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Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñïåöè-

àëüíîãî âèäà. Ñèñòåìà ïðåäñòàâëåíà â ñèììåòðè÷íîì âèäå, �àçîâàÿ ïåðåìåííàÿ n-ìåðíàÿ. �àññìàòðè-
âàåìàÿ çàäà÷à Êîøè ïîëó÷àåòñÿ èç çàäà÷è Êîøè äëÿ îäíîãî óðàâíåíèÿ �àìèëüòîíà�ßêîáè�Áåëëìàíà

ñ ïîìîùüþ îïåðàöèè äè��åðåíöèðîâàíèÿ ýòîãî óðàâíåíèÿ è êðàåâîãî óñëîâèÿ ïî ïåðåìåííîé xi. Ïðåä-
ïîëàãàåòñÿ, ÷òî ãàìèëüòîíèàí è íà÷àëüíîå óñëîâèå ïðèíàäëåæàò êëàññó íåïðåðûâíî äè��åðåíöèðóå-

ìûõ �óíêöèé. �àìèëüòîíèàí ÿâëÿåòñÿ âûïóêëûì ïî ñîïðÿæåííîé ïåðåìåííîé.

Â ðàáîòå ïðåäëîæåí íîâûé ïîäõîä ê îïðåäåëåíèþ îáîáùåííîãî ðåøåíèÿ ñèñòåìû êâàçèëèíåéíûõ

óðàâíåíèé ïåðâîãî ïîðÿäêà. Îáîáùåííîå ðåøåíèå ðàññìàòðèâàåòñÿ â êëàññå ìíîãîçíà÷íûõ �óíêöèé

ñ âûïóêëûìè êîìïàêòíûìè çíà÷åíèÿìè. Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè è óñòîé-

÷èâîñòè ðåøåíèÿ ïî íà÷àëüíûì äàííûì. Ïîëó÷åíî ïîëóãðóïïîâîå ñâîéñòâî äëÿ ââåäåííîãî îáîáùåí-

íîãî ðåøåíèÿ. Ïîêàçàíî, ÷òî ïîòåíöèàë äëÿ îáîáùåííîãî ðåøåíèÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé

ñîâïàäàåò ñ åäèíñòâåííûì ìèíèìàêñíûì/âÿçêîñòíûì ðåøåíèåì ñîîòâåòñòâóþùåé çàäà÷è Êîøè äëÿ

óðàâíåíèÿ �àìèëüòîíà�ßêîáè�Áåëëìàíà, à â òî÷êàõ äè��åðåíöèðóåìîñòè ìèíèìàêñíîãî ðåøåíèÿ åãî

ãðàäèåíò ñîâïàäàåò ñ îáîáùåííûì ðåøåíèåì èñõîäíîé çàäà÷è Êîøè. Íà îñíîâå ýòîé ñâÿçè ïîëó÷åíû

ñâîéñòâà îáîáùåííîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé. Â ÷àñòíîñòè, ïî-

êàçàíî, ÷òî ââåäåííîå îáîáùåííîå ðåøåíèå ñîâïàäàåò ñ ñóïåðäè��åðåíöèàëîì ìèíèìàêñíîãî ðåøåíèÿ

ñîîòâåòñòâóþùåé çàäà÷è Êîøè è îäíîçíà÷íî ïî÷òè âñþäó.

Ñ ïîìîùüþ õàðàêòåðèñòèê óðàâíåíèÿ �àìèëüòîíà�ßêîáè�Áåëëìàíà îïèñàíà ñòðóêòóðà ìíîæåñòâà

òî÷åê, â êîòîðûõ ìèíèìàêñíîå ðåøåíèå íåäè��åðåíöèðóåìî.

Ïîêàçàíî, ÷òî ñâîéñòâî îáîáùåííîãî ðåøåíèÿ äëÿ îäíîãî êâàçèëèíåéíîãî óðàâíåíèÿ ñî ñêàëÿðíîé

�àçîâîé ïåðåìåííîé, ââåäåííîå Î.À. Îëåéíèê, ìîæåò áûòü ðàñïðîñòðàíåíî íà ñëó÷àé ðàññìàòðèâàåìîé

ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: ñèñòåìà êâàçèëèíåéíûõ óðàâíåíèé, óðàâíåíèå �àìèëüòîíà�ßêîáè�Áåëëìàíà, ìèíè-

ìàêñíîå/âÿçêîñòíîå ðåøåíèå, ìåòîä õàðàêòåðèñòèê.

Ââåäåíèå

Äëÿ îïèñàíèÿ ñïëîøíîé ñðåäû èñïîëüçóþòñÿ ìîäåëè, êîòîðûå ïðèâîäÿò ê ñèñòåìàì ãèïåð-

áîëè÷åñêèõ êâàçèëèíåéíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà. Íàèáîëåå èçó÷åí êëàññ ñèñòåì ãèïåð-

áîëè÷åñêèõ êâàçèëèíåéíûõ óðàâíåíèé ñ îäíîìåðíîé �àçîâîé ïåðåìåííîé [1�4℄. Â ýòîì ñëó÷àå

äëÿ îïðåäåëåíèÿ îáîáùåííîãî ðåøåíèÿ èñïîëüçóþò ïîäõîäû, ïðåäëîæåííûå Ñ.Ë. Ñîáîëåâûì

è Ñ.Í. Êðóæêîâûì [5,6℄. Ñ.Ë. Ñîáîëåâ ââåë ïîíÿòèå ñëàáîãî ðåøåíèÿ ñèñòåìû êâàçèëèíåéíûõ

óðàâíåíèé, îñíîâàííîå íà èíòåãðàëüíîì ðàâåíñòâå. Ýíòðîïèéíîå ðåøåíèå ÿâëÿåòñÿ ñëàáûì ðå-

øåíèåì ïî Ñîáîëåâó è ñîäåðæèò óñëîâèå, õàðàêòåðèçóþùåå äîïóñòèìûå ðàçðûâû ðåøåíèé, ÷òî

ïîçâîëÿåò âûäåëèòü åäèíñòâåííîå ðåøåíèå â ñëó÷àå, êîãäà �óíêöèÿ ïîòîêà çàâèñèò òîëüêî îò

ñàìîãî ðåøåíèÿ è �àçîâàÿ ïåðåìåííàÿ îäíîìåðíà.

Â ðàáîòå [6℄ äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ñèñòåìû êâàçèëè-

íåéíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà äëÿ ñëó÷àÿ îäíîìåðíîé �àçîâîé ïåðåìåííîé è ïðè íà÷àëü-

íîì óñëîâèè èç êëàññà �óíêöèé ñ ìàëîé âàðèàöèåé. Ñèñòåìû ñ n-ìåðíîé �àçîâîé ïåðåìåííîé

èçó÷åíû â ìåíüøåé ñòåïåíè.

Ñëó÷àé ãèïåðáîëè÷åñêîé ñèñòåìû ñ n-ìåðíîé �àçîâîé ïåðåìåííîé ðàññìîòðåí â ðàáîòå [5℄,

íî â ýòîì ñëó÷àå íå äîêàçàíû òåîðåìû åäèíñòâåííîñòè è óñòîé÷èâîñòè ðåøåíèÿ. Â ðàáîòå �. Êó-

ðàíòà èññëåäîâàíà ñèñòåìà êâàçèëèíåéíûõ óðàâíåíèé ñ îäèíàêîâîé ãëàâíîé ÷àñòüþ è ìíîãî-

ìåðíîé �àçîâîé ïåðåìåííîé.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå ïðîãðàìì Ïðåçèäèóìà �ÀÍ 12�Ï�1�1002, 12�Ï�1�1012

è ãðàíòà �ÔÔÈ 14�01�00168.
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Â îáùåì ñëó÷àå äëÿ äîñòàòî÷íî øèðîêîãî êëàññà âõîäíûõ äàííûõ òåîðåìû ñóùåñòâîâàíèÿ,

åäèíñòâåííîñòè è óñòîé÷èâîñòè äëÿ ðåøåíèÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé íå äîêàçàíû.

