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�àññìàòðèâàþòñÿ ìîäåëè ñáîðà âîçîáíîâëÿåìîãî ðåñóðñà, çàäàííûå äè��åðåíöèàëüíûìè óðàâíåíèÿìè

ñ èìïóëüñíûìè âîçäåéñòâèÿìè, çàâèñÿùèìè îò ñëó÷àéíûõ ïàðàìåòðîâ. Ïðè îòñóòñòâèè ýêñïëóàòàöèè

ðàçâèòèå ïîïóëÿöèè îïèñûâàåòñÿ äè��åðåíöèàëüíûì óðàâíåíèåì ẋ = g(x), êîòîðîå èìååò àñèìïòî-

òè÷åñêè óñòîé÷èâîå ðåøåíèå ϕ(t) ≡ K, K > 0. Ïðåäïîëàãàåì, ÷òî äëèíû èíòåðâàëîâ θk = τk − τk−1

ìåæäó ìîìåíòàìè èìïóëüñîâ τk ÿâëÿþòñÿ ñëó÷àéíûìè âåëè÷èíàìè è ðàçìåðû èìïóëüñíîãî âîçäåé-

ñòâèÿ çàâèñÿò îò ñëó÷àéíûõ ïàðàìåòðîâ vk, k = 1, 2, . . . . Íà ïðîöåññ ñáîðà ìîæíî âëèÿòü òàêèì îá-

ðàçîì, ÷òîáû îñòàíîâèòü çàãîòîâêó â òîì ñëó÷àå, êîãäà åå äîëÿ îêàæåòñÿ äîñòàòî÷íî áîëüøîé, ÷òîáû

ñîõðàíèòü íåêîòîðóþ ÷àñòü ðåñóðñà äëÿ óâåëè÷åíèÿ ðàçìåðà ñëåäóþùåãî ñáîðà. Ïîñòðîåíî óïðàâëåíèå

ū = (u1, . . . , uk, . . . ), îãðàíè÷èâàþùåå äîëþ äîáûâàåìîãî ðåñóðñà â êàæäûé ìîìåíò âðåìåíè τk òàêèì

îáðàçîì, ÷òîáû êîëè÷åñòâî îñòàâøåãîñÿ ðåñóðñà, íà÷èíàÿ ñ íåêîòîðîãî ìîìåíòà τk0
, áûëî íå ìåíüøå

çàäàííîãî çíà÷åíèÿ x > 0. Ïîëó÷åíû îöåíêè ñðåäíåé âðåìåííîé âûãîäû îò èçâëå÷åíèÿ ðåñóðñà è ïðè-

âåäåíû óñëîâèÿ, ïðè êîòîðûõ îíà èìååò ïîëîæèòåëüíûé ïðåäåë (ñ âåðîÿòíîñòüþ åäèíèöà). Ïîêàçàíî,

÷òî ïðè íåäîñòàòî÷íîì îãðàíè÷åíèè íà èçâëå÷åíèå ðåñóðñà çíà÷åíèå ñðåäíåé âðåìåííîé âûãîäû ìî-

æåò ðàâíÿòüñÿ íóëþ äëÿ âñåõ èëè äëÿ ïî÷òè âñåõ çíà÷åíèé ñëó÷àéíûõ ïàðàìåòðîâ. Òàêèì îáðàçîì,

ìû îïèñûâàåì ñïîñîá äîáû÷è ðåñóðñà äëÿ ðåæèìà ñáîðà â äîëãîñðî÷íîé ïåðñïåêòèâå, ïðè êîòîðîì

ïîñòîÿííî ñîõðàíÿåòñÿ íåêîòîðàÿ ÷àñòü ïîïóëÿöèè, íåîáõîäèìàÿ äëÿ åå äàëüíåéøåãî âîññòàíîâëåíèÿ,

è ñ âåðîÿòíîñòüþ åäèíèöà ñóùåñòâóåò ïðåäåë ñðåäíåé âðåìåííîé âûãîäû.

Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêèå ìîäåëè ñáîðà, âîçîáíîâëÿåìûé ðåñóðñ, ñðåäíÿÿ âðåìåííàÿ âûãîäà.
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Ââåäåíèå

Çàäà÷è îïòèìàëüíîãî ñáîðà ðåñóðñà â âåðîÿòíîñòíûõ ìîäåëÿõ íà÷àëè âûçûâàòü èíòåðåñ

ó÷åíûõ, íà÷èíàÿ ñ ñåìèäåñÿòûõ ãîäîâ ïðîøëîãî âåêà (ñì. [1�4℄). Â îäíîé èç ïåðâûõ ðàáîò [3℄, ïî-

ñâÿùåííîé äàííîé òåìàòèêå, ïîêàçàíî, ÷òî ñòîõàñòè÷åñêóþ ðûáíóþ ïîïóëÿöèþ ìîæíî ýêñïëó-

àòèðîâàòü äî äîñòèæåíèÿ îïðåäåëåííîãî óðîâíÿ (esapement level), íå çàâèñÿùåãî îò òåêóùåãî

ðàçìåðà ïîïóëÿöèè. Âîïðîñû îïòèìàëüíîé ýêñïëóàòàöèè ïîïóëÿöèé, çàäàííûõ ðàçëè÷íûìè

ñòîõàñòè÷åñêèìè ìîäåëÿìè, â êîòîðûõ ñëó÷àéíûì âîçäåéñòâèÿì ïîäâåðæåíû ðàçìåð ïîïóëÿ-

öèè, êîý��èöèåíò ðîæäàåìîñòè èëè öåíà ïðîäóêöèè, òàêæå ðàññìàòðèâàþòñÿ â ðàáîòàõ [5�9℄

(áîëåå ïîäðîáíûé îáçîð ëèòåðàòóðû ïðèâåäåí â [10℄). Îñíîâíûìè ìîäåëÿìè äëÿ èññëåäîâà-

íèÿ â áîëüøèíñòâå ðàáîò ÿâëÿþòñÿ ìîäåëè ðûáíîãî ïðîìûñëà, ïîñêîëüêó íåêîíòðîëèðóåìîå

ïðîìûøëåííîå ðûáîëîâñòâî ìîæåò ïðèâåñòè ê ñåðüåçíûì ýêîëîãè÷åñêèì ïîñëåäñòâèÿì.

