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Ðàññìàòðèâàåòñÿ çàäà÷à îá îïòèìàëüíîì óïðàâëåíèè ïî áûñòðîäåéñòâèþ. Îá-
ñóæäàþòñÿ äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé îïòèìàëüíîñòè, ñâÿçàííûå ñ íåîá-
õîäèìûìè óñëîâèÿìè ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà [1] ïðè óñëîâèè ïîëíîé
óïðàâëÿåìîñòè ñèñòåìû â âàðèàöèÿõ. Çàäà÷à îáñóæäàåòñÿ äëÿ ñèñòåìû, îïèñû-
âàåìîé âåêòîðíûì äèôôåðåíöèàëüíûì óðàâíåíèåì, îáûêíîâåííûì èëè ñ ïîñëå-
äåéñòâèåì. Â ñëó÷àå êîíôëèêòíîãî óïðàâëåíèÿ îáñóæäàåòñÿ çàäà÷à îïòèìàëü-
íîãî óïðàâëåíèÿ ïî êðèòåðèþ ìèíèìàêñà-ìàêñèìèíà âðåìåíè âûõîäà ñèñòåìû â
çàäàííîå ñîñòîÿíèå. Ðàññìàòðèâàåòñÿ ìîäåëüíûé ïðèìåð è îáñóæäàåòñÿ ñîîòâåò-
ñòâóþùèé âû÷èñëèòåëüíûé ýêñïåðèìåíò.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå óïðàâëåíèå, ëîêàëüíàÿ îïòèìàëüíîñòü ïî áûñò-
ðîäåéñòâèþ, êîíôëèêòíîå óïðàâëåíèå, ìèíèìàêñ, ìàêñèìèí âðåìåíè äî âñòðå÷è,
èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, îáîáùåííîå ðåøåíèå, ïðåäåëüíàÿ ñèñòåìà
â âàðèàöèÿõ, ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû â âàðèàöèÿõ, ïîëíàÿ óïðàâëÿ-
åìîñòü, ôóíêöèîíàë Ëÿïóíîâà.

Â ðàáîòå ðàññìàòðèâàþòñÿ äâå ñèñòåìû, êîòîðûå îòíîñÿòñÿ ê êðóãó
çàäà÷ îá óïðàâëåíèè, êîãäà äâèæåíèå x[t] îïèñûâàåòñÿ èíòåãðî-äèôôå-
ðåíöèàëüíûì óðàâíåíèåì

ẋ[t] = H
(
t, x[t]; u[t], v[t]) +

∫ t

t0

dϑG(t, ϑ; x[ϑ]
)
, (1)

t0 6 t < ∞; x = {x1, . . . , xn}; u = {u1, . . . , ur}; v = {v1, . . . , vr}.
Çäåñü u[t] è v[t]� ðåàëèçàöèè êîíôëèêòóþùèõ óïðàâëåíèé, äëÿ êîòîðûõ
îãîâîðåíû îãðàíè÷åíèÿ u ∈ U, v ∈ V, U è V � êîìïàêòû; ẋ[t]� ïðàâàÿ
ïðîèçâîäíàÿ; x, u, v � âåêòîðû-ñòîëáöû.

Äëÿ ðàññìàòðèâàåìûõ óðàâíåíèé ñ ïîñëåäåéñòâèåì èíòåðïðåòèðóþò-
ñÿ äîñòàòî÷íûå óñëîâèÿ ëîêàëüíîé îïòèìàëüíîñòè ïî áûñòðîäåéñòâèþ è

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå (ãðàíò Ïðåçèäåíòà ÐÔ ÍØ
�8512.2006.1 è ãðàíò ÐÔÔÈ �06-01-00436).