Â ðàáîòå ðàññìàòðèâàåòñÿ íà÷àëüíàÿ çàäà÷à Êîøè äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé

ïåðâîãî ïîðÿäêà ñïåöèàëüíîãî âèäà. Ïðåäïîëàãàåòñÿ, ÷òî �àçîâàÿ ïåðåìåííàÿ n-ìåðíàÿ. Ââå-
äåíî ïîíÿòèå îáîáùåííîãî ðåøåíèÿ äëÿ ðàññìàòðèâàåìîé çàäà÷è Êîøè. �àññìàòðèâàåìàÿ ñè-

ñòåìà óðàâíåíèé îáëàäàåò ïîòåíöèàëîì, òî åñòü ñêàëÿðíîé �óíêöèåé, ãðàäèåíò êîòîðîé ñîâïà-

äàåò ñ âåêòîð-�óíêöèåé ðåøåíèÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé. Óñòàíîâëåíà ñâÿçü ìåæ-

äó îáîáùåííûìè ðåøåíèÿìè ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé è óðàâíåíèåì �àìèëüòîíà�

ßêîáè�Áåëëìàíà. Ïîêàçàíî, ÷òî ïîòåíöèàë äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé ÿâëÿåòñÿ

ìèíèìàêñíûì ðåøåíèåì ñîîòâåòñòâóþùåé çàäà÷è Êîøè äëÿ óðàâíåíèÿ �àìèëüòîíà�ßêîáè�

Áåëëìàíà. Äëÿ îïèñàíèÿ ñâîéñòâ îáîáùåííîãî ðåøåíèÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé

ïåðâîãî ïîðÿäêà èñïîëüçóåòñÿ òåîðèÿ ìèíèìàêñíûõ ðåøåíèé óðàâíåíèÿ �àìèëüòîíà�ßêîáè.

Ïîíÿòèå ïîòåíöèàëà äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé áûëî ââåäåíî â ðàáîòå [2℄, ãäå

ïîòåíöèàë ÿâëÿåòñÿ âåêòîð-�óíêöèåé, óäîâëåòâîðÿþùåé ñèñòåìå ñîîòâåòñòâóþùèõ óðàâíåíèé

�àìèëüòîíà�ßêîáè â òî÷êàõ äè��åðåíöèðóåìîñòè.

� 1. Ïîñòàíîâêà çàäà÷è

�àññìîòðèì çàäà÷ó Êîøè äëÿ ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà

∂wi(t, x)

∂t
+Hxi(t, x, w(t, x)) = 0, w(0, x) = σ(x), i = 1, . . . , n. (1.1)

Çäåñü (t, x) ∈ ΠT = [0, T ]× R
n
, w : ΠT → R

n
. Ôóíêöèè H : ΠT × R

n → R, σ : Rn → R
n
.

Çàïèøåì ñèñòåìó (1.1) â äèâåðãåíòíîé �îðìå:

∂w(t, x)

∂t
+ divG(t, x, w(t, x)) = 0,

ãäå w : ΠT → R
n
, ìàòðèöà G ∈Mn×n

ñîñòîèò èç ñòîëáöîâ Gi(t, x, w), ó êîòîðûõ i-ÿ êîîðäèíàòà
ðàâíà H(t, x, w), îñòàëüíûå êîîðäèíàòû ðàâíû íóëþ.

Çàäà÷à (1.1) ðåøàåòñÿ ïðè ñëåäóþùèõ ïðåäïîëîæåíèÿõ.

A1. Ôóíêöèÿ H(t, x, s) íåïðåðûâíî äè��åðåíöèðóåìà ïî âñåì ïåðåìåííûì è âûïóêëà ïî s
äëÿ ëþáûõ (t, x) ∈ ΠT .

A2. Ôóíêöèè H(t, x, s), DsH(t, x, s), DxH(t, x, s) îáëàäàþò ïîäëèíåéíûì ðîñòîì ïî s, ëîêàëü-
íî ëèïøèöåâû îòíîñèòåëüíî x, s.

A3. Ôóíêöèÿ σ(x) íåïðåðûâíî äè��åðåíöèðóåìà.

Äëÿ äàëüíåéøèõ ïîñòðîåíèé ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó Êîøè äëÿ óðàâíåíèÿ

�àìèëüòîíà�ßêîáè�Áåëëìàíà

∂u(t, x)

∂t
−H(t, x,Dxu(t, x)) = 0, u(T, x) =

∫ x

0
〈σ, dx〉. (1.2)

Çäåñü Dxu =
(
∂u
∂x1

, . . . , ∂u
∂xn

)
= s ∈ R

n. Ñèìâîë 〈·, ·〉 îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå.

�àññìîòðèì õàðàêòåðèñòè÷åñêóþ ñèñòåìó äëÿ çàäà÷è (1.2)

˙̃x = −DsH(t, x̃, s̃), ˙̃s = DxH(t, x̃, s̃), ˙̃z = −〈DsH(t, x̃, s̃), s̃〉+H(t, x̃, s̃) (1.3)

ñ êðàåâûì óñëîâèåì

x̃(T, ξ) = ξ, s̃(T, ξ) = σ(ξ), z̃(T, ξ) =

∫ ξ

0
〈σ(x), dx〉. (1.4)



Îáîáùåííîå ðåøåíèå ñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé 45

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 2

Â ñèëó ïðåäïîëîæåíèé A1�A3 ðåøåíèå õàðàêòåðèñòè÷åñêîé ñèñòåìû ñóùåñòâóåò, åäèíñòâåí-

íî è ïðîäîëæèìî íà âåñü èíòåðâàë [0, T ] äëÿ ëþáîãî ξ ∈ R
n
.

Çàäà÷à (1.2) ìîæåò íå èìåòü êëàññè÷åñêîãî ðåøåíèÿ âî âñåé ïîëîñå ΠT . Âîñïîëüçóåìñÿ ïî-

íÿòèåì ìèíèìàêñíîãî ðåøåíèÿ çàäà÷è (1.2), êîòîðîå ÿâëÿåòñÿ òîëüêî íåïðåðûâíîé �óíêöèåé.

Äëÿ �îðìóëèðîâêè äàëüíåéøèõ îïðåäåëåíèé íàïîìíèì ïîíÿòèå ñóïåðäè��åðåíöèàëà �óíê-

öèè â òî÷êå, ïðèâåäåííîå â ðàáîòå [7℄.

Îïðåäåëåíèå 1. Ñóïåðäè��åðåíöèàëîì �óíêöèè u â òî÷êå (t, x) ∈ (0, T ) × R
n
íàçûâàåòñÿ

ìíîæåñòâî

D+u(t, x) = {(α, p) ∈ R× R
n : u(t+ δ, x+ δf)− u(t, x) 6 αδ + 〈p, δf〉 + o(δ) ∀ f ∈ R

n}.

×àñòè÷íûì ñóïåðäè��åðåíöèàëîì �óíêöèè u â òî÷êå (t, x) íàçûâàåòñÿ ìíîæåñòâî D+
x u(t, x)�

ïðîåêöèÿ ìíîæåñòâà D+u(t, x) íà ïðîñòðàíñòâî R
n
. Íàïîìíèì îäíî èç ýêâèâàëåíòíûõ îïðåäå-

ëåíèé ìèíèìàêñíîãî ðåøåíèÿ çàäà÷è (1.2), ïðåäëîæåííîå â ðàáîòå [8℄.

Îïðåäåëåíèå 2. Ìèíèìàêñíûì ðåøåíèåì çàäà÷è (1.2) íàçûâàåòñÿ ëîêàëüíî ëèïøèöåâàÿ,

ñóïåðäè��åðåíöèðóåìàÿ �óíêöèÿ u : ΠT → R, ãðà�èê êîòîðîé ñëàáî èíâàðèàíòåí îòíîñè-

òåëüíî ðåøåíèé ñèñòåìû (1.3), (1.4), òî åñòü

∀ (t, x) ∈ ΠT ∃ ξ ∈ R
n : x̃(t, ξ) = x, z̃(τ, ξ) = u(τ, x̃(τ, ξ)), τ ∈ [t, T ],

ãäå x̃, z̃ � ðåøåíèÿ õàðàêòåðèñòè÷åñêîé ñèñòåìû (1.3), (1.4).

Èç ðàáîòû [9℄ âûòåêàþò ñëåäóþùèå ñâîéñòâà ìèíèìàêñíîãî ðåøåíèÿ çàäà÷è (1.2) ïðè âû-

ïîëíåíèè óñëîâèé A1�A3.

