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Introduction

The first classification of an almost contact metric structure has been introduced by Chinea
and Marrero [9]. Like an almost Hermitian structure, another principle of classification of an
almost contact metric structure for differential-geometric invariants of the second order depends
on the properties of the Riemannian curvature tensor K. Volkova introduced analogues of these
classes in contact geometry C'Ry, C'Ry and C'R3 [19].

Our study focuses on the conharmonic tensor of the locally conformal almost cosym-
plectic manifold of three spacial classes C7T;, ¢ = 1,2,3 which are related with the classes
CRl, CRQ, CRg

A harmonic function is a function whose Laplacian vanishes. It is known that the conformal
transformation on the Riemannian manifold preserves the angle between two vectors. Generally,
a harmonic function is not invariant. The condition to remain such a function invariant has been
studied by Ishi [13]. Specifically, he introduced a conharmonic transformation that preserves
the harmonicity of a certain function. On the other hand, Ghosh et al. [11] studied the N (k)-
contact metric manifolds satisfying curvature conditions on the conharmonic tensor. Dwivedi and
Kim [10] obtained certain necessary and sufficient conditions for the /K '-contact and Sasakian
manifolds to be quasi conharmonically flat, £-conharmonically flat and $-conharmonically flat.
Furthermore, Asghari and Taleshian [4] studied the conharmonic curvature tensor on the Ken-
motsu manifold. Chanyal and Uperti [8] proved that ®-conharmonically flat (&, 1)-contact mani-
folds are n-Einstein manifolds. Taleshian et al. [18] considered L P-Sasakian manifolds admitting
a conharmonic curvature tensor. Abood and Al-Hussaini [3] studied the geometrical properties of
the conharmonic tensor of a locally conformal almost cosymplectic manifold. In particular, the
authors established the necessary and sufficient conditions for the conharmonic tensor to be flat,
the aforementioned manifold to be normal and an n-Einstein manifold.

§ 1. Preliminaries

The main purpose of this section is to construct an almost contact metric structure and a
locally conformal almost cosymplectic manifold in the adjoined GG-structure space.

Definition 1 (see [5]). Let M be 2n+ 1 dimensional smooth manifold, n be differential 1-form
called a contact form, & be a vector field called a characteristic,  be an endomorphism of
the module of the vector fields X (M) called a structure endomorphisim. The family of tensors
{n, &, ®} is called an almost contact structure if the following conditions hold


https://doi.org/10.35634/vm200201

148 Quaisi invariant conharmonic tensor of special classes of £C.ACs-manifold

L) =1
2. B(g) = 0;
3. nod® =0;

4. P? = —id+n®E.
In addition, if there is a Riemannian metric ¢ = (.,.) on M such that

then the family of tensors {7, £, ®, g} is called an almost contact metric structure. In this case, the
mentioned manifold M endowed with this structure is called an almost contact metric manifold.

Definition 2 (see [16]). At each point p € M*" ! there is a frame in a complexification of a
tangent space T,/(M) of the form (p, o, €1, .., €n, €1, -, €a), Where g, = V21(eq), €5 = V27 (eq),
@ =a+mn e =& m = —2P++/-10) and 7 = (—P? + /-1®). The frame
(P, €0,E1y ooy Eny €y .oy €q) 18 called an A-frame.

A set of such frames defines G-structure on M with a structure group 1 x U(n). This structure is
called a G-adjoined structure.

Lemma 1 (see [15]). The component matrices of the tensors ®, and g, in A-frame have the
following froms respectively:

' 0 0 0 1 0 O
(CD;) = O vV _]-In o 3 (glj) = 0 O In y
0 0 —v/—11, 0 I, O

where 1, is the identity matrix of order n.

Definition 3 (see [5]). A skew-symmetric tensor (X ,Y") = g(X, ®Y') is called a fundamental
form of the AC-structure.

Definition 4 (see [12]). An almost contact metric structure S = (n,&, @, g) is called an almost
cosymplectic structure (AC-structure) if

l.dn=0;
2.d2=0.

