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�àññìàòðèâàåòñÿ âåðîÿòíîñòíàÿ ìîäåëü, çàäàííàÿ ðàçíîñòíûì óðàâíåíèåì

xn+1 = f(ωn, xn), (ωn, xn) ∈ Ω× [a, b], n = 0, 1, . . . , (1)

ãäå Ω � çàäàííîå ìíîæåñòâî ñ ñèãìà-àëãåáðîé ïîäìíîæåñòâ Ã, íà êîòîðîé îïðåäåëåíà âåðîÿòíîñòíàÿ

ìåðà µ̃; µ � ïðîäîëæåíèå ìåðû µ̃ íà ñèãìà-àëãåáðó, ïîðîæäåííóþ öèëèíäðè÷åñêèìè ìíîæåñòâàìè.

Èññëåäóþòñÿ èíâàðèàíòíûå ìíîæåñòâà è àòòðàêòîðû óðàâíåíèÿ ñî ñëó÷àéíûìè ïàðàìåòðàìè (1). Ïî-
ëó÷åíû óñëîâèÿ, ïðè êîòîðûõ çàäàííîå ìíîæåñòâî ÿâëÿåòñÿ ìàêñèìàëüíûì àòòðàêòîðîì. Ïîêàçàíî,

÷òî âíóòðè èíâàðèàíòíîãî ìíîæåñòâà A ⊆ [a, b] ìîãóò ñóùåñòâîâàòü ðåøåíèÿ, õàîòè÷åñêèå ñ âåðîÿò-

íîñòüþ åäèíèöà. Ýòî ïðîèñõîäèò â ñëó÷àå, êîãäà ñóùåñòâóþò mi ∈ N è ìíîæåñòâà Ωi ⊂ Ω òàêèå,

÷òî µ(Ωi) > 0, i = 1, 2, è cl fm1(Ω1, A) ∩ clfm2(Ω2, A) = ∅. �åøåíèÿ, õàîòè÷åñêèå ñ âåðîÿòíîñòüþ

åäèíèöà, òàêæå íàáëþäàþòñÿ â ñëó÷àå, êîãäà óðàâíåíèå (1) ëèáî íå èìååò íè îäíîãî öèêëà, ëèáî âñå

öèêëû îòòàëêèâàþùèå ñ âåðîÿòíîñòüþ åäèíèöà. �åçóëüòàòû ðàáîòû ïðîèëëþñòðèðîâàíû íà ïðèìåðå

íåïðåðûâíî-äèñêðåòíîé âåðîÿòíîñòíîé ìîäåëè äèíàìèêè èçîëèðîâàííîé ïîïóëÿöèè; äëÿ äàííîé ìîäå-

ëè èññëåäîâàíû ðàçëè÷íûå äèíàìè÷åñêèå ðåæèìû ðàçâèòèÿ, êîòîðûå èìåþò îïðåäåëåííûå îòëè÷èÿ îò

ðåæèìîâ äåòåðìèíèðîâàííûõ ìîäåëåé è áîëåå ïîëíî îòîáðàæàþò ïðîöåññû, ïðîèñõîäÿùèå â ðåàëüíûõ

�èçè÷åñêèõ ñèñòåìàõ.

Êëþ÷åâûå ñëîâà: ðàçíîñòíûå óðàâíåíèÿ ñî ñëó÷àéíûìè ïàðàìåòðàìè, ïðèòÿãèâàþùèé è îòòàëêèâàþ-

ùèé öèêëû, õàîòè÷åñêèå ðåøåíèÿ.

DOI: 10.20537/vm170207

Ââåäåíèå

Èçâåñòíî, ÷òî ìíîãèå ñèñòåìû ðàçëè÷íîé ïðèðîäû îáëàäàþò äèñêðåòíûì ïî âðåìåíè ðå-

æèìîì ðàáîòû. Íàïðèìåð, ðàçâèòèå ìíîãèõ áèîëîãè÷åñêèõ ïîïóëÿöèé ñ íåïåðåêðûâàþùèìèñÿ

ïîêîëåíèÿìè îïðåäåëÿåòñÿ óðàâíåíèåì

xn+1 = f(xn), n = 0, 1, . . . , (0.1)

ãäå xn+1 � ðàçìåð ïîïóëÿöèè â ìîìåíò âðåìåíè n+ 1 âûðàæàåòñÿ ÷åðåç ðàçìåð ïîïóëÿöèè xn
â ïðåäûäóùèé ìîìåíò âðåìåíè. Ñâîéñòâà ðåøåíèé òàêèõ óðàâíåíèé îïèñàíû, â ÷àñòíîñòè,

â ðàáîòàõ [1�5℄. Ê îäíîìó èç íàèáîëåå èçâåñòíûõ ðåçóëüòàòîâ ìîæíî îòíåñòè óòâåðæäåíèå

àìåðèêàíñêèõ ìàòåìàòèêîâ Ò. Ëè è Äæ. Éîðêà [1℄ î ñâÿçè ìåæäó íàëè÷èåì öèêëà ïåðèîäà òðè

è ñóùåñòâîâàíèåì íåñ÷åòíîãî ìíîæåñòâà õàîòè÷åñêèõ ðåøåíèé.

�àññìîòðèì îáîáùåíèå ìîäåëè (0.1) â ïðåäïîëîæåíèè, ÷òî â êàæäûé ìîìåíò âðåìåíè n
�óíêöèÿ f çàâèñèò òàêæå îò ñëó÷àéíîãî ïàðàìåòðà ωn, ïðèíèìàþùåãî çíà÷åíèÿ â ìíîæåñòâå Ω.
Ïîëó÷èì âåðîÿòíîñòíóþ ìîäåëü, çàäàííóþ ðàçíîñòíûì óðàâíåíèåì

xn+1 = f(ωn, xn), (ωn, xn) ∈ Ω× I, n = 0, 1, . . . , (0.2)

ãäå Ω � çàäàííîå ìíîæåñòâî ñ ñèãìà-àëãåáðîé ïîäìíîæåñòâ Ã, íà êîòîðîé îïðåäåëåíà âåðî-

ÿòíîñòíàÿ ìåðà µ̃, I = [a, b]. Ïðåäïîëàãàåì, ÷òî äëÿ êàæäîãî ω ∈ Ω �óíêöèÿ x 7→ f(ω, x)
íåïðåðûâíî äè��åðåíöèðóåìà.
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Áóäåì ïîëàãàòü, ÷òî âåðîÿòíîñòíîå ïðîñòðàíñòâî (Ω, Ã, µ̃) ÿâëÿåòñÿ ïðîñòðàíñòâîì Ëåáåãà.