(1) Ìèíèìàêñíîå ðåøåíèå ÿâëÿåòñÿ ëîêàëüíî ëèïøèöåâîé �óíêöèåé.

(2) Ìèíèìàêñíîå ðåøåíèå ñóïåðäè��åðåíöèðóåìî, è ñóïåðäè��åðåíöèàë �óíêöèè u ïî ïå-

ðåìåííîé x ïðåäñòàâèì â âèäå

D+
x u(t, x) = co{s̃(t, ξ) : ξ ∈ Ψ}, ãäå Ψ = {ξ̄ : x̃(t, ξ) = x, min

ξ∈Rn

z̃(t, ξ) = z̃(t, ξ)}; (1.5)

çäåñü x̃(·, ξ), s̃(·, ξ), z̃(·, ξ) � ðåøåíèÿ õàðàêòåðèñòè÷åñêîé ñèñòåìû (1.3), (1.4).

Ñèìâîë ¾
o¿ îáîçíà÷àåò âûïóêëóþ îáîëî÷êó.

Óòâåðæäåíèå 1. Äëÿ ëþáîé òî÷êè (t, x) ∈ ΠT ñóùåñòâóåò õîòÿ áû îäíà õàðàêòåðèñòèêà

x̃, s̃, z̃ � ðåøåíèå õàðàêòåðèñòè÷åñêîé ñèñòåìû (1.3), (1.4) òàêàÿ, ÷òî x̃(t, ξ) = x.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîñòàâèì â ñîîòâåòñòâèå çàäà÷å (1.2) çàäà÷ó îïòèìàëüíîãî óïðàâ-

ëåíèÿ

ẋ = −DsH(t, x, s), x(t0) = x0, (1.6)

êàê ýòî ñäåëàíî â ðàáîòå [9℄. Ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé S̃ = {s : ||s|| 6 S} � èçìåðè-

ìûå ïî Áîðåëþ �óíêöèè, ãäå ìíîæåñòâî S ñîïðÿæåííûõ ïåðåìåííûõ s̃(·, ξ) õàðàêòåðèñòè÷åñêîé
ñèñòåìû ëîêàëüíî îãðàíè÷åíî: S ⊂ R

n
� êîìïàêò [8℄.

Òðåáóåòñÿ ìèíèìèçèðîâàòü �óíêöèîíàë

I(s(·)) = σ(x(T )) −

∫ T

t0

〈s,DsH(t, x, s)〉 −H(t, x, s) dt → inf
s(·)∈S̃

. (1.7)

Â ðàáîòå [9℄ äîêàçàíî, ÷òî ìíîæåñòâî õàðàêòåðèñòèê x̃(·, ξ), s̃(·, ξ) çàäà÷è (1.2) ñîâïàäàåò ñ ìíî-
æåñòâîì ýêñòðåìàëåé è êîýêñòðåìàëåé ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà äëÿ çàäà÷è (1.6), (1.7).

�åøåíèÿ x̃, s̃ õàðàêòåðèñòè÷åñêîé ñèñòåìû (1.3), (1.4) ïðîäîëæèìû äî êðàåâîãî ìíîãîîáðàçèÿ

σ(ξ), ξ ∈ R
n
, â ñèëó ïðåäïîëîæåíèé A1�A3. Çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ ìîæíî ñ�îðìó-

ëèðîâàòü äëÿ ïðîèçâîëüíîé íà÷àëüíîé òî÷êè (t0, x0) ∈ ΠT . �
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Óòâåðæäåíèå 2. Ïóñòü âûïîëíåíû óñëîâèÿ A1�A3. Ìíîæåñòâî òî÷åê (t, x) ∈ ΠT , íà
êîòîðîì ìèíèìàêñíîå ðåøåíèå u(t, x) çàäà÷è (1.2) íåäè��åðåíöèðóåìî, îïðåäåëÿåòñÿ ñîîòíî-

øåíèåì

F (t, x, ξ1, ξ2) = 0, ãäå ξ1 6= ξ2, ξi ∈ R
n, i = 1, 2.

F (t, x, ξ1, ξ2) =

∫ t

T

〈
x̃(τ, ξ2),

ds̃(τ, ξ2)
dτ
〉
−H(τ, x̃(τ, ξ2), s̃(τ, ξ2)) dτ −

−

∫ t

T

〈
x̃(τ, ξ1),

ds̃(τ, ξ1)

dτ

〉
−H(τ, x̃(τ, ξ1), s̃(τ, ξ1))dτ + 〈x, s̃(t, ξ1)− s̃(t, ξ2)〉+ σ(ξ1)− σ(ξ2).

Çäåñü x̃(·, ξi), z̃(·, ξi), i = 1, 2, � ðåøåíèÿ ñèñòåìû (1.3), (1.4), óäîâëåòâîðÿþùèå óñëîâèþ

x̃(t, ξ1) = x̃(t, ξ2) = x, z̃(t, ξ1) = z̃(t, ξ2) = u(t, x).

Ä î ê à ç à ò å ë ü ñ ò â î. Íàïîìíèì, ÷òî ìèíèìàêñíîå ðåøåíèå â çàäà÷å (1.2) ñóïåðäè�-

�åðåíöèðóåìî, òî åñòü â êàæäîé òî÷êå ìíîæåñòâî D+u(t, x) íåïóñòî. Â òî÷êàõ (t, x) ∈ ΠT ,
ãäå ìèíèìàêñíîå ðåøåíèå íåäè��åðåíöèðóåìî, ñóïåðäè��åðåíöèàë D+u(t, x) ñîñòîèò íå èç

åäèíñòâåííîãî ýëåìåíòà. Ïðåäïîëîæèì, ÷òî ñóïåðäè��åðåíöèàë D+u(t, x) ñîñòîèò èç åäèí-

ñòâåííîãî ýëåìåíòà (α0, p0).

Òîãäà âû÷èñëèì ïðîèçâîäíóþ ïî íàïðàâëåíèþ îò �óíêöèè u:

∂u(t, x)

∂(1, f)
= min

(α,p)∈D+u(t,x)
α+ 〈p, f〉 = α0 + 〈p0, f〉 ∀ f ∈ R

n.

Ýòî ýêâèâàëåíòíî ñëåäóþùåìó âûðàæåíèþ:

u(t+ δ, x+ δf)− u(t, x) = α0δ + 〈p0, δf〉+ o(δ) ∀ f ∈ R
n.

Ïóñòü △x = δf , òîãäà

u(t+ δ, x +△x)− u(t, x) = α0δ + 〈p0,△x〉+ o(δ, ||△x||).

Îòñþäà ñëåäóåò, ÷òî �óíêöèÿ u äè��åðåíöèðóåìà â òî÷êå (t, x).

×òîáû ñóïåðäè��åðåíöèàë D+u(t, x) ñîñòîÿë íå èç åäèíñòâåííîãî ýëåìåíòà, íåîáõîäèìî

è äîñòàòî÷íî âûïîëíåíèå ñëåäóþùèõ ðàâåíñòâ [8℄:

x̃(t, ξ1) = x̃(t, ξ2) = x, z̃(t, ξ1) = z̃(t, ξ2) = u(t, x), (1.8)

ãäå x̃, z̃ � ðåøåíèÿ õàðàêòåðèñòè÷åñêîé ñèñòåìû (1.3), (1.4).

Çíà÷èò, â òî÷êó (t, x) íåäè��åðåíöèðóåìîñòè �óíêöèè u ïðèõîäÿò õîòÿ áû äâå õàðàêòåðè-

ñòèêè x̃(t, ξ), ñòàðòóþùèå èç ðàçíûõ êðàåâûõ óñëîâèé ξi ∈ R
n
, i = 1, 2.

Ñîïðÿæåííûå êîìïîíåíòû s̃(·, ξi), i = 1, 2, õàðàêòåðèñòè÷åñêîé ñèñòåìû (1.3) íå ñîâïàäàþò

â òî÷êå (t, x), â ïðîòèâíîì ñëó÷àå ïîëó÷èì ïðîòèâîðå÷èå ñ åäèíñòâåííîñòüþ ðåøåíèÿ õàðàêòå-

ðèñòè÷åñêîé ñèñòåìû.