Definition 5 (see [17]). A conformal transformation of an AC-structure S = (n,&, P, g) on a
manifold M is a mapping from S to an AC-structure S = (77,£, @, g) such that

ﬁ: 6_0777 é. = 60’&7 @ = ®7 fg = 6_20—9’
where o is the determining function of the conformal transformation. If 0 = const, then the
conformal transformation is said to be trivial.

Definition 6 (see [17]). An AC-structure S on a manifold M is said to be a locally conformal
almost cosymplectic (LC.ACgs-structure) if the restraction of S on a some neighborhood U of an
arbitrary point p € M, admits a conformal transformation of an almost cosymplectic structure.
This transformation is called a locally conformal. A manifold M equipped with a LCACs-
structure is called a LC.ACs-manifold.
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Lemma 2 (see [14]). In the adjoined G-structure space, the structure equations of LCACs-
manifold have the following forms:

1. dw® = —wi A Wb + ngwc A wp + B®wy A w, + Bpw A w? + B%w A wy;
2. dw, = w? Awy + BSywe N WP + Bapew® A w4+ B2w A wy + Bgyw A WP

3. dw= Cyw AWl + CPw A wy;

. 1
where Ate) = —200% + 20196, 0.0 + 5B Bata, Here B, Bue; B, Buy; B, Bl O,

Cup; C° Gy A3, Agcd, Agcs A9, AZCO, B Bopei; D™, Doy and o are smooth functions in

the adjoined G-structure space. The tensors B®° ; B® are called the second and third structure
tensors respectively.

Definition 7 (see [7]). A Ricci tensor is a tensor of type (2,0) which is a contracting of the
Riemannian curvature tensor and defined by

—Rf

ik

Lemma 3 (see [1]). In the adjoined G-structure space, the components of the Ricci tensor of
LCACs-manifold are given by the following forms:

1. Tap = 2(_2A€ab)c - 4(0'[65[}2]30}]1& + O'[CCS[IZ]Bc]hb) + UOBa[c(Sg] + O-OBb[c(Sg] + 2UOBab - DabO —

h.
Oab — 0a0p + ZBbahU )

2. Ty = —A(8 0] — 010y oo — —a[aa Oh + B By, + B Bupa) + (B Bae — By B™) +

AL — 58000 — QnUO — oy — o ab,
3. Teg = —AS, g — 0By + nogo, + 2(00[05C + B?By., — 20l° 5[ }Ba]h)
4. 1oo = —2n(0g0 + 02) — 2B B" — 2(0¢ + 0°0.) + 40[052}0;1.
The remaining components are conjugate to the above-mentioned components.

Definition 8 (see [2]). A LC.ACs-manifold is said to have ®-invariant Ricci tensor, if ® o r =
=rod.

Lemma 4 (see [2]). A LCACs-manifold has ®-invariant Ricci tensor if and only if, in the
adjoined G-structure space, the following condition

a a ()
hOldS.

Definition 9 (see [6]). A pseudo-Riemannian manifold M is known as an n-Einstein of type
(cv, B) if its Ricci tensor satisfies the following condition:

r=ag+pnemn,

where o and [ are suitable smooth functions. If 7 = 0, then M is referred to as an Einstein
manifold.
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Definition 10 (see [12]). Let M be an AC-manifold of dimension 2n + 1. A tensor T" of type
(4,0) which is invariant under conharmonic transformation and defined by the form

1

Tyu = R — 5
gkl jkl om — 1

(riugjk — TGk + TikGi — Tikgj)
is called a conharmonic curvature tensor.

In the work [1], we have calculated all possible components of the mentioned tensor which are
listed in the next lemma.

