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HOLOMORPHIC CONTINUATION INTO A MATRIX BALL OF FUNCTIONS
DEFINED ON A PIECE OF ITS SKELETON

The question of the possibility of holomorphic continuation into some domain of functions defined on
the entire boundary of this domain has been well studied. The problem of describing functions defined
on a part of the boundary that can be extended holomorphically into a fixed domain is attracting more
interest. In this article, we reformulate the problem under consideration: Under what conditions can we
extend holomorphically to a matrix ball the functions given on a part of its skeleton? We describe the
domains into which the integral of the Bochner—-Hua Luogeng type for a matrix ball can be extended
holomorphically. As the main result, we present the criterion of holomorphic continuation into a matrix
ball of functions defined on a part of the skeleton of this matrix ball. The proofs of several results are
briefly presented. Some recent advances are highlighted. The results obtained in this article generalize the
results of L. A. Aizenberg, A. M. Kytmanov and G. Khudayberganov.
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Various solutions to this problem can be found in the book [1] for one dimensional and multi-
dimensional cases. A holomorphic function does not have isolated singular points in case n > 2,
the singularities of such functions must go to the boundary of the domain or extend to infinity.
The question of the possibility of holomorphic continuation to the domain of functions defined
on the entire boundary of this domain is well studied (see, for example, [1-9]). The theory of
functions of several complex variables or multidimensional complex analysis, by now has a fairly
rigorously constructed theory (see, for example, [10]). At the same time, many questions of
classical (one-dimensional) complex analysis still do not have unambiguous multidimensional
analogs. This is due to the complex structure of the multidimensional complex space, the ambi-
guity (overdetermination) of the Cauchy—Riemann conditions, the absence of a universal Cauchy
integral formula, etc. In the works of E. Cartan [11], Hua Luogeng [12], the matrix approach
of the presentation of the theory of multivariate complex analysis is widely used. Here some
investigations of a matrix ball associated with classical domains and related questions of function
theory and geometry are presented. The importance of studying matrix balls is that they are not
reducible, i.e., these domains are, in a sense, model regions of multidimensional space. In this
paper, we present the latest results in multivariate complex analysis related to matrix balls. It is
known that in multivariable complex analysis, integral representations are a powerful constructive
apparatus and have important applications. Matrix calculus is currently widely used in various do-
mains of mathematics, mechanics, theoretical physics, electronics, telemechanics, etc. At present,
the investigation and study of the boundary properties of the integral formulas of Bochner-Hua
Luogeng, Bergman, Cauchy—Szegd, Poisson for matrix domains, as well as finding the Car-leman
formula for a matrix ball is an urgent problem. The goal of our work is to obtain a criterion
for holomorphic extendibility into a matrix ball for functions defined on a part of the Shilov
boundary (skeleton) of a matrix ball, which is close in spirit to the criterion of L. A. Aizenberg,
A.M. Kytmanov [3], and G. Khudayberganov [4].
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Introduction and preliminaries

Consider the space of complex m? variables, denoted by C™". In some cases it is convenient
to represent the point Z of this space in the form of square [m x m] matrices, i. e., in the form Z =
= (zij)7%=,. With this representation of points, the space C™ will be denoted by C[m xm]. Direct
product C[m x m] x - - - x C[m x m] of n instances of [m xm] matrices we denote by C"[mxm)].

v~

n

Let Z = (Z4,...,%,) be a vector composed of square matrices Z; of order m, considered
over the field of complex numbers C. Let us write the elements of the vector Z = (Zy,...,Z,)
as points z of the space (O

m? ) “mlo » “mm) m>) » “ml>o

z:{zﬁ),...,zg) T ...,z§’f),...,z§”) 2 ...,Z%L,L}E(C"m?. (0.1)

Hence, we can assume that Z is an element of the space C" [m x m], i.e., we arrive to the
isomorphism C” [m x m] = C""”.
Let’s define the matrix “scalar” product:

where W7 is the conjugate and transposed matrix for the W; matrix.

It is known (see [6]) that the matrix balls B,(ﬁ?n, IB%,(E?n and Bg)n of the first, second and third
types have the forms, respectively:

BY, = {(Z1,..., Z0) = Z €C" [m xm]: [ — (Z,Z) > 0},
B2 ={ZeC'lmxm]: [ -(Z,Z)>0, VZ',=2,, v=1,...,n},

and
B®, = {(ZeClmxm]: [+(2,2)>0, ¥ Z,=—7Z, y:1,...,n}.

