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�àáîòà ïîñâÿùåíà âîïðîñó îá àáñîëþòíîé íåïðåðûâíîñòè ñïåêòðà äâóìåðíîãî îáîáùåííîãî ïåðèîäè-

÷åñêîãî îïåðàòîðà Øð¼äèíãåðà Hg + V = −∇g∇ + V , ãäå íåïðåðûâíàÿ ïîëîæèòåëüíàÿ �óíêöèÿ g

è ñêàëÿðíûé ïîòåíöèàë V èìåþò îáùóþ ðåøåòêó ïåðèîäîâ Λ. �åøåíèÿ óðàâíåíèÿ (Hg + V )ϕ = 0
îïðåäåëÿþò, â ÷àñòíîñòè, ýëåêòðè÷åñêîå è ìàãíèòíîå ïîëÿ äëÿ ýëåêòðîìàãíèòíûõ âîëí, ðàñïðîñòðà-

íÿþùèõñÿ â äâóìåðíûõ �îòîííûõ êðèñòàëëàõ. Ïðè ýòîì �óíêöèÿ g è ñêàëÿðíûé ïîòåíöèàë V âûðà-

æàþòñÿ ÷åðåç äèýëåêòðè÷åñêóþ ïðîíèöàåìîñòü ε è ìàãíèòíóþ ïðîíèöàåìîñòü µ (V òàêæå çàâèñèò îò

÷àñòîòû ýëåêòðîìàãíèòíîé âîëíû). Äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü ε ìîæåò áûòü ðàçðûâíîé �óíê-

öèåé (è îáû÷íî âûáèðàåòñÿ êóñî÷íî-ïîñòîÿííîé), ïîýòîìó âîçíèêàåò çàäà÷à îá îñëàáëåíèè èçâåñòíûõ

óñëîâèé ãëàäêîñòè äëÿ �óíêöèè g, îáåñïå÷èâàþùèõ àáñîëþòíóþ íåïðåðûâíîñòü ñïåêòðà îïåðàòîðà

Hg + V . Â íàñòîÿùåé ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî êîý��èöèåíòû Ôóðüå �óíêöèé g±
1

2
ïðè íåêîòîðîì

q ∈ [1, 4
3
) óäîâëåòâîðÿþò óñëîâèþ

∑(
|N | 12 |(g± 1

2 )N |
)q
< +∞ è ñêàëÿðíûé ïîòåíöèàë V èìååò íóëåâóþ

ãðàíü îòíîñèòåëüíî îïåðàòîðà −∆ â ñìûñëå êâàäðàòè÷íûõ �îðì. Ïóñòü K � ýëåìåíòàðíàÿ ÿ÷åéêà

ðåøåòêè Λ, K∗
� ýëåìåíòàðíàÿ ÿ÷åéêà îáðàòíîé ðåøåòêè Λ∗

. Îïåðàòîð Hg + V óíèòàðíî ýêâèâàëåí-

òåí ïðÿìîìó èíòåãðàëó îïåðàòîðîâ Hg(k) + V , ãäå k � êâàçèèìïóëüñ èç 2πK∗
, äåéñòâóþùèõ â L2(K).

Ïîñëåäíèå îïåðàòîðû ìîæíî òàêæå ðàññìàòðèâàòü ïðè êîìïëåêñíûõ âåêòîðàõ k + ik′ ∈ C2
. Â ñòàòüå

èñïîëüçóåòñÿ ìåòîä Òîìàñà. Äîêàçàòåëüñòâî àáñîëþòíîé íåïðåðûâíîñòè ñïåêòðà îïåðàòîðà Hg+V ñâî-

äèòñÿ ê äîêàçàòåëüñòâó îáðàòèìîñòè îïåðàòîðîâ Hg(k+ ik′)+V −λ, λ ∈ R, ïðè îïðåäåëåííûì îáðàçîì

âûáèðàåìûõ êîìïëåêñíûõ âåêòîðàõ k + ik′ ∈ C2
(çàâèñÿùèõ îò g, V è ÷èñëà λ) ñ äîñòàòî÷íî áîëüøîé

ìíèìîé ÷àñòüþ k′.

Êëþ÷åâûå ñëîâà: îáîáùåííûé îïåðàòîð Øð¼äèíãåðà, àáñîëþòíàÿ íåïðåðûâíîñòü ñïåêòðà, ïåðèîäè÷å-

ñêèé ïîòåíöèàë.

Ââåäåíèå

�àññìàòðèâàåòñÿ äâóìåðíûé îáîáùåííûé ïåðèîäè÷åñêèé îïåðàòîð Øð¼äèíãåðà

Ĥg + V =
2∑

j=1

(
−i ∂

∂xj

)
g
(
−i ∂

∂xj

)
+ V, (0.1)

äåéñòâóþùèé â L2(R2) (i2 = −1). Ñêàëÿðíûé ïîòåíöèàë V : R2 → R è ïîëîæèòåëüíàÿ �óíêöèÿ

g : R2 → R ïðåäïîëàãàþòñÿ ïåðèîäè÷åñêèìè ñ îáùåé ðåøåòêîé ïåðèîäîâ Λ ⊂ R2, g ∈ L∞(R2) è

c1(g) 6 g(x) 6 c2(g), x ∈ R
2, (0.2)

ãäå c1(g) è c2(g) � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû. Äåêàðòîâû êîîðäèíàòû âåêòîðîâ

x ∈ R2
îïðåäåëÿþòñÿ îòíîñèòåëüíî íåêîòîðîãî îðòîãîíàëüíîãî áàçèñà {Ej}j =1,2 .

Ïóñòü aj , j = 1, 2, � áàçèñíûå âåêòîðû ðåøåòêè Λ, K = {x = ξ1a1 + ξ2a2 : 0 6 ξ1, ξ2 < 1} �
ýëåìåíòàðíàÿ ÿ÷åéêà ðåøåòêè Λ. Îáðàòíàÿ ðåøåòêà Λ∗ ⊂ R2

èìååò áàçèñíûå âåêòîðû a
∗
j ,

j = 1, 2, äëÿ êîòîðûõ (a∗j , al) = δjl (ãäå δjl � ñèìâîë Êðîíåêåðà; | · | è (., .) � äëèíà è ñêàëÿðíîå

ïðîèçâåäåíèå âåêòîðîâ èç R2
), K∗

� ýëåìåíòàðíàÿ ÿ÷åéêà ðåøåòêè Λ∗.

1

�àáîòà ïîääåðæàíà �ÔÔÈ (ãðàíò � 12�01�00195).
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Ôóíêöèè, îïðåäåëåííûå íà ýëåìåíòàðíîé ÿ÷åéêå K, â äàëüíåéøåì áóäóò òàêæå îòîæäåñòâ-

ëÿòüñÿ ñ èõ ïåðèîäè÷åñêèìè ïðîäîëæåíèÿìè íà âñå ïðîñòðàíñòâî R2. Êîý��èöèåíòû Ôóðüå

�óíêöèé ϕ ∈ L1(K) îáîçíà÷àþòñÿ ÷åðåç

ϕN = v−1(K)

∫

K

ϕ(x) e−2πi (N,x) dx , N ∈ Λ∗,

ãäå v(.) � ìåðà Ëåáåãà íà R2.

Ñêàëÿðíûå ïðîèçâåäåíèÿ è íîðìû â ïðîñòðàíñòâàõ L2(R2) è L2(K) ââîäÿòñÿ îáû÷íûì îá-

ðàçîì, ïðè ýòîì ïðåäïîëàãàåòñÿ ëèíåéíîñòü ñêàëÿðíîãî ïðîèçâåäåíèÿ ïî âòîðîìó àðãóìåíòó

(â îáîçíà÷åíèÿõ ïðîñòðàíñòâî L2(K) íå âñåãäà áóäåò ÿâíî óêàçûâàòüñÿ). Ïóñòü Hs(R2) � êëàññ

Ñîáîëåâà ïîðÿäêà s > 0, H0(R2) = L2(R2); H̃s(K) � ìíîæåñòâî �óíêöèé ϕ : K → C, ïåðèîäè-

÷åñêèå ïðîäîëæåíèÿ êîòîðûõ (ñ ðåøåòêîé ïåðèîäîâ Λ) ïðèíàäëåæàò Hs
loc(R

2).

Ïóñòü l
{q}
Λ (R2), q ∈ [1, 2], � ìíîæåñòâî �óíêöèé G ∈ L2(K), äëÿ êîòîðûõ

‖G‖q .
=

( ∑

n∈Λ∗

|Gn|q
) 1

q

< +∞.

Ñïðàâåäëèâî âëîæåíèå l
{q}
Λ (R2) ⊆ Lp(K), ãäå p = q

q−1 (p = ∞ ïðè q = 1), êîòîðîå ÿâëÿåòñÿ

ñòðîãèì, åñëè q ∈ [1, 2). Åñëè G ∈ l
{q}
Λ (R2), òî

‖G‖Lp(K) 6 (v(K))
1
p ‖G‖q

(íåðàâåíñòâî Õàóñäîð�à�Þíãà [1℄).

×åðåç L(q)
Λ (R2), q ∈ [1, 2], îáîçíà÷èì ïðîñòðàíñòâî ïåðèîäè÷åñêèõ (ñ ðåøåòêîé ïåðèîäîâ Λ)

�óíêöèé G : R2 → C, äëÿ êîòîðûõ

‖(−∆)
1
4G‖q =

( ∑

n∈Λ∗

(
(2π|n|) 1

2 |Gn|
)q
) 1

q

< +∞

(îïåðàòîð (−∆)s, s ∈ R, ñòàâèò â ñîîòâåòñòâèå �óíêöèÿì G ñ êîý��èöèåíòàìè Ôóðüå Gn �óíê-
öèè ñ êîý��èöèåíòàìè Ôóðüå (2π|n|)2sGn, n ∈ Λ∗

). Åñëè 1 6 q1 < q2 < 2, òî

L(q1)
Λ (R2) ⊂ L(q2)

Λ (R2) ⊂ L(2)
Λ (R2) = H̃

1
2 (K).

Ïóñòü LaΛ(R
2), ãäå a > 0, � ìíîæåñòâî ïåðèîäè÷åñêèõ ñ ðåøåòêîé ïåðèîäîâ Λ ⊂ R2

�óíêöèé

F ∈ L2
loc(R

2;C) òàêèõ, ÷òî äëÿ ëþáîé �óíêöèè ϕ ∈ H1(R2) �óíêöèÿ Fϕ ïðèíàäëåæèò ïðî-

ñòðàíñòâó L2(R2) è äëÿ ëþáîãî ε > 0 ñóùåñòâóåò êîíñòàíòà C(ε,F) > 0 òàêàÿ, ÷òî äëÿ âñåõ

�óíêöèé ϕ ∈ H1(R2)

‖Fϕ‖L2(R2) 6 (a+ ε)

( 2∑

j=1

∥∥∥∥
∂ϕ

∂xj

∥∥∥∥
2

L2(R2)

) 1
2

+ C(ε,F) ‖ϕ‖L2(R2) . (0.3)

Â íàñòîÿùåé ðàáîòå äîêàçûâàåòñÿ

Òåîðåìà 1. Ñïåêòð äâóìåðíîãî îáîáùåííîãî ïåðèîäè÷åñêîãî îïåðàòîðà Øð¼äèíãåðà (0.1)

àáñîëþòíî íåïðåðûâåí, åñëè äëÿ ïîëîæèòåëüíîé �óíêöèè g : R2 → R âûïîëíÿåòñÿ óñëîâèå

(0.2), ïðè ýòîì

√
g ∈ L(q)

Λ (R2) è 1√
g
∈ L(q)

Λ (R2) äëÿ íåêîòîðîãî q ∈ [1, 43 ) è
√

|V | ∈ L0
Λ(R

2).

Â [2�12℄ ðàññìàòðèâàëñÿ îïåðàòîð

2∑

j, l=1

(
−i ∂

∂xj
−Aj

)
Gjl

(
−i ∂

∂xl
−Al

)
+ V, (0.4)
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äëÿ êîòîðîãî ñêàëÿðíûé è âåêòîðíûé ïîòåíöèàëû V : R2 → R è A : R2 → R2, à òàêæå ìàòðè÷-

íàÿ �óíêöèÿ (ìåòðèêà) Ĝ = {Gjl}j, l=1, 2 ÿâëÿþòñÿ ïåðèîäè÷åñêèìè ñ îáùåé ðåøåòêîé ïåðèîäîâ

Λ ⊂ R2, Ĝ(.) � âåùåñòâåííàÿ, ñèììåòðè÷åñêàÿ è ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðè÷íàÿ �óíê-

öèÿ, äëÿ êîòîðîé C1Î 6 Ĝ(x) 6 C2Î ïðè ïî÷òè âñåõ (ï. â.) x ∈ R2, 0 < C1 6 C2 (Î � åäèíè÷íàÿ

2×2-ìàòðèöà). Â ÷àñòíîñòè, â [9℄ (ñì. òàêæå [12℄) äîêàçàíà àáñîëþòíàÿ íåïðåðûâíîñòü ñïåêòðà

îïåðàòîðà (0.4), åñëè

det Ĝ ∈ H1
loc(R

2),
∂

∂xj
det Ĝ ∈ L

0
Λ(R

2), j = 1, 2 , (0.5)

Aj ∈ L0
Λ(R

2), j = 1, 2, è
√

|V | ∈ L0
Λ(R

2). Ïðè äîêàçàòåëüñòâå â [9℄ ïðèìåíÿåòñÿ ïåðèîäè÷åñêàÿ

èçîòåðìè÷åñêàÿ çàìåíà êîîðäèíàò, ïðèâîäÿùàÿ ìàòðè÷íóþ �óíêöèþ Ĝ ê ñêàëÿðíîìó âèäó gÎ .

Â [10�12℄ ïðè äîêàçàòåëüñòâå àáñîëþòíîé íåïðåðûâíîñòè ñïåêòðà îïåðàòîðà (0.4) èñïîëüçóþòñÿ

ðåçóëüòàòû î äâóìåðíîì îáîáùåííîì ïåðèîäè÷åñêîì îïåðàòîðå Äèðàêà (ñì. [13℄). Â ïðèìåíå-

íèè ê îïåðàòîðó (0.1) óñëîâèå (0.5) îçíà÷àåò, ÷òî

∂g
∂xj

∈ L0
Λ(R

2), j = 1, 2. Â [14℄ èññëåäîâàëñÿ

îïåðàòîð (0.1) (ïðè

√
|V | ∈ L0

Λ(R
2)), åñëè g± 1

2 ∈ L(1)
Λ (R2). Â íàñòîÿùåé ðàáîòå (êàê è â [14℄)

ïðåäïîëàãàåòñÿ, ÷òî ìàòðè÷íàÿ �óíêöèÿ Ĝ(·) (ñ ïîìîùüþ ïåðèîäè÷åñêîé èçîòåðìè÷åñêîé çà-

ìåíû êîîðäèíàò) ïðèâåäåíà ê âèäó gÎ è ðàññìàòðèâàåòñÿ ñëó÷àé A ≡ 0.
Âîïðîñ îá àáñîëþòíîé íåïðåðûâíîñòè ñïåêòðà d-ìåðíûõ (ïðè d > 3) (îáîáùåííûõ) ïåðè-

îäè÷åñêèõ îïåðàòîðîâ Øð¼äèíãåðà èçó÷àëñÿ âî ìíîãèõ ðàáîòàõ (ñì., íàïðèìåð, [4, 5, 15�20℄

è áîëåå ïîçäíèå ñòàòüè [21�26℄, à òàêæå ññûëêè èç ýòèõ ñòàòåé).