Äàííàÿ ñòàòüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì [11℄. Ìû ðàññìàòðèâàåì ìîäåëè äèíàìèêè ýêñïëóà-

òèðóåìîé ïîïóëÿöèè, çàäàííûå äè��åðåíöèàëüíûìè óðàâíåíèÿìè ñ èìïóëüñíûìè âîçäåéñòâè-

ÿìè, çàâèñÿùèìè îò ñëó÷àéíûõ ïàðàìåòðîâ. Ïðåäïîëàãàåì, ÷òî ïðè îòñóòñòâèè ýêñïëóàòàöèè

ðàçâèòèå ïîïóëÿöèè îïèñûâàåòñÿ äè��åðåíöèàëüíûì óðàâíåíèåì ẋ = g(x), à â ìîìåíòû âðå-

ìåíè τk èç ïîïóëÿöèè èçâëåêàåòñÿ íåêîòîðàÿ ñëó÷àéíàÿ äîëÿ ðåñóðñà vk, k = 1, 2, . . . , ÷òî
ïðèâîäèò ê ðåçêîìó (èìïóëüñíîìó) óìåíüøåíèþ êîëè÷åñòâà äàííîãî ðåñóðñà. Ñ÷èòàåì, ÷òî

äëèíû èíòåðâàëîâ θk = τk − τk−1 ìåæäó ìîìåíòàìè èìïóëüñîâ τk ÿâëÿþòñÿ ñëó÷àéíûìè âå-

ëè÷èíàìè è ðàçìåðû èìïóëüñíîãî âîçäåéñòâèÿ çàâèñÿò îò ñëó÷àéíûõ ïàðàìåòðîâ vk; çäåñü
θk ∈ Ω1 ⊆ [α1, β1], ãäå 0 < α1 6 β1 < ∞, vk ∈ Ω2 ⊆ [0, 1], k = 1, 2, . . . .
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Ïóñòü èìååòñÿ âîçìîæíîñòü âëèÿòü íà ïðîöåññ ñáîðà ðåñóðñà òàêèì îáðàçîì, ÷òîáû îñòà-

íîâèòü çàãîòîâêó, åñëè åå äîëÿ îêàæåòñÿ äîñòàòî÷íî áîëüøîé (áîëüøå íåêîòîðîãî çíà÷åíèÿ

uk ∈ [0, 1) â ìîìåíò τk), ÷òîáû ñîõðàíèòü íåêîòîðóþ ÷àñòü ðåñóðñà äëÿ óâåëè÷åíèÿ ðàçìåðà

ñëåäóþùåãî ñáîðà. Â ýòîì ñëó÷àå äîëÿ äîáûâàåìîãî ðåñóðñà áóäåò ðàâíà

ℓk =

{
vk, åñëè vk < uk,

uk, åñëè vk > uk.
(0.1)

Òàêèì îáðàçîì, ìû ðàññìàòðèâàåì ýêñïëóàòèðóåìóþ ïîïóëÿöèþ, äèíàìèêà êîòîðîé çàäàíà

äè��åðåíöèàëüíûì óðàâíåíèåì ñ èìïóëüñíûì âîçäåéñòâèåì:

ẋ = g(x), t 6= τk,

∆x
∣∣
t=τk

= −ℓ(vk, uk)x, k = 1, 2, . . . ,
(0.2)

ãäå ∆x
∣∣
t=τk

= x(τk) − x(τk − 0), θk = τk − τk−1 ∈ Ω1, (x, vk, uk) ∈ [0,+∞) × Ω2 × [0, 1]. Ïðåäïî-

ëàãàåì, ÷òî ðåøåíèÿ óðàâíåíèÿ íåïðåðûâíû ñïðàâà, �óíêöèÿ g(x) îïðåäåëåíà è íåïðåðûâíî

äè��åðåíöèðóåìà äëÿ âñåõ x ∈ [0,+∞). Ïóñòü òàêæå èìååò ìåñòî ñëåäóþùåå óñëîâèå: ñó-

ùåñòâóåò K > 0 òàêîå, ÷òî ϕ(t) ≡ K ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì ðåøåíèåì

óðàâíåíèÿ ẋ = g(x). Äàííîå óñëîâèå âûïîëíåíî, åñëè K > 0 � ñòàöèîíàðíîå ñîñòîÿíèå óðàâ-

íåíèÿ ẋ = g(x) è g′(K) < 0 (ñì. [12, . 30℄). Â ÷àñòíîñòè, îíî âûïîëíåíî äëÿ ëîãèñòè÷åñêîãî

óðàâíåíèÿ ẋ = (a − bx)x, ãäå êîý��èöèåíòû a > 0 è b > 0 ÿâëÿþòñÿ ïîêàçàòåëÿìè ðîñòà ïî-

ïóëÿöèè è âíóòðèâèäîâîé êîíêóðåíöèè ñîîòâåòñòâåííî (çäåñü K =
a

b
), è óðàâíåíèÿ äèíàìèêè

ïîïóëÿöèè ẋ = ax(x − L)(K − x), ãäå a > 0, K > L > 0, L � íèæíÿÿ êðèòè÷åñêàÿ ïëîòíîñòü

ïîïóëÿöèè, K � ñòàöèîíàðíàÿ ïëîòíîñòü.

Îáîçíà÷èì U
.
= {ū : ū = (u1, . . . , uk, . . . )}, ãäå uk ∈ [0, 1],

θ̄
.
= (θ1, . . . , θk, . . . ), θk ∈ Ω1,

v̄
.
= (v1, . . . , vk, . . . ), vk ∈ Ω2,

ℓ̄
.
= (ℓ1, . . . , ℓk, . . . ), ℓk = ℓ(vk, uk).