66 Í.Í. Êðàñîâñêèé, À.Í. Êîòåëüíèêîâà
ÌÀÒÅÌÀÒÈÊÀ 2008. Âûï. 2

ïîäõîä ê çàäà÷å î êîíôëèêòíîì óïðàâëåíèè ïî êðèòåðèþ ìèíèìàêñà-
ìàêñèìèíà âðåìåíè äî âñòðå÷è, ïðåäëîæåííûå â [2, 3] äëÿ ñëó÷àåâ îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ðåøåíèÿ óðàâíåíèé òðàêòóþòñÿ
êàê êîíñòðóêòèâíûå äâèæåíèÿ â ñîãëàñèè ñ [4]: äâèæåíèÿ x[t] ôîðìàëè-
çóþòñÿ êàê ïðåäåëû ïîñëåäîâàòåëüíîñòåé ðåøåíèé ïîäõîäÿùèõ àïïðîêñè-
ìèðóþùèõ óðàâíåíèé. Â ëèíåéíîì ñëó÷àå îáîáùåííàÿ ôóíäàìåíòàëüíàÿ
ìàòðèöà ðåøåíèé F̄ (t, ϑ) è óïðàâëåíèÿ u[t], v[t] ôîðìàëèçóþòñÿ íà îñíî-
âå ïðåäåëüíûõ ïåðåõîäîâ. Â îáùåì íåëèíåéíîì ñëó÷àå, êàê è â ðàáîòå [4],
óïðàâëÿþùèå âîçäåéñòâèÿ ìîãóò ôîðìàëüíî èãíîðèðîâàòüñÿ, à ïî ñóòè äå-
ëà îíè ìîãóò àííèãèëèðîâàòüñÿ. Ñîäåðæàòåëüíî äâèæåíèÿ x[t] ñòðîÿòñÿ
â àïïðîêñèìàöèîííîé ñõåìå. Ïðè ýòîì èíòåãðàë Ñòèëòüåñà â óðàâíåíèÿõ
âèäà (1) àïïðîêñèìèðóåòñÿ ïîñëåäîâàòåëüíîñòÿìè èìïóëüñîâ.

Äëÿ óðàâíåíèÿ ÷àñòíîãî âèäà

ẋ[t] = H
(
t, x[t]

)
+

∫ t

t0

G
(
t, ϑ, x[ϑ]

)
dϑ +

s[t]∑

s=0

G[s]
(
t, x[t[s]]

)
+ B(t)u[t], (2)

t0 6 t < ∞, t[0] = t0, t[s] < t[s+1], s[t] = max[s : t[s] 6 t]

ðàññìàòðèâàåòñÿ çàäà÷à î ëîêàëüíîé îïòèìàëüíîñòè ïî áûñòðîäåéñòâèþ:
x[t0] = x0, x[T ] = x0, T 0 = minT.

Â (2) ôóíêöèè H, G, G[s], B íåïðåðûâíû, ôóíêöèè H, G, G[s]

äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìû ïî x. Çàäàíû îãðàíè÷åíèÿ
‖u‖∗ = max{|us| : s = 1, . . . , r} 6 1.

Èñïîëüçóþòñÿ àïïðîêñèìèðóþùèå óðàâíåíèÿ:

ẋ[t] = H
(
t, x[t]

)
+

ν[t]∑

ν=0

G(ν)
(
t, x[ϑ(ν)]

)
, (3)

ϑ(ν) < ϑ(ν+1), ν[t] = max[ν : ϑ(ν) 6 t].

Âî ìíîæåñòâå {ϑ(ν)} ñîäåðæàòñÿ âñå t[s], ïðè ϑ(ν) = t[s] èìååì G(ν) = G[s],
èíà÷å G(ν)

(
t, x[ϑ(ν)]

)
= G

(
t, ϑ(ν), x[ϑ(ν)]

)(
ϑ(ν+1) − ϑ(ν)

)
. Êîíñòðóêòèâíîå

äâèæåíèå x[t], t0 6 t 6 T � ðåøåíèå èñõîäíîãî óðàâíåíèÿ (2) � îïðå-
äåëÿåòñÿ êàê ðàâíîìåðíûé ïðåäåë äëÿ íåêîòîðîé ïîñëåäîâàòåëüíîñòè ðå-
øåíèé x[l][t], t0 6 t 6 T, l = 1, 2, . . . , îòâå÷àþùåé íåêîòîðîé ïîñëåäîâà-
òåëüíîñòè àïïðîêñèìèðóþùèõ óðàâíåíèé (3), ïðè÷åì ïðåäïîëàãàåì, ÷òî
lim
l→∞

max
ν

(
ϑ(ν+1,l) − ϑ(ν,l)