Â � 1 òåîðåìà 1 âûâîäèòñÿ èç òåîðåìû 3, à òàêæå äîêàçûâàþòñÿ íåêîòîðûå âñïîìîãàòåëü-

íûå óòâåðæäåíèÿ. Â � 2 òåîðåìà 3 äîêàçûâàåòñÿ ñ ïîìîùüþ òåîðåì 4, 5 è 6. Äîêàçàòåëüñòâî

òåîðåìû 5 ïðèâåäåíî â � 3, à äîêàçàòåëüñòâî òåîðåìû 6 � â � 4.

Äàëåå â ðàçíûõ îöåíêàõ ïîëîæèòåëüíûå êîíñòàíòû áóäóò îáîçíà÷àòüñÿ ÷åðåç C è c (ñ èí-

äåêñàìè èëè áåç íèõ). Êàê ïðàâèëî, áóäåò ÿâíî óêàçûâàòüñÿ, îò ÷åãî îíè ìîãóò çàâèñåòü. Ïðè

ýòîì îáîçíà÷àåìûå îäèíàêîâî êîíñòàíòû C (ñ ðàçíûìè èíäåêñàìè) íå îáÿçàòåëüíî ñîâïàäàþò

â ðàçíûõ îöåíêàõ, à êîíñòàíòû c (òàêæå ñ ðàçíûìè èíäåêñàìè) ïîñëå èõ îïðåäåëåíèÿ áóäóò

�èêñèðîâàòüñÿ.

� 1. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Òàê êàê

√
|V | ∈ L0

Λ(R
2), òî ïîëóòîðàëèíåéíàÿ �îðìà

Wg,V (ψ,ϕ) =
2∑

j=1

∫

R2

g
∂ψ

∂xj

∂ϕ

∂xj
dx+

∫

R2

V ψϕdx,

çàäàâàåìàÿ â L2(R2) è èìåþùàÿ îáëàñòü îïðåäåëåíèÿ Q(Wg,V ) = H1(R2), çàìêíóòà è ïîëó-

îãðàíè÷åíà, ïîýòîìó îíà ïîðîæäàåò ñàìîñîïðÿæåííûé îïåðàòîð Ĥg + V â L2(R2) ñ íåêîòîðîé

îáëàñòüþ îïðåäåëåíèÿ D(Ĥg + V ) ⊂ H1(R2) (ñì., íàïðèìåð, [1℄).
Ïðè k ∈ R2, e ∈ S1 = {x ∈ R2 : |x| = 1} è κ ∈ R ðàññìîòðèì â L2(K) ïîëóòîðàëèíåéíûå

�îðìû

Wg(k + iκe;ψ,ϕ) =
2∑

j=1

(
(kj − iκej − i

∂

∂xj
)ψ, g(kj + iκej − i

∂

∂xj
)ϕ

)
,

Wg,V (k + iκe;ψ,ϕ) =Wg(k + iκe;ψ,ϕ) +

∫

K

V ψϕdx

ñ îáëàñòüþ îïðåäåëåíèÿ Q(Wg(k + iκe; ., .)) = Q(Wg,V (k + iκe; ., .)) = H̃1(K), ãäå kj = (Ej , k),
ej = (Ej , e), j = 1, 2. Ôîðìà Wg,V (k+ iκe; ., .) çàìêíóòà è ñåêòîðèàëüíà, ïîýòîìó îíà ïîðîæäàåò

m -ñåêòîðèàëüíûé îïåðàòîð Ĥg(k + iκe) + V ñ îáëàñòüþ îïðåäåëåíèÿ D(Ĥg(k + iκe) + V ) ⊂
⊂ H̃1(K) ⊂ L2(K), êîòîðàÿ íå çàâèñèò îò k + iκe ∈ C2

. Îïåðàòîðû Ĥg(k) + V (ïðè κ = 0)
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ÿâëÿþòñÿ ïîëóîãðàíè÷åííûìè ñàìîñîïðÿæåííûìè îïåðàòîðàìè ñ êîìïàêòíîé ðåçîëüâåíòîé è,

ñëåäîâàòåëüíî, ñ äèñêðåòíûì ñïåêòðîì. Äëÿ ëþáûõ k ∈ R2
è e ∈ S1

îïåðàòîðû Ĥg(k+ ζe) + V,

ζ ∈ C, îáðàçóþò ñàìîñîïðÿæåííîå àíàëèòè÷åñêîå ñåìåéñòâî òèïà (B) (ñì. [27℄).

Îïåðàòîð Ĥg + V óíèòàðíî ýêâèâàëåíòåí ïðÿìîìó èíòåãðàëó

∫

2πK∗

⊕ (Ĥg(k) + V )
dk

(2π)2 v(K∗)
, (1.1)

ïðè ýòîì ñèíãóëÿðíûé ñïåêòð îïåðàòîðà Ĥg+V ïóñò è äëÿ äîêàçàòåëüñòâà îòñóòñòâèÿ â ñïåêòðå

îïåðàòîðà Ĥg + V ñîáñòâåííûõ çíà÷åíèé λ ∈ R (áåñêîíå÷íîé êðàòíîñòè) äîñòàòî÷íî ïîêàçàòü,

÷òî ÷èñëà λ ∈ R ïðè íåêîòîðûõ êîìïëåêñíûõ âåêòîðàõ k+ iκe ∈ C2
íå ÿâëÿþòñÿ ñîáñòâåííûìè

çíà÷åíèÿìè îïåðàòîðîâ Ĥg(k + iκe) + V (ñì. [28, 29℄). Çàìåíÿÿ ñêàëÿðíûé ïîòåíöèàë V íà

V − λ (äëÿ êîòîðîãî òàêæå

√
|V − λ| ∈ L0

Λ(R
2)), ìîæíî ðàññìàòðèâàòü òîëüêî ñëó÷àé λ = 0.

Ïîýòîìó äîñòàòî÷íî ïîêàçàòü, ÷òî ïðè íåêîòîðîì êîìïëåêñíîì âåêòîðå k+iκe ∈ C2
äëÿ ëþáîé

íåíóëåâîé �óíêöèè ϕ ∈ H̃1(K) íàéäåòñÿ �óíêöèÿ ψ ∈ H̃1(K) òàêàÿ, ÷òîWg,V (k+iκe;ψ,ϕ) 6= 0.
Ñëåäîâàòåëüíî, òåîðåìà 1 âûòåêàåò èç ïðèâîäèìîé íèæå òåîðåìû 2. (Èñïîëüçóåìûé çäåñü ìåòîä

äîêàçàòåëüñòâà àáñîëþòíîé íåïðåðûâíîñòè ñïåêòðà áûë âïåðâûå ïðåäëîæåí â ñòàòüå [15℄.)

Äëÿ êàæäîãî âåêòîðà e ∈ S1
îïðåäåëèì âåêòîð ẽ ∈ S1, îáðàçóþùèé âìåñòå ñ âåêòîðîì e

îðòîãîíàëüíûé áàçèñ â R2
: ẽ1 = (E1, ẽ) = −e2 , ẽ2 = (E2, ẽ) = e1 . Äëÿ âñåõ N ∈ Λ∗, k ∈ R2,

e ∈ S1
è κ ∈ R îáîçíà÷èì

G±
N = G±

N (k + iκe)
.
= |k + 2πN ± κẽ | =

(
(k1 + 2πN1 ∓ κe2)

2 + (k2 + 2πN2 ± κe1)
2
) 1

2 .

Âûáåðåì (è çà�èêñèðóåì) âåêòîð a ∈ Λ, äëÿ êîòîðîãî |a| = min {|b| : b ∈ Λ\{0}}. Òàê êàê

(
k + 2πN ± κẽ,

a

|a|

)
∈ (k ± κẽ, a)

|a| +
2π

|a| Z ,

òî äëÿ ëþáîãî âåêòîðà κe ∈ R2
íàéäåòñÿ ÷èñëî µ = µ(a,κe) ∈ {0, 1} òàêîå, ÷òî äëÿ âñåõ

âåêòîðîâ k ∈ R2, äëÿ êîòîðûõ (k, a) = µπ, è âñåõ N ∈ Λ∗

∣∣∣∣
(
k + 2πN ± κẽ,

a

|a|

)∣∣∣∣ >
π

2|a|
è, ñëåäîâàòåëüíî,

G±
N >

π

2|a|
(äëèíà âåêòîðà a çàâèñèò òîëüêî îò ðåøåòêè Λ). Ïóñòü

K(a;κe) = {k ∈ R
2 : (k, a) = µ(a,κe)π}.

Äàëåå (åñëè íå îãîâîðåíî ïðîòèâíîå) áóäóò âûáèðàòüñÿ âåêòîðû k ∈ K(a;κe). Ñïðàâåäëèâû
îöåíêè

max
±

G±
N > |κ| , G+

NG
−
N = |(k + 2πN + iκe)2| > π

|a| |κ| .

×åðåç P̂ ± = P̂ ±(k + iκe) îáîçíà÷àþòñÿ îðòîãîíàëüíûå ïðîåêòîðû â L2(K), ñòàâÿùèå â ñîîò-
âåòñòâèå �óíêöèÿì ϕ ∈ L2(K) �óíêöèè

P̂ +ϕ =
∑

N ∈Λ∗ : (k+2πN, ẽ)< 0

ϕN e
2πi (N,x), P̂ −ϕ =

∑

N ∈Λ∗ : (k+2πN, ẽ)> 0

ϕN e
2πi (N,x).

Äëÿ s > 0 îïðåäåëèì îïåðàòîðû Ĝ s
± = Ĝ s

±(k + iκe):

Ĝ s
±ϕ =

∑

N ∈Λ∗

(
G±
N (k + iκe)

)s
ϕN e

2πi (N,x), ϕ ∈ D(Ĝ s
±) = H̃s(K).
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Áóäåì îáîçíà÷àòü Ĝ± = Ĝ 1
± . Ñïðàâåäëèâû ðàâåíñòâà Ĝ±(k + iκe) = Ĝ∓(k − iκe). Åñëè s ′ >

> s > 0, òî îïåðàòîðû Ĝ s
± íåïðåðûâíî îòîáðàæàþò êëàññ Ñîáîëåâà H̃s′(K) íà êëàññ Ñîáîëåâà

H̃ s′−s(K).

Ïóñòü A � ñîâîêóïíîñòü ïîäìíîæåñòâ J ⊆ N \{1} òàêèõ, ÷òî

∑

j ∈N \ J

1

j ln (j + 1)
< +∞.

Ìíîæåñòâà J ∈ A ñîñòîÿò èç áåñêîíå÷íîãî êîëè÷åñòâà íàòóðàëüíûõ ÷èñåë. Ñëåäóþùàÿ ïðîñòàÿ

ëåììà ïîñòîÿííî èñïîëüçóåòñÿ â äàëüíåéøåì.

Ëåììà 1. Ïóñòü aj > 0, j ∈ N, è
+∞∑
j=1

aj < +∞. Òîãäà äëÿ ëþáîãî ε > 0

{
j ∈ N \{1} : aj 6

ε

j ln j

}
∈ A .

Åñëè Jµ ∈ A , µ = 1, . . . ,m, òî òàêæå

m⋂

µ=1

Jµ ∈ A .

Òåîðåìà 2. Ïóñòü ïåðèîäè÷åñêèå (ñ ðåøåòêîé ïåðèîäîâ Λ ⊂ R2) �óíêöèè g : R2 → R è V :
R2 → R óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1. Òîãäà íàéäóòñÿ ìíîæåñòâî J ∈ A è êîíñòàíòà

C = C(Λ, g) > 0 òàêèå, ÷òî äëÿ êàæäîãî ÷èñëà κ ∈ J ñóùåñòâóåò âåêòîð e ∈ S1
òàêîé, ÷òî

äëÿ âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé ϕ ∈ H̃1(K)

sup

ψ∈ H̃1(K) : ‖Ĝ
1
2
+ (k+iκe)Ĝ

1
2
−
(k+iκe)ψ‖

L2(K) 6 1

|Wg,V (k + iκe;ψ,ϕ)| >

> C ‖Ĝ
1
2
+ (k + iκe)Ĝ

1
2
− (k + iκe)ϕ‖L2(K) .

Òåîðåìà 2 ÿâëÿåòñÿ ñëåäñòâèåì òåîðåìû 3 è ëåììû 2.

Ëåììà 2. Ïóñòü V ∈ L0
Λ(R

2). Òîãäà äëÿ ëþáîãî ε > 0 íàéäåòñÿ ÷èñëî κ0 = κ0(Λ,V; ε) > 0

òàêîå, ÷òî äëÿ âñåõ κ > κ0 , âñåõ e ∈ S1, âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé ϕ ∈ H̃1(K)

‖V ϕ‖L2(K) 6 ε ‖Ĝ
1
2
+ (k + iκe)Ĝ

1
2
− (k + iκe)ϕ‖L2(K) .

Ëåììà 2 äîêàçûâàåòñÿ àíàëîãè÷íî ëåììå 1.2 â [14℄.

Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî ïåðèîäè÷åñêàÿ (ñ ðåøåòêîé ïåðèîäîâ Λ ⊂ R2) �óíêöèÿ

g : R2 → R óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1. Òîãäà íàéäóòñÿ ìíîæåñòâî J ∈ A è êîí-

ñòàíòà C = C(Λ, g) > 0 òàêèå, ÷òî äëÿ ëþáîãî ÷èñëà κ ∈ J ñóùåñòâóåò âåêòîð e ∈ S1

òàêîé, ÷òî äëÿ âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé ϕ ∈ H̃1(K)

sup

ψ ∈ H̃1(K) : ‖Ĝ
1
2
+ (k+iκe)Ĝ

1
2
−
(k+iκe)ψ‖

L2(K) 6 1

|Wg(k + iκe;ψ,ϕ)| > (1.2)

> C ‖Ĝ
1
2
+ (k + iκe)Ĝ

1
2
− (k + iκe)ϕ‖L2(K) .
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Äîêàçàòåëüñòâî òåîðåìû 3 ïðèâåäåíî â ñëåäóþùåì ïàðàãðà�å.