Îòìåòèì, ÷òî ℓ̄ = ℓ̄(v̄, ū), òî åñòü ïîñëåäîâàòåëüíîñòü ℓ̄ îïðåäåëÿåòñÿ çíà÷åíèÿìè v̄ è óïðàâëå-

íèåì ū ∈ U. Ïóñòü Xk = Xk(θ̄, ℓ̄, x0) � êîëè÷åñòâî ðåñóðñà äî ñáîðà â ìîìåíò τk, k = 1, 2, . . . ,
çàâèñÿùåå îò äëèí ïðîìåæóòêîâ θ1, . . . , θk ìåæäó ìîìåíòàìè ñáîðà, äîëåé ðåñóðñà ℓi = ℓ(vi, ui),
i = 1, . . . , k − 1, ñîáðàííîãî â ïðåäûäóùèå ìîìåíòû âðåìåíè, è íà÷àëüíîãî çíà÷åíèÿ x0. Äëÿ

ëþáîãî x0 > 0 ââåäåì â ðàññìîòðåíèå �óíêöèþ

H∗

(
θ̄, ℓ̄, x0

) .
= lim

n→∞

1
n∑

k=1

θk

n∑

k=1

Xk

(
θ̄, ℓ̄, x0

)
ℓk,

êîòîðóþ íàçîâåì ñðåäíåé âðåìåííîé âûãîäîé îò èçâëå÷åíèÿ ðåñóðñà. Àíàëîãè÷íî, ñ çàìåíîé

íèæíåãî ïðåäåëà íà âåðõíèé, îïðåäåëèì �óíêöèþ H∗
(
θ̄, ℓ̄, x0

)
, è åñëè âûïîëíåíî ðàâåíñòâî

H∗

(
θ̄, ℓ̄, x0

)
= H∗

(
θ̄, ℓ̄, x0

)
, òî îïðåäåëèì ïðåäåë

H
(
θ̄, ℓ̄, x0

) .
= lim

n→∞

1
n∑

k=1

θk

n∑

k=1

Xk

(
θ̄, ℓ̄, x0

)
ℓk. (0.3)

Â äàííîé ðàáîòå ïîñòðîåíî óïðàâëåíèå ū = (u1, . . . , uk, . . . ) ∈ U, îãðàíè÷èâàþùåå äîëþ äî-

áûâàåìîãî ðåñóðñà â êàæäûé ìîìåíò âðåìåíè τk òàêèì îáðàçîì, ÷òîáû êîëè÷åñòâî îñòàâøåãîñÿ

ðåñóðñà, íà÷èíàÿ ñ íåêîòîðîãî ìîìåíòà τk0 (çàâèñÿùåãî îò x0), áûëî íå ìåíüøå çàäàííîãî çíà÷å-

íèÿ x > 0. Äëÿ äàííîãî óïðàâëåíèÿ ïîëó÷åíû îöåíêè ñðåäíåé âðåìåííîé âûãîäû è ïðèâåäåíû
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óñëîâèÿ, ïðè êîòîðûõ ñ âåðîÿòíîñòüþ åäèíèöà ñóùåñòâóåò ïîëîæèòåëüíûé ïðåäåë (0.3). Ïîêà-

çàíî, ÷òî ïðè íåäîñòàòî÷íîì îãðàíè÷åíèè íà èçâëå÷åíèå ðåñóðñà çíà÷åíèå ñðåäíåé âðåìåííîé

âûãîäû ìîæåò ðàâíÿòüñÿ íóëþ äëÿ âñåõ èëè äëÿ ïî÷òè âñåõ çíà÷åíèé ñëó÷àéíûõ ïàðàìåòðîâ.

Òàêèì îáðàçîì, ìû îïèñûâàåì ñïîñîá äîáû÷è ðåñóðñà äëÿ ðåæèìà ñáîðà â äîëãîñðî÷íîé ïåð-

ñïåêòèâå, ïðè êîòîðîì ïîñòîÿííî ñîõðàíÿåòñÿ íåêîòîðàÿ ÷àñòü ïîïóëÿöèè, íåîáõîäèìàÿ äëÿ åå

äàëüíåéøåãî âîññòàíîâëåíèÿ, è ñ âåðîÿòíîñòüþ åäèíèöà ñóùåñòâóåò ïðåäåë ñðåäíåé âðåìåííîé

âûãîäû. Ïðåäñòàâëåííîå èññëåäîâàíèå íå òîëüêî äàåò èíòåðåñíóþ êà÷åñòâåííóþ èí�îðìàöèþ,

íî ìîæåò òàêæå ñòàòü èíñòðóìåíòîì ìîäåëèðîâàíèÿ äëÿ îáëåã÷åíèÿ ðåàëüíîãî äîëãîñðî÷íîãî

ïëàíèðîâàíèÿ ïðîìûñëîâîé äåÿòåëüíîñòè.

� 1. Îïèñàíèå âåðîÿòíîñòíîé ìîäåëè

Âåðîÿòíîñòíàÿ ìîäåëü, îòâå÷àþùàÿ äè��åðåíöèàëüíîìó óðàâíåíèþ ñî ñëó÷àéíûìè ïàðà-

ìåòðàìè (0.2), îïèñàíà â ðàáîòå [13℄. Ïðèâåäåì êðàòêîå îïèñàíèå äëÿ ïîëíîòû èçëîæåíèÿ.