Lemma 5. In the adjoined G-structure space, the components of the conharmonic curvature
tensor of LCACs-manifold are given by the following forms:

L. Tapea = 2(2B[c|ab\d] - 20[aBb]cd + Ba[CBd}b);

2. Tapea = 2(Ajq + 4U[a5h]Bd]hb — 00Byady) — 5 (1003 — T6a0%)s

lc
3. Thpog = A + 401960 010 — 4B By, + BBy, — 626002 + 1 (rlo? + o),
4. Tyoq = 2020004 + 2B Byge — 62.6%08) — - (r106,));
5. Taoed = 2(00(0g + B®Byq — QU[aé[}?Bd}h) + 527 (road? — roc65)s
6. Tapeo = A + 0, B — 85000 — Tl_l(rgag);
7. Tapeo = 2Bearo + 2Beapoo;
8. Taopo = — 08000 — 00s — BB — o — 0”0y + 20[“551% + ﬁ(roocsg +rd);

9. T, = 200B% — D™ — g% — 599" 4+ 2B"q, + 1= (r4).

The remaining components are conjugate to the above-mentioned components or can be obtained
by the property of symmetry for T' or identically equal to zero.

The next lemma gives analogues to the Gray’s identities in the adjoined G-structure space.
Lemma 6 (see [19]). An AC-manifold is called a manifold of class
1. CRy ifand only if, Rapeq = Rapea = Ry = 0;
2. CRy if and only if, Rupea = Rapea = 0;
3. CRs if and only if, Rspeq = 0.

§ 2. The main results

In this section, we introduce analogues to the Gray’s identities for the conharmonic curvature
tensor of a LC ACs-manifold.
Definition 11. In the adjoined G-structure space, a LC.ACs-manifold is called a manifold of
class

1. CTl if and only lf, Tabcd = T&bcd = T&Bcd = O7
2. CTQ if and only lf, Tabcd = Tdbcd = 0,
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3. CTg if and Ol’lly lf, Tdbcd = 0.
Definition 12. The conharmonic tensor is called ®-quasi invariant , if

(T(®X,PY)PX, DY) — (T(P*X, P*Y)P*X, ?Y) = (T(P*X, Y ) DX, Y)
—(T(®X,P*Y)DX, D%Y)
holds for each X,Y, 7 € X(M).

Definition 13. A LC.ACs-manifold is called a conharmoniclly ®-paracontact, if its conhar-
monic tensor satisfies the identity

(T(®*X, D?Y)D*Z, &*W) =(T(P*X, *Y)0Z, W) — (T(dX, d?Y)DZ, &*W)
—(T(®X, ?Y)D*Z, W),
where X, Y, € X(M).

Theorem 1. 4 conharmonic tensor on LCACs-manifold of class CT;, i = 1,2,3, is ®-quasi
invariant.

P r o o f. Consider the component T, = 0. Write this equation in A-frame, we have
(T'(ga,€b)€a, ) = 0.

Then we get
(T(6X,0Y)oX,0Y)=0, XY eX(M)

We compensate for the value of the projections o and ¢ and, using the linear property of the
tensor, we can rewrite the previous expression in the form

{T(X,Y)X,Y) + (T(®X,BY)X,Y) + (T(PX,Y)DX,Y) + (T(®X,Y)X, dY)—
(T(X,9Y)DX,Y) — (T(X,Y)DX, DY) — (T(X,PY)X, BY) — (T(®X, DY) DX, DY)} +
{(T(X,Y)DX, DY) — (T(X,dY)X,Y) — (T(X,YV)OX,Y) — (T(X,Y)X, DY)+
(T(PX,Y)X,Y) — (T(®X, PY)DX,Y) — (T(®X, DY) X, DY) — (T(®X,Y)DX, Y)} = 0.

Note that the real part equals to zero, and regarding the symmetrical properties of the coharmonic
curvature tensor, we have

(T(X,Y)X,Y) + (T(®X,Y)DX,Y) — (T(X,dY)X, DY) — (T(®X, PY )X, ®Y) = 0. (1)

Then by substituting X — —®2X;Y — —®%Y in equation (1) and using the fact ®3(X)
= —®(X), we obtain the assertion of the theorem.

oo

Theorem 2. A conharmonic curvature tensor on LCACs-manifold of class C R3 with ®-invari-
ant Ricci tensor is ®-quasi invariant.