Ïóñòü p̂j = kj−i ∂
∂xj

, j = 1, 2, p̂±
.
= p̂1±ip̂2 . Åñëè k± = k1±ik2 è d̂± = ∂

∂x1
±i ∂

∂x2
(d̂+ = 2 ∂

∂z
,

d̂− = 2 ∂
∂z
, ãäå z = x1 + ix2), òî p̂± = k± − id̂± . Îïðåäåëèì òàêæå îïåðàòîðû

P̂± = P̂±(k, e) = (e1 ∓ ie2) p̂± , D̂± = D̂±(k, e) = (e1 ∓ ie2) d̂± .

Èìåþò ìåñòî ðàâåíñòâà

|P̂+ + iκ| = |P̂− − iκ| = Ĝ+ , |P̂+ − iκ| = |P̂− + iκ| = Ĝ− ,

ãäå ñëåâà ñòîÿò ïîëîæèòåëüíûå îïåðàòîðû èç ïîëÿðíûõ ðàçëîæåíèé îïåðàòîðîâ P̂± + iκ è

P̂± − iκ. Ïðè ýòîì äëÿ âñåõ s > 0

|P̂±|sϕ = |p̂±|sϕ =
∑

N ∈Λ∗

|k + 2πN |s ϕN e 2πi (N,x), ϕ ∈ H̃s(K).

×àñòíûì ñëó÷àåì îïåðàòîðà |p̂±| ïðè k = 0 ÿâëÿåòñÿ îïåðàòîð |d̂±| = (−∆)
1
2 .

Èç (0.3) è ðàçëîæåíèÿ (1.1) ñëåäóåò, ÷òî ïåðèîäè÷åñêàÿ (ñ ðåøåòêîé ïåðèîäîâ Λ ⊂ R2
)

�óíêöèÿ F : R2 → C ïðèíàäëåæèò LaΛ(R
2), ãäå a > 0, òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîé

�óíêöèè ϕ ∈ H̃1(K) �óíêöèÿ Fϕ ïðèíàäëåæèò ïðîñòðàíñòâó L2(K) è äëÿ ëþáîãî ε > 0
ñóùåñòâóåò êîíñòàíòà C(ε,F) > 0 (òà æå, ÷òî è â îöåíêå (0.3)) òàêàÿ, ÷òî äëÿ âñåõ k ∈ R2

è âñåõ �óíêöèé ϕ ∈ H̃1(K)

‖Fϕ‖L2(K) 6 (a+ ε) ‖ |p̂+|ϕ ‖L2(K) + C(ε,F) ‖ϕ‖L2(K) . (1.3)

×èñëà q ∈ [1, 43) áóäåì ïðåäñòàâëÿòü â âèäå q = 4
3+δ , ãäå δ = δ(q) ∈ (0, 1].

Åñëè G ∈ L(q)
Λ (R2), q ∈ (1, 43 ), òî äëÿ âñåõ κ > min {2π|n| : n ∈ Λ∗ \ {0}} è ε ∈ [0, δ2)

∑

n∈Λ∗ : 2π|n|>κ

(2π|n|)ε|Gn| 6 (1.4)

6

( ∑

n∈Λ∗ : 2π|n|>κ

(2π|n|)−2 1−2ε
1−δ

)1−δ
4

‖(−∆)
1
4G‖q 6 C(Λ; ε, δ) ‖(−∆)

1
4G‖q κ−

(
δ
2
−ε
)
.

Åñëè G ∈ L(1)
Λ (R2), òî äëÿ âñåõ κ > min {2π|n| : n ∈ Λ∗ \ {0}} è ε ∈ [0, 12)

∑

n∈Λ∗ : 2π|n|>κ

(2π|n|)ε|Gn| 6 (1.5)

6

(
max

n∈Λ∗ : 2π|n|>κ

(2π|n|)−
(

1
2
−ε
) ) ∑

n∈Λ∗ : 2π|n|>κ

(2π|n|)
1
2 |Gn| 6 ‖(−∆)

1
4G‖1 κ−

(
1
2
−ε
)

(ìîæíî ïîëîæèòü 1 = C(Λ; ε, 1)). Èç (1.4) è (1.5) äëÿ �óíêöèé G ∈ L(q)
Λ (R2), q ∈ [1, 43), â ÷àñò-

íîñòè, ïîëó÷àåì ∑

n∈Λ∗ \ {0}
|Gn| 6 C1‖(−∆)

1
4G‖q , (1.6)

ãäå

C1 = C1(Λ, q) =

(
2π min

n∈Λ∗ \ {0}
|n|

)− δ(q)
2

C(Λ; 0, δ(q)) > 0.

Ëåììà 3. Åñëè G ∈ L(q)
Λ (R2) äëÿ íåêîòîðîãî q ∈ [1, 43), òî òàêæå G2 ∈ L(q)

Λ (R2) .
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Ä î ê à ç à ò å ë ü ñ ò â î. Èç (1.6) ñëåäóåò îöåíêà

∑

n∈Λ∗

|Gn| < +∞ .

Äëÿ âñåõ N ∈ Λ∗
(
G(−∆)

1
4 G

)
N

=
∑

n∈Λ∗

Gn (2π|N − n|) 1
2 GN−n .

Ïîýòîìó ( ∑

N ∈Λ∗

|(G(−∆)
1
4 G)N |q

) 1
q

6

( ∑

n∈Λ∗

|Gn|
)
‖(−∆)

1
4G‖q . (1.7)

Îáîçíà÷èì

Φ = (−∆)
1
4 G2 − G(−∆)

1
4 G . (1.8)

Òîãäà äëÿ âñåõ N ∈ Λ∗

ΦN =
∑

n∈Λ∗

(
(2π|N |) 1

2 − (2π|N − n|) 1
2
)
GnGN−n .

Òàê êàê äëÿ âñåõ âåêòîðîâ x, y ∈ R2
âûïîëíÿåòñÿ íåðàâåíñòâî

∣∣√|x| −
√

|y|
∣∣ 6

√
|x− y| , òî

|ΦN | 6
∑

n∈Λ∗

(2π|n|) 1
2 |Gn| · |GN−n| =

∑

n∈Λ∗

(2π|N − n|) 1
2 |Gn| · |GN−n|

è, ñëåäîâàòåëüíî, òàêæå

( ∑

N ∈Λ∗

|ΦN |q
) 1

q

6

( ∑

n∈Λ∗

|Gn|
)
‖(−∆)

1
4G‖q . (1.9)

Òåïåðü èç (1.7), (1.8) è (1.9) âûòåêàåò îöåíêà

‖(−∆)
1
4 G2‖q 6

( ∑

N ∈Λ∗

|(G(−∆)
1
4 G)N |q

) 1
q

+

( ∑

N ∈Λ∗

|ΦN |q
) 1

q

6

6 2

( ∑

n∈Λ∗

|Gn|
)
‖(−∆)

1
4G‖q < +∞ .

Ëåììà 3 äîêàçàíà. �

Òàê êàê g± 1
2 ∈ L(q)

Λ (R2), q ∈ [1, 43), òî â ñèëó ëåììû 3 òàêæå g ∈ L(q)
Λ (R2). Ïðè ýòîì èç (1.6)

ñëåäóåò, ÷òî g � íåïðåðûâíàÿ �óíêöèÿ è ðÿäû Ôóðüå �óíêöèé g è g± 1
2
àáñîëþòíî ñõîäÿòñÿ.

Ëåììà 4. Äëÿ ëþáûõ κ ∈ R, e ∈ S1
è ëþáîãî âåêòîðà k ∈ K(a;κe) íàéäóòñÿ âåêòîðû

N ± ∈ Λ∗
òàêèå, ÷òî äëÿ âñåõ s > 0 è âñåõ �óíêöèé ϕ ∈ H̃s(K) âûïîëíÿþòñÿ îöåíêè

‖ (−∆)
s
2 e 2πi (N

±, x)ϕ ‖ 6 C ‖Ĝs±ϕ‖ ,

ãäå C = C(s,Λ) > 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü κ ∈ R è e ∈ S1. Äëÿ ëþáîãî âåêòîðà k ∈ R2
ìîæíî íàéòè

òàêèå âåêòîðû N ± ∈ Λ∗, ÷òî |2πN ± − (k ± κẽ)| 6 C1 , ãäå C1 = C1(Λ) > 0. Òàê êàê |k + 2πN±
±κẽ | = G±

N > π
2|a| , òî äëÿ âñåõ N ∈ Λ∗

2π|N +N ±| 6 |k + 2πN ± κẽ | + |2πN ± − (k ± κẽ)| 6 (1.10)
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6 |k + 2πN ± κẽ | + C1 6

(
1 +

2|a|
π

C1

)
|k + 2πN ± κẽ | .

Ñ äðóãîé ñòîðîíû,

e−2πi (N ±, x) (−∆)
s
2 e 2πi (N

±, x)ϕ =
∑

N ∈Λ∗

(2π|N +N ±|)sϕNe 2πi (N, x),

Ĝs±ϕ =
∑

N ∈Λ∗

|k + 2πN ± κẽ |sϕNe 2πi (N, x).

Ïîýòîìó äîêàçûâàåìûå íåðàâåíñòâà íåïîñðåäñòâåííî ñëåäóþò èç îöåíîê (1.10). �

Ëåììà 5. Ïóñòü G ∈ L(q)
Λ (R2), q ∈ [1, 43). Òîãäà äëÿ âñåõ �óíêöèé ϕ ∈ H̃

1
2 (K) òàêæå

Gϕ ∈ H̃
1
2 (K) è äëÿ âñåõ ÷èñåë κ ∈ R, âñåõ âåêòîðîâ e ∈ S1

è âñåõ âåêòîðîâ k ∈ K(a;κe)

‖Ĝ
1
2
±(Gϕ) − GĜ

1
2
±ϕ‖ 6 C ‖(−∆)

1
4 G‖q ‖Ĝ

1
2
±ϕ‖ , ϕ ∈ H̃

1
2 (K) , (1.11)

ãäå C = C(q,Λ) > 0.

Ä î ê à ç à ò å ë ü ñ ò â î. ×òîáû óáåäèòüñÿ, ÷òî Gϕ ∈ H̃
1
2 (K) äëÿ âñåõ ϕ ∈ H̃

1
2 (K) è, áîëåå

òîãî, îòîáðàæåíèå ϕ 7→ Gϕ íåïðåðûâíî â H̃
1
2 (K), äîñòàòî÷íî äîêàçàòü îöåíêè (1.11) äëÿ òðèãî-

íîìåòðè÷åñêèõ ìíîãî÷ëåíîâ ϕ è âîñïîëüçîâàòüñÿ ïëîòíîñòüþ ìíîæåñòâà òðèãîíîìåòðè÷åñêèõ

ìíîãî÷ëåíîâ â H̃
1
2 (K) (è îãðàíè÷åííîñòüþ �óíêöèè G). Ïîýòîìó, õîòÿ äàëåå ðàññìàòðèâàþòñÿ

�óíêöèè ϕ ∈ H̃
1
2 (K), ìîæíî èõ ñ÷èòàòü òðèãîíîìåòðè÷åñêèìè ìíîãî÷ëåíàìè. Îáîçíà÷èì

Φ± = Ĝ
1
2
±(Gϕ) − GĜ

1
2
±ϕ .

Äëÿ âñåõ N ∈ Λ∗

Φ±
N =

∑

n∈Λ∗

(
(G±

N )
1
2 − (G±

N−n)
1
2
)
GnϕN−n .

Òàê êàê G±
N = |k + 2πN ± κẽ |, N ∈ Λ∗, è äëÿ âñåõ âåêòîðîâ x, y ∈ R2

ñïðàâåäëèâà îöåíêà

|
√

|x| −
√

|y| | 6
√

|x− y|, òî
∣∣(G±

N )
1
2 − (G±

N−n)
1
2

∣∣ 6
√

2π|n|

è, ñëåäîâàòåëüíî,

|Φ±
N | 6

∑

n∈Λ∗

√
2π|n| |Gn| · |ϕN−n| , N ∈ Λ∗. (1.12)

Îáîçíà÷èì

G̃ =
∑

n∈Λ∗

|Gn| e 2πi (n,x).

Äëÿ κ ∈ R, e ∈ S1
è âåêòîðà k ∈ K(a;κe) âûáåðåì âåêòîðû N ± ∈ Λ∗

â ñîîòâåòñòâèè ñ ëåììîé 4

è äëÿ �óíêöèé ϕ ∈ H̃
1
2 (K) áóäåì îáîçíà÷àòü

ϕ± =
∑

N ∈Λ∗

|ϕN | e 2πi (N+N±, x).

Òîãäà èç (1.12) ïîëó÷àåì

‖Φ±‖ 6 ‖((−∆)
1
4 G̃)ϕ±‖ 6 ‖(−∆)

1
4 G̃‖

L
4

1−δ (K)
‖ϕ±‖

L
4

1+δ (K)
. (1.13)

Â ñèëó íåðàâåíñòâà Õàóñäîð�à�Þíãà

‖ (−∆)
1
4 G̃‖

L
4

1−δ (K)
6 (v(K))

1−δ
4 ‖(−∆)

1
4 G̃‖q = (v(K))

1−δ
4 ‖(−∆)

1
4G‖q . (1.14)
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Ïðè q ∈ (1, 43 )

‖ϕ±‖
L

4
1+δ (K)

6 (v(K))
1+δ
4

(
|ϕ±

0 | +
( ∑

N ∈Λ∗ \ {0}
|ϕ±
N |

4
3−δ

)3−δ
4

)
6 (1.15)

6 (v(K))
1+δ
4

(
|ϕ±

0 | + (v(K))−
1
2

( ∑

n∈Λ∗ \ {0}
(2π|n|)−

2
1−δ

) 1−δ
4

‖(−∆)
1
4ϕ±‖

)
.

Åñëè q = 1 (è δ = δ(1) = 1), òî

‖ϕ±‖L2(K) 6 (v(K))
1
2

(
|ϕ±

0 | +
( ∑

N ∈Λ∗ \ {0}
|ϕ±
N |2

) 1
2
)

6 (1.16)

6 (v(K))
1
2

(
|ϕ±

0 | + (v(K))−
1
2

(
max

n∈Λ∗ \ {0}
(2π|n|)− 1

2

)
‖(−∆)

1
4ϕ±‖

)
.

Ñ äðóãîé ñòîðîíû, â ñèëó ëåììû 4

‖(−∆)
1
4ϕ±‖ = (v(K))

1
2

( ∑

N ∈Λ∗ \ {0}
(2π|N +N ±|) |ϕN |2

) 1
2

=

= ‖(−∆)
1
4 e 2πi (N

±, x)ϕ‖ 6 C
(1
2
,Λ

)
‖Ĝ

1
2
±ϕ‖

(ãäå C(12 ,Λ) > 0 � êîíñòàíòà èç ëåììû 4). Ïîýòîìó îöåíêè (1.11) ñëåäóþò èç (1.13), (1.14),

(1.15), (1.16) è íåðàâåíñòâ

|ϕ±
0 | 6 (v(K))−

1
2

(
2|a|
π

) 1
2

‖Ĝ
1
2
±ϕ‖ .