Â äàííîé ìîäåëè ìîìåíòû τk ÿâëÿþòñÿ ìîìåíòàìè ñêà÷êîâ äëÿ ñèñòåìû ñ èìïóëüñíûì âîç-

äåéñòâèåì; ïîëàãàåì, ÷òî τ0 = 0, θk = τk − τk−1 ∈ Ω1 ⊆ [α1, β1] è âåëè÷èíà ñêà÷êà â ìîìåíò τk
çàâèñèò îò ñëó÷àéíîãî ïàðàìåòðà vk ∈ Ω2 ⊆ [0, 1], k = 1, 2, . . .. Òàêèì îáðàçîì, âñå ïàðàìåòðû

ïðèíàäëåæàò ìíîæåñòâó Ω = Ω1 ×Ω2, ïðè÷åì ëþáîå èç ìíîæåñòâ Ω1 èëè Ω2 ìîæåò ñîäåðæàòü

òîëüêî îäèí ýëåìåíò. Åñëè âñå ìíîæåñòâî Ω ñîñòîèò èç îäíîãî ýëåìåíòà, âåðîÿòíîñòíàÿ ìîäåëü

ñîâïàäàåò ñ äåòåðìèíèðîâàííîé.

Îïðåäåëèì âåðîÿòíîñòíîå ïðîñòðàíñòâî (Σ,A, µ) êàê ïðÿìîå ïðîèçâåäåíèåì âåðîÿòíîñòíûõ

ïðîñòðàíñòâ (Σ1,A1, µ1) è (Σ2,A2, µ2). Çäåñü Σ1 îçíà÷àåò ìíîæåñòâî ÷èñëîâûõ ïîñëåäîâàòåëü-

íîñòåé θ̄ = (θ1, . . . , θk, . . . ), ãäå θk ∈ Ω1, ñèñòåìà ìíîæåñòâ A1 ÿâëÿåòñÿ íàèìåíüøåé ñèãìà-

àëãåáðîé, ïîðîæäåííîé öèëèíäðè÷åñêèìè ìíîæåñòâàìè

Ek
.
= {θ̄ ∈ Σ1 : θ1 ∈ I1, . . . , θk ∈ Ik}, ãäå Ii

.
= (ti, si], i = 1, . . . , k,

à âåðîÿòíîñòíàÿ ìåðà µ1 îïðåäåëåíà ñëåäóþùèì îáðàçîì. Äëÿ êàæäîãî ïðîìåæóòêà Ii, i =
= 1, 2, . . . , îïðåäåëèì âåðîÿòíîñòíóþ ìåðó µ̃1(Ii) = F1(si)−F1(ti) ñ ïîìîùüþ �óíêöèè ðàñïðå-

äåëåíèÿ F1(t). Íà àëãåáðå öèëèíäðè÷åñêèõ ìíîæåñòâ ïîñòðîèì ìåðó

µ̃1(Ek) = µ̃1(I1) · . . . · µ̃1(Ik),

òîãäà â ñèëó òåîðåìû À.Í. Êîëìîãîðîâà (ñì., íàïðèìåð, [14, ñ. 176℄) íà èçìåðèìîì ïðîñòðàí-

ñòâå (Σ1,A1) ñóùåñòâóåò åäèíñòâåííàÿ âåðîÿòíîñòíàÿ ìåðà µ1, êîòîðàÿ ÿâëÿåòñÿ ïðîäîëæåíè-

åì ìåðû µ̃1 íà ñèãìà-àëãåáðó A1. Òàêèì æå îáðàçîì îïðåäåëÿåì âåðîÿòíîñòíîå ïðîñòðàíñòâî

(Σ2,A2, µ2), ãäå Σ2
.
= {v̄ : v̄ = (v1, . . . , vk, . . . )}, vk ∈ Ω2, ìåðà µ̃2 çàäàíà ñ ïîìîùüþ �óíêöèè

ðàñïðåäåëåíèÿ F2(t). Îòìåòèì, ÷òî

Σ = Σ1 ×Σ2 =
{
σ : σ = (ω1, . . . , ωk, . . . )

}
, ãäå ωk = (θk, vk) ∈ Ω.

Çàäàäèì ñèãìà-àëãåáðó A = A1 ×A2 è ìåðó µ = µ1 × µ2, êîòîðàÿ ÿâëÿåòñÿ ïðÿìûì ïðîèçâåäå-

íèåì âåðîÿòíîñòíûõ ìåð µ1 è µ2. Ýòî îçíà÷àåò, ÷òî µ(A × B) = µ1(A)µ2(B) äëÿ âñåõ A ∈ A1,

B ∈ A2.

� 2. Îöåíêà ñðåäíåé âðåìåííîé âûãîäû â ñòîõàñòè÷åñêèõ ìîäåëÿõ ñáîðà

âîçîáíîâëÿåìîãî ðåñóðñà

Îïðåäåëèì ϕ(t, x) êàê ðåøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ ẋ = g(x), óäîâëåòâîðÿþùåå
íà÷àëüíîìó óñëîâèþ ϕ(0, x) = x, ãäå t > 0, x > 0. Åñëè θ ∈ Ω1, òî �óíêöèÿ ϕ(θ, x) ÿâëÿåòñÿ
ñëó÷àéíîé âåëè÷èíîé, çàäàííîé íà ìíîæåñòâå Ω1. Íàïîìíèì, ÷òî îáëàñòüþ àñèìïòîòè÷åñêîé

óñòîé÷èâîñòè (îáëàñòüþ ïðèòÿæåíèÿ) ðåøåíèÿ ϕ(t) ≡ K óðàâíåíèÿ ẋ = g(x) ÿâëÿåòñÿ ìíîæå-

ñòâî âñåõ òî÷åê x ∈ R, îáëàäàþùèõ ñâîéñòâîì lim
t→∞

ϕ(t, x) = K.
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Äëÿ ëþáîãî m ∈ N îïðåäåëèì σm
.
= (ω1, . . . , ωm) è çàäàäèì ðåêóððåíòíûì îáðàçîì ñëó÷àé-

íûå âåëè÷èíû Am = Am(σm, x), Bm = Bm(σm, x):

A1 = ϕ(θ1, x), Ak+1 = ϕ
(
θk+1, Ak(1− ℓk)

)
;

B1 = K, Bk+1 = ϕ
(
θk+1, Bk(1− ℓk)

)
, k = 1, . . . ,m− 1.

