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Î ÏÎËÎÆÈÒÅËÜÍÎÑÒÈ ÔÓÍÊÖÈÈ ÊÎØÈ ÎÄÍÎÃÎ
ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß
Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïîëîæèòåëüíîñòè ôóíêöèè Êîøè îäíîãî
èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Íà èõ îñíîâå èçó÷àåòñÿ àñèìïòîòè÷å-
ñêàÿ óñòîé÷èâîñòü ýòîãî æå óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå, ïîëîæèòåëü-
íîñòü ôóíêöèè Êîøè, àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü.

Ðàññìîòðèì óðàâíåíèå

ẋ(t) = −
∫ t

t−h(t)
k(t, s)x(s) ds, x(t) = 0, t < 0, (1)

ãäå ôóíêöèè k(·, s) è h(·) èçìåðèìû ïî Ëåáåãó íà R+, ôóíêöèÿ k(t, ·)
ñóììèðóåìà íà êàæäîì êîíå÷íîì îòðåçêå. Äîïîëíèòåëüíî ïðåäïîëîæèì,
÷òî k(t, s) > 0 ïðè âñåõ {t, s} ∈ R2

+ è h(t) > 0 ïðè ëþáîì t ∈ R+.
Äëÿ óðàâíåíèÿ (1) ñòàâèòñÿ çàäà÷à ïîëó÷åíèÿ ýôôåêòèâíûõ ïðèçíà-

êîâ (â òåðìèíàõ ïàðàìåòðîâ èñõîäíîé çàäà÷è) ïîëîæèòåëüíîñòè ôóíêöèè

Êîøè. Îáîçíà÷èì ρ(t) =
∫ t

t−h(t)
k(t, s) ds. Ñ ïîìîùüþ ëåììû î äèôôåðåí-

öèàëüíîì íåðàâåíñòâå [1, c. 65] ïîëó÷àåòñÿ ñëåäóþùàÿ

Òåîðåìà 1. Åñëè vraisup
t

∫ t

t−h(t)
ρ(s) ds 6 1

e
, òî ôóíêöèÿ Êîøè óðàâíå-

íèÿ (1) ïîëîæèòåëüíà.
Åñëè ïîä÷èíèòü k(t, s) áîëåå æ¼ñòêèì óñëîâèÿì, òî îöåíêó 1/e óäà�åòñÿ

óâåëè÷èòü ïî÷òè â äâà ðàçà.
Òåîðåìà 2. Ïóñòü ω � ñóììèðóåìàÿ íà ëþáîì êîíå÷íîì îòðåçêå

ôóíêöèÿ, k(t, s) 6 ω(t)ω(s) è vraisup
t

∫ t

t−h(t)
ω(s) ds 6

√
s0(2− s0) , ãäå

s0 � êîðåíü óðàâíåíèÿ e−s = 1− s/2. Òîãäà ôóíêöèÿ Êîøè óðàâíåíèÿ (1)
ïîëîæèòåëüíà.
Ñëåäñòâèå 1 [2]. Ïóñòü vraisup

t,s
k(t, s) = k, vraisup

t
h(t) = h è âû-

ïîëíåíî íåðàâåíñòâî kh2 6 s0(2 − s0), ãäå s0 � êîðåíü óðàâíåíèÿ
e−s = 1− s/2. Òîãäà ôóíêöèÿ Êîøè óðàâíåíèÿ (1) ïîëîæèòåëüíà.
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Åñëè óðàâíåíèå (1) àâòîíîìíî, òî óñëîâèÿ ñëåäñòâèÿ 1 ÿâëÿþòñÿ íåîá-
õîäèìûìè è äîñòàòî÷íûìè óñëîâèÿìè ïîëîæèòåëüíîñòè ôóíêöèè Êîøè.

Ïóñòü ôóíêöèÿ Êîøè óðàâíåíèÿ (1) ïîëîæèòåëüíà. Òîãäà, òàê êàê
x(t) = C(t, 0)x(0), ëþáîå ðåøåíèå óðàâíåíèÿ (1) ñîõðàíÿåò çíàê. Â ñè-
ëó (1) ẋ(t) òîæå ñîõðàíÿåò çíàê, òî åñòü ðåøåíèå ìîíîòîííî è îãðàíè-
÷åííî, ñëåäîâàòåëüíî, ïðåäåë lim

t→∞x(t) = x0 ñóùåñòâóåò. Ýòîò ïðåäåë íå
îáÿçàòåëüíî ðàâåí íóëþ, îêàçûâàåòñÿ ñóùåñòâåííûì ðàçäåëåíèå ñëó÷àåâ
ρ ∈ L1 è ρ 6∈ L1.

Òåîðåìà 3. Ïóñòü ρ ∈ L1. Òîãäà äëÿ ëþáîãî ïîëîæèòåëüíîãî ε íàé-
ä�åòñÿ òàêîå T, ÷òî ïðè ëþáûõ t, s, òàêèõ, ÷òî t > s > T, âûïîëíåíî
íåðàâåíñòâî |C(t, s)− 1| < ε.

Èç òåîðåìû 3 ñëåäóåò, ÷òî ïðè ρ ∈ L1 óðàâíåíèå (1) ðàâíîìåðíî óñòîé-
÷èâî, íî íå ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî, à ïðè âñåõ s, íà÷èíàÿ
ñ s0, lim

t→∞C(t, s) > 0. Êàê ïîêàçûâàþò ïðèìåðû, ïðè s < s0 ñïåöèàëüíûì
âûáîðîì ïàðàìåòðîâ ìîæíî äîáèòüñÿ, ÷òî â ñëó÷àå ρ ∈ L1 óðàâíåíèå (1)
áóäåò îáëàäàòü ñâîéñòâîì àñèìïòîòè÷åñêîé óñòîé÷èâîñòè, íî ëþáîå ìàëîå
èçìåíåíèå ïàðàìåòðîâ ïðèâîäèò ê ïîòåðå ýòîãî ñâîéñòâà.

Òåîðåìà 4 [2]. Ïóñòü ôóíêöèÿ Êîøè óðàâíåíèÿ (1) ïîëîæèòåëüíà è
ρ 6∈ L1. Òîãäà ðåøåíèå óðàâíåíèÿ (1) àñèìïòîòè÷åñêè óñòîé÷èâî.
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The paper presents the conditions of the positiveness of the Cauchy function of some
integro-di�erential equation. Asymptotic stability of the equation is studied in terms
of these results.
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