Proof Since the LCACs-manifold M has ®-ivariant Ricci tensor, then C'T3; and CRs3 are
coincide. Regarding the Theorem 1, we get that the conharmonic curvature tensor is ®-quasi
invariant. 0

Theorem 3. Any LCACs-manifold M of class CT} is conharmoniclly ®-paracontact.
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P ro o f. On the G-adjoined structure space, we have T ,; , = 0. In A-frame, we get
(T'(ga,€4)ee,€q) = 0.
Consequently, we have
(I(eX,0Y)oX,0Y)=0, X,Y,Z W e X(M).

We make up for the value of the projections ¢ and o and, using the linear property of the tensor,
we can rewrite this expression in the form

(T(X,Y)Z,W) — (T(®X, ®Y)Z, W) + (T(X,dY)®Z, W) + (T(X, ®Y)Z, W) — (T(X,
YV)OZ, W) + (T(®X,Y)BZ, W) + (T(®X,Y)Z,®W) + (T(PX, dY)DZ, W) =0. (2)

According to the Definition 11, we have Tj,.,; = 0. Using the same technique, consequantly we
obtain

(T(X,Y)Z,W) + (T(®X, DY) Z,W) — (T(X, ®Y)DZ, W) — (T(X, DY) Z, W) — (T(X,
Y)OZ, OW) + (T(DX,Y)DZ, W) + (T(DX,Y)Z,dW) — (T(PX, DY )DZ, W) =0. (3)

From the combination of the equations (2) and (3), it follows that
(T(X,Y)Z,W)=(T(X,Y)0Z, dW) — (T(®X,Y)PZ, W) — (T(®X,Y)Z, dW). (4)

Then by substituting X — —®?X;Y — —®?Y; 7 — —®2Z W — —®*W in the equation (4)
and using the fact ®3(X) = —®(X), we get the result. O

Theorem 4. Let M be LCACs-manifold of class C R, then the first structure tensor is parallel
in the first canonical connection.

P r o o f. Suppose that M is LC.ACs-manifold of the class C'Ry. So we have
2((Beabd — Baabe) — 2014 Byjca + BajeBap) = 0. (5)
Symmetrizing (5) by the indices (¢, d) and then by the indices (¢, b), we get
Beapa = 0.
Regarding the fundamental theorem of tensor analysis, we have
V Bape = dBaye + Bapew + Bagewy + Bapaw? = Bapeaw”.

So, we get
VBabc - Babcdwd~

It follows that
VB =0.

Therefore, the tensor B, is parallel. O

Theorem 5. Let M be LCACs-manifold of class C Ry, then its second and third structure
tensors identically vanish.
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Proof. Let M be LCACs-manifold of the class C'R;. According to the component of Rieman-
nian curvature tensor, we have

2(2B(clabld] — 201, Btjca Baje Bap) = 0. (6)
Symmetrizing and then antisymmetrizing (6) by the indices (a, b), we deduce
BaeBay — BaaBey = 0. (7)
Antisymmetrizing (7) by the indices (a, d), we get
BqeBay = 0. (8)
Contracting (8) by the indices (a, d) and then by (c,b), we get B2, = 0, then
B,. = 0.
From the condition R,;_, = 0, we obtain
Babe — .

O
In the rest of this section, we establish a relation between the classes C'T; and C'R;.

Theorem 6. Suppose that M is LCACs-manifold of class C'Ty with ®-invariant Ricci tensor,
then M is a manifold of class CR; if and only if M has flat Ricci tensor.

P roof. Suppose that M has flat Ricci tensor. Since M is a LCACs-manifold of class C'T7,
then according to the Definition 11, we have

Taved = Tapea = T4 = 0.

The condition 7};.; = 0, imples that R.,.q = 0; while the condition 7., = 0 with ®-invariant
Ricci tensor, implies that R;.q = 0. In addition, 7; , = 0 with flat Ricci tensor, indicates
R.;., = 0. Then M is a manifold of class C'R;. Conversly, according to the condition 77;_, = 0,
we have

b _a a a —4 agb
2(25[[00'd]] + 2Bh thdc - 5[062]0-3) - m — 1 <T[[65d%> =0.