Çäåñü

ℓk = ℓk(σk, x) =





vk, åñëè vk < uk,

uk, åñëè vk > uk = 1−
x

Ak(σk, x)
,

(2.1)

ℓm = ℓm(σm, x) òàêæå îïðåäåëèì ðàâåíñòâîì (2.1).

Áóêâîé M áóäåì îáîçíà÷àòü ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíîé âåëè÷èíû, Mθ � ìàòå-

ìàòè÷åñêîå îæèäàíèå äëèí èíòåðâàëîâ θ1, θ2, . . . . Çàìåòèì, ÷òî 0 < α1 6 Mθ 6 β1 < ∞.

Òåîðåìà 1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) óðàâíåíèå ẋ = g(x) èìååò àñèìïòîòè÷åñêè óñòîé÷èâîå ðåøåíèå ϕ(t) ≡ K, è èíòåðâàë

(K1,K2) ÿâëÿåòñÿ îáëàñòüþ ïðèòÿæåíèÿ ýòîãî ðåøåíèÿ (0 6 K1 < K < K2 6 +∞);
2) Ω1 ⊆ [α1, β1], ãäå 0 < α1 6 β1 < ∞; Ω2 ⊆ [0, 1], F2(0) < 1.
Òîãäà äëÿ ëþáûõ m ∈ N, x ∈ (K1,K) è x0 ∈ (K1,K2) ñóùåñòâóåò óïðàâëåíèå ū ∈ U òàêîå,

÷òî äëÿ ïî÷òè âñåõ σ ∈ Σ âûïîëíåíû íåðàâåíñòâà

1

m·Mθ

m∑

k=1

M(Akℓk) 6 H∗

(
θ̄, ℓ̄, x0

)
6 H∗

(
θ̄, ℓ̄, x0

)
6

1

m·Mθ

m∑

k=1

M(Bkℓk). (2.2)

Ä î ê à ç à ò å ë ü ñ ò â î. Îòìåòèì ñíà÷àëà, ÷òî �óíêöèÿ x 7→ ϕ(t, x) âîçðàñòàþùàÿ. Äåé-
ñòâèòåëüíî, åñëè ñóùåñòâóþò òàêèå x1 < x2, ÷òî ϕ(t, x1) > ϕ(t, x2), òî íàéäåòñÿ òî÷êà t∗ ∈ (0, t]
òàêàÿ, ÷òî ϕ(t∗, x1) = ϕ(t∗, x2); ïîëó÷èëè ïðîòèâîðå÷èå ñ óñëîâèåì åäèíñòâåííîñòè ðåøåíèé

äè��åðåíöèàëüíîãî óðàâíåíèÿ.

Çà�èêñèðóåì m ∈ N è x ∈ (K1,K). Îïðåäåëèì ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí

{Ak}
∞

k=1 è {Bk}
∞

k=1 ñëåäóþùèì îáðàçîì:

Asm+1
.
= ϕ(θsm+1, x), Asm+i

.
= ϕ

(
θsm+i, Asm+i−1(1− ℓsm+i−1)

)
,

Bsm+1
.
= K, Bsm+i

.
= ϕ

(
θsm+i, Bsm+i−1(1− ℓsm+i−1)

)
,

i = 2, . . . ,m, s = 0, 1, 2, . . . .

Çäåñü ℓk, k = 1, 2, . . ., çàäàþòñÿ ðàâåíñòâîì (0.1), óïðàâëåíèå ū = (u1, . . . , uk, . . .) ∈ U âûáèðà-

åòñÿ â çàâèñèìîñòè îò ðàñïîëîæåíèÿ íà÷àëüíîé òî÷êè x0. �àññìîòðèì òðè ñëó÷àÿ.

1. Ïóñòü x0 ∈ [x,K]. Ïîêàæåì, ÷òî óïðàâëåíèå ū ∈ U, ïðè êîòîðîì âûïîëíåíî (2.2), ìîæíî

îïðåäåëèòü ðàâåíñòâàìè uk = 1−
x

Ak

ïðè âñåõ k = 1, 2, . . . . Îáîçíà÷èì ÷åðåç Xk è xk ðàçìåðû

ïîïóëÿöèè ïåðåä è ïîñëå èçâëå÷åíèÿ ðåñóðñà â ìîìåíò τk. Ïîñêîëüêó �óíêöèÿ x 7→ ϕ(t, x)
âîçðàñòàþùàÿ, òî

A1 = ϕ(θ1, x) 6 X1 = ϕ(θ1, x0) 6 ϕ(θ1,K) = K = B1;

åñëè m > 2, òî äëÿ X2 = ϕ(θ2, x1) = ϕ
(
θ2,X1(1− ℓ1)

)
âûïîëíåíû íåðàâåíñòâà

A2 = ϕ
(
θ2, A1(1− ℓ1)

)
6 X2 6 ϕ

(
θ2, B1(1− ℓ1)

)
= B2. (2.3)

Òàêèì æå ñïîñîáîì ïîëó÷àåì, ÷òî Ak 6 Xk 6 Bk äëÿ âñåõ k = 1, . . . ,m. Äàëåå, èç íåðàâåíñòâ

ℓm 6 um è Am 6 Xm ñëåäóåò, ÷òî

xm = Xm(1− ℓm) > Xm(1− um) =
Xmx

Am

> x.
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Èç ïîñëåäíåãî íåðàâåíñòâà ïðè x0 ∈ [x,K] èìååì

Am+1 = ϕ(θm+1, x) 6 Xm+1 = ϕ(θm+1, xm) 6 K = Bm+1.