Çàïèøåì ðàâåíñòâî (1.8) â èíòåãðàëüíîé �îðìå:

∫ t

T

−Hs(τ, x̃(τ, ξ1), s̃(τ, ξ1)) dτ + ξ1 =

∫ t

T

−Hs(τ, x̃(τ, ξ2), s̃(τ, ξ2)) dτ + ξ2 = x,

∫ t

T

〈 ˙̃x(τ, ξ1), s̃(τ, ξ1)〉+H(τ, x̃(τ, ξ1), s̃(τ, ξ1)) dτ + σ(ξ1) = (1.9)

=

∫ t

T

〈 ˙̃x(τ, ξ2), s̃(τ, ξ2)〉+H(τ, x̃(τ, ξ2), s̃(τ, ξ2)) dτ + σ(ξ2) = u(t, x).
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Ïðîèíòåãðèðóåì ïî ÷àñòÿì óñëîâèå (1.9), ïîëó÷èì âûðàæåíèå

〈x̃(t, ξ1), s̃(t, ξ1)〉 −

∫ t

T

〈
x̃(τ, ξ1),

ds̃(τ, ξ1)

dτ

〉
−H(τ, x̃(τ, ξ1), s̃(τ, ξ1)) dτ + σ(ξ1) = (1.10)

= 〈x̃(t, ξ2), s̃(t, ξ2)〉 −

∫ t

T

〈
x̃(τ, ξ2),

ds̃(τ, ξ2)

dτ

〉
−H(τ, x̃(τ, ξ2), s̃(τ, ξ2)) dτ + σ(ξ2).

Íàïîìíèì, ÷òî x̃(t, ξ1) = x̃(t, ξ2) = x. Ïîëó÷àåì, ÷òî ìíîæåñòâî òî÷åê, íà êîòîðîì ìèíè-

ìàêñíîå ðåøåíèå u çàäà÷è (1.2) íåäè��åðåíöèðóåìî, óäîâëåòâîðÿåò óðàâíåíèþ

F (t, x, ξ1, ξ2) = 0, ãäå ξ1 6= ξ2,

F (t, x, ξ1, ξ2) =

∫ t

T

〈
x̃(τ, ξ2),

ds̃(τ, ξ2)

dτ

〉
−H(τ, x̃(τ, ξ2), s̃(τ, ξ2)) dτ −

−

∫ t

T

〈
x̃(τ, ξ1),

ds̃(τ, ξ1)

dτ

〉
−H(τ, x̃(τ, ξ1), s̃(τ, ξ1))dτ + 〈x, s̃(t, ξ1)− s̃(t, ξ2)〉+ σ(ξ1)− σ(ξ2).

�

Ïóñòü ìíîæåñòâî W ⊂ R
n
âûïóêëîå è êîìïàêòíîå. Îïðåäåëèì ìíîæåñòâî W0 ⊂W : coW0 =

=W , ìíîæåñòâî W0 ñîñòîèò èç êðàéíèõ òî÷åê ìíîæåñòâà W .

Ââåäåì îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ çàäà÷è (1.1).

Îïðåäåëåíèå 3. Ìíîãîçíà÷íàÿ �óíêöèÿW : [0, T ]×R
n → 2R

n

ñ âûïóêëûìè êîìïàêòíûìè

çíà÷åíèÿìè íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì çàäà÷è (1.1), åñëè

(1) W (0, x) = σ(x),

(2) �óíêöèÿ W èìååò çàìêíóòûé ãðà�èê,

(3) äëÿ ïðîèçâîëüíîãî íåïðåðûâíî äè��åðåíöèðóåìîãî êîíòóðà C ⊂ ΠT áåç ñàìîïåðåñå-

÷åíèé íàéäåòñÿ èçìåðèìûé ñåëåêòîð w0(t, x) ∈W (t, x)
∮

C

〈w0(t, x), dx〉 −H(t, x, w0(t, x)) dt = 0,

(4) äëÿ ïðîèçâîëüíîé íåïðåðûâíî äè��åðåíöèðóåìîé �óíêöèè x(t) : [0, T ] → R
n ∀ δ > 0

∀w ∈W0(t, x(t))

∫ t+δ

t

〈w0(τ, x(τ)), ẋ(τ)〉 −H(τ, x(τ), w0(τ, x(τ))) dτ 6

6

(
〈w, ẋ(t)〉 −H(t, x(t), w)

)
δ + o(δ).

Çäåñü w0 âûáèðàåòñÿ èç ïóíêòà 3 îïðåäåëåíèÿ, o(δ)/δ → 0 ïðè δ → 0.

Òåîðåìà 1. Åñëè âûïîëíåíû ïðåäïîëîæåíèÿ A1�A3, òîãäà îáîáùåííîå ðåøåíèå çàäà÷è (1.1)

ñóùåñòâóåò è åäèíñòâåííî.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîêàæåì, ÷òî ÷àñòè÷íûé ñóïåðäè��åðåíöèàë ìèíèìàêñíîãî ðå-

øåíèÿ D+
x u(T − t, x) óäîâëåòâîðÿåò îïðåäåëåíèþ 3. Â ðàáîòå [7℄ äîêàçàíî, ÷òî ìèíèìàêñíîå

ðåøåíèå çàäà÷è (1.2) ñóùåñòâóåò è åäèíñòâåííî ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ.

(1) Äîîïðåäåëèì ñóïåðäè��åðåíöèàë â ìîìåíò t = T ïî íåïðåðûâíîñòè: D+
x u(T, x) =

= {σ(x)} =W (0, x).
(2) Èç ñâîéñòâ ñóïåðäè��åðåöèàëà D+u è íåïðåðûâíîñòè îïåðàòîðà ïðîåêòèðîâàíèÿ íà

ïðîñòðàíñòâî R
n
ñëåäóåò, ÷òî ìíîæåñòâî D+

x u(t, x) ñîõðàíÿåò âñå ñâîéñòâà ñóïåðäè��åðåíöèà-
ëà D+u(t, x), òî åñòü D+

x u(t, x) íåïóñòî, çàìêíóòî, âûïóêëî äëÿ âñåõ (t, x) ∈ ΠT è îòîáðàæåíèå

(t, x) → D+
x u(t, x) ïîëóíåïðåðûâíî ñâåðõó ïî âêëþ÷åíèþ, à çíà÷èò, èìååò çàìêíóòûé ãðà�èê.
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(3) Îáîçíà÷èì ψ(t, x) = u(T − t, x), ãäå u � ìèíèìàêñíîå ðåøåíèå çàäà÷è (1.2). Òîãäà èç

ðàáîòû [7℄ ñëåäóåò, ÷òî �óíêöèÿ ψ ÿâëÿåòñÿ ìèíèìàêñíûì ðåøåíèåì â çàäà÷å

∂ψ

∂t
+H(t, x,Dxψ(t, x)) = 0, ψ(0, x) =

∫ x

a

〈σ(y), dy〉,

ñëåäîâàòåëüíî, îíà îáëàäàåò âñåìè ñâîéñòâàìè ìèíèìàêñíîãî ðåøåíèÿ u çàäà÷è (1.2). �àñ-

ñìîòðèì ïðîèçâîëüíûå òî÷êè (t1, x1), (t2, x2) è íåïðåðûâíî äè��åðåíöèðóåìóþ êðèâóþ áåç

ñàìîïåðåñå÷åíèé t→ x(t) : t ∈ [t1, t2], ñîåäèíÿþùóþ ýòè òî÷êè.

�àññìîòðèì ìíîãîçíà÷íîå îòîáðàæåíèå

(t, x(t), ẋ(t)) →M(t, x(t), ẋ(t)) = Argmin[〈p, ẋ(t)〉+ α : (α, p) ∈ D+ψ(t, x(t))],

êîòîðîå ÿâëÿåòñÿ ïîëóíåïðåðûâíûì ñâåðõó. Ïî òåîðåìå Íåéìàíà�Àóìàíà�Êàñòåíà, îòîáðà-

æåíèå (t, x(t), ẋ(t)) → M(t, x(t), ẋ(t)) èìååò èçìåðèìóþ îäíîçíà÷íóþ âåòâü (t, x(t), ẋ(t)) →
→ w0(t, x(t), ẋ(t)).