The skeletons (Shilov’s boundary) of matrix balls IB%,(ﬁ,)n, denote by Xﬁf?n, k=1,2,3 1e.,

X0, ={ZeC"[mxm]: (Z,Z) =1},
X, ={ZeCimxm]: (Z,2)=1 Z'y=2, v=12,...n}
X® ={ZeC'mxm]:[+(2,2)=0, Z,=-2Z, y:l,gw,,n}.

Note that Bﬂ, Bﬂ and IB%ggi are unit discs, and Xﬁ, Xﬂ, and Xg are unit circles in the
complex plane C.
Ifn=1,m > 1, then BY k= 1,2, 3, are classical domains of the first, second and third

m,1)

types (according to the classification of E. Cartan (see [11])), and the skeletons X x®@and

m,1> “>m,1>
anﬁ are unitary, symmetric unitary and skew-symmetric unitary matrices, respectively.

The first type of matrix balls was considered by A.G. Sergeev, G. Khudayberganov, S. Kos-
bergenov (see [6,13-16]). In [6] the volumes of a matrix ball of the first type and its skeleton are
calculated:

2_ m(m—1)

(2m)"™
mn —m)!...(mn—1)

2 1121 (mn —1)!
(1) ) _ o Yy
V (Ban) =7 m!(m+1D!...(m+mn—1)" V (Xinn) (

Integral formulas for a matrix ball of the second type were obtained in [17, 18], and the third
type was studied and integral formulas were found in [19,20]. In [21] the volumes of a matrix ball
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of the second and third types are calculated. The full volumes of these domains are necessary to
find the kernels of the integral formulas for these domains (the Bergman, Cauchy-Szegd, Poisson
kernels, etc. (see eg [17,22])).

Note that the matrix balls ]B%,(ﬁ?n, Bg?n, ]B%g)n are complete circular convex bounded domains.
In addition, the domains B s IB%%?”, Bg)n and their skeletons X%?n, X%?n, Xg)n are invariant
under unitary transformations (see [6, 18]).

§ 1. Holomorphic continuation from a part of the skeleton of the matrix ball IB%,%)n

For convenience, denote IB%,(}L)H by B,,, and X,(}L)n by X, . Let L? (Xnn, dpt) be the space
of functions f, that are square-integrable in the normalized Lebesgue measure du on skele-
ton X, ,, which is the Haar measure and therefore, it is invariant under rotations, and the Hardy
class H? (B,,.,) consists of all functions f, that are holomorphic in the domain B,, ,, for that

1/2

1]l = sup / FODPdn | <oo
o<r<1

Xmm

Since B, ,, is a bounded complete circular domain, the functions f of class H? (B,,,) have
the following properties (see [1, chapter 6], [16,24]):

1°. For almost all (as i) Z € X,,,,, slice functions fz () = f (\Z) belong to the space H? in
the unit circle A = {\ € C': |\ < 1};

29, The function f has radial boundary values

lim f(T‘Z) == f* (Z), A S Xm,na
r—1-0

moreover, these boundary values f* belong to the class L? (Xpns dp);
3. The following formula is valid:

g [0z de= [ 172)] du

Xm n Xm n

4°. If the slice function f7 ()\) of some holomorphic in B,,,, functions f belong to the Hardy
class H? in the unit disk for almost all Z € X,,,, and the radial boundary values of f* are
in L? (Xyn, dp), then f € H? (B,,,);

5% The function f € H?(B,,,) can be restored to B,,, by its radial boundary values f*
using the Bochner-Hua Luogeng formula'

f(2) = /det—m” (1t —(Z,U)) f (U) dp. (1.1)

6°. If the set V C X,,,, has positive measure (u (V') > 0), then V' is the set of uniqueness for
the Hardy class H? (B,,.,);
7°. The Hardy class H? (B,,.,) is invariant under automorphisms of the ball B,,, ,,.

Let us write the elements of the vector Z = (Z, ..., Z,) € B,,,, in the form (0.1) and by 2ol
we denote a vector with components

af! )™ (1)
\/041!042! e Oy ! (ZH ) o <21m>

Futher, we will denote the radial boundary functions f* of the Hardy class also by f.