Ýòî îçíà÷àåò, ÷òî åñëè Ω ⊂ R, òî Ω èçîìîð�íî ¾ñòàíäàðòíîìó îáðàçöó¿, ñîñòîÿùåìó èç íåêî-

òîðîãî îòðåçêà ∆ è íå áîëåå ÷åì ñ÷åòíîãî ìíîæåñòâà òî÷åê vi (ýòîò ¾îáðàçåö¿ ìîæåò ñîñòîÿòü

òîëüêî èç îòðåçêà ∆ èëè òîëüêî èç òî÷åê vi). Ïðîñòðàíñòâî ñíàáæåíî ñëåäóþùåé ìåðîé: íà ∆
ìåðà ïðîïîðöèîíàëüíà ìåðå Ëåáåãà, à êàæäîé èç òî÷åê vi ïðèïèñûâàåòñÿ ìåðà µ(vi) = µi > 0,
ïðè ýòîì ìåðà ïðåäïîëàãàåòñÿ íîðìèðîâàííîé, òî åñòü µ̃(Ω) = µ̃(∆) +

∑
µi = 1.

Ââåäåì â ðàññìîòðåíèå âåðîÿòíîñòíîå ïðîñòðàíñòâî (Σ,A, µ), ãäå Σ îçíà÷àåò ìíîæåñòâî

ïîñëåäîâàòåëüíîñòåé σ = (ω0, ω1, . . . , ωn, . . . ) ∈ Ω∞, ñèñòåìà ìíîæåñòâ A ÿâëÿåòñÿ íàèìåíüøåé

ñèãìà-àëãåáðîé, ïîðîæäåííîé öèëèíäðè÷åñêèìè ìíîæåñòâàìè

Dn
.
= {σ ∈ Σ: ω0 ∈ Ω0, . . . , ωn ∈ Ωn}, ãäå Ωj ∈ Ã, j = 0, . . . , n,

è îïðåäåëèì ìåðó µ̃(Dn) = µ̃(Ω0)·µ̃(Ω1)·. . .·µ̃(Ωn). Òîãäà â ñèëó òåîðåìû À.Í. Êîëìîãîðîâà (íà-

ïðèìåð, [6, ñ. 176℄) íà èçìåðèìîì ïðîñòðàíñòâå (Σ,A) ñóùåñòâóåò åäèíñòâåííàÿ âåðîÿòíîñòíàÿ

ìåðà µ, êîòîðàÿ ÿâëÿåòñÿ ïðîäîëæåíèåì ìåðû µ̃ íà ñèãìà-àëãåáðó A.
Èññëåäîâàíèå àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèé óðàâíåíèÿ (0.2) íà÷àòî â [7, 8℄. Â ýòèõ

ðàáîòàõ ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ ïðèòÿãèâàþùåãî è îòòàëêèâàþùåãî öèêëîâ äëèíû

k > 1, âûïîëíåííûå äëÿ âñåõ çíà÷åíèé ñëó÷àéíîãî ïàðàìåòðà è âûïîëíåííûå ñ âåðîÿòíîñòüþ

åäèíèöà, à òàêæå óñëîâèÿ, ïðè êîòîðûõ ðåøåíèÿ õàîòè÷åñêèå ñ âåðîÿòíîñòüþ åäèíèöà. Ïîêà-

çàíî, ÷òî õàîòè÷åñêèå ðåøåíèÿ ñóùåñòâóþò â òîì ñëó÷àå, êîãäà óðàâíåíèå (0.2) ëèáî íå èìååò

íè îäíîãî öèêëà, ëèáî âñå öèêëû îòòàëêèâàþùèå ñ âåðîÿòíîñòüþ åäèíèöà. Ïðè ýòîì ïðåäïî-

ëàãàåòñÿ, ÷òî Ω = {v1, . . . , vr}, r > 2, µ(vi) = µi > 0,
r∑

i=1
µi = 1 è êàæäàÿ èç �óíêöèé f(vi, x),

i = 1, . . . , r, èìååò êîíå÷íîå ÷èñëî íåïîäâèæíûõ òî÷åê íà îòðåçêå I. Â äàííîé ðàáîòå ïîäîáíîå

óòâåðæäåíèå äîêàçàíî áåç äîïîëíèòåëüíûõ îãðàíè÷åíèé íà ìíîæåñòâî Ω. Òàêèì îáðàçîì, â îò-

ëè÷èå îò ðåçóëüòàòîâ Ò. Ëè è Äæ. Éîðêà äëÿ äåòåðìèíèðîâàííîãî óðàâíåíèÿ (0.1), íàëè÷èå

õàîòè÷åñêèõ ðåøåíèé óðàâíåíèÿ (0.2) íå ñâÿçàíî ñ äëèíîé öèêëà, à çàâèñèò îò íàëè÷èÿ öèêëà

è åãî àñèìïòîòè÷åñêèõ ñâîéñòâ.

Çäåñü òàêæå èññëåäóþòñÿ èíâàðèàíòíûå ìíîæåñòâà è àòòðàêòîðû óðàâíåíèÿ ñî ñëó÷àéíû-

ìè ïàðàìåòðàìè (0.2); ïîëó÷åíû óñëîâèÿ, ïðè êîòîðûõ ðåøåíèÿ, âûõîäÿùèå èç ëþáîé òî÷êè

èíâàðèàíòíîãî ìíîæåñòâà, ÿâëÿþòñÿ õàîòè÷åñêèìè ñ âåðîÿòíîñòüþ åäèíèöà. �åçóëüòàòû ðàáî-

òû ïðîèëëþñòðèðîâàíû íà ïðèìåðå íåïðåðûâíî-äèñêðåòíîé âåðîÿòíîñòíîé ìîäåëè äèíàìèêè

èçîëèðîâàííîé ïîïóëÿöèè; äëÿ äàííîé ìîäåëè èññëåäîâàíû ðàçëè÷íûå äèíàìè÷åñêèå ðåæè-

ìû ðàçâèòèÿ, êîòîðûå èìåþò îïðåäåëåííûå îòëè÷èÿ îò ðåæèìîâ äåòåðìèíèðîâàííûõ ìîäåëåé

è áîëåå ïîëíî îòîáðàæàþò ïðîöåññû, ïðîèñõîäÿùèå â ðåàëüíûõ �èçè÷åñêèõ ñèñòåìàõ.

� 1. Îñíîâíûå îïðåäåëåíèÿ

Äëÿ êàæäîãî n ∈ N îáîçíà÷èì

σn
.
= (ω0, ω1, . . . , ωn−1), fn(σn, x)

.
= f

(
ωn−1, . . . , f(ω1, f(ω0, x))

)
.

Áóäåì òàêæå ïîëüçîâàòüñÿ îáîçíà÷åíèÿìè xn(σ, x) = fn(σ, x) = fn(σn, x), ïîäðàçóìåâàÿ,
÷òî çíà÷åíèÿ �óíêöèè fn(σ, x) çàâèñÿò òîëüêî îò ïåðâûõ n ÷ëåíîâ ïîñëåäîâàòåëüíîñòè σ,
σ = (ω0, ω1, . . .).

Óñëîâèÿ ñóùåñòâîâàíèÿ ïðèòÿãèâàþùåãî è îòòàëêèâàþùåãî öèêëîâ äëèíû k > 1, âûïîë-
íåííûå äëÿ âñåõ çíà÷åíèé ñëó÷àéíîãî ïàðàìåòðà è âûïîëíåííûå ñ âåðîÿòíîñòüþ åäèíèöà, ïî-

ëó÷åíû â ðàáîòå [8℄. Ïðèâåäåì îñíîâíûå îïðåäåëåíèÿ è íåêîòîðûå ðåçóëüòàòû äàííîé ðàáîòû.