Ëåììà 5 äîêàçàíà. �

Åñëè G ∈ L(q)
Λ (R2), q ∈ [1, 43), òî èç ëåììû 5 è îöåíêè (1.6) ïîëó÷àåì, ÷òî äëÿ âñåõ κ ∈ R,

e ∈ S1, âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé ϕ ∈ H̃
1
2 (K)

‖Ĝ
1
2
±Gϕ‖ 6 C ′(|G0|+ ‖(−∆)

1
4 G‖q

)
‖Ĝ

1
2
±ϕ‖ , (1.17)

ãäå C ′ = C ′(q,Λ) > 0.
Âûáåðåì ÷åòíóþ �óíêöèþ R2 ∋ x 7→ Ω(x) ∈ R èç ïðîñòðàíñòâà Øâàðöà S(R2), äëÿ êîòîðîé

ïðåîáðàçîâàíèå Ôóðüå

R
2 ∋ ξ 7→ Ω̂(ξ) =

∫

R2

Ω(x) e−i (ξ,x) dx ,

ÿâëÿþùååñÿ âåùåñòâåííîçíà÷íîé �óíêöèåé èç C∞(R2), óäîâëåòâîðÿåò óñëîâèÿì Ω̂(ξ) = 1 ïðè
|ξ| 6 1, 0 6 Ω̂(ξ) 6 1 ïðè 1 < |ξ| 6 2 è Ω̂(ξ) = 0 ïðè |ξ| > 2 .

Äëÿ κ > 0 îïðåäåëèì �óíêöèè

Ω4κ(x) = (4κ)2 Ω(4κx) =
1

(2π)2

∫

R2

Ω̂

(
ξ

4κ

)
e i (x, ξ) dξ ,

g4κ(x) = (g ∗Ω4κ)(x) =

∫

R2

g(x− y)Ω4κ(y) dy , x ∈ R
2.

Èìååì (g4κ)n = gnΩ̂
(
πn
2κ

)
, n ∈ Λ∗. Ïðè ýòîì (g4κ)n = 0 ïðè 2π|n| > 8κ è |(g4κ)n| 6 |gn| ïðè âñåõ

n ∈ Λ∗. Îáîçíà÷èì g̃4κ = g − g4κ . Òîãäà (g̃4κ)n = 0 ïðè 2π|n| 6 4κ è òàêæå |(g̃4κ)n| 6 |gn| ïðè
âñåõ n ∈ Λ∗.
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Âìåñòå ñ íåðàâåíñòâàìè (0.2) äëÿ âñåõ κ > 0 è ïðè âñåõ x ∈ R2
âûïîëíÿþòñÿ òàêæå íåðà-

âåíñòâà

c1(g) 6 g4κ(x) 6 c2(g)

ñ òåìè æå êîíñòàíòàìè c1(g) è c2(g).
Òàê êàê g4κ = g4κ ∗ Ω8κ , ãäå

Ω8κ(x) = (8κ)2 Ω(8κx), x ∈ R
2,

òî

‖d̂±g4κ‖L∞ 6 ‖g4κ‖L∞ ‖d̂±Ω8κ‖L1(R2) 6 c(1)c2(g)κ , (1.18)

ãäå c(1) = 8 ‖d̂±Ω‖L1(R2) . Îáîçíà÷èì òàêæå c(0) = ‖Ω‖L1(R2). Çà�èêñèðîâàâ ðàññìàòðèâàåìóþ

�óíêöèþ Ω(·), ìîæíî ñ÷èòàòü, ÷òî c(0) è c(1) � óíèâåðñàëüíûå êîíñòàíòû.

� 2. Äîêàçàòåëüñòâî òåîðåìû 3

Áóäåì ðàññìàòðèâàòü ïîëóòîðàëèíåéíóþ �îðìó

Wg(k + iκe;ψ,ϕ) =

2∑

j=1

(
(p̂j − iκej)ψ, g(p̂j + iκej)ϕ

)
=

=
1

2

(
(P̂+ − iκ)ψ, g(P̂+ + iκ)ϕ

)
+

1

2

(
(P̂− − iκ)ψ, g(P̂− + iκ)ϕ

)
, ψ, ϕ ∈ H̃1(K).

Ñïðàâåäëèâî ðàâåíñòâî

Wg(k + iκe;ψ,ϕ) = Wg4κ (k + iκe;ψ,ϕ) + Wg̃4κ (k + iκe;ψ,ϕ), (2.1)

ïðè ýòîì ‖(−∆)
1
4 g4κ‖q 6 ‖(−∆)

1
4 g‖q è ‖(−∆)

1
4 g̃4κ‖q 6 ‖(−∆)

1
4 g‖q . Ïîëó÷èì îöåíêè äëÿ ñëà-

ãàåìûõ â ïðàâîé ÷àñòè (2.1).

Òåîðåìà 4. Äëÿ âñåõ κ > 0, âñåõ âåêòîðîâ e ∈ S1, k ∈ K(a;κe) è âñåõ �óíêöèé ψ,ϕ ∈
∈ H̃1(K)

|Wg̃4κ (k + iκe;ψ,ϕ)| 6 C ‖(−∆)
1
4 g̃4κ‖q ‖Ĝ

1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ ,

ãäå C = C(q,Λ) > 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ÷èñåë κ > 0, âåêòîðîâ e ∈ S1, k ∈ K(a;κe) è �óíêöèé

ϕ ∈ H̃1(K) áóäåì îáîçíà÷àòü

ϕ(1) =
∑

N ∈Λ∗ : |k+2πN |6 2κ

ϕNe
2πi (N, x), ϕ(2) = ϕ− ϕ(1)

(2.2)

(òàêèå æå îáîçíà÷åíèÿ áóäóò èñïîëüçîâàòüñÿ è äëÿ �óíêöèé ψ ∈ H̃1(K)). Òàê êàê (g̃4κ)n = 0
ïðè 2π|n| 6 4κ, òî (

(P̂± − iκ)ψ(1), g̃4κ(P̂± + iκ)ϕ(1)
)
= 0. (2.3)

Åñëè |k + 2πN | > 2κ, òî G±
N > 1

2 |k + 2πN | > κ è

1
3 < G+

N (G
−
N )

−1 < 3. Ïîýòîìó

‖(P̂± − iκ)ψ(2)‖ = ‖Ĝ∓ψ
(2)‖ 6

√
3 ‖Ĝ

1
2
+Ĝ

1
2
−ψ

(2)‖ ,

‖(P̂± + iκ)ϕ(2)‖ = ‖Ĝ±ϕ
(2)‖ 6

√
3 ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

(2)‖
è, ñëåäîâàòåëüíî (ñì. íåðàâåíñòâî (1.6)),

|
(
(P̂± − iκ)ψ(2), g̃4κ(P̂± + iκ)ϕ(2)

)
| 6 (2.4)
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6 3 ‖g̃4κ‖L∞ ‖Ĝ
1
2
+Ĝ

1
2
−ψ

(2)‖ · ‖Ĝ
1
2
+Ĝ

1
2
−ϕ

(2)‖ 6 3C1 ‖(−∆)
1
4 g̃4κ‖q ‖Ĝ

1
2
+Ĝ

1
2
−ψ

(2)‖ · ‖Ĝ
1
2
+Ĝ

1
2
−ϕ

(2)‖ ,
ãäå C1 = C1(q,Λ) > 0. Äàëåå, ñïðàâåäëèâû ðàâåíñòâà

(
(P̂± − iκ)ψ(2), g̃4κ(P̂± + iκ)ϕ(1)

)
=

(
(P̂± − iκ)Ĝ

− 1
2

∓ ψ(2), Ĝ
1
2
∓ g̃4κ(P̂± + iκ)ϕ(1)

)
.

Ïðè ýòîì

‖(P̂± − iκ)Ĝ
− 1

2
∓ ψ(2)‖ = ‖Ĝ

1
2
∓ψ

(2)‖ 6
1√
κ
‖Ĝ

1
2
+Ĝ

1
2
−ψ

(2)‖

è (â ñèëó íåðàâåíñòâà (1.17))

‖Ĝ
1
2
∓ g̃4κ(P̂± + iκ)ϕ(1)‖ 6 C ′ ‖(−∆)

1
4 g̃4κ‖q ‖Ĝ

1
2
∓(P̂± + iκ)ϕ(1)‖ , (2.5)

ãäå C ′ = C ′(q,Λ) > 0. Òàê êàê ïðè |k + 2πN | 6 2κ âûïîëíÿþòñÿ îöåíêè G±
N 6 3κ, òî

‖Ĝ
1
2
∓(P̂± + iκ)ϕ(1)‖ = ‖Ĝ

1
2
∓Ĝ±ϕ

(1)‖ 6
√
3κ ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

(1)‖

è èç (2.5) ïîëó÷àåì

‖Ĝ
1
2
∓ g̃4κ(P̂± + iκ)ϕ(1)‖ 6

√
3C ′√

κ ‖(−∆)
1
4 g̃4κ‖q ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

(1)‖ .

Ñëåäîâàòåëüíî,

|
(
(P̂± − iκ)ψ(2), g̃4κ(P̂± + iκ)ϕ(1)

)
| 6 (2.6)

6 ‖(P̂± − iκ)Ĝ
− 1

2
∓ ψ(2)‖ · ‖Ĝ

1
2
∓ g̃4κ(P̂± + iκ)ϕ(1)‖ 6

6
√
3C ′‖(−∆)

1
4 g̃4κ‖q ‖Ĝ

1
2
+Ĝ

1
2
−ψ

(2)‖ · ‖Ĝ
1
2
+Ĝ

1
2
−ϕ

(1)‖ .
Àíàëîãè÷íî ïîëó÷àþòñÿ íåðàâåíñòâà

|
(
(P̂± − iκ)ψ(1), g̃4κ(P̂± + iκ)ϕ(2)

)
| 6 (2.7)

6 ‖Ĝ
1
2
± g̃4κ(P̂± − iκ)ψ(1)‖ · ‖(P̂± + iκ)Ĝ

− 1
2

± ϕ(2)‖ 6

6
√
3C ′‖(−∆)

1
4 g̃4κ‖q ‖Ĝ

1
2
+Ĝ

1
2
−ψ

(1)‖ · ‖Ĝ
1
2
+Ĝ

1
2
−ϕ

(2)‖ .
Òåïåðü èç îöåíîê (2.3), (2.4), (2.6) è (2.7) âûòåêàåò äîêàçûâàåìîå íåðàâåíñòâî

|Wg̃4κ (k + iκe;ψ,ϕ)| 6

6
1

2

2∑

j, l=1

∣∣((P̂+ − iκ)ψ(j), g̃4κ(P̂+ + iκ)ϕ(l)
)∣∣ + 1

2

2∑

j, l=1

∣∣((P̂− − iκ)ψ(j), g̃4κ(P̂− + iκ)ϕ(l)
)∣∣ 6

6 (3C1 + 2
√
3C ′) ‖(−∆)

1
4 g̃4κ‖q ‖Ĝ

1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ .

Òåîðåìà 4 äîêàçàíà. �

Äëÿ ïîëóòîðàëèíåéíîé �îðìû Wg4κ(k + iκe; ·, ·) ñïðàâåäëèâî òîæäåñòâî

Wg4κ (k + iκe;ψ,ϕ) = (2.8)

=
(
(P̂+ − iκ)

√
g4κ ψ, (P̂+ + iκ)

√
g4κ ϕ

)
+

(
ψ,

√
g4κ (∆

√
g4κ )ϕ

)
, ψ, ϕ ∈ H̃1(K).

Ïðè ýòîì

√
g4κ ∆

√
g4κ =

1

2
∆g4κ − 1

4g4κ
|d̂+g4κ|2. (2.9)
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Òåîðåìà 5. Ïóñòü g ∈ L( 4
3
)

Λ (R2) è âûïîëíÿþòñÿ íåðàâåíñòâà (0.2). Òîãäà äëÿ ëþáîãî ε > 0
íàéäåòñÿ ìíîæåñòâî J(ε) = J(ε; Λ, g) ∈ A òàêîå, ÷òî äëÿ êàæäîãî ÷èñëà κ ∈ J(ε) íàéäåòñÿ
âåêòîð e ∈ S1

òàêîé, ÷òî äëÿ âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé ψ,ϕ ∈ H̃1(K)

|(ψ,√g4κ (∆
√
g4κ )ϕ)| 6 ε ‖Ĝ

1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ . (2.10)

Äîêàçàòåëüñòâî òåîðåìû 5 ïðèâåäåíî â � 3. Ñëåäóþùàÿ òåîðåìà äîêàçûâàåòñÿ â � 4.

Òåîðåìà 6. Ïóñòü g : R2 → R � ïîëîæèòåëüíàÿ �óíêöèÿ, äëÿ êîòîðîé âûïîëíÿþòñÿ

íåðàâåíñòâà (0.2) è g
1
2 , g−

1
2 ∈ L(q)

Λ (R2), ãäå q ∈ [1, 43 ). Òîãäà íàéäóòñÿ êîíñòàíòû C± =

= C±(Λ, g) > 0 è ìíîæåñòâî J̃ = J̃(Λ, g) ∈ A òàêèå, ÷òî äëÿ âñåõ κ ∈ J̃, âñåõ e ∈ S1,

âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé ϕ ∈ H̃1(K)

‖Ĝ
1
2
+Ĝ

1
2
−(g4κ)

± 1
2ϕ‖ 6 C± ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ . (2.11)

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 3. Âûáåðåì ÷èñëî ε = 1
4 C

−2
− , ãäå C− � êîíñòàíòà

èç òåîðåìû 6, è ÷èñëî κ0 > 0 òàêîå, ÷òî äëÿ âñåõ κ > κ0

C ‖(−∆)
1
4 g̃4κ‖q 6

1

4
C−2
− ,

ãäå C � êîíñòàíòà èç òåîðåìû 4. Äëÿ âûáðàííîãî ÷èñëà ε â ñîîòâåòñòâèè ñ òåîðåìîé 5 íàéäåì

ìíîæåñòâî J(ε) ∈ A. Îáîçíà÷èì J = (J(ε) ∩ J̃ )\(0,κ0] (ãäå J̃ ∈ A � ìíîæåñòâî èç òåîðåìû 6).