(250) T fal = Z% a; >0 (12)
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The dimension of the subspace generated by the vector 2/ is equal to the dimension of the
direct sum of subspaces with dimensions (see [12,25,26])

qlag, g, ... am) = N(ag,ag, ..., am) - N(ag,ag, ..., ap,0,...,0)
and it is equal to

(nm? + |a| — 1)!
al(nm? —1)!

Z N, a9, ... ) - N(aj,ag, ..., p,0,...,0) =

()c1+()¢2+...+0é'm:|06‘
120> 20m >0

where

Daci+m—1,a0+m—2,... 01+ 1,ap)
Dm—-1,m-2,...,1,0) ’

D(aj,ag, ..., qp) = H (i —aj), m>2.

1<i<j<m

N(ag,ag, ... ap) =

Obviously (1.2) contains all monomials of degree «, that is, any polynomial in

P oo ORI SN ) RS NP o NP\ SIS )

is a linear combination of expressions like (1.2), if « takes the values 0,1,2,. ...
Let us denote by

Spg)l),az) am(Z)J p:1,2,...,Q(Oél,042,...,04m),

.....

components of the vector 2.
In [6] it was proved that the system of functions

(pa)_%gogp)(Z), p=12...,q(q,0,...,q), a=012 ...

is an orthonormal system in the domain B,, ,,, where

po = / o®(2)) dv,  dv=T] da") dy")

Bm,n

and the system of functions

(6.) 2P U), p=1,2,...,q(c1,00,....0m), a=0,1,2,..., (1.3)
forms a complete orthonormal system on X,, ,,, where go&p)(U), p=12....q(a1,00,...,0m),
o =0,1,2,... are the components of the vector ul®! (u = (ugll), e ,u%}w e ,u%, e ,ug,%)) and

0o = / P (O)] dp.
Xm,n

Theorem 1 (see [6]). Let f (U) be an integrable function in X,, ,, and let

p_ V&inn) ®
= / FO)RP () dy (14)

Xm,n

be the Fourier coefficients of this function with respect to the orthonormal system (1.3). Then the
integral (1.1) represents in B,, ,, a holomorphic function that expands in this domain in a series

q(a) (p)
E E p ra (Z)
aa%. (15)
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In other words, due to (1.1) any function f € H? (B,,,) can be expanded into the series (1.5)
with coefticients (1.4), while the series (1.5) converges uniformly on every compact set from B,,, ,,.
Consider the Bochner-Hua Luogeng type integral

f )
F(2) = / det™ (10m) — (7,17y) (16)

Xmm

where Z € C"[m x m] for a given integrable function f (U) (we will try to find out for which Z
the integral (1.6) exists). Consider the domain B, ., defined by

B,,={Z2€C"mxm|: I -(Z,Z) <0}.
The following statement is true.
Proposition 1. For points Z such that det ((Z,Z)) # 0, the mapping
We=(22)"2, (k=1,...,n)

maps the domain B,, ,, to the domain IB%;W, while the points U € X,,, ,, go onto themselves.

Proof Let Z € B,,,. The matrix (Z,Z) is Hermitian and ((Z, Z))"" = ((Z, Zy =
= ((z, Z)fl)*. Then

(WW) =W Wi+ ...+ W, W' =
=((2,2))" 22 ((2,2)7) + ...+ (2. 2)) " 2.2;(((2,2)) ") =
= (2, 2)) (% Zi + ...+ Za22) (2, 2)7)
= (2, 2))7(2,2) (2, 2)7") = ((Z,2)7") = (2. 2)")"

This implies

[y

=((2,2))".

WW)—1=(2,2)" ~1=(2.2)"~(2.2))"(2.2)=(2.2))" (I - (2,2)).

Note that all eigenvalues of the matrix (Z,Z) are less than one, since I — (Z,7) > 0.
Whence det (((Z, Z))fl) > 1 and then the matrix (W, W) — I is definite positive. It means
W = (Wi, W,,...,W,) € B, . Taking this into account, we obtain the first statement of the
proposition.

Now let U € X, ,, i.e., (U,U) = I. Then

Wi, = (U, U 'Upy =Up = W € X O

Now, by F*(Z) we denote the value of the integral (1.6) for Z € B,,,, and F'~(Z) is the
value of the integral (1.6) for Z € B, .
The next statement is true.