Îïðåäåëåíèå 1. Òî÷êè β0, . . . , βk−1 îáðàçóþò öèêë B ïåðèîäà k > 1 äëÿ óðàâíåíèÿ (0.2),

åñëè äëÿ âñåõ σk ∈ Ωk
âûïîëíåíû ðàâåíñòâà

fk(σk, β0) = β0, fm(σm, β0) = βm äëÿ âñåõ m = 1, . . . , k − 1

è öèêë B íå ñîäåðæèò öèêëà ìåíüøåãî ïåðèîäà.

Ïîëîæåíèåì ðàâíîâåñèÿ (íåïîäâèæíîé òî÷êîé) óðàâíåíèÿ (0.2) íàçûâàåòñÿ òî÷êà x∗ ∈ I
òàêàÿ, ÷òî f(ω, x∗) = x∗ äëÿ âñåõ ω ∈ Ω. Ïîëîæåíèå ðàâíîâåñèÿ ÿâëÿåòñÿ öèêëîì äëèíû îäèí.
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Îïðåäåëåíèå 2. Öèêë B = {β0, . . . , βk−1} íàçûâàåòñÿ ïðèòÿãèâàþùèì öèêëîì äëÿ óðàâ-

íåíèÿ (0.2), åñëè ñóùåñòâóåò îêðåñòíîñòü U ýòîãî öèêëà òàêàÿ, ÷òî

⋂
n>1

fn(σ,U) = B äëÿ âñåõ

σ ∈ Σ. Öèêë B íàçûâàåòñÿ ïðèòÿãèâàþùèì ñ âåðîÿòíîñòüþ åäèíèöà, åñëè ñóùåñòâóåò ìíî-

æåñòâî Σ0 ⊆ Σ òàêîå, ÷òî µ(Σ0) = 1 è äëÿ êàæäîãî σ ∈ Σ0 íàéäåòñÿ îêðåñòíîñòü U = U(σ)
öèêëà B òàêàÿ, ÷òî

⋂
n>1

fn(σ,U) = B.

Îïðåäåëåíèå 3. Öèêë B íàçûâàåòñÿ îòòàëêèâàþùèì öèêëîì óðàâíåíèÿ (0.2), åñëè ñóùå-

ñòâóåò åãî îêðåñòíîñòü U, êîòîðóþ êàæäàÿ òî÷êà (σ, x) ∈ Σ × (U \ B) ïîêèäàåò çà êîíå÷íîå

âðåìÿ, òî åñòü äëÿ êàæäîãî (σ, x) ∈ Σ × (U \ B) íàéäåòñÿ íîìåð N = N(σ, x), äëÿ êîòîðîãî

fN(σ, x) 6∈ U. Öèêë B íàçûâàåòñÿ îòòàëêèâàþùèì ñ âåðîÿòíîñòüþ åäèíèöà, åñëè ñóùåñòâóþò

ìíîæåñòâî Σ0 ⊆ Σ è îêðåñòíîñòü U äàííîãî öèêëà òàêèå, ÷òî µ(Σ0) = 1 è äëÿ êàæäîé òî÷êè

(σ, x) ∈ Σ0 × (U \B) íàéäåòñÿ íîìåð N = N(σ, x), äëÿ êîòîðîãî fN(σ, x) 6∈ U.

Áóêâîé M áóäåì îáîçíà÷àòü ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíîé âåëè÷èíû.

Òåîðåìà 1. Åñëè óðàâíåíèå (0.2) èìååò öèêë B = {β0, . . . , βk−1} è ñóùåñòâóåò îêðåñò-

íîñòü U ýòîãî öèêëà òàêàÿ, ÷òî

M
(
ln sup

x∈U

∣∣(fk(σ, x)
)
′

x

∣∣
)
< 0,

òî öèêë B ÿâëÿåòñÿ ïðèòÿãèâàþùèì ñ âåðîÿòíîñòüþ åäèíèöà.

Åñëè ñóùåñòâóåò îêðåñòíîñòü U öèêëà B òàêàÿ, ÷òî M
(
ln inf

x∈U

∣∣(fk(σ, x)
)
′

x

∣∣
)
> 0, òî

öèêë B � îòòàëêèâàþùèé ñ âåðîÿòíîñòüþ åäèíèöà.

� 2. Èíâàðèàíòíûå ìíîæåñòâà è àòòðàêòîðû óðàâíåíèÿ ñî ñëó÷àéíûìè

ïàðàìåòðàìè

Îáðàç ìíîæåñòâà A ïðè ïðåîáðàçîâàíèè f(ω, x), x ∈ A ïðè �èêñèðîâàííîì ω ∈ Ω áóäåì

îáîçíà÷àòü f(ω,A), òîãäà f(Ω, A)
.
=

⋃
ω∈Ω

f(ω,A). Ìíîæåñòâî A ÿâëÿåòñÿ èíâàðèàíòíûì ìíî-

æåñòâîì óðàâíåíèÿ ñî ñëó÷àéíûìè ïàðàìåòðàìè (0.2), åñëè f(Ω, A) ⊆ A.
Èíâàðèàíòíûì ìíîæåñòâîì óðàâíåíèÿ (0.2) ÿâëÿåòñÿ âåñü îòðåçîê I = [a, b]. Îòðåçîê A =

= [â, b̂] 6= I � èíâàðèàíòíîå ìíîæåñòâî, åñëè íåðàâåíñòâà min
x∈A

f(ω, x) > â è max
x∈A

f2(ω, x) 6 b̂

âûïîëíåíû äëÿ âñåõ ω ∈ Ω. Åñëè óðàâíåíèå (0.2) èìååò öèêë ïåðèîäà k > 1, òî ýòîò öèêë òàêæå
ÿâëÿþòñÿ èíâàðèàíòíûì ìíîæåñòâîì äàííîãî óðàâíåíèÿ.

Ïóñòü fn(Ωn, A)
.
= f

(
Ω, fn−1(Ωn−1, A)

)
, n = 2, 3, . . . .

Îïðåäåëåíèå 4. Ìíîæåñòâî A(f,Ω) íàçîâåì ìàêñèìàëüíûì àòòðàêòîðîì óðàâíåíèÿ (0.2),

åñëè ñóùåñòâóåò îêðåñòíîñòü U ìíîæåñòâà A(f,Ω) òàêàÿ, ÷òî
∞⋂
n=1

fn(Ωn, U) = A(f,Ω).