Â ñèëó ñâîéñòâ ìèíèìàêñíîãî ðåøåíèÿ u çàäà÷è (1.2) ñóùåñòâóåò åãî ïðîèçâîäíàÿ ïî íà-

ïðàâëåíèþ (1, ẋ(t)) â òî÷êå (t, x(t)) è ñïðàâåäëèâà �îðìóëà [9℄

∂u(t, x(t))

∂(1, ẋ(t))
= min

(α,p)∈D+u(t,x(t))
[〈p, ẋ(t)〉+ α]. (1.11)

Ïðèìåíÿÿ �îðìóëó (1.11), ïîëó÷èì

∂u(T − t, x(t))

∂(1, ẋ(t))
= min

(α,p)∈D+u(T−t,x(t))
[〈p, ẋ(t)〉+ α] = min

(−α,p)∈D+ψ(t,x(t))
[〈p, ẋ(t)〉 − α] =

= 〈w∗(t, x(t)), ẋ(t)〉 −H(t, x(t), w∗(t, x(t))) =
∂ψ(t, x(t))

∂(1, ẋ(t))
.

Âûáåðåì w∗
â êà÷åñòâå ñåëåêòîðà w0 ∈ D+

x ψ(t, x). Ìèíèìóì ëèíåéíîé �óíêöèè íà âûïóêëîì

ìíîæåñòâå äîñòèãàåòñÿ â åãî âåðøèíå. Îòñþäà

u(T − t2, x(t2))− u(T − t1, x(t1)) = ψ(t2, x(t2))− ψ(t1, x(t1)) =

∫ t2

t1

∂ψ(τ, x(τ))

∂(1, ẋ)
dτ =

=

∫ t2

t1

〈w0(τ, x(τ)), ẋ(τ)〉 −H(τ, x(τ), w0(τ, x(τ))) dτ

äëÿ ïðîèçâîëüíîãî x(·), ñîåäèíÿþùåãî çàäàííûå òî÷êè (t1, x(t1)) è (t2, x(t2)). Ñëåäîâàòåëüíî,
óñëîâèå 3 âûïîëíÿåòñÿ.

(4) Ìèíèìàêñíîå ðåøåíèå u çàäà÷è (1.2) ÿâëÿåòñÿ ñóïåðäè��åðåíöèðóåìûì, çíà÷èò, �óíê-
öèÿ ψ(t, x) = u(T − t, x) òàêæå ñóïåðäè��åðåíöèðóåìà è ñïðàâåäëèâî íåðàâåíñòâî

ψ(t+ δ, x(t + δ))− ψ(t, x) 6 (α+ 〈p, ẋ〉)δ + o(δ) ∀ ẋ ∈ R
n, (α, p) ∈ D+ψ(t, x).

�àññìîòðèì ìíîæåñòâî W0: coW0 = D+
x ψ(t, x) è W0 ñîñòîèò èç êðàéíèõ òî÷åê ìíîæåñòâà

D+
x ψ(t, x). Ïðèìåíÿÿ �îðìóëó (1.11) ∀w ∈W0 ⊂ D+

x ψ(t, x), ïîëó÷èì

ψ(t+ δ, x(t + δ)) − ψ(t, x(t)) =

∫ t+δ

t

∂ψ(τ, x(τ))

∂(1, ẋ)
dτ =

=

∫ t+δ

t

〈w0(τ, x(τ)), ẋ(τ)〉 −H(τ, x(τ), w0(τ, x(τ))) dτ 6

6 (〈w, ẋ(t)〉 −H(t, x(t), w))δ + o(δ).
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Èç ëîêàëüíîé ëèïøèöåâîñòè ìèíèìàêñíîãî ðåøåíèÿ ñëåäóåò, ÷òî îíî ñóïåðäè��åðåíöèðó-

åìî ïî÷òè âñþäó è åãî ñóïåðäè��åðåíöèàë ïî÷òè âñþäó ñîñòîèò èç åäèíñòâåííîãî ýëåìåíòà.

Ïóñòü ìíîãîçíà÷íîå îòîáðàæåíèå W : ΠT → 2R
n

óäîâëåòâîðÿåò óñëîâèÿì 1�3 îïðåäåëåíèÿ 3.

�àññìîòðèì òî÷êó (t, x), â êîòîðîé D+ψ(t, x) ñîñòîèò íå èç åäèíñòâåííîãî ýëåìåíòà. �àñ-

ñìîòðèì âñå âîçìîæíûå ïîñëåäîâàòåëüíîñòè òî÷åê (tn, xn) → (t, x), n → ∞, â êîòîðûõ �óíê-

öèÿ ψ äè��åðåíöèðóåìà. Îáîçíà÷èì

αn =
∂ψ(tn, xn)

∂t
, wn =

∂ψ(tn, xn)

∂x
.

Òîãäà, ïî îïðåäåëåíèþ, ìíîæåñòâî

(
lim

(tn,xn)→(t,x)
αn, lim

(tn,xn)→(t,x)
wn

)

ïðèíàäëåæèò ñóáäè��åðåíöèàëó Êëàðêà ∂ψ, êîòîðûé ñîâïàäàåò ñ ñóïåðäè��åðåíöèàëîì

D+ψ(t, x) äëÿ ëèïøèöåâîé �óíêöèè ψ. Îòñþäà ñëåäóåò, ÷òî ÷àñòè÷íûå ñóïåðäè��åðåíöèà-

ëû òîæå ñîâïàäàþò:

∂xψ(t, x) = D+
x ψ(t, x).

Îòîáðàæåíèÿ W è D+
x ψ(t, x) ïîëóíåïðåðûâíû ñâåðõó ïî âêëþ÷åíèþ (ïî Êàêóòàíè), çíà÷èò,

ñïðàâåäëèâî

∀ (tn, xn) → (t, x), wn =W (tn, xn) ⊂ D+
x ψ(t, x) ⇒W (t, x) ⊂ D+

x ψ(t, x).

Ïîêàæåì, ÷òî ðåøåíèå åäèíñòâåííî. Ïðåäïîëîæèì, ÷òî åñòü äâà ðåøåíèÿ, óäîâëåòâîðÿþ-

ùèõ îïðåäåëåíèþ 3: W1 = D+
x ψ è W2.

�àññìîòðèì äâå �óíêöèè:

ϕ1(t, x) =

∫ t,x

0,a
〈w1(t, x(t)), ẋ(t)〉 −H(t, x(t), w1(t, x(t))) dt + σ(a),

ϕ2(t, x) =

∫ t,x

0,a
〈w2(t, x(t)), ẋ(t)〉 −H(t, x(t), w2(t, x(t))) dt + σ(a),

ãäå w1 ∈W1, w2 ∈W2. Òîãäà �óíêöèè ϕi, i = 1, 2, â òî÷êàõ äè��åðåíöèðóåìîñòè óäîâëåòâîðÿ-

þò óðàâíåíèþ �àìèëüòîíà�ßêîáè�Áåëëìàíà

∂ϕi(t, x)

∂t
+H

(
t, x,

∂ϕi
∂x

)
= 0, ϕi(0, x) =

∫ x

a

〈σ(y), dy〉.

Ôóíêöèè ϕ1, ϕ2 ÿâëÿþòñÿ íåïðåðûâíûìè. Ïîêàæåì, ÷òî �óíêöèÿ ϕ2 ñóïåðäè��åðåíöèðóåìà.

�àññìîòðèì ïðîèçâîäíóþ ïî íàïðàâëåíèþ

dϕ2(t, x(t))

d(1, ẋ(t))
= 〈w0, ẋ(t)〉 −H(t, x(t), w0).

Â ñèëó îïðåäåëåíèÿ 3 âûïîëíåíî íåðàâåíñòâî

ϕ2(t+ δ, x(t+ δ)) − ϕ2(t, x(t)) =

∫ t+δ

t

dϕ2(t, x(t))

d(1, ẋ(t))
dt =

∫ t+δ

t

〈w0, ẋ(t)〉 −H(t, x(t), w0) dt 6

6 〈w, ẋ(t)〉 −H(t, x(t), w) + o(δ),

ãäå w ∈W02. Ýëåìåíòû ìíîæåñòâà W2 èìåþò âèä, ïî òåîðåìå Êàðàòåîäîðè,

p =
n+1∑

i=0

λiwi, wi ∈W02,
n+1∑

i=0

λi = 1, λi > 0, i = 0, . . . , n+ 1.
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Òîãäà

ϕ2(t+ δ, x(t + δ))− ϕ2(t, x(t)) 6

n+1∑

i=0

λi(wi −H(t, x(t), wi)) + o(δ),

n+1∑

i=0

λi = 1, λi > 0.

