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ÀÂÒÎÍÎÌÍÎÃÎ ÓÐÀÂÍÅÍÈß ÍÅÉÒÐÀËÜÍÎÃÎ ÒÈÏÀ
Ïîëó÷åíû êðèòåðèè ñóùåñòâîâàíèÿ ýêñïîíåíöèàëüíûõ îöåíîê ôóíäàìåíòàëü-
íîé ìàòðèöû è ìàòðèöû Êîøè àâòîíîìíîãî ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî
óðàâíåíèÿ íåéòðàëüíîãî òèïà.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå íåéòðàëüíîãî òè-
ïà, ôóíäàìåíòàëüíîå ðåøåíèå, ìàòðèöà Êîøè, óñòîé÷èâîñòü.

Ðàññìîòðèì ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå

ẋ(t)−
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hẋ)(t)−
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j=0

Bj(S
j
hx)(t) = f(t), t ∈ R+, (1)

ãäå Ai, Bj ∈ Rn×n (âåùåñòâåííûå n × n -ìàòðèöû), Si
h � i -ÿ èòåðàöèÿ

îïåðàòîðà Sh, îïðåäåëåííîãî äëÿ ôèêñèðîâàííîãî h > 0 ðàâåíñòâîì

(Shy)(t) =

{
y(t− h), t− h > 0,

0, t− h < 0.

Êàê èçâåñòíî [1, ñ. 84], àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé óðàâíåíèÿ
(1) îïðåäåëÿþòñÿ äâóìÿ ìàòðèöà-ôóíêöèÿìè: ôóíäàìåíòàëüíîé ìàòðè-
öåé X : R+ → Rn×n è ìàòðèöåé Êîøè C : R2

+ → Rn×n.
Ïðèâåäåì êðèòåðèè ñóùåñòâîâàíèÿ ýêñïîíåíöèàëüíûõ îöåíîê íîðì

çíà÷åíèé X(t) è C(t, s) â òåðìèíàõ êîðíåé ÿâíî îïðåäåëåííûõ ôóíêöèé
êîìïëåêñíîé ïåðåìåííîé.

Îïðåäåëèì ñëåäóþùèå ìàòðèöû-ôóíêöèè êîìïëåêñíîé ïåðåìåííîé z :

PA(z) = I −
k∑

i=1

Aiz
i, PB(z) =

m∑

j=0

Bjz
j , F (z) = exp

(
P−1

A (z)PB(z)h
)
,

ãäå I � åäèíè÷íàÿ n× n -ìàòðèöà, zi � i -ÿ ñòåïåíü ïåðåìåííîé z ∈ C.
Ïóñòü äëÿ âñåõ i, j = 1, . . . , n ìàòðèöà P (i, j)(z) ïîëó÷àåòñÿ çàìåíîé

i -ãî ñòîëáöà ìàòðèöû PA(z) j -ì ñòîëáöîì ìàòðèöû PB(z). Îáîçíà÷èì
ñèìâîëîì δ(z) íàèáîëüøèé îáùèé äåëèòåëü ñëåäóþùèõ (n2 + 1) ìíîãî-
÷ëåíîâ: detPA(z) è detP (i, j)(z), i, j = 1, . . . , n.
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Òåîðåìà 1. Íåðàâåíñòâî

lim
t→∞

ln ‖X(t)‖
t

< 0

èìååò ìåñòî â òîì è òîëüêî â òîì ñëó÷àå, åñëè ìíîãî÷ëåí det PA(z)/δ(z)
è óðàâíåíèå zF (z) = I íå èìåþò êîðíåé, ïðèíàäëåæàùèõ

D = {z ∈ C : |z| 6 1}.
Òåîðåìà 2. Íåðàâåíñòâî

lim
t−s→∞

ln ‖C(t, s)‖
t− s

< 0

èìååò ìåñòî â òîì è òîëüêî â òîì ñëó÷àå, åñëè ìíîãî÷ëåí det PA(z) è
óðàâíåíèå zF (z) = I íå èìåþò êîðíåé, ïðèíàäëåæàùèõ D.

Â ñëó÷àå n = 1 ïîëó÷åííûå ðåçóëüòàòû ïåðåõîäÿò â òåîðåìû îá óñòîé-
÷èâîñòè ñêàëÿðíîãî óðàâíåíèÿ, ïðèâåäåííûå â ðàáîòå [2].
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K.M. Chudinov
On the exponential stability of an autonomous neutral equation

The necessary and su�cient conditions for the fundamental and Cauchy matrices
of the autonomous neutral functional di�erential equation to have the exponential
estimate are presented.
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