Ëåììà 1. Ïóñòü A = [â, b̂], a < â 6 b̂ < b, èíâàðèàíòíîå ìíîæåñòâî óðàâíåíèÿ (0.2) è ñó-

ùåñòâóþò ïîñòîÿííûå K ∈ [0, 1) è ε > 0 òàêèå, ÷òî äëÿ âñåõ ω ∈ Ω âûïîëíåíû íåðàâåíñòâà

â+K(x− â) 6 f(ω, x) 6 b̂−K(x− â), åñëè x ∈ (â− ε, â),

â−K(x− b̂) 6 f(ω, x) 6 b̂+K(x− b̂), åñëè x ∈ (̂b, b̂+ ε).
(2.1)

Òîãäà èìååò ìåñòî âêëþ÷åíèå A(f,Ω) ⊆ A.
Åñëè, êðîìå òîãî, f(Ω, A) = A, òî A ÿâëÿåòñÿ ìàêñèìàëüíûì àòòðàêòîðîì (0.2).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü U = (â− ε, b̂ + ε). Òàê êàê ìíîæåñòâî A èíâàðèàíòíîå, òî

èç (2.1) ñëåäóåò, ÷òî äëÿ âñåõ ω ∈ Ω è âñåõ x ∈ U âûïîëíåíû íåðàâåíñòâà

â− εK 6 f(ω, x) 6 b̂+ εK.
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Ñëåäîâàòåëüíî, f(Ω, U) ⊆ (â− εK, b̂ + εK)
.
= U1. Äàëåå, èç (2.1) ïîëó÷àåì

f2(Ω2, U)
.
= f

(
Ω, f(Ω, U)

)
⊆ f(Ω, U1) ⊆

(
â− εK2, b̂+ εK2

)
.

Àíàëîãè÷íî äëÿ ëþáîãî n ∈ N èìååò ìåñòî âêëþ÷åíèå

fn(Ωn, U) ⊆
(
â− εKn, b̂+ εKn

)
.

Òàêèì îáðàçîì,

∞⋂
n=1

fn(Ωn, U) ⊆ A = [â, b̂], òî åñòü A(f,Ω) ⊆ A.

Åñëè f(Ω, A) = A, òî A ⊆ f(Ω, U), ñëåäîâàòåëüíî, A ⊆ fn(Ωn, U) äëÿ ëþáîãî n ∈ N; ïîýòîìó

A ⊆
∞⋂
n=1

fn(Ωn, U). Ñ ó÷åòîì äîêàçàííîãî âûøå A =
∞⋂
n=1

fn(Ωn, U) = A(f,Ω). �

Òåîðåìà 2. Ïóñòü A = [â, b̂], a < â 6 b̂ < b, èíâàðèàíòíîå ìíîæåñòâî óðàâíåíèÿ (0.2)

è ñóùåñòâóþò ïîñòîÿííûå ε > 0 è Ki > 0, i = 1, 2, 3, 4, òàêèå, ÷òî K1 < 1, K4 < 1 è äëÿ

âñåõ ω ∈ Ω èìåþò ìåñòî íåðàâåíñòâà

â+K1(x− â) 6 f(ω, x) 6 b̂−K2(x− â), åñëè x ∈ (â− ε, â),

â−K3(x− b̂) 6 f(ω, x) 6 b̂+K4(x− b̂), åñëè x ∈ (̂b, b̂+ ε).
(2.2)

Åñëè, êðîìå òîãî, âûïîëíåíî õîòÿ áû îäíî èç óñëîâèé:

1) K2 < 1 è K3 ·max(K1,K2,K4) < 1,
2) K3 < 1 è K2 ·max(K1,K3,K4) < 1,

òî äëÿ ìàêñèìàëüíîãî àòòðàêòîðà óðàâíåíèÿ (0.2) èìååò ìåñòî âêëþ÷åíèå A(f,Ω) ⊆ A.
Åñëè, êðîìå ïåðå÷èñëåííûõ âûøå óñëîâèé, âûïîëíåíî ðàâåíñòâî f(Ω, A) = A, òî A ÿâëÿ-

åòñÿ ìàêñèìàëüíûì àòòðàêòîðîì óðàâíåíèÿ (0.2).

Ä î ê à ç à ò å ë ü ñ ò â î. �àññìîòðèì ñëó÷àé, êîãäà âûïîëíåíî ïåðâîå óñëîâèå, òî åñòü

K2 < 1 è K3 · max(K1,K2,K4) < 1. Îáîçíà÷èì K = max(K1,K2,K4) < 1, L = K3, òîãäà
KL < 1. Åñëè K3 < 1, òî óòâåðæäåíèå òåîðåìû ÿâëÿåòñÿ ñëåäñòâèåì ëåììû 1, ïîýòîìó áóäåì

ïðåäïîëàãàòü, ÷òî L = K3 > 1. Ïóñòü U =
(
â − ε0, b̂ + ε0

)
, ãäå ε0 = ε/L. Èç (2.2) ñëåäóåò, ÷òî

äëÿ âñåõ ω ∈ Ω âûïîëíåíû íåðàâåíñòâà

â− ε0K1 6 f(ω, x) 6 b̂+ ε0K2, x ∈ (â− ε0, â),

â− ε0L 6 f(ω, x) 6 b̂+ ε0K4, x ∈ (̂b, b̂+ ε0).

Òàê êàê ìíîæåñòâî A èíâàðèàíòíîå, òî

â− ε0 max(K1, L) 6 f(ω, x) 6 b̂+ ε0 max(K2,K4)

äëÿ âñåõ ω ∈ Ω è âñåõ x ∈ U. Òîãäà f(Ω, U) ⊆ (â− ε0L, b̂+ ε0K) ⊂
(
â− ε, b̂+ ε

)
.

Äàëåå, èç (2.2) ïîëó÷àåì, ÷òî äëÿ âñåõ ω ∈ Ω ñïðàâåäëèâû íåðàâåíñòâà

â− ε0K1L 6 f(ω, x) 6 b̂+ ε0K2L, x ∈ (â− ε0L, â),

â− ε0KL 6 f(ω, x) 6 b̂+ ε0K4K, x ∈ (̂b, b̂+ ε0K).

Ñëåäîâàòåëüíî, f2(Ω2, U) ⊆
(
â− ε0KL, b̂+ ε0KL

)
. Àíàëîãè÷íî ïîëó÷àåì, ÷òî

f2m−1(Ω2m−1, U) ⊆
(
â− ε0K

m−1Lm, b̂+ ε0K
mLm−1

)
, m ∈ N,

f2m(Ω2m, U) ⊆
(
â− ε0K

mLm, b̂+ ε0K
mLm

)
, m ∈ N,

ïîýòîìó

∞⋂
n=1

fn(Ωn, U) ⊆ A = [â, b̂], òî åñòü A(f,Ω) ⊆ A.
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Ïóñòü K3 < 1 è K2 · max(K1,K3,K4) < 1, çäåñü îáîçíà÷èì K = max(K1,K3,K4) < 1,
L = K2, òîãäà KL < 1. Ìîæíî ïðåäïîëàãàòü, ÷òî L > 1, òîãäà, àíàëîãè÷íî ïåðâîìó ñëó÷àþ,

äëÿ U =
(
â− ε0, b̂+ ε0

)
, ε0 = ε/L èìåþò ìåñòî âêëþ÷åíèÿ

f2m−1(Ω2m−1, U) ⊆
(
â− ε0K

mLm−1, b̂+ ε0K
m−1Lm

)
, m ∈ N,

f2m(Ω2m, U) ⊆
(
â− ε0K

mLm, b̂+ ε0K
mLm

)
, m ∈ N.

Ñëåäîâàòåëüíî, A(f,Ω) ⊆ A.