)
= 0 . Ñèñòåìå â âàðèàöèÿõ

˙δx[t] = P (t)δx[t] +
ν[t]∑

ν=0

Q(ν)(t)δx[ϑ(ν)] + B(t)δu[t] (4)
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äëÿ óðàâíåíèÿ (3) äëÿ íåêîòîðîãî ðåøåíèÿ x[t], t0 6 t 6 T ýòî-
ãî óðàâíåíèÿ îòâå÷àåò îáîáùåííàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé
F̄ (t, ϑ) = {F̃ [x](t, t0), F̃ (t, ϑ)}. Äëÿ íåå ïî ôîðìóëå Êîøè äëÿ óðàâíåíèÿ

ẋ[t] = P (t)x[t] + f(t) (5)
óæå íà îñíîâå ôóíäàìåíòàëüíîé ìàòðèöû F (t, ϑ) äëÿ îäíîðîäíîé ÷àñòè
ýòîãî óðàâíåíèÿ (5) åñòåñòâåííî ïîëó÷àþòñÿ ñëåäóþùèå ðåêóððåíòíûå ñî-
îòíîøåíèÿ ïðè ϑ(ν) < τ 6 ϑ(ν+1), ν = 0, 1, . . .

F̃ [x](τ, t0) = F (τ, t0) +
ν∑

ζ=0

∫ τ

ϑ(ζ)

F (τ, η)Q(ζ)(η)dηF̃ [x](ϑ(ζ), t0), (6)

F̃ (τ, ϑ) = F (τ, ϑ) +
ν∑

ζ=1

∫ τ

ϑ(ζ)

F (τ, η)Q(ζ)(η)dηF̃ (ϑ(ζ), ϑ). (7)

Òàêèì îáðàçîì, ðåøåíèå δx[t] óðàâíåíèÿ (4) çàïèñûâàåòñÿ â âèäå

δx[t] = F̃ [x](t, t0)δx[t0] +
∫ t

t0

F̃ (t, ϑ)B(ϑ)δu[ϑ]. (8)

Îáîáùåííàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà F̄ (t, ϑ) äëÿ ñèñòåìû â âàðè-
àöèÿõ äëÿ êîíñòðóêòèâíîãî äâèæåíèÿ x[t], t0 6 t 6 T � ðåøåíèÿ óðàâ-
íåíèÿ (2) � îïðåäåëÿåòñÿ ïðåäåëüíûì ïåðåõîäîì îò ïîñëåäîâàòåëüíîñòè
{F̃ [x,l], F̃ [l]} ôóíäàìåíòàëüíûõ ìàòðèö, îòâå÷àþùèõ ñèñòåìàì â âàðèàöèÿõ
äëÿ àïïðîêñèìèðóþùèõ óðàâíåíèé (3).

Îáñóæäàþòñÿ äîñòàòî÷íûå óñëîâèÿ, êîòîðûå ñâÿçûâàþò êîíñòðóêöèè
ïðèíöèïà ìàêñèìóìà [1], êëàññè÷åñêèå óñëîâèÿ [5] äëÿ âòîðîé âàðèàöèè
δ[2]x[t] è óñëîâèÿ óïðàâëÿåìîñòè [6�8] äëÿ ñèñòåìû â âàðèàöèÿõ íà îïòè-
ìàëüíîì äâèæåíèè x0[t].