Ñëåäîâàòåëüíî, ýëåìåíòû

(
α = −

n+1∑

i=0

λiH(t, x(t), wi), p =

n+1∑

i=0

λiwi

)
∈ D+ϕ2(t, x(t)). Äðóãèõ ýëå-

ìåíòîâD+ϕ2(t, x(t)) íå ñîäåðæèò. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ýëåìåíò (α
∗, p∗) ∈ D+ϕ2(t, x(t))

è (α∗, p∗) 6∈W2, òîãäà ýòîò ýëåìåíò ëåæèò íà ãðàíèöå ìíîæåñòâà D
+ϕ2(t, x(t)), à çíà÷èò, íàéäåò-

ñÿ òàêîå íàïðàâëåíèå f ∈ R
n
, ÷òî

dϕ2(t, x(t))

d(1, f)
= 〈p∗, f〉+α∗

. Îòñþäà ñëåäóåò, ÷òî p∗ = w0 ∈W2

è D+
x ϕ2(t, x(t)) =W2.

Ïðîâåðèì äëÿ �óíêöèè ϕ2 îïðåäåëåíèå ìèíèìàêñíîãî/âÿçêîñòíîãî ðåøåíèÿ [10℄:

α+H(t, x, p) 6 0 ∀ (α, p) ∈ D+ϕ2(t, x).

Ïî îïðåäåëåíèþ �óíêöèè ϕ2, ýëåìåíò åå ñóïåðäè��åðåíöèàëà èìååò âèä

p =
n+1∑

i=0

λiwi, α = −
n+1∑

i=0

λiH(t, x, wi), wi ∈W02,
n+1∑

i=0

λi = 1, λi > 0, i = 0, . . . , n+ 1.

Ïîäñòàâëÿÿ ýòè ýëåìåíòû â îïðåäåëåíèå ìèíèìàêñíîãî ðåøåíèÿ, ïîëó÷èì

n+1∑

i=0

− λiH(t, x, wi) +H

(
t, x,

n∑

i=0

λiwi

)
6 0

â ñèëó âûïóêëîñòè �óíêöèè H ïî ïåðåìåííîé p. Ñëåäîâàòåëüíî, ϕ2 ÿâëÿåòñÿ ìèíèìàêñíûì

ðåøåíèåì, à çíà÷èò, ñîâïàäàåò ñ �óíêöèåé ϕ1. �

� 2. Ñâÿçü ìåæäó îáîáùåííûìè ðåøåíèÿìè çàäà÷ (1.1) è (1.2)

Èç îïðåäåëåíèÿ 3 ñëåäóåò ñâÿçü ìåæäó îáîáùåííûìè ðåøåíèÿìè çàäà÷ (1.1) è (1.2).

Óòâåðæäåíèå 3. Ïóñòü W � îáîáùåííîå ðåøåíèå çàäà÷è (1.1) â ñìûñëå îïðåäåëåíèÿ 3.
Òîãäà èíòåãðàë ∫ t,x

0,a
〈w0(t, x), dx〉 −H(t, x, w0(t, x)) dt (2.1)

îïðåäåëÿåò �óíêöèþ ϕ, äëÿ êîòîðîé âûïîëíåíî

ϕ(t, x) = u(T − t, x),

ãäå u � ìèíèìàêñíîå ðåøåíèå çàäà÷è (1.2) ñ òî÷íîñòüþ äî ïîñòîÿííîé. Çäåñü w0 � ñåëåêòîð

ìíîãîçíà÷íîé �óíêöèè W .

Ä î ê à ç à ò å ë ü ñ ò â î. Èç îïðåäåëåíèÿ 3 ñëåäóåò, ÷òî èíòåãðàë (2.1) íå çàâèñèò îò ïóòè

èíòåãðèðîâàíèÿ x(t), â êà÷åñòâå w0 âûáåðåì ñåëåêòîð D+
x u(T − t, x) òàêîé, ÷òî

du(T − t, x(t))

d(1, ẋ)
= 〈w0(t, x), ẋ〉 −H(t, x, w0(t, x)).

Òîãäà ϕ(t, x)− ϕ(0, a) =

=

∫ t,x

0,a
〈w0(τ, x), dx〉 −H(τ, x, w0(τ, x)) dτ =

∫ t

0

du(T − τ, x(τ))

d(1, ẋ)
dτ = u(T − t, x)− u(T, a).

Çäåñü u � ìèíèìàêñíîå ðåøåíèå çàäà÷è (1.2). �
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� 3. Ñâîéñòâà îáîáùåííîãî ðåøåíèÿ çàäà÷è (1.1)

�åøåíèå ñèñòåìû (1.1) ìîæåò áûòü ïðåäñòàâëåíî â òåðìèíàõ õàðàêòåðèñòèê (1.3), (1.4).

Óòâåðæäåíèå 4. Ïóñòü W � îáîáùåííîå ðåøåíèå çàäà÷è (1.1), òîãäà

W (t, x) = co{s̃(T−t, ξ) : ξ ∈ Ψ}, ãäå Ψ = {ξ : x̃(T−t, ξ) = x, min
ξ∈Rn

z̃(T−t, ξ) = z̃(T−t, ξ)}. (3.1)

Çäåñü x̃, s̃, z̃ � ðåøåíèå ñèñòåìû (1.3), (1.4).

Ä î ê à ç à ò å ë ü ñ ò â î. Èç òåîðåìû (1) ñëåäóåò, ÷òî w(T − t, x) = D+
x u(t, x), ãäå u �

ìèíèìàêñíîå ðåøåíèå çàäà÷è (1.2). Ïðèìåíèì ñâîéñòâî (2) ìèíèìàêñíîãî ðåøåíèÿ, ïîëó÷èì

�îðìóëó (3.1). �

Ëåììà 1. Ïóñòü (t1, x1) � òî÷êà íåïðåðûâíîñòè ðåøåíèÿ W çàäà÷è (1.1). Òîãäà ðåøå-

íèå W çàäà÷è (1.1) îäíîçíà÷íî è ñóùåñòâóåò åäèíñòâåííàÿ õàðàêòåðèñòèêà x̃, s̃, z̃ ñèñòåìû
(1.3), (1.4) òàêàÿ, ÷òî W (t1, x1) = s̃(t1, ξ), x̃(t1, ξ) = x1.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç îïðåäåëåíèÿ íåïðåðûâíîñòè ìíîãîçíà÷íîãî îòîáðàæåíèÿ ñëå-

äóåò, ÷òî ðåøåíèå W äîëæíî áûòü ïîëóíåïðåðûâíî ñíèçó, òî åñòü

∀ ε > 0 ∃ δ > 0 |t− t0|+ ||x− x0|| < δ ⇒W (t0, x0) ∈W (t, x) +Bε.

Çäåñü Bε
îáîçíà÷àåò øàð ðàäèóñà ε, Oδ(t0, x0) = {(t, x) ∈ ΠT : |t − t0| + ||x − x0|| < δ}. Êàê

áûëî ïîêàçàíî ðàíåå, W (t, x) ñîâïàäàåò ñ ñóïåðäè��åðåíöèàëîì D+u(T − t, x) ìèíèìàêñíî-
ãî ðåøåíèÿ çàäà÷è (1.2). Ïðåäïîëîæèì, ÷òî â òî÷êå (t0, x0) ðåøåíèå W ìíîãîçíà÷íî, òîãäà

w(t, x) = D+
x u(T − t, x) ìíîãîçíà÷íî äëÿ ëþáîé òî÷êè (t, x) ∈ Oδ(t0, x0). Ïðîòèâîðå÷èå ñ òåì,

÷òî ìèíèìàêñíîå ðåøåíèå íåäè��åðåíöèðóåìî íà ìíîæåñòâå ìåðû íóëü, òî åñòü ñóïåðäè�-

�åðåíöèàë ìèíèìàêñíîãî ðåøåíèÿ ìíîãîçíà÷åí íà ìíîæåñòâå ìåðû íóëü. Çíà÷èò, â òî÷êàõ

íåïðåðûâíîñòè W îäíîçíà÷íî.