Ïîñëåäíåå óòâåðæäåíèå äîêàçûâàåòñÿ òàê æå, êàê â ëåììå 1. �

Ïðèìåð 1. Íàéäåì èíâàðèàíòíûå ìíîæåñòâà è ìàêñèìàëüíûå àòòðàêòîðû óðàâíåíèÿ

xn+1 = f(ωn, xn), (ωn, xn) ∈ Ω× [0, 1], n = 0, 1, . . . , (2.3)

ãäå Ω ⊂ (0, 2], f(ω, x) =

{
ωx, x ∈ [0, 1/2],

ω(1− x), x ∈ (1/2, 1].

Ïóñòü inf
ω∈Ω

= v1, sup
ω∈Ω

= v2, 0 < v1 6 v2 6 2. �àññìîòðèì ñëåäóþùèå ñëó÷àè:

1) åñëè v1 6 v2 6 1, òî èíâàðèàíòíûì ìíîæåñòâîì óðàâíåíèÿ (2.3) ÿâëÿåòñÿ ëþáîå ìíîæå-

ñòâî A = [0, b1], ãäå b1 ∈ [0, 1], ìàêñèìàëüíûé àòòðàêòîð � A = {0};

2) åñëè 1 < v1 6 v2 6 2, òî èíâàðèàíòíûì ìíîæåñòâîì ÿâëÿåòñÿ ëþáîé îòðåçîê [a1, b1], ãäå

0 6 a1 6 v1

(
1 −

v2
2

)
,
v2
2

6 b1 6 1 −
a1
v1
. Ìàêñèìàëüíûì àòòðàêòîðîì óðàâíåíèÿ (2.3) ÿâëÿåòñÿ

ìíîæåñòâî A =
[
v1

(
1−

v2
2

)
,
v2
2

]
; ýòî ñëåäóåò èç òåîðåìû 2, åñëè ïîëîæèòü ε = (v1−1)

(
1−

v2
2

)
,

K1 = K2 = K4 = 0, K3 = v1;

3) Åñëè v1 < 1 < v2 6 2, òî èíâàðèàíòíûì ìíîæåñòâîì ÿâëÿåòñÿ ëþáîé îòðåçîê [0, b1], ãäå
v2
2

6 b1 6 1, ìàêñèìàëüíûé àòòðàêòîð � A =
[
0,
v2
2

]
.

� 3. Ïîâåäåíèå ðåøåíèé âíóòðè èíâàðèàíòíîãî ìíîæåñòâà. �åøåíèÿ, õàîòè÷åñêèå

ñ âåðîÿòíîñòüþ åäèíèöà

Äëÿ äåòåðìèíèðîâàííîãî óðàâíåíèÿ (0.1), êðîìå ïåðèîäè÷åñêèõ ðåøåíèé è ðåøåíèé, ïðè-

áëèæàþùèõñÿ ê ïåðèîäè÷åñêèì, ñóùåñòâóåò åùå îäèí òèï ïîâåäåíèÿ ðåøåíèÿ. Ýòî òàê íà-

çûâàåìûå õàîòè÷åñêèå ðåøåíèÿ, êîòîðûå íå ÿâëÿþòñÿ ïåðèîäè÷åñêèìè è äàæå íå ñòðåìÿòñÿ

íè ê êàêîìó ïîëîæåíèþ ðàâíîâåñèÿ èëè öèêëó. �åøåíèå xn(x0) óðàâíåíèÿ (0.1) íàçûâàåòñÿ

õàîòè÷åñêèì [9, ñ. 35℄, åñëè äëÿ êàæäîãî k ∈ N ïðåäåë lim
n→∞

xnk(x0) íå ñóùåñòâóåò.

Òàê æå êàê è â äåòåðìèíèðîâàííîì ñëó÷àå, ðåøåíèå xn(σ, x0) óðàâíåíèÿ (0.2) (ïðè �èêñè-

ðîâàííîì çíà÷åíèè σ ∈ Σ) íàçîâåì õàîòè÷åñêèì, åñëè äëÿ êàæäîãî k ∈ N ïðåäåë lim
n→∞

xnk(σ, x0)
íå ñóùåñòâóåò.

Îïðåäåëåíèå 5. Òî÷êó x0 ∈ I íàçîâåì àïåðèîäè÷åñêîé ñ âåðîÿòíîñòüþ åäèíèöà òî÷êîé

óðàâíåíèÿ (0.2), åñëè ñóùåñòâóåò ìíîæåñòâî Σ0 ⊆ Σ òàêîå, ÷òî µ(Σ0) = 1 è äëÿ ëþáîãî σ ∈ Σ0

ðåøåíèÿ xn(σ, x0) õàîòè÷åñêèå. Òàêèì îáðàçîì, ìíîæåñòâî õàîòè÷åñêèõ ðåøåíèé xn(σ, x0), ïî-
ðîæäåííûõ àïåðèîäè÷åñêîé ñ âåðîÿòíîñòüþ åäèíèöà òî÷êîé x0, èìååò ìåðó åäèíèöà.

Îáîçíà÷èì ÷åðåç clA çàìûêàíèå ìíîæåñòâà A, òî åñòü íàèìåíüøåå çàìêíóòîå ìíîæåñòâî,

ñîäåðæàùåå A.

Òåîðåìà 3. Ïóñòü ìíîæåñòâî A ⊆ I èíâàðèàíòíîå. Åñëè ñóùåñòâóþò mi ∈ N è ìíîæå-

ñòâà Ωi ⊂ Ω òàêèå, ÷òî µ(Ωi) > 0, i = 1, 2, è

cl fm1(Ω1, A) ∩ cl fm2(Ω2, A) = ∅, (3.1)

òî ëþáàÿ òî÷êà x0 ∈ A àïåðèîäè÷åñêàÿ ñ âåðîÿòíîñòüþ åäèíèöà.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïîñêîëüêó µ(Ω1) > 0, µ(Ω2) > 0, òî â ïîñëåäîâàòåëüíîñòè

σ = (ω0, ω1, . . .) ñ âåðîÿòíîñòüþ åäèíèöà ïîÿâÿòñÿ õîòÿ áû îäíà ñåðèÿ ñîáûòèé Ω1 äëèíîé m1

è õîòÿ áû îäíà ñåðèÿ ñîáûòèé Ω2 äëèíîé m2 (ñëåäîâàòåëüíî, ïîÿâèòñÿ áåñêîíå÷íî ìíîãî òà-

êèõ ñåðèé), ñì. [10, ñ. 338℄. Ïóñòü ïåðâàÿ ñåðèÿ ñîáûòèé Ω1 äëèíîé m1 ïîÿâèòñÿ â ìîìåíòû

âðåìåíè k1 + 1, . . . , k1 +m1, k1 > 0. Â ñèëó èíâàðèàíòíîñòè ìíîæåñòâà A äëÿ ëþáîãî x0 ∈ A
âûïîëíåíî âêëþ÷åíèå xk1(σ, x0) ∈ A, òîãäà xk1+m1

(σ, x0) ∈ fm1(Ω1, A). Ïîñëå ïîÿâëåíèÿ âòî-

ðîé ñåðèè ñîáûòèé Ω2 äëèíîé m2 â ìîìåíòû âðåìåíè k2 + 1, . . . , k2 +m2, k2 > k1 +m1, èìååò