Ó ñ ë î â è å 1. Îáîáùåííàÿ ñèñòåìà â âàðèàöèÿõ äëÿ èñõîäíîãî óðàâ-
íåíèÿ (2) íà äâèæåíèè x0[t] (è àïïðîêñèìèðóþùèå åå ñèñòåìû (4)) ñèëüíî
âïîëíå óïðàâëÿåìû ïî êàæäîé êîîðäèíàòå us, s = 1, . . . , r : äëÿ êàæäîãî
âåêòîðà |l| 6= 0 ðàâåíñòâî ‖l′F̃ (T, τ)b[s](τ)‖ = 0 âîçìîæíî ëèøü äëÿ êî-
íå÷íîãî ìíîæåñòâà çíà÷åíèé τ

[s]
k (T ), k 6 k[s](T ); ‖ · ‖� íîðìà, ñ êîòîðîé

ñîïðÿæåíà íîðìà ‖ · ‖∗, èíäåêñ øòðèõ � çíàê òðàíñïîíèðîâàíèÿ.
Ó ñ ë î â è å 2. Îáîáùåííîå îïòèìàëüíîå óïðàâëåíèå u0[t] äëÿ äâèæå-

íèÿ x0[t] îïðåäåëÿåòñÿ êàê ñëàáûé ïðåäåë ïîñëåäîâàòåëüíîñòè óïðàâëÿ-
þùèõ âîçäåéñòâèé u[l] äëÿ ïîäõîäÿùåé ïîñëåäîâàòåëüíîñòè àïïðîêñèìè-
ðóþùèõ äâèæåíèé x[l][t] . Ïîëàãàåì, ÷òî óïðàâëåíèå u0[t] óäîâëåòâîðÿåò
óñëîâèþ ìàêñèìóìà

l0′(T 0)F̃ (T 0, t)B(t)u0[t] = max
‖u‖∗61

l0′(T 0)F̃ (T 0, t)B(t)u.
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Ó ñ ë î â è å 3. Âûïîëíåíî íåðàâåíñòâî l0′(T 0)ẋ0[T 0]−0 > ζ, ζ > 0.

Ó ñ ë î â è å 4. Âåêòîðû a
[s]
k , îïðåäåëÿþùèå âëèÿíèå äîïóñòèìûõ âà-

ðèàöèé δu[t] â ìàëûõ îêðåñòíîñòÿõ êðèòè÷åñêèõ òî÷åê τ
[s]
k (T 0), ôîðìà-

ëèçóþòñÿ íà áàçå èñêóññòâåííî ââîäèìûõ èìïóëüñíûõ âàðèàöèé δ(τ−τ
[s]
k ).

Ýòè âåêòîðû a
[s]
k ïðåäñòàâëÿþòñÿ â ñëåäóþùåé ôîðìå:

a
[s]
k =

T 0∫

τ
[s]
k

F̃ (T 0, τ)
[ n∑

i,j=1

(∂2H(τ, x)
∂xi∂xj

)
x0[τ ]

[
F̃ (τ, τ [s]

k )b[s](τ [s]
k )

]
i

[
F̃ (τ, τ [s]

k )b[s](τ [s]
k )

]
j

+

τ∫

τ
[s]
k

(
∂2

[
dϑG(τ, ϑ; x[ϑ])

]

∂xi∂xj

)

x0[·]

[
F̃ (ϑ, τ

[s]
k )b[s](τ [s]

k )
]
i

[
F̃ (ϑ, τ

[s]
k )b[s](τ [s]

k )
]
j
dϑ

]
dτ.

Ïîëàãàåì, ÷òî âûïîëíåíû íåðàâåíñòâà l0′(T 0)a[s]
k 6 −γ < 0, k 6 k[s](T 0).

Óòâåðæäåíèå 1. Ïðè óñëîâèÿõ 1�4 äâèæåíèå x0[·] ëîêàëüíî îïòè-
ìàëüíî, òî åñòü ñóùåñòâóåò ε > 0 òàêîå, ÷òî íå ñóùåñòâóåò äîïó-
ñòèìîãî äâèæåíèÿ x∗[·], êîòîðîå óäîâëåòâîðÿëî áû óñëîâèÿì

x∗[t0] = x0, x∗(T ∗) = x0, T ∗ < T 0,
∣∣x∗[t]− x0[t]

∣∣ < ε, t0 6 t 6 T ∗.