Ìíîæåñòâî J òàêæå ïðèíàäëåæèò A. Áóäåì äàëåå ïðåäïîëàãàòü, ÷òî κ ∈ J. Èç òåîðåìû 5

ñëåäóåò, ÷òî äëÿ ÷èñëà κ (è äëÿ âûáðàííîãî ÷èñëà ε) íàéäåòñÿ âåêòîð e ∈ S1
òàêîé, ÷òî (äëÿ

âñåõ k ∈ K(a;κe) è âñåõ ψ,ϕ ∈ H̃1(K)) âûïîëíÿåòñÿ îöåíêà (2.10). Ïóñòü k � ïðîèçâîëüíûé

âåêòîð èç K(a;κe). Äëÿ ëþáîé �óíêöèè ϕ ∈ H̃1(K) îïðåäåëèì �óíêöèþ ψ ∈ H̃1(K):

Ĝ
1
2
+Ĝ

− 1
2

− (P̂+ − iκ)
√
g4κ ψ = Ĝ

1
2
−Ĝ

− 1
2

+ (P̂+ + iκ)
√
g4κ ϕ

(÷òî ìîæíî ñäåëàòü, òàê êàê

√
g4κ ∈ C∞(R2) è îïåðàòîðû P̂+ ± iκ âçàèìíî îäíîçíà÷íî îòîá-

ðàæàþò H̃1(K) íà L2(K)). Ïðè ýòîì

‖Ĝ
1
2
+Ĝ

1
2
−
√
g4κ ψ‖ = ‖Ĝ

1
2
+Ĝ

− 1
2

− (P̂+ − iκ)
√
g4κ ψ‖ =

= ‖Ĝ
1
2
−Ĝ

− 1
2

+ (P̂+ + iκ)
√
g4κ ϕ‖ = ‖Ĝ

1
2
+Ĝ

1
2
−
√
g4κ ϕ‖ .

Ñïðàâåäëèâî òîæäåñòâî (ñì. (2.1) è (2.8))

Wg(k + iκe;ψ,ϕ) =

= Wg̃4κ (k+iκe;ψ,ϕ) + (Ĝ
1
2
+Ĝ

− 1
2

− (P̂+−iκ)
√
g4κ ψ, Ĝ

1
2
−Ĝ

− 1
2

+ (P̂++iκ)
√
g4κ ϕ)+

(
ψ,

√
g4κ (∆

√
g4κ )ϕ

)
,

èç êîòîðîãî ñ ïîìîùüþ òåîðåì 4, 5 è 6 (äëÿ âñåõ ϕ ∈ H̃1(K)) ïîëó÷àåì

|Wg(k + iκe;ψ,ϕ)| > (2.12)

> ‖Ĝ
1
2
+Ĝ

1
2
−
√
g4κ ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−
√
g4κ ϕ‖ − |Wg̃4κ (k + iκe;ψ,ϕ)| − |

(
ψ,

√
g4κ (∆

√
g4κ )ϕ

)
| >

>
(
C−2
− − C ‖(−∆)

1
4 g̃4κ‖q − ε

)
‖Ĝ

1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ >

1

2
C−2
− ‖Ĝ

1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ .

Èç (2.12) íåïîñðåäñòâåííî ñëåäóåò äîêàçûâàåìîå íåðàâåíñòâî (1.2). �
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� 3. Äîêàçàòåëüñòâî òåîðåìû 5

Â ýòîì ïàðàãðà�å �óíêöèþ g ìîæíî ñ÷èòàòü êîìïëåêñíîçíà÷íîé (÷åðåç g îáîçíà÷àåòñÿ

êîìïëåêñíî-ñîïðÿæåííàÿ �óíêöèÿ ê �óíêöèè g). Äîêàçàòåëüñòâî òåîðåìû 5 îïèðàåòñÿ íà ïðè-

âîäèìûå íèæå òåîðåìû 7 è 8.

Ëåììà 6. Äëÿ ëþáîé �óíêöèè g ∈ L( 4
3
)

Λ (R2) ñóùåñòâóåò ìíîæåñòâî J ′ = J ′(Λ, g) ∈ A
òàêîå, ÷òî äëÿ âñåõ κ ∈ J ′

âûïîëíÿþòñÿ íåðàâåíñòâà

‖d̂±g4κ‖L4(K) = ‖d̂∓g4κ‖L4(K) 6 κ
1
2 (ln κ)−

3
4 . (3.1)

Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì

am =
∑

n∈Λ∗ : 8(m−1)< 2π|n|6 8m

(2π|n|) 2
3 |gn|

4
3 , m ∈ N , Aj = j−

5
3

j∑

m=1

m
2
3 am , j ∈ N .

Òîãäà

+∞∑

j=1

Aj =

+∞∑

m=1

( +∞∑

j =m

j−
5
3

)
m

2
3 am 6 C

+∞∑

m=1

am = C ‖(−∆)
1
4 g‖

4
3
4
3

< +∞

(ãäå C � íåêîòîðàÿ óíèâåðñàëüíàÿ êîíñòàíòà) è, ñëåäîâàòåëüíî (ñì. ëåììó 1), ïðè ε =

= 1
4 (v(K))−

1
3

J
′ = J

′(Λ, g)
.
=

{
j ∈ N \ {1} : Aj 6

ε

j ln j

}
∈ A .

Ïðè ýòîì äëÿ âñåõ κ = j ∈ J ′
èìååì

∑

n∈Λ∗ : 2π|n|6 8κ

(2π|n|) 4
3 |gn|

4
3 6

j∑

m=1

(8m)
2
3 am = 4j

5
3 Aj 6

4ε j
2
3

ln j
=

4εκ
2
3

ln κ
.

Äîêàçûâàåìûå îöåíêè òåïåðü ñëåäóþò èç íåðàâåíñòâà Õàóñäîð�à�Þíãà:

‖d̂±g4κ‖L4(K) 6 (v(K))
1
4

( ∑

n∈Λ∗

|(d±g4κ)n|
4
3

) 3
4

6

6 (v(K))
1
4

( ∑

n∈Λ∗ : 2π|n|68κ

(2π|n|) 4
3 |gn|

4
3

) 3
4

6

√
κ

(ln κ)
3
4

.

Ëåììà 6 äîêàçàíà. �

Ïðè b > 2 (è κ > 0) äëÿ �óíêöèé ϕ ∈ H̃1(K) áóäóò èñïîëüçîâàòüñÿ îáîçíà÷åíèÿ (ââåäåííûå
â (2.2) ïðè b = 2)

ϕ
(1)
b =

∑

N ∈Λ∗ : |k+2πN |6 bκ
ϕN e

2πi (N, x), ϕ
(2)
b = ϕ− ϕ

(1)
b .

Ëåììà 7. Äëÿ ëþáîé �óíêöèè g ∈ L( 4
3
)

Λ (R2) ñóùåñòâóåò ìíîæåñòâî J ′ = J ′(Λ, g) ∈ A
òàêîå, ÷òî äëÿ âñåõ κ ∈ J ′, âñåõ e ∈ S1, âñåõ âåêòîðîâ k ∈ K(a;κe), âñåõ �óíêöèé ϕ ∈ H̃1(K)
è âñåõ b > 2 ñïðàâåäëèâû îöåíêè

‖(d̂±g4κ)ϕ(1)
b ‖ 6 C (ln bκ)

1
4 (ln κ)−

3
4 ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

(1)
b ‖ ,

ãäå C = C(Λ) > 0.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü J ′ = J ′(Λ, g) ∈ A � ìíîæåñòâî èç ëåììû 6 è κ ∈ J ′. Òàê
êàê

‖(d̂±g4κ)ϕ(1)
b ‖ 6 ‖d̂±g4κ‖L4(K) ‖ϕ(1)

b ‖L4(K) (3.2)

è

‖ϕ(1)
b ‖L4(K) 6 (v(K))

1
4

( ∑

N ∈Λ∗ : |k+2πN |6 bκ
|ϕN |

4
3

) 3
4

6 (3.3)

6 (v(K))
1
4

( ∑

N ∈Λ∗ : |k+2πN |6 bκ
|k + 2πN ± κẽ |−2

) 1
4
( ∑

N ∈Λ∗

|k + 2πN ± κẽ | · |(ϕ(1)
b )N |2

) 1
2

6

6 (v(K))−
1
4

( ∑

N ∈Λ∗ : |k+2πN±κẽ |6 (b+1)κ

|k + 2πN ± κẽ |−2

) 1
4

‖Ĝ
1
2
±ϕ

(1)
b ‖ 6

6 C1(Λ) (ln bκ)
1
4 ‖Ĝ

1
2
±ϕ

(1)
b ‖ ,

òî èç (3.2), (3.3) è ëåììû 6 ñëåäóþò îöåíêè

‖(d̂+g4κ)ϕ(1)
b ‖ 6 C1(Λ)

√
κ (ln bκ)

1
4 (ln κ)−

3
4 ‖Ĝ

1
2
±ϕ

(1)
b ‖ , (3.4)

‖(d̂−g4κ)ϕ(1)
b ‖ 6 C1(Λ)

√
κ (ln bκ)

1
4 (ln κ)−

3
4 ‖Ĝ

1
2
±ϕ

(1)
b ‖ . (3.5)

Ïðåäñòàâèâ �óíêöèþ ϕ
(1)
b â âèäå ϕ

(1)
b = P̂+ϕ

(1)
b + P̂−ϕ(1)

b , èç îöåíîê (3.4) è (3.5), â êîòîðûõ

ìîæíî çàìåíèòü �óíêöèþ ϕ
(1)
b íà �óíêöèè P̂+ϕ

(1)
b è P̂−ϕ(1)

b , òàêæå ïîëó÷àåì

‖(d̂±g4κ)ϕ(1)
b ‖ 6 ‖(d̂±g4κ)P̂+ϕ

(1)
b ‖ + ‖(d̂±g4κ)P̂−ϕ(1)

b ‖ 6 (3.6)

6 C1(Λ)
√
κ (ln bκ)

1
4 (ln κ)−

3
4
(
‖Ĝ

1
2
+P̂

+ϕ
(1)
b ‖ + ‖Ĝ

1
2
−P̂

−ϕ(1)
b ‖

)
.

Òàê êàê

‖Ĝ
1
2
+P̂

+ϕ
(1)
b ‖ + ‖Ĝ

1
2
−P̂

−ϕ(1)
b ‖ 6

√
2 (v(K))

1
2

( ∑

N ∈Λ∗

(
min
±
G±
N

)
|(ϕ(1)

b )N |2
) 1

2

(3.7)

è äëÿ âñåõ N ∈ Λ∗

κ
(
min
±
G±
N

)
6

(
max
±

G±
N

) (
min
±
G±
N

)
= G+

NG
−
N , (3.8)

òî èç (3.6), (3.7) è (3.8) (ïðè C =
√
2C1(Λ)) ñëåäóþò äîêàçûâàåìûå îöåíêè. �

Çàìå÷àíèå 1. Ïðè äîêàçàòåëüñòâå ëåììû 7 âûáèðàëîñü ìíîæåñòâî J ′
òàêîå æå, êàê è â ëåì-

ìå 6. Òàê êàê ÷èñëî ε èç äîêàçàòåëüñòâà ëåììû 6 ìîæåò áûòü ëþáûì (÷òî ïðèâåäåò òîëüêî ê

óìíîæåíèþ ïðàâîé ÷àñòè íåðàâåíñòâà (3.1) íà íåêîòîðóþ êîíñòàíòó), òî â íåðàâåíñòâàõ (3.4)

è (3.5), êîòîðûå ÿâëÿþòñÿ ñëåäñòâèåì ëåììû 6, ïðè âûáîðå ñîîòâåòñòâóþùèõ ìíîæåñòâ J ′ ∈ A
è ïðè κ ∈ J ′

ìîæíî èñïîëüçîâàòü ëþáóþ êîíñòàíòó C1 > 0. Ïîýòîìó ëåììà 7 òàêæå îñòàåòñÿ

ñïðàâåäëèâîé, åñëè ïîëîæèòü C = 1.

Òåîðåìà 7. Äëÿ ëþáûõ �óíêöèè g ∈ L( 4
3
)

Λ (R2), äëÿ êîòîðîé ïðè ï. â. x ∈ R2
âûïîëíÿåòñÿ

óñëîâèå |g(x)| 6 c2(g), è ÷èñëà ε1 > 0 íàéäåòñÿ ìíîæåñòâî J1(ε1) = J1(ε1; Λ, g) ∈ A òàêîå,

÷òî äëÿ âñåõ κ ∈ J1(ε1), âñåõ e ∈ S1, âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé ϕ ∈ H̃1(K)

‖(d̂±g4κ)ϕ‖ 6 ε1 ‖Ĝ
1
2
+Ĝ

1
2
−ϕ‖ .
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü J ′ = J ′(Λ, g) ∈ A � ìíîæåñòâî èç ëåìì 6 è 7 è κ ∈ J ′.
Åñëè b > 2 è |k+2πN | > bκ, òî G±

N > (b− 1)κ > b
2 κ è, ñëåäîâàòåëüíî (ñì. íåðàâåíñòâî (1.18)),

‖(d̂±g4κ)ϕ(2)
b ‖ 6 ‖d̂±g4κ‖L∞ ‖ϕ(2)

b ‖ 6 (3.9)

6 c(1)c2(g)κ ‖ϕ(2)
b ‖ 6 2c(1)c2(g) b

−1 ‖Ĝ
1
2
+Ĝ

1
2
−ϕ

(2)
b ‖ .

Âûáåðåì ÷èñëî b > 2 òàê, ÷òî ε1b > 4c(1)c2(g). Òàê êàê (ln bκ)
1
4 (ln κ)−

3
4 → 0 ïðè κ → +∞, òî

ìîæíî íàéòè ÷èñëî κ0 > 0 òàêîå, ÷òî ïðè âñåõ κ > κ0

C (ln bκ)
1
4 (ln κ)−

3
4 6

ε1

2
,

ãäå C = C(Λ) � êîíñòàíòà èç ëåììû 7. Òîãäà äëÿ âñåõ κ ∈ J1(ε1)
.
= J ′ \(0,κ0] ∈ A, âñåõ

e ∈ S1, âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé ϕ ∈ H̃1(K) èç (3.9) è ëåììû 7 âûòåêàþò

äîêàçûâàåìûå îöåíêè:

‖(d̂±g4κ)ϕ‖ 6 ‖(d̂±g4κ)ϕ(1)
b ‖ + ‖(d̂±g4κ)ϕ(2)

b ‖ 6

6 C (ln bκ)
1
4 (ln κ)−

3
4 ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

(1)
b ‖ + 2c(1)c2(g) b

−1 ‖Ĝ
1
2
+Ĝ

1
2
−ϕ

(2)
b ‖ 6 ε1 ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ .

Òåîðåìà 7 äîêàçàíà. �

Òåîðåìà 8. Äëÿ ëþáûõ �óíêöèè g ∈ L( 4
3
)

Λ (R2), äëÿ êîòîðîé ïðè ï. â. x ∈ R2
âûïîëíÿåòñÿ

óñëîâèå |g(x)| 6 c2(g), è ÷èñëà ε2 > 0 íàéäåòñÿ ìíîæåñòâî J2(ε2) = J2(ε2; Λ, g) ∈ A òàêîå, ÷òî

äëÿ ëþáîãî κ ∈ J2(ε2) ñóùåñòâóåò âåêòîð e ∈ S1
òàêîé, ÷òî äëÿ âñåõ âåêòîðîâ k ∈ K(a;κe)

è âñåõ �óíêöèé ψ,ϕ ∈ H̃1(K)

|(ψ, (∆g4κ)ϕ)| 6 ε2 ‖Ĝ
1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ . (3.10)

Ä î ê à ç à ò å ë ü ñ ò â î. Ñïðàâåäëèâû òîæäåñòâà

(ψ, (∆g4κ)ϕ) = i
(
p̂+ψ, (d̂+g4κ)ϕ

)
− i

(
(d̂−g4κ)ψ, p̂−ϕ

)
=

= i
(
(P̂+ ∓ iκ)ψ, (D̂+g4κ)ϕ

)
− i

(
(D̂−g4κ)ψ, (P̂− ± iκ)ϕ

)
, ψ, ϕ ∈ H̃1(K).

