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Ðàññìàòðèâàåòñÿ çàäà÷à íàõîæäåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû ñ
çàïàçäûâàíèåì. Ñ ïîìîùüþ ïðèíöèïà ìàêñèìóìà çàäà÷à ñâîäèòñÿ ê ñèñòåìå
îïåðåæàþùå-çàïàçäûâàþùåãî òèïà. Â íåêîòîðûõ ñëó÷àÿõ îïòèìàëüíîå óïðàâëå-
íèå ìîæåò áûòü âûðàæåíî ÷åðåç ðåøåíèå ýòîé ñèñòåìû è ýôôåêòèâíî âû÷èñëåíî.
Êëþ÷åâûå ñëîâà: ñèñòåìà ñ çàïàçäûâàíèåì, óïðàâëåíèå, ïðèíöèï ìàêñèìóìà, ñî-
ïðÿæåííàÿ ñèñòåìà, ñèñòåìà îïåðåæàþùå-çàïàçäûâàþùåãî òèïà.

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ. Ïóñòü
çàäàíà óïðàâëÿåìàÿ ñèñòåìà ñ çàïàçäûâàíèåì

ẋ(t) = f( t, x(t), x(t− τ), u(t) ), t ∈ [t0, ϑ], x ∈ Rn

ñ íåêîòîðîé çàäàííîé ôóíêöèåé f è çàäàííîé ïðåäûñòîðèåé x(t0 + s) =
ϕ(t0 + s), s ∈ [−τ, 0]. Ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé U ñîñòîèò èç
ôóíêöèé, çíà÷åíèÿ êîòîðûõ ïðèíàäëåæàò íåêîòîðîìó ìíîæåñòâó P ⊆ Rm.
Òðåáóåòñÿ ìèíèìèçèðîâàòü èíòåãðàëüíûé ôóíêöèîíàë êà÷åñòâà

J(u) =
∫ ϑ

t0

F ( t, x(t), u(t) ) dt → min : u ∈ U.

Äëÿ ïîñòàâëåííîé çàäà÷è ñïðàâåäëèâî íåîáõîäèìîå óñëîâèå îïòèìàëü-
íîñòè â ôîðìå ïðèíöèïà ìàêñèìóìà [1]: åñëè u0(·) � îïòèìàëüíîå óïðàâ-
ëåíèå, x0(·) � îïòèìàëüíàÿ òðàåêòîðèÿ, òî

H(t, x0(t), x0(t− τ), u0(t), ψ(t)) = max
v ∈P

H(t, x0(t), x0(t− τ), v, ψ(t)),

H(t, x, y, u, ψ) = ψT f(t, x, y, u)− F (t, x, u),

ψ̇(t) = G ( t, ψ(t), ψ(t + τ)), t ∈ [t0, ϑ], ψ(t) = 0, t > ϑ,

G = −ψT (t) fx(t, x0(t), x0(t− τ), u0(t)) + Fx(t, x0(t), u0(t))−
−ψT (t + τ) fy(t + τ, x0(t + τ), x0(t), u0(t + τ)).

Îáúåäèíèâ ñîïðÿæåííóþ ñèñòåìó ñ èñõîäíîé, ïîëó÷èì ñèñòåìó ñ îïåðå-
æåíèåì è çàïàçäûâàíèåì. Â íåêîòîðûõ ñëó÷àÿõ îïòèìàëüíîå óïðàâëåíèå
ìîæíî âûðàçèòü ÷åðåç ðåøåíèå ýòîé ñèñòåìû. Ïðèáëèæåííîå ðåøåíèå ñè-
ñòåìû [2, 3] äàñò íåêîòîðîå ïðèáëèæåíèå ê îïòèìàëüíîìó óïðàâëåíèþ.
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Â êà÷åñòâå ïðèìåðà ðàñìîòðèì îäíîìåðíóþ ëèíåéíóþ ñèñòåìó
ẋ(t) = a(t)x(t) + b(t)x(t− τ) + c(t)u(t), t ∈ [t0, ϑ]

ñ êâàäðàòè÷íûì ôóíêöèîíàëîì êà÷åñòâà, F = x2+u2, P = R. Èç ïðèíöèïà
ìàêñèìóìà ëåãêî íàéòè u0(t) = 2−1ψ(t) c(t). Ñîîòâåòñòâóþùàÿ ñèñòåìà ñ
îïåðåæåíèåì è çàïàçäûâàíèåì èìååò âèä




ẋ(t) = a(t)x(t) + b(t)x(t− τ) + 2−1c(t) 2 ψ(t), t ∈ [t0, ϑ],
ψ̇(t) = −ψ(t)a(t) + 2 x(t)− ψ(t + τ)b(t + τ), t ∈ [t0, ϑ], (1)
x(t0 + s) = ϕ(t0 + s), −τ 6 s 6 0; ψ(t) = 0, t > ϑ.

Çàïèøåì óðàâíåíèÿ â ýòîé ñèñòåìå â ìàòðè÷íîì âèäå:
ż(t) = A(t)z(t) + B(t)z(t− τ) + C(t)z(t + τ), z(t) = (x(t), ψ(t)).

Òåîðåìà 1. Ïóñòü äëÿ íåêîòîðîãî λ > 0 âûïîëíÿåòñÿ óñëîâèå

‖A‖C
1− e−λl

λ
+ ‖B‖C

e−λτ − e−λ(l+τ)

λ
+ ‖C‖C

eλτ − eλ(τ−l)

λ
< 1 ,

òîãäà ðåøåíèå ñèñòåìû (1) ñóøåñòâóåò è åäèíñòâåííî. Åñëè x∆(·) è
ψ∆(·) åñòü êàêîå-íèáóäü ïðèáëèæåííîå ðåøåíèå ýòîé ñèñòåìû, òî

u0(t) ≈ 2−1ψ∆(t) c(t), t ∈ [t0, ϑ].
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D.A. Korotkii
Solution of the optimal control problem with delay
The paper presents a method of �nding the optimal control problem for the system
with delay. The problem is reduced to the mixed type system by means of the
maximum principle. In some cases the optimal control can be expressed by solution
of this system and e�ectively calculated.
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