Ó ñ ë î â è å 5. Âûïîëíåíî óñëîâèå î÷åíü ñèëüíîé ïîëíîé óïðàâëÿåìî-
ñòè: ïðè óñëîâèè 1 äëÿ êàæäîé êðèòè÷åñêîé òî÷êè τ

[s]
k â äîñòàòî÷íî ìà-

ëîé åå îêðåñòíîñòè |τ − τ
[s]
k | < δ, ãäå δ > 0, âûïîëíÿþòñÿ íåðàâåíñòâà

‖l0′(T 0)F̃ (T 0, τ)b(τ)‖ > σ|τ − τ
[s]
k |, σ > 0.

Óòâåðæäåíèå 2. Ïðè óñëîâèÿõ 1�3, 5 ñóùåñòâóåò òàêîå çíà÷åíèå
γ(ζ, ν) > 0, ÷òî ïðè âûïîëíåíèè íåðàâåíñòâ l0′a[s]

k 6 γ, s = 1, . . . , r,
k 6 k[s] äâèæåíèå x0[·] áóäåò ëîêàëüíî îïòèìàëüíûì ïî áûñòðîäåé-
ñòâèþ.

Ñëåäñòâèå 1. Ïðè óñëîâèÿõ 1�3, 5 ñóùåñòâóåò òàêîå β > 0, ÷òî ïðè
âûïîëíåíèè íåðàâåíñòâ

∣∣∣ ∂2H

∂xi∂xj

∣∣∣ 6 β è
∣∣∣ ∂2dG

∂xi∂xj

∣∣∣ 6 β, i, j = 1, . . . , n äâè-

æåíèå x0[·] áóäåò ëîêàëüíî îïòèìàëüíûì ïî áûñòðîäåéñòâèþ.

Äëÿ ñèñòåìû, îïèñûâàåìîé ëèíåéíûì óðàâíåíèåì

ẋ[t] = P (t)x[t] +
∫ t

t0

G(t, ϑ)x[ϑ]dϑ +
s[t]∑

s=0

G[s](t)x[t[s]] + B(t)(u[t]− v[t]), (9)
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t0 6 t < ∞, ðàññìàòðèâàåòñÿ çàäà÷à íà ìèíèìàêñ-ìàêñèìèí τ0 âðåìåíè
τ äî âñòðå÷è |x[m][τ ]| = εM > 0. Çäåñü x[m] � âåêòîð èç ïåðâûõ m êîîð-
äèíàò 1 6 m 6 n âåêòîðà x; ‖u‖∗ 6 β, ‖v‖∗ 6 γ, β − γ = ρ > 0, γ > 0,
‖w‖∗� íåêîòîðàÿ îãîâîðåííàÿ íîðìà; âåëè÷èíà εM çàäàíà.

Çäåñü â ïðèëîæåíèè ê óðàâíåíèþ (9) òðàíñôîðìèðóþòñÿ ýêñòðåìàëü-
íûå ïðèöåëèâàíèå è ñäâèã, èñïîëüçîâàííûå äëÿ îáûêíîâåííûõ óðàâ-
íåíèé [4, 8]. Ñòðîÿòñÿ ñòðàòåãèè ñáëèæåíèÿ u0(x[ϑ], t0 6 ϑ 6 t) è α -
óêëîíåíèÿ vα(x[ϑ], t0 6 ϑ 6 t). Ñòðàòåãèÿ u0(·), ãàðàíòèðóþùàÿ âñòðå÷ó
|x[m][τ ]| = εM íå ïîçæå ìîìåíòà τ0, îïðåäåëÿåòñÿ èç óñëîâèÿ ìèíèìóìà
ïðîèçâîäíîé ε̇t äëÿ ôóíêöèîíàëà Ëÿïóíîâà