ìåñòî âêëþ÷åíèå xk2+m2
(σ, x0) ∈ fm2(Ω2, A). Ïîñêîëüêó ñ âåðîÿòíîñòüþ åäèíèöà ïîÿâèòñÿ áåñ-

êîíå÷íî ìíîãî ñåðèé ñîáûòèé Ω1 è Ω2, òî íàéäåòñÿ áåñêîíå÷íî ìíîãî ìîìåíòîâ âðåìåíè s ∈ N

òàêèõ, ÷òî xs(σ, x0) ∈ fm1(Ω1, A), è áåñêîíå÷íî ìíîãî ìîìåíòîâ âðåìåíè ℓ ∈ N òàêèõ, ÷òî

xℓ(σ, x0) ∈ fm2(Ω2, A). Òàêèì îáðàçîì, èç óñëîâèÿ (3.1) ñëåäóåò, ÷òî ñ âåðîÿòíîñòüþ åäèíèöà

ïðåäåë lim
n→∞

xn(σ, x0) íå ñóùåñòâóåò.

Ïîêàæåì, ÷òî ïðåäåë lim
n→∞

xnk(σ, x0) íå ñóùåñòâóåò äëÿ ëþáîãî k ∈ N. Òàê êàê ìíîæåñòâî A

èíâàðèàíòíî, òî fmi(Ωi, A) ⊆ A, i = 1, 2. Ñëåäîâàòåëüíî,

f2mi(Ωi, A) ⊆ fmi(Ωi, A) ⊆ A

è fkmi(Ωi, A) ⊆ fmi(Ωi, A) äëÿ ëþáîãî k ∈ N, i = 1, 2. �àññìîòðèì ïîäïîñëåäîâàòåëüíîñòü

(ωk, ω2k, ω3k, . . .) ïîñëåäîâàòåëüíîñòè σ = (ω0, ω1, . . .); â ýòîé ïîäïîñëåäîâàòåëüíîñòè ñ âåðîÿò-

íîñòüþ åäèíèöà ïîÿâèòñÿ áåñêîíå÷íî ìíîãî ñåðèé ñîáûòèé Ω1 äëèíîé km1 è áåñêîíå÷íî ìíîãî

ñåðèé ñîáûòèé Ω2 äëèíîé km2. Ïóñòü ïåðâàÿ ñåðèÿ ñîáûòèé Ω1 äëèíîé km1 ïîÿâèëàñü â ìî-

ìåíòû âðåìåíè kℓ1 + 1, . . . , k(ℓ1 +m1), òîãäà äëÿ ëþáîãî x0 ∈ A âûïîëíåíî âêëþ÷åíèå

xk(ℓ1+m1)(σ, x0) ∈ fkm1

(
Ω1, xkℓ1(σ, x0)

)
⊆ fkm1(Ω1, A) ⊆ fm1(Ω1, A).

Àíàëîãè÷íî ïîëó÷àåì, ÷òî åñëè ñåðèÿ ñîáûòèé Ω2 äëèíîé km2 ïîÿâèëàñü â ìîìåíòû âðåìåíè

kℓ2+1, . . . , k(ℓ2+m2), ãäå ℓ2 > ℓ1+m1, òî xk(ℓ2+m2)(σ, x0) ∈ fm2(Ω2, A). Ïîñêîëüêó òàêèõ ñåðèé
ñîáûòèé ñ âåðîÿòíîñòüþ åäèíèöà ïîÿâèòñÿ áåñêîíå÷íî ìíîãî, òî ìû ïîëó÷èì áåñêîíå÷íî ìíîãî

òî÷åê ïîñëåäîâàòåëüíîñòè xnk(σ, x0), ñîäåðæàùèõñÿ â ìíîæåñòâàõ f
m1(Ω1, A) è f

m2(Ω2, A). Ýòî
è îçíà÷àåò, ÷òî ïðåäåë xnk(σ, x0) íå ñóùåñòâóåò. �

Àíàëîãè÷íî îïðåäåëåíèþ ðàáîòû [1℄ òî÷êó y íàçîâåì ñî âðåìåíåì ïåðèîäè÷åñêîé (ïðåäïå-

ðèîäè÷åñêîé) òî÷êîé óðàâíåíèÿ (0.2), åñëè ñóùåñòâóåò m ∈ N òàêîå, ÷òî äëÿ ëþáûõ σm ∈ Ωm

òî÷êà x = fm(σm, y) ÿâëÿåòñÿ òî÷êîé íåêîòîðîãî ïåðèîäà k > 1.
Íàïðèìåð, äëÿ ëîãèñòè÷åñêîãî óðàâíåíèÿ

xn+1 = ωnxn(1− xn/K), (ωn, xn) ∈ Ω× [0,K], n = 0, 1, . . .

òî÷êà x = 0 ÿâëÿåòñÿ òî÷êîé ïîëîæåíèÿ ðàâíîâåñèÿ (òî÷êîé ïåðèîäà k = 1), à òî÷êà x = K �

ñî âðåìåíåì ïåðèîäè÷åñêàÿ.

Òåîðåìà 4. Ïðåäïîëîæèì, ÷òî óðàâíåíèå (0.2) ëèáî íå èìååò íè îäíîãî öèêëà (ïåðèîäà
k > 1), ëèáî âñå öèêëû îòòàëêèâàþùèå ñ âåðîÿòíîñòüþ åäèíèöà. Ïóñòü Y � ìíîæåñòâî

ïåðèîäè÷åñêèõ è ñî âðåìåíåì ïåðèîäè÷åñêèõ òî÷åê äàííîãî óðàâíåíèÿ. Òîãäà ëþáàÿ òî÷êà x0 ∈
∈ I \ Y àïåðèîäè÷åñêàÿ ñ âåðîÿòíîñòüþ åäèíèöà.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî åñëè óðàâíåíèå (0.2) èìååò öèêë

B = {β0, . . . , βk−1} ïåðèîäà k > 1, òî ýòîò öèêë îòòàëêèâàþùèé ñ âåðîÿòíîñòüþ åäèíèöà, òî

åñòü åñëè

lim
n→∞

xnk(σ, x0) = βi, i ∈ {0, 1, . . . , k − 1}, (3.2)

äëÿ íåêîòîðîãî σ ∈ Σ0, Σ0 ⊂ Σ, òî µ(Σ0) = 0. Åñëè óðàâíåíèå (0.2) íå èìååò öèêëîâ, òî äëÿ

íåêîòîðîãî k ∈ N ìîãóò ñóùåñòâîâàòü òî÷êè β0 ∈ I, . . . , βk−1 ∈ I, êîòîðûå îáðàçóþò öèêë

äëèíû k òîëüêî äëÿ îïðåäåëåííîãî ñåìåéñòâà �óíêöèé f(ω, x), ω ∈ Ω∗, ãäå µ(Ω∗) < 1. Åñëè
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ýòîò öèêë óñòîé÷èâûé äëÿ äàííîãî ñåìåéñòâà �óíêöèé, òî ðàâåíñòâî (3.2) âûïîëíåíî äëÿ âñåõ