Èç îïðåäåëåíèÿ òî÷êè íåïðåðûâíîñòè �óíêöèè W ñëåäóåò, ÷òî ïî ïðîèçâîëüíîé ïîñëåäî-

âàòåëüíîñòè (tk, xk) → (t1, x1) ïðè k → ∞ ñóùåñòâóåò ïðåäåë lim
k→∞

Wi(tk, xk) =Wi(t1, x1).

Ïðåäïîëîæèì, ÷òî â òî÷êó (t1, x1) ïðèøëî íåñêîëüêî õàðàêòåðèñòèê è

W (t1, x1) = co{s̃(t1, ξi) : x̃(t1, ξi) = x1, min
η
z̃(t1, η) = z̃(t1, ξ1)}.

�àññìîòðèì çíà÷åíèÿ �óíêöèé âäîëü òàêèõ õàðàêòåðèñòèê:

W (t1, x̃(tk, ξi)) = s̃(tk, ξi) → s̃(t1, ξi), k → ∞.

Â òî÷êå (t1, x1) çíà÷åíèÿ s̃(t1, ξi) ðàçíûå, â ïðîòèâíîì ñëó÷àå ïðèõîäèì ê ïðîòèâîðå÷èþ ñ òåî-

ðåìîé Êîøè î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ õàðàêòåðèñòè÷åñêîé ñèñòåìû (1.3),

(1.4). Òàêèì îáðàçîì, ïîëó÷èëè ïðîòèâîðå÷èå ñ íåïðåðûâíîñòüþ W â òî÷êå (t1, x1). �

Óòâåðæäåíèå 5. Ïóñòü ðåøåíèåW çàäà÷è (1.1) íåïðåðûâíî â îêðåñòíîñòè òî÷êè (t0, x0) ∈
∈ ΠT è äè��åðåíöèðóåìî â òî÷êå (t0, x0) â ñìûñëå îäíîçíà÷íîé �óíêöèè, òîãäà îíî óäîâëå-

òâîðÿåò ñèñòåìå (1.1) â ýòîé òî÷êå.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç ëåììû 1 ñëåäóåò, ÷òî Wi(T − t, x) = s̃i(t, ξ). Ïðîäè��åðåíöè-
ðóåì ýòî ðàâåíñòâî ïî t:

−
∂Wi(T − t0, x0)

∂t
=
ds̃i(t0, ξ)

dt
= Hxi(t0, x̃(t0, ξ), s̃(t0, ξ)) = Hxi(t0, x0,W (t0, x0)).

Îòñþäà ïîëó÷àåì óðàâíåíèå

∂Wi(t0, x0)

∂t
+Hxi(t0, x0,W (t0, x0)) = 0.

�
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Óòâåðæäåíèå 6. Åñëè ñóùåñòâóåò âåêòîð-�óíêöèÿ w ∈ C1
, óäîâëåòâîðÿþùàÿ ñèñòå-

ìå (1.1) â êàæäîé òî÷êå è íà÷àëüíîìó óñëîâèþ w(0, x) = σ(x), òîãäà îíî óäîâëåòâîðÿåò

îïðåäåëåíèþ 3.

Ä î ê à ç à ò å ë ü ñ ò â î. �åøåíèå w â êàæäîé òî÷êå óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé (1.1).

Ñëåäîâàòåëüíî, w(t, x) óäîâëåòâîðÿåò ðàâåíñòâó
∮

C

〈w, dx〉 −H(t, x, w) dt = 0, ãäå C ∈ ΠT � ïðîèçâîëüíûé çàìêíóòûé êîíòóð.

�àññìîòðèì �óíêöèþ ϕ, îïðåäåëåííóþ �îðìóëîé (2.1). Ôóíêöèÿ ϕ ∈ C2
è óäîâëåòâîðÿåò

âî âñåõ òî÷êàõ óðàâíåíèþ

∂ϕ

∂t
+H(t, x,Dxϕ) = 0.

Ïðè÷åì ∇ϕ(t, x) = w(t, x), (t, x) ∈ ΠT . Çíà÷èò, D
+
x ϕ(t, x) = {∇ϕ(t, x)} = {w(t, x)} ∀ (t, x) ∈ ΠT .

Îòñþäà

w(t, x) ∈ D+
x ϕ(t, x) = co{s̃(T − t, ξ) : x̃(T − t, ξ) = x, min

ξ∈Rn

z̃(T − t, ξ) = z̃(T − t, ξ)}.

�

Èññëåäóåì çàâèñèìîñòü îïðåäåëåíèÿ (3) îò âõîäíûõ äàííûõ çàäà÷è (1.1).

Îïðåäåëåíèå 4. Ïóñòü {wn}
∞

n=1 � ïîñëåäîâàòåëüíîñòü ñ âûïóêëûìè êîìïàêòíûìè çíà÷å-

íèÿìè. Òîãäà lim
n→∞

wn = w, åñëè

∀ ε > 0 ∃N(ε) : ∀n > N(ε) dH(wn, w) < ε.

Ñèìâîë dH(wn, w) îáîçíà÷àåò ðàññòîÿíèå ïî Õàóñäîð�ó ìåæäó ìíîæåñòâàìè wn è w.

Òåîðåìà 2. Ïóñòü çàäàíà ïîñëåäîâàòåëüíîñòü äè��åðåíöèðóåìûõ �óíêöèé σn : Rn → R
n
.

Ïóñòü (t1, x1) ÿâëÿåòñÿ òî÷êîé íåïðåðûâíîñòè �óíêöèè W � ðåøåíèÿ çàäà÷è (1.1) ñ íà÷àëü-

íûì óñëîâèåì σ : Rn → R
n
. Îáîçíà÷èì ÷åðåç W n

ðåøåíèå çàäà÷è (1.1) ñ íà÷àëüíûì óñëîâè-

åì σn(x). Åñëè ïîñëåäîâàòåëüíîñòü σn(x) ñõîäèòñÿ ê σ(x) ðàâíîìåðíî íà ëþáîì êîìïàêòå

D ⊂ R
n
, òî ñóùåñòâóåò

lim
n→∞

W n(t1, x1) =W (t1, x1) â ñìûñëå îïðåäåëåíèÿ 4.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïî ëåììå 1, ñóùåñòâóåò åäèíñòâåííàÿ õàðàêòåðèñòèêà x̃, s̃ òàêàÿ, ÷òî
W (t1, x̃(t1, ξ)) = s̃(t1, ξ).

�àññòîÿíèå ïî Õàóñäîð�ó ìåæäó ìíîæåñòâîì W n(t1, x1) è òî÷êîé W (t1, x1) èìååò âèä

dH(W
n(t1, x1),W (t1, x1)) = max

v∈Wn(t1,x1)
||v −W (t1, x1)|| = ||s̃(t1, ξn)−W (t1, x1)||. (3.2)

Çäåñü s̃(t1, ξn) � ðåøåíèå õàðàêòåðèñòè÷åñêîé ñèñòåìû (1.3), (1.4) ñ êðàåâûì óñëîâèåì σn(ξn)
è ñîîòâåòñòâóþùàÿ �àçîâàÿ êîìïîíåíòà x̃(t1, ξn) = x1. Ïîêàæåì, ÷òî ìàêñèìóì â âûðàæå-

íèè (3.2) äîñòèãàåòñÿ íà îäíîì èç âåêòîðîâ s̃(t, ξn), íà êîòîðûå íàòÿíóòà âûïóêëàÿ îáîëî÷êà,

îáðàçóþùàÿ D+u(t, x). Ïîñêîëüêó ìíîæåñòâî D+u(t, x) âûïóêëîå è çàìêíóòîå, òî ìàêñèìóì

äîñòèãàåòñÿ íà ýëåìåíòå v∗, ëåæàùåì íà ãðàíèöå ýòîãî ìíîæåñòâà. Ïî òåîðåìå Êàðàòåîäîðè,

ýëåìåíò âûïóêëîãî ìíîæåñòâà èìååò âèä

v∗ =
n∑

i=0

λis̃(t1, ξi),
n∑

i=0

λi = 1, λi > 0.