Since M is a manifold of class C'RR;, we get

4 ach
5 (ritgy) = 0. 9)

Taking the contraction operation for (9) by the indices (b, d), we deduce
ridy — ridy — ooy + ryos = 0.
Consequentaly, we obtain
(n—2)re +rps® = 0. (10)

Taking the symmetrization and antisymmetrization operations for (10) by the indices (b,a), we
conclude

re = 0. (11)
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Making use of the Theorems 3 and 5, we have

—4(0 0t — opeopottor — 57 aa,’ﬂah) + A — §l0g0 — 200002 — ol — 00, =0.  (12)
Symmetrizing (12) by the indices (¢, k), we obtain

—0. 05058 = 0. (13)
Contracting (13) by the indices (a, ¢), we get
0,000"8% — 0,680 — 01,0208 + 01,0205 = 0.
Hence
—n(n —1)(opo™) = 0.

Or equivalently,

o1on =0 Y |on]> =0 0, = 0. (14)
h

Once again, by using the equation (12), we have
AL — 5000 — 2nélos = 0. (15)

By virtue of the Theorems 2, 5 and equation (14), the tensors A‘[lbcd] = Al[;zlc] = ( become symmetric
regarding the lower and upper indices. Antisymmetrizing (15) by the indices (c, b), we obtain

—6l a0 — 2ndfog = 0. (16)
Contracting (16) by the indices (a, b) , consequently, we get
Too = 0. (17)

Accordig to the equations (11), (17) and ®-invariant Ricci property, we get that M has flat Ricci
tensor. U

Finally, we established an application by identifying the necessary and sufficient condition for
the locally conformal almost contact manifold to be 7-Einsten manifold

Theorem 7. Suppose that M is LCACs-manifold of class C'Ty with ®-invariant Ricci tensor.

Then the necessary and sufficient condition for M to be n-Einstein manifold is 0§ = EJ] , where
B — 2(1—n)o? o

n—2 2n—1"

P r o o f. Suppose that M is LCACs-manifold of class C'T;. According to the Definition 11 and
Lemma 5, we have

b _a] 4 ach
(2(5[ O'd] 053103) - m(r%d%]) =0. (18)
Contracting (18) by indices (b, ¢), we get
1
(n —2)a§ + 0G0y — 2(1 = n)ogdy — s——((n — 2)rg + 63r) =

2n —1
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Then, we deduce

2 sa a
% = 2<1;f)2005d N and_ ) (19)
Let M be n-Einstein manifold. We use the Definition9, so the equation (19) becomes
oq = Eodj. (20)
Conversely, from the equations (19) and (20), we have
ry = ady
where « is the cosmological constant. Also
Too = a+ 3
where o = —2n(ogg + 03) — 2B, B — 2(c¢ + 0¢0,.) + 4ol o) — a
According to ®-invariant of Ricci tensor, we obtain that M is n-Einstein manifold. UJ
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Knrouesvle cnosa: 10KaabHO KOH(pOpMHOC IIOYTH KOCHUMIIIICKTHYCCKOC MHOFOO6pa3I/Ie, TCH30pP KOHI'apMO-
HUYECKOH KPHWBU3HBI, q)—KBa3I/II/IHBapI/IaHT, KOHl"apMOHI/I‘IeCKI/Iﬁ (I)-HapaKOHTaKT.

VIIK 514.7
DOL: 10.35634/vm200201

B paGote onmchiBaeTCs KiIacCU(pUKALHS JTOKAIBHO KOH(GOPMHOIO MOYTH KOCHMILIEKTHYECKOTO MHOT000-
pasusi (LCACs-MHOr000pasusi) B COOTBETCTBHH C TEH30POM KOHTapMOHHYECKOW KPUBH3HBL B 4acTHO-
cTH, OBUTH TOJy4YeHBbl HeoOXoauMble ycinoBusi ¢ MHBAPHAHTHOCTH TEH30pa KOHTapMOHHYECKOW KPHBH3-
el Ha LCACs-muOTO06pasuu kmaccos CT;, ¢ = 1,2,3. Kpome Ttoro, mokaszano, uro moboe LCACs-
MHOroo6pasue kiacca C'T) Oka3bIBaeTCsi KOHFAPMOHUYHBIM U P-TTapakOHTAKTHBIM.
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