîëüíîãî ìíîãî÷ëåíà p(λ) = λn +γ1λ

n−1 + . . .+
γn, γi ∈ R íàéäåòñÿ ïîñòîÿííîå óïðàâëåíèå u = (u1, . . . , ur) ∈ Rr òàêîå,
÷òî õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí χ(A0 + u1A1 + . . . + urAr; λ) ìàòðèöû
A0 +u1A1 + . . .+urAr ñîâïàäàåò ñ p(λ). Áóäåì ïðåäïîëàãàòü, ÷òî êîýôôè-
öèåíòû ñèñòåì (2) è (3) èìåþò ñëåäóþùèé âèä:

A0 =

∥∥∥∥∥∥∥∥∥∥∥

ao
11 ao

12 0 . . . 0
ao

21 ao
22 ao

23 . . . 0
... ... . . . ...

ao
n−1,1 ao

n−1,2 . . . . . . . . ao
n−1,n

ao
n1 ao

n2 . . . . . . . . ao
nn

∥∥∥∥∥∥∥∥∥∥∥

,
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Ai =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

0 . . . 0 0 . . . 0
... ... ... ...
0 . . . 0 0 . . . 0

ai
p1 . . . ai

pp 0 . . . 0
... ... ... ...

ai
n1 . . . ai

np 0 . . . 0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, i = 1, r,

B =

∥∥∥∥∥∥∥∥∥∥∥∥∥

0 . . . 0
... ...
0 . . . 0

bp1 . . . bpm
... ...

bn1 . . . bnm

∥∥∥∥∥∥∥∥∥∥∥∥∥

, C =

∥∥∥∥∥∥∥∥∥∥∥∥∥

c11 . . . c1k
... ...

cp1 . . . cpk

0 . . . 0
... ...
0 . . . 0

∥∥∥∥∥∥∥∥∥∥∥∥∥

,

ao
i,i+1 6= 0, i = 1, n− 1; ao

ij = 0, j > i+1; p ∈ {1, . . . , n}. Ïðè òàêèõ óñëîâèÿõ
â ðàáîòàõ [1, 2] áûëè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðå-
øèìîñòè çàäà÷è óïðàâëåíèÿ ñïåêòðîì â ñèñòåìå (2). Çäåñü ýòîò ðåçóëüòàò
îáîáùåí íà ñèñòåìó (3).

Ïóñòü χ(A0;λ) = λn + α1λ
n−1 + . . . + αn. Ïî ìàòðèöå A0 = {ao

ij}n
i,j=1

ïîñòðîèì ìàòðèöó S1 = {s1
ij}n

i,j=1 s1
11 := 1; s1

1j := 0, j = 2, n; s1
ij := ao

i−1,j ,

i = 2, n, j = 1, n. Äàëåå äëÿ êàæäîãî l = 2, n ïî ìàòðèöå Sl−1 = {sl−1
ij }n

i,j=1

ïîñòðîèì ìàòðèöó Sl = {sl
ij}n

i,j=1 ñëåäóþùèì îáðàçîì: sl
11 := 1, sl

1j :=
sl
j1 := 0, j = 2, n; sl

ij := sl−1
i−1,j−1, i, j = 2, n. Ïîëîæèì S = Sn · Sn−1 · . . . · S1.

Âñå ìàòðèöû Sl è S íèæíèå òðåóãîëüíûå íåâûðîæäåííûå. Ïóñòü J1 =
{gij}n

i,j=1; gi,i+1 = 1, i = 1, n− 1; gij = 0, j 6= i + 1; Jk := Jk
1 ; J0 :=

I. Ïîñòðîèì G :=
n∑

i=1
αi−1J

∗
i−1; α0 := 1. Äàëåå ïîñòðîèì ìàòðèöû Hi :=

SAiS
−1, i = 0, r. Òîãäà ìàòðèöû Hi, i = 1, r èìåþò òàêîé æå âèä, êàê è

ìàòðèöû Ai, i = 1, r, à H0 = J1 + en · ξ, ãäå en = col (0, . . . , 0, 1) ∈ Rn,
ξ = (−αn, . . . ,−α1) ∈ Rn∗. Èìååì χ(A0 + u1A1 + . . . + urAr; λ) = χ(H0 +
u1H1+ . . .+urHr; λ). Ïóñòü hi

j ∈ Rn � ýòî j-é ñòîëáåö ìàòðèöû Hi, i = 1, r.

Ïî (n×n)-ìàòðèöàì Hi = [hi
1, h

i
2, . . . , h

i
n], i = 1, r ïîñòðîèì (n×r)-ìàòðèöû

P1 = [h1
1, . . . , h

r
1], . . . , Pn = [h1

n, . . . , hr
n]. Çàòåì ïîñòðîèì (n × r)-ìàòðèöó

Q = J0GP1 + J1GP2 + . . . + Jn−1GPn.

Òåîðåìà 1. Ïóñòü χ(A0 +u1A1 + . . .+urAr;λ) = λn +γ1λ
n−1 + . . .+γn.

Òîãäà
γ = α−Qu, (4)

ãäå γ = col (γ1, . . . , γn), α = col (α1, . . . , αn), u = col (u1, . . . , ur).

Äëÿ ñèñòåìû (2) òåîðåìà 1 ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.
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Òåîðåìà 2. Ïóñòü χ(A0 + BUC∗;λ) = λn + γ1λ
n−1 + . . . + γn. Òîãäà

γi = αi − TrSBUC∗S−1Ji−1G, i = 1, n. (5)

Òåîðåìà 3. Çàäà÷à óïðàâëåíèÿ ñïåêòðîì â ñèñòåìå (3) ðàçðåøèìà
òîãäà è òîëüêî òîãäà, êîãäà ñòðîêè ìàòðèöû Q ëèíåéíî íåçàâèñèìû;
ïðè ýòîì óïðàâëåíèå u, ïðèâîäÿùåå χ(A0 + u1A1 + . . . + urAr; λ) ê çàäàí-
íîìó ìíîãî÷ëåíó p(λ) ñ êîýôôèöèåíòàìè γi, íàõîäèòñÿ èç ñèñòåìû (4).
Çàäà÷à óïðàâëåíèÿ ñïåêòðîì â ñèñòåìå (2) ðàçðåøèìà òîãäà è òîëüêî
òîãäà, êîãäà ìàòðèöû

C∗S−1J0GSB, C∗S−1J1GSB, . . . , C∗S−1Jn−1GSB (6)

ëèíåéíî íåçàâèñèìû; ïðè ýòîì óïðàâëåíèå U, ïðèâîäÿùåå χ(A0+BUC∗; λ)
ê çàäàííîìó ìíîãî÷ëåíó p(λ) ñ êîýôôèöèåíòàìè γi, íàõîäèòñÿ èç ñèñòå-
ìû (5).

Ñëåäñòâèå 1. Åñëè ñòðîêè ìàòðèöû Q ëèíåéíî íåçàâèñèìû, òî ñè-
ñòåìà (3) ñòàáèëèçèðóåìà ñ ïîìîùüþ ïîñòîÿííîãî óïðàâëåíèÿ u ∈ Rr.
Åñëè ìàòðèöû (6) ëèíåéíî íåçàâèñèìû, òî ñèñòåìà (2) ñòàáèëèçèðóåìà
ñ ïîìîùüþ ïîñòîÿííîãî ìàòðè÷íîãî óïðàâëåíèÿ U.
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V.A. Zaitsev
Pole assignment problem and stabilization in bilinear systems

The necessary and su�cient conditions have been obtained for pole assignment
problem solvability in bilinear systems.
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