Äëÿ ëþáîãî ÷èñëà b ∈ (0, 12 ] (è ëþáûõ κ > 0, e ∈ S1
è k ∈ K(a;κe)) îïðåäåëèì �óíêöèè

ϕ±
[b] =

∑

N ∈Λ∗ : |k+2πN±κẽ |6 bκ
ϕN e

2πi (N, x)
(3.11)

(òàêèå æå îáîçíà÷åíèÿ èñïîëüçóþòñÿ äëÿ �óíêöèè ψ). Ïðè ýòîì, åñëè ðàññìàòðèâàåìàÿ ñóììà

íå ñîäåðæèò ñëàãàåìûõ, ñ÷èòàåì, ÷òî ϕ±
[b] ≡ 0). Îáîçíà÷èì òàêæå ϕ ′ = ϕ − ϕ+

[ 1
2
]
− ϕ−

[ 1
2
]
, ψ ′ =

= ψ−ψ+
[ 1
2
]
−ψ−

[ 1
2
]
. Ïóñòü κ ∈ J1(ε1) ∈ A, ãäå J1(ε1) � ìíîæåñòâî èç òåîðåìû 7, îïðåäåëÿåìîå äëÿ

÷èñëà ε1 = ε2
42 . Åñëè |k+2πN+κẽ | > κ

2 è |k+2πN−κẽ | > κ

2 (ãäå N ∈ Λ∗
), òî G±

N > 1
3 |k+2πN | ,

G+
NG

−
N > 1

3 |k + 2πN |2, 1
5 < G+

N (G
−
N )

−1 < 5. Ïîýòîìó

‖p̂+ϕ ′‖ 6
√
3 ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

′‖ , ‖(P̂+ ± iκ)ϕ ′‖ 6
√
5 ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

′‖

è, ñëåäîâàòåëüíî (ñì. òåîðåìó 7),

|(ψ ′, (∆g4κ)ϕ)| 6 |(ψ ′, (∆g4κ)ϕ
′)| +

∑

±
|(ψ ′, (∆g4κ)ϕ

±
[ 1
2
]
)| 6 (3.12)

6 ‖p̂+ψ ′‖ · ‖(d̂+g4κ)ϕ ′‖ + ‖(d̂−g4κ)ψ ′‖ · ‖p̂+ϕ ′‖+
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+ ‖(P̂+ + iκ)ψ ′‖ · ‖(d̂+g4κ)ϕ+
[ 1
2
]
‖ + ‖(d̂−g4κ)ψ ′‖ · ‖(P̂− − iκ)ϕ+

[ 1
2
]
‖+

+ ‖(P̂+ − iκ)ψ ′‖ · ‖(d̂+g4κ)ϕ−
[ 1
2
]
‖ + ‖(d̂−g4κ)ψ ′‖ · ‖(P̂− + iκ)ϕ−

[ 1
2
]
‖ 6

6 2(
√
3 +

√
5 + 1)ε1 ‖Ĝ

1
2
+Ĝ

1
2
−ψ

′‖ · ‖Ĝ
1
2
+Ĝ

1
2
−ϕ‖ 6 10 ε1 ‖Ĝ

1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ .

Àíàëîãè÷íî ïîëó÷àåòñÿ îöåíêà

|(ψ+
[ 1
2
]
+ ψ−

[ 1
2
]
, (∆g4κ)ϕ

′)| 6 7ε1 ‖Ĝ
1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ . (3.13)

Äàëåå (äëÿ âåðõíåé è íèæíåé êîìáèíàöèé çíàêîâ),

|(ψ±
[ 1
2
]
, (∆g4κ)ϕ

±
[ 1
2
]
)| 6 |((P̂+ ± iκ)ψ±

[ 1
2
]
, (D̂+g4κ)ϕ

±
[ 1
2
]
)| + |((D̂−g4κ)ψ

±
[ 1
2
]
, (P̂− ∓ iκ)ϕ±

[ 1
2
]
)| 6 (3.14)

6 ‖Ĝ±ψ
±
[ 1
2
]
‖ · ‖(d̂+g4κ)ϕ±

[ 1
2
]
‖ + ‖(d̂−g4κ)ψ±

[ 1
2
]
‖ · ‖Ĝ±ϕ

±
[ 1
2
]
‖ 6

6 2ε1 ‖Ĝ
1
2
+Ĝ

1
2
−ψ

±
[ 1
2
]
‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

±
[ 1
2
]
‖ 6 2ε1 ‖Ĝ

1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ .

Òåïåðü äëÿ îïðåäåëåííûì îáðàçîì âûáèðàåìûõ ÷èñëà κ è âåêòîðà e ∈ S1
ïîëó÷èì îñòàâøèåñÿ

îöåíêè. Òàê êàê

+∞∑

ν=2

1

ν

( ∑

n∈Λ∗ : ν 6 2π|n|6 3ν

(
(2π|n|) 1

2 |gn|
) 4

3

)
=

=
∑

n∈Λ∗

( ∑

ν ∈N \ {1} : 2π
3
|n|6 ν 6 2π|n|

1

ν

)(
(2π|n|) 1

2 |gn|
) 4

3 6 C ′
1(Λ) ‖(−∆)

1
4 g ‖

4
3
4
3

< +∞ ,

òî (ñì. ëåììó 1) íàéäåòñÿ ìíîæåñòâî J ′
2 = J ′

2(Λ, g) ∈ A òàêîå, ÷òî äëÿ âñåõ κ = ν ∈ J ′
2

∑

n∈Λ∗ : ν 6 2π|n|6 3ν

(
(2π|n|) 1

2 |gn|
) 4

3 6 (ln κ)−1.

Ïóñòü äàëåå κ ∈ J ′
2. Äëÿ b ∈ (0, 12 ] è e ∈ S1

áóäåì îáîçíà÷àòü

g[b](κe;x) =
∑

±

∑

n∈Λ∗ : |πn±κẽ |6 bκ
gn e

2πi (n,x), x ∈ R
2.

Ïîëîæèì

J (κe) =

J∑

j=1

2
5
6
j
∑

±

∑

n∈Λ∗ : |πn±κẽ |6 2−jκ

(
(2π|n|) 1

2 |gn|
) 4

3 ,

ãäå J � íàèìåíüøåå íàòóðàëüíîå ÷èñëî, äëÿ êîòîðîãî J > 2 è 2−Jκ < π
2|a| (òàê êàê 2−J+1κ >

> π
2|a| , òî J 6 C2(Λ) lnκ). Ïîëó÷èì îöåíêó äëÿ ñðåäíåãî çíà÷åíèÿ �óíêöèè e 7→ J (κe) ïî âñåì

åäèíè÷íûì âåêòîðàì e = E1 cos θ + E2 sin θ, θ ∈ [0, 2π):

1

2π

∫ 2π

0
J (κe) dθ = (3.15)

=
1

2π

J∑

j=1

2
5
6
j
∑

±

∑

n∈Λ∗ :κ6 2π|n|6 3κ

(∫ 2π

0
χ{θ : |πn±κẽ |6 2−jκ} dθ

)
·
(
(2π|n|) 1

2 |gn|
) 4

3 6

6
2

π

J∑

j=1

2
5
6
j

∑

n∈Λ∗ : (1−2−j)κ6 π|n|6 (1+2−j)κ

(
arcsin 2−j

)(
(2π|n|) 1

2 |gn|
) 4

3 6
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6
2

3

( J∑

j=1

2−
1
6
j

) ∑

n∈Λ∗ :κ6 2π|n|6 3κ

(
(2π|n|) 1

2 |gn|
) 4

3 6
2

3

(
2

1
6 − 1

)−1
(lnκ)−1 < 7 (lnκ)−1

(ãäå χ{θ : |πn±κẽ |6 2−jκ} � õàðàêòåðèñòè÷åñêàÿ �óíêöèÿ ìíîæåñòâà {θ ∈ [0, 2π) : |πn ± κẽ | 6
6 2−jκ}). Èç (3.15) ñëåäóåò ñóùåñòâîâàíèå âåêòîðà e ∈ S1

òàêîãî, ÷òî ïðè âñåõ j = 1, . . . , J

∑

±

∑

n∈Λ∗ : |πn±κẽ |6 2−jκ

(
(2π|n|) 1

2 |gn|
) 4

3 6 7 · 2− 5
6
j (lnκ)−1

(â äàëüíåéøåì âûáèðàåòñÿ èìåííî òàêîé âåêòîð e ∈ S1
). Åñëè n = M − N , ãäå M,N ∈ Λ∗,

|k + 2πM ± κẽ | 6 2−jκ è |k + 2πN ∓ κẽ | 6 2−lκ, ãäå j, l ∈ N, òî

|πn± κẽ | = 1

2

∣∣(k + 2πM ± κẽ )− (k + 2πN ∓ κẽ )
∣∣ 6 2−min{j, l}

κ . (3.16)

Îòêóäà, â ÷àñòíîñòè, äëÿ âûáðàííîãî (ïðè κ ∈ J ′
2) âåêòîðà e ∈ S1

(è ïðè κ ∈ K(a;κe))

(
ψ±
[ 1
2
]
, (∆g4κ)ϕ

∓
[ 1
2
]

)
=

(
ψ±
[ 1
2
]
, (∆g[

1
2
](κe; .))ϕ∓

[ 1
2
]

)
. (3.17)

Îáîçíà÷èì ψ̃±
j = ψ±

[2−j ]
−ψ±

[2−j−1]
, åñëè j = 1, . . . , J−1, è ψ̃±

J = ψ±
[2−J ]

(àíàëîãè÷íûå îáîçíà÷åíèÿ

èñïîëüçóþòñÿ äëÿ �óíêöèè ϕ). Òîãäà (â ñèëó âûáîðà ÷èñëà J è âåêòîðà κ ∈ K(a;κe))

ψ±
[ 1
2
]
=

J∑

j=1

ψ̃±
j , ϕ∓

[ 1
2
]
=

J∑

j=1

ϕ̃∓
j .

Èç (3.15) è (3.16) ñëåäóåò ∣∣(ψ±
[ 1
2
]
, (∆g4κ)ϕ

∓
[ 1
2
]

)∣∣ 6 (3.18)

6

J∑

j=1

∣∣(ψ̃±
j , (∆g

[ 1
2
](κe; .))ϕ∓

[2−j ]

)∣∣ +
J − 1∑

j=1

∣∣(ψ±
[2−j−1]

, (∆g[
1
2
](κe; .))ϕ̃∓

j

)∣∣ =

=

J∑

j =1

∣∣(ψ̃±
j , (∆g

[2−j ](κe; .))ϕ∓
[2−j ]

)∣∣ +
J − 1∑

j=1

∣∣(ψ±
[2−j−1]

, (∆g[2
−j ](κe; .))ϕ̃∓

j

)∣∣ 6

6

J∑

j=1

‖∆g[2−j ](κe; .)‖L4(K) ‖ψ̃±
j ‖L2(K) ‖ϕ∓

[2−j ]
‖L4(K)+

+

J − 1∑

j=1

‖∆g[2−j ](κe; .)‖L4(K) ‖ψ±
[2−j−1]

‖L4(K) ‖ϕ̃∓
j ‖L2(K) .

Äëÿ âñåõ j = 1, . . . , J ñïðàâåäëèâû îöåíêè

‖∆g[2−j ](κe; .)‖L4(K) 6 (v(K))
1
4

(∑

±

∑

n∈Λ∗ : |πn±κẽ |6 2−jκ

(
4π2|n|2 |gn|

) 4
3

) 3
4

6 (3.19)

6 (v(K))
1
4 (3κ)

3
2

(∑

±

∑

n∈Λ∗ : |πn±κẽ |6 2−jκ

(
(2π|n|) 1

2 |gn|
) 4

3

) 3
4

6 23 (v(K))
1
4 2−

5
8
j
κ

3
2 (lnκ)−

3
4 ,

‖ψ̃±
j ‖L2(K) 6

(
κ 2−j−1

)− 1
2 ‖Ĝ

1
2
±ψ̃

±
j ‖L2(K) 6 2

1
2
(j+1)

κ
−1 ‖Ĝ

1
2
+Ĝ

1
2
−ψ‖L2(K) , (3.20)

‖ϕ∓
[2−j ]

‖L4(K) 6 (v(K))
1
4

( ∑

N ∈Λ∗ : |k+2πN ∓κẽ |6 2−jκ

|ϕN |
4
3

) 3
4

6 (3.21)
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6 (v(K))
1
4

( ∑

N ∈Λ∗ : |k+2πN ∓κẽ |6 2−jκ

|k + 2πN ∓ κẽ |−2

) 1
4

‖Ĝ
1
2
∓ϕ

∓
[2−j ]

‖ 6

6 C3(Λ) (lnκ)
1
4 ‖Ĝ

1
2
∓ϕ

∓
[2−j ]

‖ 6 C3(Λ)κ
− 1

2 (lnκ)
1
4 ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ .

Àíàëîãè÷íûì îáðàçîì (ïðè j = 1, . . . , J) âûâîäÿòñÿ îöåíêè

‖ϕ̃∓
j ‖L2(K) 6 2

1
2
(j+1)

κ
−1 ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖L2(K) , (3.22)

‖ψ±
[2−j−1]

‖L4(K) 6 C3(Λ)κ
− 1

2 (lnκ)
1
4 ‖Ĝ

1
2
+Ĝ

1
2
−ψ‖ . (3.23)

Òîãäà (ñì. îöåíêè (3.18) è (3.19), (3.20), (3.21), (3.22), (3.23))

∣∣(ψ±
[ 1
2
]
, (∆g4κ)ϕ

∓
[ 1
2
]

)∣∣ 6 (3.24)

6 46
√
2C3(Λ) (v(K))

1
4

( J∑

j=1

2−
1
8
j

)
(lnκ)−

1
2 ‖Ĝ

1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ 6

6 C4(Λ) (lnκ)
− 1

2 ‖Ĝ
1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ .

Ïóñòü äëÿ ÷èñëà κ̃0 = κ̃0(ε2,Λ) > 1 âûïîëíÿåòñÿ íåðàâåíñòâî

(
4C4(Λ)ε

−1
2

)2
6 ln κ̃0 . Òîãäà ïðè

âñåõ κ ∈ J ′
2 \ (0, κ̃0) ∈ A äëÿ âûáðàííîãî âûøå âåêòîðà e ∈ S1

(è ïðè âñåõ k ∈ K(a;κe)) èç
(3.24) ïîëó÷àåì

∣∣(ψ±
[ 1
2
]
, (∆g4κ)ϕ

∓
[ 1
2
]

)∣∣ 6
ε2

4
‖Ĝ

1
2
+Ĝ

1
2
−ψ‖ · ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ . (3.25)

Ïîëîæèì J2(ε2) = J2(ε2; Λ, g)
.
= (J1(ε1) ∩ J ′

2 ) \ (0, κ̃0) ∈ A. Òîãäà ïðè âñåõ κ ∈ J2(ε2) îöåíêà

(3.10) (äëÿ âûáèðàåìûõ âûøå âåêòîðîâ e ∈ S1
è äëÿ âñåõ k ∈ K(a;κe) è âñåõ ψ,ϕ ∈ H̃1(K))

ñëåäóåò èç (3.12), (3.13), (3.14) è (3.25). Òåîðåìà 8 äîêàçàíà. �

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 5. Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî âîñïîëüçîâàòüñÿ

òåîðåìàìè 7 è 8 è òîæäåñòâîì (2.9). Äåéñòâèòåëüíî, ïóñòü ε2 = ε è ε1 =
√
2c1(g)ε. Îïðåäåëèì

ìíîæåñòâî J(ε) = J(ε; Λ, g) = J1(ε1) ∩ J2(ε2) ∈ A , ãäå ìíîæåñòâî J1(ε1) ∈ A îïðåäåëÿåòñÿ

â òåîðåìå 7, à ìíîæåñòâî J2(ε2) ∈ A � â òåîðåìå 8. Äëÿ ÷èñëà κ ∈ J(ε) ⊆ J2(ε2) âåêòîð e ∈ S1

âûáèðàåòñÿ â ñîîòâåòñòâèè ñ òåîðåìîé 8. Òîãäà äîêàçûâàåìîå â òåîðåìå 5 íåðàâåíñòâî (äëÿ

âñåõ k ∈ K(a;κe) è ψ,ϕ ∈ H̃1(K)) íåïîñðåäñòâåííî âûòåêàåò èç (2.9) è òåîðåì 7 è 8.

� 4. Äîêàçàòåëüñòâî òåîðåìû 6

Â ýòîì ïàðàãðà�å ïðåäïîëàãàåòñÿ, ÷òî �óíêöèÿ g : R2 → R óäîâëåòâîðÿåò óñëîâèþ (0.2),

è äëÿ ðàññìàòðèâàåìûõ ÷èñåë κ > 0 âûáèðàþòñÿ ëþáûå âåêòîðû e ∈ S1
è k ∈ K(a;κe).

Äëÿ �óíêöèé ϕ ∈ L2(K) îïðåäåëÿþòñÿ �óíêöèè ϕ(1)
è ϕ(2)

(ñì. (2.2)), à òàêæå �óíêöèè ϕ±
[b]

(ñì. (3.11)), b ∈ (0, 12 ] , è ϕ
′ = ϕ− ϕ+

[ 1
2
]
− ϕ+

[ 1
2
]
(êîòîðûå çàâèñÿò îò κ è e, à �óíêöèè ϕ±

[b]
è ϕ ′

�

òàêæå îò âåêòîðà k), ïðè ýòîì �óíêöèè ϕ±
[b] è ϕ

(1)
ñ÷èòàþòñÿ íóëåâûìè, åñëè â ñóììàõ, êîòîðûå

èõ îïðåäåëÿþò, íåò ñëàãàåìûõ. Ïóñòü P̂±
[b] è P̂

′
� îðòîãîíàëüíûå ïðîåêòîðû â L2(K), ñòàâÿùèå

â ñîîòâåòñòâèå �óíêöèÿì ϕ �óíêöèè ϕ±
[b] = P̂±

[b]ϕ è ϕ ′ = P̂ ′ϕ. Åñëè äëÿ âåêòîðà N ∈ Λ∗

âûïîëíÿþòñÿ íåðàâåíñòâà |k + 2πN + κẽ | > κ

2 è |k + 2πN − κẽ | > κ

2 , òî
1
5 < G+

N (G
−
N )

−1 < 5
è G+

NG
−
N > 3

4 κ
2. Ïîýòîìó äëÿ âñåõ �óíêöèé ϕ̃ ∈ L2(K)

‖Ĝ
1
2
±P̂

′ϕ̃‖ 6
√
5 ‖Ĝ

1
2
∓P̂

′ϕ̃‖ (4.1)

è äëÿ âñåõ �óíêöèé ϕ̃ ∈ H̃1(K)

κ ‖P̂ ′ϕ̃‖ 6
2√
3
‖Ĝ

1
2
+Ĝ

1
2
−P̂

′ϕ̃‖ , (4.2)
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κ ‖ϕ̃(2)‖ 6
1√
3
‖Ĝ

1
2
+Ĝ

1
2
−ϕ̃

(2)‖ . (4.3)

Äëÿ �óíêöèé ϕ ∈ H̃1(K) (äëÿ êàæäîãî èç çíàêîâ ¾+¿ è ¾−¿) ñïðàâåäëèâû ðàâåíñòâà

Ĝ
1
2
+Ĝ

1
2
−(g4κ)

± 1
2ϕ = (4.4)

= P̂ ′Ĝ
1
2
+Ĝ

1
2
−(g4κ)

± 1
2ϕ +

(
P̂+
[ 1
2
]
+ P̂−

[ 1
2
]

)
Ĝ

1
2
+Ĝ

1
2
−(g4κ)

± 1
2 P̂ ′ϕ+

+ P̂+
[ 1
2
]
Ĝ

1
2
+Ĝ

1
2
−(g4κ)

± 1
2 P̂+

[ 1
2
]
ϕ + P̂−

[ 1
2
]
Ĝ

1
2
+Ĝ

1
2
−(g4κ)

± 1
2 P̂−

[ 1
2
]
ϕ+

+ P̂+
[ 1
2
]
Ĝ

1
2
+Ĝ

1
2
−(g4κ)

± 1
2 P̂−

[ 1
2
]
ϕ + P̂−

[ 1
2
]
Ĝ

1
2
+Ĝ

1
2
−(g4κ)

± 1
2 P̂+

[ 1
2
]
ϕ .

Ïîýòîìó äëÿ äîêàçàòåëüñòâà òåîðåìû 6 (ïðè îïðåäåëåííûì îáðàçîì âûáèðàåìûõ ÷èñëàõ κ > 0)
äîñòàòî÷íî ïîëó÷èòü ñîîòâåòñòâóþùèå îöåíêè äëÿ êàæäîãî ñëàãàåìîãî â ïðàâîé ÷àñòè ðàâåí-

ñòâà (4.4). Ïîëó÷åíèþ òàêèõ îöåíîê ïîñâÿùåíà îñòàâøàÿñÿ (îñíîâíàÿ) ÷àñòü ýòîãî ïàðàãðà�à.

Ïóñòü J ′ = J ′(Λ, g) ∈ A � ìíîæåñòâî èç ëåììû 7 (è ëåììû 6). Òîãäà äëÿ âñåõ κ ∈ J ′, âñåõ
e ∈ S1, âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé ϕ ∈ H̃1(K) ñïðàâåäëèâû îöåíêè

‖P̂ ′Ĝ
1
2
+Ĝ

1
2
−(g4κ)

± 1
2ϕ‖ = ‖P̂ ′Ĝ

1
2
+Ĝ

1
2
−(g4κ)

± 1
2 (P̂+ϕ+ P̂−ϕ)‖ 6 (4.5)

6
√
5 ‖P̂ ′Ĝ+(g4κ)

± 1
2 P̂+ϕ‖ +

√
5 ‖P̂ ′Ĝ−(g4κ)

± 1
2 P̂−ϕ‖ 6

6
√
5 ‖(P̂+ + iκ)(g4κ)

± 1
2 P̂+ϕ‖ +

√
5 ‖(P̂+ − iκ)(g4κ)

± 1
2 P̂−ϕ‖ 6

6
√
5 ‖(g4κ)±

1
2 (P̂+ + iκ)P̂+ϕ‖ +

√
5 ‖(g4κ)±

1
2 (P̂+ − iκ)P̂−ϕ‖+

+

√
5

2
‖(g4κ)±

1
2
−1‖L∞

(
‖(d̂+g4κ)P̂+ϕ‖ + ‖(d̂+g4κ)P̂−ϕ‖

)

(èñïîëüçîâàëîñü íåðàâåíñòâî (4.1)). Ïðè ýòîì

‖(P̂+ ± iκ)P̂±ϕ‖ = ‖Ĝ±P̂
±ϕ‖ 6 ‖Ĝ

1
2
+Ĝ

1
2
−P̂

±ϕ‖ (4.6)

è (ñì. îöåíêè (1.18), (4.3) è ëåììó 7 (ïðè b = 2))

‖(d̂+g4κ)P̂±ϕ‖ 6 ‖(d̂+g4κ)P̂±ϕ(1)‖ + ‖(d̂+g4κ)P̂±ϕ(2)‖ 6 (4.7)

6 C(Λ) (lnκ)−
1
2 ‖Ĝ

1
2
+Ĝ

1
2
−P̂

±ϕ(1)‖ + ‖d̂+g4κ‖L∞‖P̂±ϕ(2)‖ 6

6
(
C(Λ) (lnκ)−

1
2 +

1√
3
c(1)c2(g)

)
‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ .

Òàê êàê

‖(g4κ)
1
2 ‖L∞ 6 (c2(g))

1
2 , ‖(g4κ)±

1
2
−1‖L∞ 6 (c1(g))

± 1
2
−1,

òî èç (4.5), (4.6) è (4.7) ïîëó÷àåì

‖P̂ ′Ĝ
1
2
+Ĝ

1
2
−(g4κ)

± 1
2ϕ‖ 6 C±

1 ‖Ĝ
1
2
+Ĝ

1
2
−ϕ‖ , (4.8)

ãäå C±
1 = C±

1 (Λ, g) > 0.
Äàëåå (ñì. (4.2)),

‖
(
P̂+
[ 1
2
]
+ P̂−

[ 1
2
]

)
Ĝ

1
2
+Ĝ

1
2
−(g4κ)

± 1
2 P̂ ′ϕ‖ 6

√
5

2
κ ‖(g4κ)±

1
2 P̂ ′ϕ‖ 6 (4.9)

6

√
5

2
κ ‖(g4κ)±

1
2 ‖L∞ ‖P̂ ′ϕ‖ 6

√
5

3
‖(g4κ)±

1
2‖L∞ ‖Ĝ

1
2
+Ĝ

1
2
−P̂

′ϕ‖ 6 C±
2 (g) ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ .

Ëåììà 8. Ïóñòü g : R2 → R � íåîòðèöàòåëüíàÿ �óíêöèÿ, äëÿ êîòîðîé

√
g ∈ L(q)

Λ (R2), ãäå

q ∈ [1, 43). Òîãäà ñóùåñòâóåò êîíñòàíòà C̃1 = C̃1(q,Λ; g) > 0 òàêàÿ, ÷òî äëÿ âñåõ κ ∈ N

‖g̃4κ‖L∞ 6 C̃1 κ
− 1

2
δ(q). (4.10)



22 Ë.È. Äàíèëîâ

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 2

Ä î ê à ç à ò å ë ü ñ ò â î. Äåéñòâèòåëüíî,

‖g̃4κ‖L∞ 6
∑

N ∈Λ∗ : 2π|N |> 4κ

|gN | =
∑

N ∈Λ∗ : 2π|N |> 4κ

∣∣∣∣
∑

n∈Λ∗

(
√
g )n(

√
g )N−n

∣∣∣∣ 6

6
∑

N ∈Λ∗

( ∑

n∈Λ∗ : 2π|n|> 2κ

|(√g )n| · |(
√
g )N−n| +

∑

n∈Λ∗ : 2π|N−n|> 2κ

|(√g )n| · |(
√
g )N−n|

)
6

6 2

( ∑

n∈Λ∗

|(√g )n|
)( ∑

n∈Λ∗ : 2π|n|> 2κ

|(√g )n|
)

è îöåíêà (4.10) ñëåäóåò èç (1.4), (1.5) (ïðè ε = 0) è (1.6). �

Çàìå÷àíèå 2. Ëåììà 8 òàêæå ÿâëÿåòñÿ ñëåäñòâèåì ëåììû 3 è îöåíîê (1.4) è (1.5) (ïðè

ε = 0).

Ëåììà 9. Ïóñòü �óíêöèÿ g : R2 → R óäîâëåòâîðÿåò óñëîâèÿì (0.2) è g
1
2 , g−

1
2 ∈ L(q)

Λ (R2),
q ∈ [1, 43 ). Òîãäà ñóùåñòâóþò ÷èñëî κ0 = κ0(q,Λ; g) > 1 è êîíñòàíòû C(α) = C(α)(q,Λ; g) > 0,
α = ±1 , òàêèå, ÷òî äëÿ âñåõ κ > κ0 , âñåõ e ∈ S1, âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé

ϕ ∈ L2(K)

‖P̂±
[ 1
2
]
Ĝ

1
2
+Ĝ

1
2
−(g4κ)

α
2 ϕ±

[ 1
2
]
‖ 6 C(α) ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

±
[ 1
2
]
‖ , α = ±1 . (4.11)

Ä î ê à ç à ò å ë ü ñ ò â î. Èç ëåììû 5 ñëåäóåò, ÷òî (äëÿ âñåõ κ > 0, e ∈ S1, k ∈ K(a;κe)
è ϕ ∈ L2(K))

‖Ĝ
1
2
±g

α
2 ϕ‖ 6 C{α} ‖Ĝ

1
2
±ϕ‖ , α = ±1 ,

ãäå C{α} = C{α}(q,Λ; g) > 0. Òîãäà äëÿ âñåõ m ∈ N òàêæå

‖Ĝ
1
2
±g

αm
2 ϕ‖ 6 Cm{α} ‖Ĝ

1
2
±ϕ‖ , α = ±1 , (4.12)

è, êðîìå òîãî,

‖G
1
2
±g4κϕ‖ = (4.13)

= ‖G
1
2
±

(∫

R2

Ω4κ(ξ) g(· − ξ) dξ

)
ϕ(·)‖ 6

(∫

R2

|Ω(ξ)| dξ
)

sup
ξ∈R2

‖Ĝ
1
2
±g(· − ξ)ϕ(·)‖ =

= c(0) sup
ξ∈R2

‖Ĝ
1
2
±g(·)ϕ(· + ξ)‖ 6 c(0)C2

{1} ‖Ĝ
1
2
±ϕ‖ .