Îòñþäà, àíàëîãè÷íî (2.3), ñëåäóåò, ÷òî Am+i 6 Xm+i 6 Bm+i ïðè i = 2, . . . ,m. Ïîâòîðÿÿ

ïðåäûäóùèå ðàññóæäåíèÿ, ïîëó÷àåì

Ak 6 Xk 6 Bk äëÿ âñåõ k = 1, 2, . . . . (2.4)

Ïîêàæåì, ÷òî ïðåäåëû lim
n→∞

1

n

n∑
k=1

Akℓk è lim
n→∞

1

n

n∑
k=1

Bkℓk ñóùåñòâóþò ñ âåðîÿòíîñòüþ åäè-

íèöà. Äåéñòâèòåëüíî, ñëó÷àéíûå âåëè÷èíû Am(p−1)+1ℓm(p−1)+1+ . . .+Ampℓmp, p = 1, 2, . . ., íåçà-
âèñèìû, îãðàíè÷åíû è îäèíàêîâî ðàñïðåäåëåíû, ïîýòîìó â ñèëó óñèëåííîãî çàêîíà áîëüøèõ

÷èñåë Êîëìîãîðîâà ñ âåðîÿòíîñòüþ åäèíèöà

lim
n→∞

1

n

n∑

k=1

Akℓk = lim
p→∞

1

mp

mp∑

k=1

Akℓk = lim
p→∞

1

mp

p∑

j=1

(
Am(j−1)+1ℓm(j−1)+1 + . . . +Amjℓmj

)
=

=
1

m
M

(
A1ℓ1 + . . . +Amℓm

)
.

Ïîäîáíîå ðàâåíñòâî âûïîëíåíî äëÿ ïîñëåäîâàòåëüíîñòè {Bk}
∞

k=1. Îòñþäà, ó÷èòûâàÿ (2.4), ïî-

ëó÷àåì

1

m

m∑

k=1

M(Akℓk) = lim
n→∞

1

n

n∑

k=1

Akℓk 6 lim
n→∞

1

n

n∑

k=1

Xkℓk 6 lim
n→∞

1

n

n∑

k=1

Xkℓk 6

6 lim
n→∞

1

n

n∑

k=1

Bkℓk =
1

m

m∑

k=1

M(Bkℓk). (2.5)

Èç óñèëåííîãî çàêîíà áîëüøèõ ÷èñåë òàêæå ñëåäóåò, ÷òî

lim
n→∞

1

n

n∑

k=1

θk = Mθ

äëÿ ïî÷òè âñåõ σ ∈ Σ, ïîýòîìó èç íåðàâåíñòâà (2.5) ïîëó÷àåì (2.2).

2. Ïóñòü x0 ∈ (K1, x). Ïîëîæèì uk = 0 äëÿ âñåõ k = 1, . . . , k0, ãäå k0 = k0(x0) � íàèìåíüøåå

èç íàòóðàëüíûõ ÷èñåë, òàêèõ, ÷òî xk = Xk = ϕ(τk, x0) > x. Äàííîå çíà÷åíèå k0 ñóùåñòâóåò,

òàê êàê òî÷êà x0 ñîäåðæèòñÿ â îáëàñòè ïðèòÿæåíèÿ àñèìïòîòè÷åñêè óñòîé÷èâîãî ðåøåíèÿ

ϕ(t) ≡ K. Îïðåäåëèì uk = 1 −
x

Ak

äëÿ âñåõ k > k0, òîãäà Ak 6 Xk 6 Bk ïðè âñåõ k > k0; ýòî

äîêàçûâàåòñÿ òàê æå, êàê â ïåðâîì ñëó÷àå. Ñëåäîâàòåëüíî, íåðàâåíñòâî (2.5) ñïðàâåäëèâî ïðè

âûáðàííîì óïðàâëåíèè ū = (u1, . . . , uk, . . .), ïîýòîìó (2.2) âûïîëíåíî äëÿ ïî÷òè âñåõ σ ∈ Σ.

3. Ïîêàæåì, ÷òî óòâåðæäåíèå òåîðåìû ñïðàâåäëèâî ïðè x0 ∈ (K,K2). Ïóñòü k1 = k1(x0) �
íàèìåíüøåå èç íàòóðàëüíûõ ÷èñåë, òàêèõ ÷òî xk 6 K ïðè u1 = . . . = uk = 1; â ðàáîòå [11℄

ïîêàçàíî, ÷òî äàííîå ÷èñëî ñóùåñòâóåò ñ âåðîÿòíîñòüþ åäèíèöà.

Âûáåðåì óïðàâëåíèå uk = 1 äëÿ âñåõ k = 1, . . . , k1 − 1, uk1 = 1 −
x

Xk1

è uk = 1 −
x

Ak

äëÿ

âñåõ k > k1. Òîãäà èç xk1 = Xk1(1− ℓk1) è íåðàâåíñòâà vk 6 ℓ(vk, uk) 6 uk ïîëó÷àåì, ÷òî

x = Xk1(1− uk1) 6 xk1 6 Xk1(1− vk1) 6 K.

Äàëüíåéøåå äîêàçàòåëüñòâî ïîâòîðÿåò äîêàçàòåëüñòâî ïåðâûõ äâóõ ïóíêòîâ. �



218 Ë.È. �îäèíà

ÌÀÒÅÌÀÒÈÊÀ 2018. Ò. 28. Âûï. 2

� 3. Î ñóùåñòâîâàíèè ïðåäåëà ñðåäíåé âðåìåííîé âûãîäû

Â ýòîì ïàðàãðà�å ïîëó÷åíû óñëîâèÿ, ïðè êîòîðûõ ñ âåðîÿòíîñòüþ åäèíèöà ñóùåñòâóåò

ïîëîæèòåëüíûé ïðåäåë H
(
θ̄, ℓ̄, x0

)
è óñëîâèÿ, ïðè êîòîðûõ ýòîò ïðåäåë ðàâåí íóëþ. Ïîñëåä-

íèå óñëîâèÿ óêàçûâàþò íà òî, ÷òî â ðåçóëüòàòå ÷ðåçìåðíîé ýêñïëóàòàöèè äàííàÿ ïîïóëÿöèÿ

âûðîæäàåòñÿ.

Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1 è g′(x) < 0 ïðè x ∈ (L1, L2),
ãäå K1 < L1 < K < L2. Òîãäà äëÿ ëþáûõ (x, x0) ∈ (L1,K)×(K1,K2) ïðè íåêîòîðîì óïðàâëåíèè

ū ∈ U äëÿ ïî÷òè âñåõ σ ∈ Σ ñóùåñòâóåò ïîëîæèòåëüíûé ïðåäåë

H
(
θ̄, ℓ̄, x0

)
=

1

Mθ
· lim
n→∞

M(Anℓn) =
1

Mθ
· lim
n→∞

M(Bnℓn), (3.1)

íå çàâèñÿùèé îò íà÷àëüíîãî çíà÷åíèÿ x0 ∈ (K1,K2).

Ä î ê à ç à ò å ë ü ñ ò â î. �àññìîòðèì �óíêöèþ ϕ′

x(t, x), ãäå (t, x) ∈ [0,∞) × [L1,K], êî-
òîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ ẏ = g′x(ϕ(t, x))y è íà÷àëüíîìó óñëîâèþ ϕ′

x(0, x) = 1 äëÿ

âñåõ x ∈ [L1,K] (ñì. [15, ãëàâà 5, � 23℄). Åñëè x ∈ (L1,K), òî ϕ(t, x) ∈ (L1,K), òàê êàê

(L1,K) âõîäèò â îáëàñòü ïðèòÿæåíèÿ ðåøåíèÿ ϕ(t) ≡ K. Ïîýòîìó g′x(ϕ(t, x)) < 0 äëÿ âñåõ

(t, x) ∈ [0,∞)× (L1,K). Ñëåäîâàòåëüíî, ïðè äàííûõ çíà÷åíèÿõ (t, x) âûïîëíåíî íåðàâåíñòâî

ϕ′

x(t, x) = exp

∫ t

0
g′x(ϕ(t, x)) dt 6 1. (3.2)

Â ñèëó òåîðåìû Ëàãðàíæà, ϕ(t, x2) − ϕ(t, x1) = ϕ′

x(t, x̂)(x2 − x1) ïðè x1 < x2, ãäå x̂ ∈ (x1, x2),
ïîýòîìó èç (3.2) ñëåäóåò, ÷òî ϕ(t, x2)−ϕ(t, x1) 6 x2−x1 äëÿ âñåõ t ∈ [0,∞), x1 < x2, x1 ∈ (L1,K),
x2 ∈ (L1,K]. Èç ïîñëåäíåãî íåðàâåíñòâà ïîëó÷àåì

Bk+1 −Ak+1 = ϕ
(
θk+1, Bk(1− ℓk)

)
− ϕ

(
θk+1, Ak(1− ℓk)

)
6 (Bk −Ak)(1− ℓk)

äëÿ âñåõ k = 1, 2, . . . . Ïîýòîìó, òàê êàê �óíêöèÿ x 7→ ϕ(t, x) âîçðàñòàþùàÿ,

0 6 Bk −Ak 6 (B1 −A1)(1− ℓ1) . . . (1− ℓk), k = 1, 2, . . . . (3.3)

Îòìåòèì, ÷òî åñëè âûïîëíåíî óñëîâèå 2 òåîðåìû 1, òî lim
n→∞

(1−ℓ1) . . . (1−ℓn) = 0 ñ âåðîÿòíîñòüþ

åäèíèöà. Ýòî ïîêàçàíî â ðàáîòå [11℄ ïðè äîêàçàòåëüñòâå òåîðåìû 1. Òàêèì îáðàçîì, èç (3.3)

ñëåäóåò, ÷òî lim
n→∞

(Bn −An) = 0, lim
n→∞

M
(
Bnℓn −Anℓn

)
= 0 è

lim
n→∞

1

n

n∑

k=1

M
(
Bnℓn −Anℓn

)
= 0 (3.4)

äëÿ ïî÷òè âñåõ σ ∈ Σ. Èç (2.2) è (3.4) ñëåäóþò ñóùåñòâîâàíèå ïðåäåëà H
(
θ̄, ℓ̄, x0

)
äëÿ ïî÷òè

âñåõ σ ∈ Σ è ðàâåíñòâî (3.1). Óïðàâëåíèå ū ∈ U, ïðè êîòîðîì ñóùåñòâóåò ïðåäåë H
(
θ̄, ℓ̄, x0

)
,

ïîñòðîåíî ïðè äîêàçàòåëüñòâå òåîðåìû 1.

Ïîêàæåì, ÷òî åñëè x > L1 > 0, òî ïðåäåë (3.1) ïîëîæèòåëüíûé. Äëÿ ýòîãî äîñòàòî÷íî

ïîêàçàòü, ÷òî M(A1ℓ1) > 0. Ôóíêöèÿ t 7→ ϕ(t, x) âîçðàñòàþùàÿ, åñëè x ∈ (K1,K), ïîýòîìó
A1 = ϕ(θ1, x) > x äëÿ ëþáûõ θ1 ∈ Ω1 è MA1ℓ1 > xMℓ1. Ïîêàæåì òåïåðü, ÷òî Mℓ1 > 0, åñëè
F2(0) < 1. Äåéñòâèòåëüíî, åñëè F2(0) = µ2(v1 = 0) < 1, òî µ2(v1 > 0) = µ2(ℓ1 > 0) > 0. Òàê êàê

ℓ1 > 0, òî äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ âûïîëíåíî ëèáî íåðàâåíñòâî Mℓ1 > 0, ëèáî Mℓ1 = 0.
Â ïîñëåäíåì ñëó÷àå ℓ1 = 0 ñ âåðîÿòíîñòüþ åäèíèöà [14, ãëàâà 2, � 6℄, ÷òî ïðîòèâîðå÷èò óñëîâèþ