Theorem 2. The integral (1.6) makes sense in each of the following domains:

Bn ={Z € C"[m x m]

m (Z,7Z) > 0},
B, ., =12 € C"[m x m)]

1 —
I —{(Z,7) < 0}.
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P r o o f. Now we will study the integrals of the Bochner—-Hua Luogeng type more precisely, i. €.,
for a detailed study of F'*(Z) we need to expand the definition of the functions gp&pl),az ,,,,, am(U)
incase p=1,2,...,q(as,as,...,qy), « =0,1,2,... have any signs.

If f (U) has a Fourier series of the form

q(a) g()
FUy=" >y Z BV

then by the theorem 1 for all Z € B,,,,, we have

(@) ()
o (2)
Frzy= Y Y af (2) (1.7)
a1>...>am>0 p=1 V 504

Moreover, if f(U) € L* (X, dp), then F*(Z) € H? (B,,,,). Using the equality [12, p. 114]
we obtain

) U) = @0 -amm 1m0 (U) (6 V), (18)
for any oy > ... > a,,. The system of functions {gogpl) ,,,,, am} is complete and orthogonal

in L? (Xyn, du) (see [6]).
Let Z € B,,, and f (U) € L? (Xpn,dpt). Then we have

)= / det™ (100 — (2, 2)) "z, 0)) ¥

m,n

In [6] the Cauchy—Szegd kernel has the following form

C(Z,U):mdetm”(l( ~(2.U) = ZZ@“” ) (V).

a>01,5=1
Using (1.8) and noting that Z = ((Z, Z)) ' Z, we have
1 (a) —1 ()
det™ (1m — (((2,2)) ' Z,U)) ;le !

Multiplying the last expression by f (U) and integrating term by term in measure du, we obtain

q(a)
/f Xinn) >0 (((2,2)7'Z) %) (U)dp =

>
Xomm a>01,57=1

=3 > 6 (((2.2)7'2) |V (Km / Fu - (1.9)




302 Holomorphic continuation into the matrix ball of functions

This means that F'~ € H? (IB%_ ) Therefore, in the domain B

m,n m,n

integral (1.6) represents a
holomorphic function of ((Z, Z)) ™' Z, which has a decomposition

q(a) (p) -1
— mn Y tm—m,....—a1—m ((<Za Z>) Z)
T DI S R O
a1>..>am,>0 p=1 ' 5“

Remark 1. In other cases, there is always U € X,,, ,,, such that
det(I — (Z,U)) =0,
i.e., the integral (1.6) is undefined.

Let us denote by {p} the system of functions defined by the equality (1.8), but not included
in the expansions (1.7) and (1.9).
The following multidimensional matrix analogue of the Sokhotskii formula takes place.

Theorem 3. If f € L?(X,,,,) and f is orthogonal to the system of functions {¢}, then F* €
€ H?(By.,), and F~ € H?(B,,,). moreover, almost everywhere on X,,,, there exist radial

m,n

limits of the functions F* and the following equality holds almost everywhere:
F*(Z)|Xm’n + (=1)™" F*(Z)|Xm’n = fDlx,.. Z€Xmn
Proof Let0 <r < 1. Then, forall Z € B,,,, just

+ Z qz(a:) o (2) I
Fr(rZ) = a? L8 L) el (1.10)
a1>...>am>0 p=1 \/x

where |a] = a1 + ... + «,;, , and the series (1.10) converges uniformly.

Since f € L*(X,,,), then F'* € H?(B,,,). Then the function F'*(Z) has a radial limit
almost everywhere on X,,, , and F*(Z)[y € L* (Xpn).

Now for Z € B, ,, consider the decomﬁosition

q(e) (p) -1
F—(EZ) — (_1>mn Z Za(p) P—am—m,...,—a1—m ((<Zv Z>) Z) r‘al_’_mQ.

T a1>...>am >0 p=1 —O0m —M,..., —ai— \/@
This series converges uniformly for all Z € B, and by virtue of f € L*(Xy,,) we get that

F~(Z) € H* (B,,,). Then the function F~(Z) has a radial limit almost everywhere on X, ,,
and F~(Z)|y € L*(Xp,,). Hence,

q(e) D)
mn — Do U
FA Dy, + O F (D), = e~ rw),
’ C a0 p=1 o
equality holds almost everywhere, and this proves the statement of the theorem. 0

Theorem 4. If f € C*(X,,), 0 > %2*2 > 0% and f is orthogonal to the system of func-
tions {y}, then the functions F*(Z) and F~(Z) extend continuously to X,, ,, to a function from

2
_nm_ _ . ..
the class C*~ =2 t1-¢ (Xyn.n), where ¢ is any positive number and

FHZ)|,, +(E0"F (D), = (2,

2Joricke’s theorem [27] the estimate is not improved in the Hélder norm scale.
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Proof Since f € C*(X,,,), it can be represented as

For Z € B,, ,, the decomposition

q(a) (p) ~1
F*(Z) — (_1)m” Z Za(l’) SO_OC"L_m ..... —Qa1—m (<<27 Z>> Z) .