σ ∈ Ω∞

∗
; òàê êàê µ(Ω∞

∗
) = 0, òî (3.2) âûïîëíåíî ñ âåðîÿòíîñòüþ íóëü. Ýòî òåì áîëåå âåðíî, åñëè

öèêë B íå ÿâëÿåòñÿ óñòîé÷èâûì. Òàêèì îáðàçîì, äëÿ ëþáîé íà÷àëüíîé òî÷êè x0 ∈ I è ëþáîãî

öèêëà B (îòíîñèòåëüíî ñåìåéñòâà �óíêöèé f(ω, x), ω ∈ Ω èëè f(ω, x), ω ∈ Ω∗) ðàâåíñòâî (3.2)

èìååò ìåñòî ñ íóëåâîé âåðîÿòíîñòüþ, òî åñòü ïðåäåë lim
n→∞

xnk(σ, x0) ñóùåñòâóåò ñ âåðîÿòíîñòüþ

íóëü. Ñëåäîâàòåëüíî, ñ âåðîÿòíîñòüþ åäèíèöà äàííûé ïðåäåë íå ñóùåñòâóåò. �

� 4. Î ïîâåäåíèè ðåøåíèé íåïðåðûâíî-äèñêðåòíîé âåðîÿòíîñòíîé ìîäåëè

äèíàìèêè èçîëèðîâàííîé ïîïóëÿöèè

Â äåòåðìèíèðîâàííîì ñëó÷àå äàííàÿ ìîäåëü îïèñàíà â ðàáîòàõ [11, 12℄. Ïðèâåäåì âåðî-

ÿòíîñòíûé àíàëîã ìîäåëè. Ïóñòü x(t) õàðàêòåðèçóåò ÷èñëåííîñòü íåêîòîðîé èçîëèðîâàííîé

ïîïóëÿöèè â ìîìåíò âðåìåíè t. Ïðîöåññ ñìåðòíîñòè îñîáåé ïðåäïîëàãàåì íåïðåðûâíûì, à ðàç-

ìíîæåíèå ïðîèñõîäèò â ñëó÷àéíûå ìîìåíòû âðåìåíè τn, n = 1, 2, . . . , ïðè÷åì ïîÿâëåíèå îñîáåé

íîâûõ ãåíåðàöèé â ïîïóëÿöèè ïðîèñõîäèò ñèíõðîííî. Ïðåäïîëàãàåì, ÷òî ïðîöåññ ãèáåëè îñîáåé

îïèñûâàåòñÿ óðàâíåíèåì ẋ = −xR(x), ãäå R(x) � èíòåíñèâíîñòü ãèáåëè îñîáåé óäîâëåòâîðÿåò

óñëîâèÿì

R(0) > 0, R′(x) > 0, lim
x→+∞

R(x) = +∞.

Èçìåíåíèå ÷èñëåííîñòè ïîïóëÿöèè â ìîìåíò âðåìåíè τn îïèñûâàåòñÿ ñîîòíîøåíèåì

xn = x(τn) = ψn−1x(τn − 0), n = 1, 2, . . . ,

ãäå ψn � êîý��èöèåíò ðîæäàåìîñòè äàííîé ïîïóëÿöèè (ñëó÷àéíàÿ âåëè÷èíà, çàâèñÿùàÿ îò

ïîãîäíûõ óñëîâèé è äðóãèõ �àêòîðîâ âíåøíåé ñðåäû), x(τn−0)� êîëè÷åñòâî îñîáåé, äîæèâøèõ

äî ìîìåíòà τn è ñïîñîáíûõ äàâàòü ïîòîìñòâî.

Ïóñòü τ0 = 0, îáîçíà÷èì θn = τn+1 − τn, n = 0, 1, . . . � äëèíû èíòåðâàëîâ ìåæäó

ìîìåíòàìè ïîÿâëåíèÿ íîâûõ ãåíåðàöèé. Ïðåäïîëàãàåì, ÷òî ñëó÷àéíûå âåëè÷èíû θ0, θ1, . . .
è ψ0, ψ1, . . . ÿâëÿþòñÿ íåçàâèñèìûìè, äëèíû èíòåðâàëîâ θ0, θ1, . . . ïðèíèìàþò çíà÷åíèÿ â ìíî-

æåñòâå [α1, α2] ⊂ (0,∞), êîý��èöèåíòû ðîæäàåìîñòè ψ0, ψ1, . . . ñîäåðæàòñÿ â [β1, β2] ⊂ (0,∞).
Äàëåå, ïóñòü Ω = [α1, α2]× [β1, β2], ωn = (θn, ψn) ∈ Ω, n = 0, 1, . . . , âåðîÿòíîñòíîå ïðîñòðàíñòâî
(Σ,A, µ) îïðåäåëèì òàê æå, êàê âî ââåäåíèè.

Ïóñòü R(x) = cx+ d, ãäå c > 0, d > 0. Åñëè íà÷àëüíûé ðàçìåð ïîïóëÿöèè ðàâåí x0 ∈ [0, b],
à äëèíà ïðîìåæóòêà äî ñëåäóþùåãî ìîìåíòà ïîÿâëåíèÿ íîâûõ îñîáåé ðàâíà θ0, òî, ðåøàÿ
óðàâíåíèå ẋ = −x(cx+ d), íàõîäèì, ÷òî ïåðåä ýòèì ìîìåíòîì ðàçìåð ïîïóëÿöèè ñîñòàâèò

x(τ1 − 0) =
dx0

(cx0 + d)edθ0 − cx0
.

Ñëåäîâàòåëüíî,

x1 = x(τ1) = ψ0x(τ1 − 0) =
dψ0x0

(cx0 + d)edθ0 − cx0
.

Àíàëîãè÷íî ïîëó÷àåì, ÷òî

xn+1 = f(ωn, xn), (ωn, xn) ∈ Ω× I, n = 0, 1, . . . , (4.1)

ãäå f(ω, x) = f(θ, ψ, x) =
dψx

(cx+ d)edθ − cx
, Ω = [α1, α2]× [β1, β2], I = [0, b].

Óðàâíåíèå ñî ñëó÷àéíûìè ïàðàìåòðàìè (4.1) èìååò íåïîäâèæíóþ òî÷êó x∗ = 0. Åñëè â ýòîì
óðàâíåíèè çà�èêñèðóåì ω = (θ, ψ) ∈ Ω, òî ïîëó÷åííîå äåòåðìèíèðîâàííîå óðàâíåíèå, êðîìå

òî÷êè x∗ = 0, ìîæåò èìåòü íåïîäâèæíóþ òî÷êó x∗(θ, ψ) =
d(ψ − edθ)

c(edθ − 1)
(â òîì ñëó÷àå, åñëè

ψ > edθ). Îáîçíà÷èì

x∗1 = x∗(α2, β1) =
d(β1 − eα2d)

c(eα2d − 1)
, x∗2 = x∗(α1, β2) =

d(β2 − eα1d)

c(eα1d − 1)
.
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Òîãäà x∗1 > 0, åñëè β1 > eα2d; x∗2 > 0, åñëè β2 > eα1d; x∗1 < x∗2, åñëè α1 6= α2 èëè β1 6= β2.