µ2(ℓ1 = 0) < 1. �

Çàìå÷àíèå 1. Ïðåäåë (3.1) çàâèñèò îò âûáðàííîãî óïðàâëåíèÿ ū = (u1, . . . , uk, . . .) ∈ U,

êîòîðîå ñòðîèì òàêèì îáðàçîì, ÷òîáû ïîñëå êàæäîãî èçâëå÷åíèÿ êîëè÷åñòâî îñòàâøåãîñÿ ðå-

ñóðñà áûëî íå ìåíåå, ÷åì x ∈ (K1,K). Çíà÷åíèå x = x∗, ïðè êîòîðîì ñðåäíÿÿ âðåìåííàÿ âûãîäà

ìàêñèìàëüíàÿ, ìîæíî íàéòè ÷èñëåííûìè ìåòîäàìè.
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Çàìå÷àíèå 2. Íåñëîæíî ïðîâåðèòü, ÷òî äëÿ ëîãèñòè÷åñêîãî óðàâíåíèÿ ẋ = (a − bx)x âû-

ïîëíåíû ðàâåíñòâà K =
a

b
, K1 = 0, L1 =

a

2b
, L2 = K2 = +∞, ïîýòîìó ïîëîæèòåëüíûé

ïðåäåë (3.1) ñóùåñòâóåò ñ âåðîÿòíîñòüþ åäèíèöà äëÿ ëþáûõ (x, x0) ∈
( a

2b
,
a

b

)
× (0,+∞).

Ïîêàæåì òåïåðü, ÷òî åñëè íå îãðàíè÷èâàòü äîëþ äîáûâàåìîãî ðåñóðñà, òî ñ òå÷åíèåì âðåìå-

íè ïðè îïðåäåëåííûõ óñëîâèÿõ ïîïóëÿöèÿ ìîæåò èñ÷åçíóòü è, ñëåäîâàòåëüíî, ñðåäíÿÿ âðåìåí-

íàÿ âûãîäà îò ýêñïëóàòàöèè áóäåò ðàâíà íóëþ. Â ýòîì ñëó÷àå äëÿ äîëåé èçâëåêàåìîãî ðåñóðñà

âûïîëíåíî ðàâåíñòâî ℓk = vk è êîëè÷åñòâî ðåñóðñà Xk äî ñáîðà â ìîìåíò τk óäîâëåòâîðÿåò

óðàâíåíèþ

Xk+1 = ϕ
(
θk+1,Xk(1− vk)

)
, k = 1, 2, . . . . (3.5)

Â ñëåäóþùåì óòâåðæäåíèè ïîëó÷åíû óñëîâèÿ, ïðè êîòîðûõ ñðåäíÿÿ âðåìåííàÿ âûãîäà

H
(
θ̄, ℓ̄, x0

)
= H

(
θ̄, v̄, x0

)
= lim

n→∞

1
n∑

k=1

θk

n∑

k=1

Xk

(
θ̄, v̄, x0

)
vk

äëÿ óðàâíåíèÿ (0.2) ðàâíà íóëþ äëÿ âñåõ σ ∈ Σ èëè ñ âåðîÿòíîñòüþ åäèíèöà.

Óòâåðæäåíèå 1. Ïóñòü g(0) = 0. Òîãäà:

1) åñëè ñóùåñòâóþò C ∈ (0, 1) è δ > 0 òàêèå, ÷òî sup
(θ,v)∈Ω

∣∣ϕ′

x(θ, x(1 − v))
∣∣ 6 C äëÿ âñåõ

x ∈ [0, δ), òî H
(
θ̄, v̄, x0

)
= 0 äëÿ âñåõ σ ∈ Σ, x0 ∈ [0, δ);

2) åñëè M
(
ln sup

x∈[0,d)

∣∣ϕ′

x(θ, x(1 − v))
∣∣
)
< 0 ïðè íåêîòîðîì d > 0, òî íàéäåòñÿ δ > 0 òàêîå,

÷òî H
(
θ̄, v̄, x0

)
= 0 äëÿ ëþáîãî x0 ∈ [0, δ) ñ âåðîÿòíîñòüþ åäèíèöà.

Ä î ê à ç à ò å ë ü ñ ò â î. Îòìåòèì, ÷òî òî÷êà X∗ = 0 ÿâëÿåòñÿ ïîëîæåíèåì ðàâíîâåñèÿ

(íåïîäâèæíîé òî÷êîé) óðàâíåíèÿ (3.5), ïîñêîëüêó ϕ(t, 0) = 0 äëÿ âñåõ t ∈ [0,+∞). Äàëüíåéøåå
äîêàçàòåëüñòâî ïîâòîðÿåò äîêàçàòåëüñòâî òåîðåì 1 è 2 ðàáîòû [16℄. �
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We onsider models of harvesting a renewable resoure given by di�erential equations with impulse ation,

whih depend on random parameters. In the absene of harvesting the population development is desribed

by the di�erential equation ẋ = g(x), whih has the asymptoti stable solution ϕ(t) ≡ K, K > 0. We assume

that the lengths of the intervals θk = τk−τk−1 between the moments of impulses τk are random variables and

the sizes of impulse ation depend on random parameters vk, k = 1, 2, . . . . It is possible to exert in�uene

on the proess of gathering in suh a way as to stop preparation in the ase where its share beomes big

enough to keep some part of a resoure for inreasing the size of the next gathering. We onstrut the ontrol

ū = (u1, . . . , uk, . . . ), whih limits the share of an extrated resoure at eah instant of time τk so that the

quantity of the remaining resoure, starting with some instant τk0
, is no less than a given value x > 0. We

obtain estimates of average time pro�t from extration of a resoure and present onditions under whih it

has a positive limit (with probability one). It is shown that in the ase of an insu�ient restrition on the

extration of a resoure the value of average time pro�t an be zero for all or almost all values of random

parameters. Thus, we desribe a way of long-term extration of a resoure for the gathering mode in whih

some part of population neessary for its further restoration onstantly remains and there is a limit of average

time pro�t with probability one.
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