Çàìåòèì, ÷òî

||
n∑

i=0

λis̃(t1, ξi)−W (t1, x1)|| 6
n∑

i=0

λi||s̃(t1, ξi)−W (t1, x1)||.
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Ìàêñèìèçèðóÿ âûðàæåíèå

n∑

i=0

λi||s̃(t1, ξi)−W (t1, x1)|| ïî λi, ïîëó÷èì, ÷òî ìàêñèìóì äîñòèãàåòñÿ

ïðè λi∗ = 1, îñòàëüíûå λi = 0, i 6= i∗, èç ñâîéñòâ çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Ïîýòîìó
v∗ = s̃(t1, ξi∗). Ïóñòü i

∗ = n.

Îöåíèì ðàçíîñòü

||s̃(t1, ξn)−W (t1, x1)|| = ||s̃(t1, ξn)− s̃(t1, ξ))||.

Ïî ëåììå �ðîíóîëëà, ñïðàâåäëèâà îöåíêà

||s̃n(t1, ξn)− s̃(t1, ξ)||+ ||x̃n(t1, ξn)− x̃(t1, ξ)|| 6 δ(n)eLt1 ,

ãäå δ(n) = ||s̃n(0, ξn)− s̃(0, ξ)|| + ||x̃n(0, ξn)− x̃(0, ξ)|| = ||σn(ξn)− σ(ξ)||+ ||ξn − ξ|| 6

6 ||σn(ξn)− σn(ξ)||+ ||σn(ξ)− σ(ξ)|| + ||ξn − ξ||.

Ïî òåîðåìå î íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ x̃, s̃ îò íà÷àëüíîãî óñëîâèÿ ñëåäóåò, ÷òî

ξn → ξ ïðè n→ ∞. Òîãäà

dH(W
n(t1, x1),W (t1, x1)) 6 δ(n)eLt1dx→ 0 ðàâíîìåðíî íà êîìïàêòå D,

òàê êàê ||σn(ξ) − σ(ξ)|| → 0 ðàâíîìåðíî íà êîìïàêòå D ïî óñëîâèþ, ||σn(ξn) − σn(ξ)|| → 0 â

ñèëó äè��åðåíöèðóåìîñòè �óíêöèè σn. �

Îáîçíà÷èìWτ (t, ·) ðåøåíèå çàäà÷è (1.1) ñ íà÷àëüíûì óñëîâèåì, çàäàííûì â ìîìåíò t = τ , òî
åñòü Wτ (0, ·) =W (τ, ·). Ñèìâîë W (τ, ·) îáîçíà÷àåò ðåøåíèå çàäà÷è (1.1) ñ íà÷àëüíûì óñëîâèåì

W (0, ·) = σ(·).

Çàìå÷àíèå 1. Ïóñòü W � îáîáùåííîå ðåøåíèå çàäà÷è (1.1), òîãäà îíî îáëàäàåò ïîëóãðóï-

ïîâûì ñâîéñòâîì, òî åñòü

Wτ (t, ·) =W (t+ τ, ·), ãäå Wτ (0, ·) =W (τ, ·).

Òàê êàê W (t, x) = D+
x u(T − t, x), ãäå u � ìèíèìàêñíîå ðåøåíèå çàäà÷è (1.2) è �óíêöèÿ u

îáëàäàåò ïîëóãðóïïîâûì ñâîéñòâîì, òî è åå ñóïåðäè��åðåíöèàë D+u òàêæå îáëàäàåò ýòèì

ñâîéñòâîì.

Â ðàáîòå [11℄ ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà

∂ϕ

∂t
+
∂H(t, x, ϕ(t, x))

∂x
= 0, ϕ(0, x) = ϕ0(x). (3.3)

Çäåñü t > 0, x ∈ R.

Î.À. Îëåéíèê ââåëà ïîíÿòèå ëîêàëüíîãî îáîáùåííîãî ðåøåíèÿ ϕ äëÿ çàäà÷è (3.3) è ïîêàçà-

ëà, ÷òî õàðàêòåðèñòèêè x̃(·, ξ), s̃(·, ξ) � ðåøåíèÿ ñèñòåìû (1.3), (1.4) � âûæèâàþò â ãðà�èêå ϕ.
Àíàëîãè÷íîå ñâîéñòâî äëÿ îáîáùåííîãî ðåøåíèÿ çàäà÷è (1.1) ñëåäóåò èç îïðåäåëåíèÿ 3 îáîá-

ùåííîãî ðåøåíèÿ.

Óòâåðæäåíèå 7. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ A1�A3, òîãäà ðåøåíèåW çàäà÷è (1.1)

îáëàäàåò ïåðå÷èñëåííûìè íèæå ñâîéñòâàìè.

C1. Åñëè òî÷êà (t1, x1) ∈ ΠT ÿâëÿåòñÿ òî÷êîé íåïðåðûâíîñòè �óíêöèè W (t, x), òî ñóùå-

ñòâóåò åäèíñòâåííàÿ õàðàêòåðèñòèêà x̃(·, ξ), s̃(·, ξ) ñèñòåìû (1.3), (1.4) òàêàÿ, ÷òî

x̃(t1, ξ) = x1, s̃(t, ξ) =W (t, x̃(t, ξ)), 0 6 t 6 t1.
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C2. Åñëè òî÷êà (t1, x1) ∈ ΠT ÿâëÿåòñÿ òî÷êîé, â êîòîðîé �óíêöèÿ W (t, x) ìíîãîçíà÷íà, òî
íàéäóòñÿ ïî êðàéíåé ìåðå äâå õàðàêòåðèñòèêè x̃(t, ξ1), s̃(t, ξ1) è x̃(t, ξ2), s̃(t, ξ2), ξ1 6= ξ2,
ñèñòåìû (1.3), (1.4) òàêèå, ÷òî

x̃(t1, ξ1) = x1, x̃(t1, ξ2) = x1,

s̃(t, ξ1) =W (t, x̃(t, ξ1)), s̃(t, ξ2) =W (t, x̃(t, ξ2)), 0 6 t 6 t1.

C3.

∮

C

H(t, x,W (t, x)) dt−〈W (t, x), dx〉 = 0, ãäå êîíòóð C ∈ ΠT îáðàçîâàí õàðàêòåðèñòèêàìè

x̃(·, ξi) èç óñëîâèÿ C2.
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E.A. Kolpakova

Generalized solution for system of quasi-linear equations

Keywords: systems of quasilinear equations, Hamilton�Ja
obi�Bellman equation, minimax/vis
osity solution,

method of 
hara
teristi
s.

MSC: 35L40, 35D35

We 
onsider the Cau
hy problem for the system of quasi-linear �rst order equations of a spe
ial form. The

system is symmetri
, the state variable is n-dimensional. The 
onsidered Cau
hy problem is dedu
ed from the

Cau
hy problem for the Hamilton�Ja
obi�Bellman equation by means of the operation of di�erentiation of

this equation and the boundary 
ondition with respe
t to the variable xi. It is assumed that the Hamiltonian
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and the initial 
ondition are 
ontinuously di�erentiable fun
tions. The Hamiltonian is 
onvex with respe
t to

the adjoint variable.

The paper presents a new approa
h to the de�nition of the generalized solution of the system of quasi-

linear �rst order equations. The generalized solution belongs to the 
lass of multivalued fun
tions with 
onvex


ompa
t values. We prove the existen
e, uniqueness and stability theorems. The semigroup property for the

proposed generalized solution is obtained. It is shown that the potential for generalized solutions of quasi-

linear equations 
oin
ides with the unique minimax/vis
osity solution of the 
orresponding Cau
hy problem

for the Hamilton�Ja
obi�Bellman equation, and at the points of di�erentiability of the minimax solution its

gradient 
oin
ides with the generalized solution of the Cau
hy problem. Properties of the generalized solutions

of the Cau
hy problem for a system of quasi-linear equations are obtained on the basis of this 
onne
tion.

In parti
ular, it is shown that the introdu
ed generalized solution 
oin
ides with the superdi�erential of the

minimax solution of the Cau
hy problem and is singlevalued almost everywhere.

The stru
ture of the set of points at whi
h the minimax solution is not di�erentiable is des
ribed by using

the 
hara
teristi
s of the Hamilton�Ja
obi�Bellman equation.

It is shown that the property of the generalized solution of the quasilinear equation with a s
alar state

variable proposed by O.A. Oleinik, 
an be extended to the 
ase of the system of quasi-linear equations under


onsideration.
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