Èç ëåììû 8 âûòåêàåò îöåíêà

‖g−1g̃4κ‖L∞ 6 (c1(g))
−1 C̃1(q,Λ; g)κ

− δ
2 ,

ãäå δ = δ(q) ∈ (0, 1] . Âûáåðåì ÷èñëî κ0 = κ0(q,Λ; g) > 1 òàê, ÷òîáû ïðè âñåõ κ > κ0 âûïîëíÿ-

ëîñü óñëîâèå

‖g−1g̃4κ‖L∞ 6 (c1(g))
−1 C̃1(q,Λ; g)κ

− δ
2 6

1

2
.

Ïîëîæèì n0 = −[−δ−1] (çäåñü [t] � öåëàÿ ÷àñòü ÷èñëà t ∈ R). Òîãäà δn0 > 1. Ïðè α = ±1
ñïðàâåäëèâû ðàâåíñòâà

(g4κ)
α
2 = g

α
2 (1− g−1g̃4κ)

α
2 = g

α
2

(
γ
{α}
0 +

n0∑

n=1

γ{α}n (g−1g̃4κ)
n

)
+ O{α}

n0
, (4.14)
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ãäå γ
{α}
0 = 1 (ïðè α = ±1), γ

{1}
n = 1

n!

n∏
k=1

2k−3
2 , γ

{−1}
n = 1

n!

n∏
k=1

2k−1
2 ïðè n = 1, . . . , n0 è (äëÿ

íåêîòîðîé óíèâåðñàëüíîé êîíñòàíòû C ′ > 0)

‖O{α}
n0

‖L∞ 6 C ′ ‖g α
2 ‖L∞ ‖g−1g̃4κ‖n0+1

L∞ 6 C ′
{α} κ

− δ
2
(n0+1)

6 C ′
{α} κ

− 1
2
− δ

2 , (4.15)

ãäå C ′
{α} = C ′

{α}(q,Λ; g) > 0, α = ±1 . Âûðàæåíèå (4.14) ìîæíî ïåðåïèñàòü â âèäå

(g4κ)
α
2 = g

α
2

(
γ
{α}
0 +

n0∑

n=1

γ{α}n

( n∑

m=0

(−1)mCmn (g−1g̃4κ)
m

))
+ O{α}

n0
= (4.16)

= g
α
2

n0∑

m=0

(−1)m
( n0∑

n=m

γ{α}n Cmn

)
(g−1g̃4κ)

m + O{α}
n0

(Cmn = n!
m!(n−m)! � áèíîìèàëüíûå êîý��èöèåíòû), ïðè ýòîì ïðè m = 0, 1, . . . , n0 (äëÿ âñåõ

κ > κ0 , âñåõ e ∈ S1, âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé ϕ ∈ L2(K)) èç (4.12) è (4.13)

ïîëó÷àåì

‖P̂±
[ 1
2
]
Ĝ

1
2
+Ĝ

1
2
−g

α
2
−m(g4κ)

mϕ±
[ 1
2
]
‖ 6

√
5

2
κ

1
2 ‖Ĝ

1
2
±g

α
2
−m(g4κ)

mϕ±
[ 1
2
]
‖ 6 (4.17)

6

√
5

2
Cα,m κ

1
2 ‖Ĝ

1
2
±ϕ

±
[ 1
2
]
‖ 6

√
5

3
Cα,m ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

±
[ 1
2
]
‖ , α = ±1 .

Çäåñü Cα, 0 = C{α} è Cα,m = C2m−α
{−1} (c(0)C2

{1})
m, åñëè m = 1, . . . , n0 . Ñ äðóãîé ñòîðîíû, èç (4.15)

(ïðè α = ±1) âûòåêàþò îöåíêè

‖P̂±
[ 1
2
]
Ĝ

1
2
+Ĝ

1
2
−O{α}

n0
ϕ±
[ 1
2
]
‖ 6

√
5

2
κ ‖O{α}

n0
ϕ±
[ 1
2
]
‖ 6

√
5

2
κ ‖O{α}

n0
‖L∞ ‖ϕ±

[ 1
2
]
‖ 6

6

√
5

2
C ′
{α} κ

1
2
− δ

2 ‖ϕ±
[ 1
2
]
‖ 6

√
5

2

(
2|a|
π

) 1
2

C ′
{α} κ

1
2
− δ

2 ‖Ĝ
1
2
±ϕ

±
[ 1
2
]
‖ 6

6

√
5

3

( |a|
π

) 1
2

C ′
{α} κ

− δ
2 ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

±
[ 1
2
]
‖ ,

÷òî âìåñòå ñ (4.16) è íåðàâåíñòâàìè (4.17) ïðèâîäèò (ïðè κ > κ0) ê îöåíêàì (4.11). �

Ëåììà 10. Ïðåäïîëîæèì, ÷òî �óíêöèÿ g : R2 → R ïðèíàäëåæèò L( 4
3
)

Λ (R2). Òîãäà ñóùå-
ñòâóåò ìíîæåñòâî J ′′ = J ′′(g) ∈ A òàêîå, ÷òî äëÿ âñåõ κ ∈ J ′′

‖g̃4κ‖L4(K) 6 κ
− 1

2 (lnκ)−
3
4 .

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ âñåõ ν ∈ N îáîçíà÷èì

Aν =
∑

n∈Λ∗ : 2π|n|> 4κ

|gn|
4
3 .

Òàê êàê

+∞∑

ν=1

ν−
1
3 Aν =

∑

n∈Λ∗ : 2π|n|> 4

( ∑

ν ∈N : ν6 1
2
π|n|

ν−
1
3

)
|gn|

4
3 6

6 C ′′ ∑

n∈Λ∗

(2π|n|) 2
3 |gn|

4
3 = C ′′ ‖(−∆)

1
4 g‖

4
3
4
3

< +∞,
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ãäå C ′′ > 0 � óíèâåðñàëüíàÿ êîíñòàíòà, òî (â ñèëó ëåììû 1) ñóùåñòâóåò ìíîæåñòâî J ′′ =
= J ′′(g) ∈ A òàêîå, ÷òî äëÿ âñåõ κ = ν ∈ J ′′

‖g̃4κ‖L4(K) 6 (v(K))
1
4

( ∑

n∈Λ∗ : 2π|n|> 4κ

|gn|
4
3

) 3
4

= (v(K))
1
4 A

3
4
ν 6

6
(
ν−

2
3 (lnκ)−1

) 3
4 = κ

− 1
2 (lnκ)−

3
4 .

Ëåììà 10 äîêàçàíà. �

Ëåììà 11. Ïóñòü �óíêöèÿ g : R2 → R óäîâëåòâîðÿåò óñëîâèÿì (0.2) è g±
1
2 ∈ L( 4

3
)

Λ (R2).
Òîãäà ñóùåñòâóþò ìíîæåñòâà J ′′′

{α} = J ′′′
{α}(g) ∈ A, α = ±1, òàêèå, ÷òî äëÿ âñåõ κ ∈ J ′′′

{α}

(v(K))
1
4

( ∑

n∈Λ∗ :κ6 2π|n|6 3κ

|(g α
2 )n|

4
3

)3
4

6 κ
− 1

2 (lnκ)−
3
4 .

Ä î ê à ç à ò å ë ü ñ ò â î. Ëåììà 11 äîêàçûâàåòñÿ àíàëîãè÷íî ëåììå 10. Äåéñòâèòåëüíî,

îáîçíà÷èì

A±
ν =

∑

n∈Λ∗ : ν6 2π|n|6 3ν

|(g± 1
2 )n|

4
3 , ν ∈ N.

Ñïðàâåäëèâû íåðàâåíñòâà

+∞∑

ν=1

ν−
1
3 A±

ν =
∑

n∈Λ∗ : 2π|n|> 1

( ∑

ν ∈N : 2
3
π|n|6 ν 6 2π|n|

ν−
1
3

)
|(g± 1

2 )n|
4
3 6

6 C ′′′ ∑

n∈Λ∗

(2π|n|) 2
3 |(g± 1

2 )n|
4
3 = C ′′′ ‖(−∆)

1
4 g±

1
2‖

4
3
4
3

< +∞ ,

ãäå C ′′′ > 0 � óíèâåðñàëüíàÿ êîíñòàíòà. Ïîýòîìó (â ñèëó ëåììû 1) ñóùåñòâóþò ìíîæåñòâà

J ′′′
± = J ′′′

± (g) ∈ A òàêèå, ÷òî äëÿ âñåõ κ = ν ∈ J ′′′
±

(v(K))
1
4

( ∑

n∈Λ∗ :κ6 2π|n|6 3κ

|(g± 1
2 )n|

4
3

) 3
4

= (v(K))
1
4 (A±

ν )
3
4 6

6
(
ν−

2
3 (lnκ)−1

) 3
4 = κ

− 1
2 (lnκ)−

3
4 .

Ëåììà 11 äîêàçàíà. �

Ïóñòü òåïåðü κ ∈ J0(g)
.
= J ′′(g) ∩ J ′′′

+ (g) ∩ J ′′′
− (g) ∈ A, ãäå J ′′(g) è J ′′′

± (g) � ìíîæåñòâà èç

ëåìì 10 è 11 ñîîòâåòñòâåííî. Òîãäà äëÿ âñåõ e ∈ S1, âñåõ âåêòîðîâ k ∈ K(a;κe) è âñåõ �óíêöèé
ϕ ∈ H̃1(K) (ïðè α = ±1)

‖P̂±
[ 1
2
]
Ĝ

1
2
+Ĝ

1
2
−(g4κ)

α
2 ϕ∓

[ 1
2
]
‖ 6 (4.18)

6

√
5

2
κ ‖P̂±

[ 1
2
]
(g4κ)

α
2 ϕ∓

[ 1
2
]
‖ 6

√
5

2
κ ‖P̂±

[ 1
2
]
g

α
2 ϕ∓

[ 1
2
]
‖ +

√
5

2
κ ‖P̂±

[ 1
2
]

(
g

α
2 − (g4κ)

α
2
)
ϕ∓
[ 1
2
]
‖ 6

6

√
5

2
κ (v(K))

1
4

( ∑

n∈Λ∗ :κ6 2π|n|6 3κ

∣∣(g α
2
)
n

∣∣ 43
) 3

4

‖ϕ∓
[ 1
2
]
‖L4(K)+

+

√
5

2
κ ‖g α

2 − (g4κ)
α
2 ‖L4(K) ‖ϕ∓

[ 1
2
]
‖L4(K).
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Ïðè ýòîì

|(g(x)) 1
2 − (g4κ(x))

1
2 | 6 1

2
(c1(g))

− 1
2 |g̃4κ(x)| ,

|(g(x))− 1
2 − (g4κ(x))

− 1
2 | 6 1

2
(c1(g))

− 3
2 |g̃4κ(x)| , x ∈ R

2,

è, ñëåäîâàòåëüíî, èç ëåììû 10 ïîëó÷àåì

‖g α
2 − (g4κ)

α
2 ‖L4(K) 6 C ′′

{α} κ
− 1

2 (lnκ)−
3
4 , α = ±1 , (4.19)

ãäå C ′′
{1} = C ′′

{1}(g) =
1
2 (c1(g))

− 1
2
è C ′′

{−1} = C ′′
{−1}(g) =

1
2 (c1(g))

− 3
2
. Äàëåå (ñì. (3.22) ïðè j = 1),

‖ϕ∓
[ 1
2
]
‖L4(K) 6 C3(Λ) (lnκ)

1
4 ‖Ĝ

1
2
∓ϕ

∓
[ 1
2
]
‖ .

Ïîýòîìó èç (4.18), (4.19) è ëåììû 11 (ïðè κ ∈ J0(g) ⊆ J ′′′
+ (g) ∩ J ′′′

− (g)) âûòåêàþò îöåíêè

‖P̂±
[ 1
2
]
Ĝ

1
2
+Ĝ

1
2
−(g4κ)

α
2 ϕ∓

[ 1
2
]
‖ 6

√
5

2
(1 + C ′′

{α})C3(Λ)κ
1
2 (lnκ)−

1
2 ‖Ĝ

1
2
∓ϕ

∓
[ 1
2
]
‖ 6 (4.20)

6 C ′′′
{α}(Λ, g) (lnκ)

− 1
2 ‖Ĝ

1
2
+Ĝ

1
2
−ϕ

∓
[ 1
2
]
‖ 6 C ′′′

{α}(Λ, g) (ln κ)−
1
2 ‖Ĝ

1
2
+Ĝ

1
2
−ϕ‖ , α = ±1 .

Äîêàçûâàåìûå â òåîðåìå 6 îöåíêè (2.11) ïðè κ ∈ J̃
.
= (J ′ ∩ J0(g)) \ (0,κ0) ∈ A (ãäå κ0 > 1 �

÷èñëî èç ëåììû 9) òåïåðü íåïîñðåäñòâåííî ñëåäóþò èç ðàâåíñòâà (4.4) è îöåíîê (4.8), (4.9),

(4.11) è (4.20). Òåîðåìà 6 äîêàçàíà. �
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On the spetrum of a two-dimensional generalized periodi Shr�odinger operator. II

Keywords: generalized Shr�odinger operator, absolute ontinuity of the spetrum, periodi potential.

MSC: 35P05

The paper is onerned with the problem of absolute ontinuity of the spetrum of the two-dimensional

generalized periodi Shr�odinger operator Hg + V = −∇g∇ + V where the ontinuous positive funtion g

and the salar potential V have a ommon period lattie Λ. The solutions of the equation (Hg + V )ϕ = 0
determine, in partiular, the eletri �eld and the magneti �eld of eletromagneti waves propagating in two-

dimensional photoni rystals. The funtion g and the salar potential V are expressed in terms of the eletri

permittivity ε and the magneti permeability µ (V also depends on the frequeny of the eletromagneti wave).

The eletri permittivity ε may be a disontinuous funtion (and usually it is hosen to be pieewise onstant)



Î ñïåêòðå äâóìåðíîãî îáîáùåííîãî ïåðèîäè÷åñêîãî îïåðàòîðà Øð¼äèíãåðà 27

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 2

so the problem to relax the known smoothness onditions on the funtion g that provide absolute ontinuity

of the spetrum of the operator Hg + V arises. In the present paper we assume that the Fourier oe�ients

of the funtions g±
1

2
for some q ∈ [1, 4

3
) satisfy the ondition

∑(
|N | 12 |(g± 1

2 )N |
)q

< +∞, and the salar

potential V has relative bound zero with respet to the operator −∆ in the sense of quadrati forms. Let K

be the fundamental domain of the lattie Λ, and assume that K∗
is the fundamental domain of the reiproal

lattie Λ∗
. The operator Hg + V is unitarily equivalent to the diret integral of operators Hg(k) + V , with

quasimomenta k ∈ 2πK∗
, ating on the spae L2(K). The last operators an be also onsidered for omplex

vetors k + ik′ ∈ C2
. We use the Thomas method. The proof of absolute ontinuity of the spetrum of the

operator Hg + V amounts to showing that the operators Hg(k + ik′) + V − λ, λ ∈ R, are invertible for some

appropriately hosen omplex vetors k + ik′ ∈ C2
(depending on g, V , and the number λ) with su�iently

large imaginary parts k′.
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