ε(x[ϑ], t0 6 ϑ 6 t, τ0) =

= max
|l|=1

(l′x̃[τ0] + min
u

max
v

l′
∫ τ0

t
F̃ (τ0, ϑ)B(ϑ)(u[ϑ]− v[ϑ])dϑ). (10)

Äëÿ ðåàëèçàöèè u0[t] ýòî äàåò óñëîâèå

l0′(t, τ0)F̃ (τ0, t)B(t)u0[t] = min
‖u‖∗6β

l0′(t, τ0)F̃ (τ0, t)B(t)u, (11)

ãäå l0′(t, τ)� ìàêñèìèçèðóþùèé âåêòîð â (10).
Ñòðàòåãèÿ vα(·), ãàðàíòèðóþùàÿ ïðè ñêîëü óãîäíî ìàëîì α > 0 óêëî-

íåíèå |x[m][t]| > εM ïî êðàéíåé ìåðå äî ìîìåíòà τ0 − α, îïðåäåëÿåòñÿ èç
óñëîâèÿ ìèíèìóìà ïðîèçâîäíîé λ̇t äëÿ ôóíêöèîíàëà Ëÿïóíîâà

λα(x[ϑ], t0 6 ϑ 6 t, τ0 − α) =
∫ τ0−α

t
[ε(x[ϑ], t0 6 ϑ 6 t, τ)− εM ]−1dτ. (12)

Äëÿ ðåàëèçàöèè vα[t] ýòî äàåò óñëîâèå

s′[t, τ0 − α]B(t)vα[t] = min
‖v‖∗6γ

s′[t, τ0 − α]B(t)v. (13)

Çäåñü âåêòîð s[t, τ0 − α] îïðåäåëåí ðàâåíñòâîì

s[t, τ0 − α] =
∫ τ0−α

t
[ε(x[ϑ], t0 6 ϑ 6 t, τ)− εM ]−2l0(t, τ)F̃ [u](τ, t)dτ. (14)

Â (10) x̃[τ0] ôîðìèðóåòñÿ ïî èñòîðèè {x[ϑ], t0 6 ϑ 6 t} íà áàçå ôóí-
äàìåíòàëüíîé ìàòðèöû F̃ [x](τ, ϑ), t0 6 ϑ 6 t äëÿ äâèæåíèÿ x[τ ] (9);
ó÷èòûâàþòñÿ àïïðîêñèìàöèîííûå è ïðåäåëüíûå ñîîòíîøåíèÿ, ïîäîáíûå
(6), (8); τ0 � íàèìåíüøèé êîðåíü óðàâíåíèÿ ε(x[ϑ], t0 6 ϑ 6 t, τ) = εM ;
âåêòîð l = {l[m], 0̄}.



70 Í.Í. Êðàñîâñêèé, À.Í. Êîòåëüíèêîâà
ÌÀÒÅÌÀÒÈÊÀ 2008. Âûï. 2

Êðèòåðèè ëîêàëüíîé îïòèìàëüíîñòè îáñóæäàþòñÿ äëÿ ñëó÷àåâ, êîãäà
óïðàâëåíèå u âõîäèò â èñõîäíîå óðàâíåíèå íåëèíåéíî. Òîãäà óïðàâëÿþ-
ùèå âîçäåéñòâèÿ â íåîáõîäèìûõ óñëîâèÿõ îïòèìàëüíîñòè ïðèíöèïà ìàê-
ñèìóìà ôîðìàëèçóþòñÿ êàê âåðîÿòíîñòíûå ìåðû.
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N.N. Krasovskii, A.N. Kotel'nikova
One problem of the optimal control of a system with aftere�ect in
conditions of con�ict

In the paper a time-optimal control problem is considered. Su�cient conditions
for local optimality are obtained which are linked with necessary conditions of
Pontryagin's maximum principle under assumption of total controllability of a system
in variations. The problem is studied for a system described by a vector di�erential
equation either ordinary or with aftere�ect. In the case of con�ict control, the optimal
control problem is discussed for a criterion of the minmax-maxmin time when the
system attains a given state. The model example is given and the corresponding
numerical experiment is discussed.
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