Ïðåäëîæåíèå 1. Èìåþò ìåñòî ñëåäóþùèå óòâåðæäåíèÿ:

1) åñëè β2 6 eα1d, òî èíâàðèàíòíûì ìíîæåñòâîì óðàâíåíèÿ (4.1) ÿâëÿåòñÿ ëþáîé îòðå-

çîê [0, b1], ãäå b1 6 b; ìàêñèìàëüíûé àòòðàêòîð � A = {0};

2) åñëè β1 6 eα2d, β2 > eα1d, òî èíâàðèàíòíûì ìíîæåñòâîì ÿâëÿåòñÿ ëþáîé îòðåçîê

[0, b1], ãäå b1 ∈ [x∗2, b]; ìàêñèìàëüíûé àòòðàêòîð � A = [0, x∗2];

3) Åñëè β1 > eα2d, òî èíâàðèàíòíûìè ìíîæåñòâàìè ÿâëÿþòñÿ ìíîæåñòâà {0} è [a1, b1],
ãäå 0 6 a1 6 x∗1 < x∗2 6 b1; ìàêñèìàëüíûé àòòðàêòîð � A = [x∗1, x

∗

2].

Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè β2 6 eα1d, òî äëÿ êàæäîãî ω ∈ Ω óðàâíåíèå (4.1) èìååò

òîëüêî íåïîäâèæíóþ òî÷êó x∗ = 0, è íåðàâåíñòâî f(ω, x) < x âûïîëíåíî äëÿ âñåõ x ∈ (0, b].
Ïîýòîìó f

(
Ω, [0, b1]

)
⊆ [0, b1], òî åñòü ëþáîé îòðåçîê [0, b1], b1 6 b, ÿâëÿåòñÿ èíâàðèàíòíûì ìíî-

æåñòâîì óðàâíåíèÿ (4.1). Ïóñòü U = [0, ε), ãäå ε > 0, òîãäà
∞⋂
n=1

fn
(
Ωn, U

)
= {0}, ñëåäîâàòåëüíî,

ìíîæåñòâî A = {0} � ìàêñèìàëüíûé àòòðàêòîð.

Åñëè β1 6 eα2d, β2 > eα1d, òî f(ω, x) < x äëÿ âñåõ x ∈ (x∗2, b] è âñåõ ω ∈ Ω. Êðîìå òîãî,

�óíêöèÿ x 7→ f(α1, β2, x) âîçðàñòàåò è èìååò íåïîäâèæíóþ òî÷êó x∗2; ïîýòîìó èíâàðèàíòíûì

ìíîæåñòâîì ÿâëÿåòñÿ ëþáîé îòðåçîê [0, b1], ãäå b1 ∈ [x∗2, b]. Äàëåå,

∞⋂

n=1

fn
(
Ωn, [0, x∗2 + ε)

)
= [0, x∗2]

äëÿ ëþáîãî ε > 0, ñëåäîâàòåëüíî, A = [0, x∗2] � ìàêñèìàëüíûé àòòðàêòîð óðàâíåíèÿ (4.1).

Ïîñëåäíåå óòâåðæäåíèå äîêàçûâàåòñÿ àíàëîãè÷íî, ñ ó÷åòîì òîãî, ÷òî x∗1 è x∗2 ÿâëÿþòñÿ

íåïîäâèæíûìè òî÷êàìè �óíêöèé f(α2, β1, x) è f(α1, β2, x) ñîîòâåòñòâåííî, è

f(α2, β1, x) 6 f(ω, x) 6 f(α1, β2, x)

äëÿ âñåõ x ∈ I, ω ∈ Ω. �

Ïðåäëîæåíèå 2. Åñëè M lnψ > dMθ, òî êàæäàÿ òî÷êà x0 ∈ (0, b] àïåðèîäè÷åñêàÿ ñ âåðî-

ÿòíîñòüþ åäèíèöà.

Ä î ê à ç à ò å ë ü ñ ò â î. Óðàâíåíèå (4.1) èìååò öèêë B = {0} äëèíû îäèí. Ïîêàæåì, ÷òî

åñëè M lnψ > dMθ, òî öèêë B îòòàëêèâàþùèé ñ âåðîÿòíîñòüþ åäèíèöà. Â ñèëó òåîðåìû 1 äëÿ

ýòîãî íóæíî ïîêàçàòü, ÷òî ñóùåñòâóåò îêðåñòíîñòü U = [0, ε) öèêëà B òàêàÿ, ÷òî

M
(
ln inf

x∈U

∣∣f ′x(ω, x)
∣∣
)
> 0. (4.2)

Ñíà÷àëà íàéäåì inf
x∈U

∣∣f ′x(ω, x)
∣∣ = inf

x∈[0,ε)

∣∣f ′x(θ, ψ, x)
∣∣ = ψe−dθ

( dedθ

εc(edθ − 1) + dedθ

)2
. Äàëåå,

M
(
ln inf

x∈U

∣∣f ′x(ω, x)
∣∣
)
=M lnψ − dMθ + 2M ln

dedθ

εc(edθ − 1) + dedθ
. (4.3)

Ïðè ε→ 0 ïîñëåäíåå ñëàãàåìîå â (4.3) ñòðåìèòñÿ ê íóëþ, ïîýòîìó èç íåðàâåíñòâà M lnψ > dMθ
ñëåäóåò ñïðàâåäëèâîñòü (4.2) â íåêîòîðîé îêðåñòíîñòè U = [0, ε). Òàê êàê öèêë B îòòàëêèâà-

þùèé ñ âåðîÿòíîñòüþ åäèíèöà, òî â ñèëó òåîðåìû 4 ëþáàÿ òî÷êà x0 ∈ (0, b] àïåðèîäè÷åñêàÿ
ñ âåðîÿòíîñòüþ åäèíèöà. �
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We onsider the probability model de�ned by the di�erene equation

xn+1 = f(ωn, xn), (ωn, xn) ∈ Ω× [a, b], n = 0, 1, . . . , (1)

where Ω is a given set with sigma-algebra of subsets Ã, on whih a probability measure µ̃ is de�ned. Let µ be

a ontinuation of the measure µ̃ on the sigma-algebra generated by ylindrial sets. We study invariant sets

and attrators of the equation with random parameters (1). We reeive onditions under whih a given set is
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the maximal attrator. It is shown that, in invariant set A ⊆ [a, b], there an be solutions, whih are haoti

with probability one. It is observed in the ase when exist an mi ∈ N and sets Ωi ⊂ Ω suh that µ(Ωi) > 0,
i = 1, 2, and cl fm1(Ω1, A)∩ cl fm2(Ω2, A) = ∅. It is shown, that solutions, haoti with probability one, exist

also in the ase when the equation (1) either has no any yle, or all yles are unstable with probability one.

The results of the paper are illustrated by the example of a ontinuous-disrete probabilisti model of the

dynamis of an isolated population; for this model we investigate di�erent modes of dynami development,

whih have ertain di�erenes from the modes of determined models and desribe the proesses in real physial

systems more exhaustively.
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