—OQm—mM,..., —Q1—m am
a1>..>am>0 p=1 O,

By Joricke’s theorem [27], as well as the theorem from [28] the functions F7(Z) and F~(Z)
an
extend continuously to X,,, ,, to a function from the class Ca"afl=e (X)), € > 0. Hence,

+(=)™F(2)]y, = Z Z """ <Z) +
q(e) (p) -1
+ (_1)mn Z Za(p) Qp—am—m ..... —a1—m ((<Z7 Z>) Z) _

— O —Mm,..., —a1—m S
a1>..>am >0 p=1 50‘
q(a) (p)

q(a)
— Z Zagp) (IOCMI,.\.}?;_WL Z) + (_1>mn Z Za(_f’()hn_m ..... Car—m’

7777 am=>0 p=1

F(2)

‘Xm,n

'cp(fpgszm ..... —a1—m (Z*)

Theorem 5. In order for the function [ € L*(X,,,) to continue to a function from the class

H? (B,,,,), it is necessary and sufficient that f be orthogonal to the system of functions {¢} and
F~(Z)=0inB, .

Proof. Necessity. Let f extend to a function from the class H?(B,,,). Consider the

integral
/ fU) gy AET(2), Z By,
det™ (I(m) — (Z, U)) H=\F- (2), Z€B,,,

m,n

Then

where the coefficients are determined by the formula

o =Y [

Xm,n
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The radial boundary values of F'* on X, ,, coincide with f, which implies that f is orthogonal
to functions from the system functions {¢}. Now consider the integral

f(U)
/ det™ (I(m) — (Z,U)) dpt, 2 € By,

Xrn,n

and there we make the replacement Z — ((Z,Z))"'Z. Then, by Proposition 1, B,,, goes
to B,, . Since the integral under consideration is invariant under unitary transformations and by
the equality (1.9), due to the proof of Theorem 2, we have

_ )
F(2)= / Qe (100 —(Z,0)) " =

Xm,n

q(a) (p) -1
mn P—tm—m,...,.—a1—m Za Z Z
S D DD ST T = (5.2)"2)

ar2..2am>0 p=1

Therefore, = (Z) =0in B, ..
Sufficiency. Let f be orthogonal to the system {y} and F~(Z) = 0 in B, . Then, by the
Theorem 3, we have the following equality almost everywhere

FHZ)y,  + (0" F(2)],, = (D,

From that we get that F*(Z)|, = f(Z)|x . Therefore, the function F'*(Z) € H? (B, ) is
holomorphic continuation of the function f. U

Now let us reformulate the considered problem: Under what conditions can we extend holo-
morphically to the matrix ball the functions given on a part of its skeleton?

Theorem 6. Let V C X,,, be an open set and the function f € L* (V) defined on V is
orthogonal to the system {p}. Then, for the continuation of [ holomorphically into B, ,, it is
necessary and sufficient that F'~(Z) continues holomorphically into B, ,,.

Proof Necessity. Let f extend holomorphically into B,, ,, i.e., there exists /' € O (B,,,,)
such that

FH(Z)|, = f,
where O (B,,,) is the space of holomorphic functions in B,,,. Consider the Bochner-Hua
Luogeng type integral

f(U) +
F* = du, Z € B .
1%

By virtue of the theorem 3, we have F* € H*(B,,,,), F~ € H* (B,,,,) and

m,n

FH(2)|, + (D)™ F(2)], = f(Z)]y-
Then

(=)™ F~(2)|, = [F(2) - F"(Z)]
therefore, by the [29] wedge tip theorem, the function

(—)™F(2), ZeB,,,
22) = { F(z)— F*(Z), Z€By,,

Vv’
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is holomorphic on the set B,,, ,, UB, ,, U V. This suggests that "~ (Z) continues holomorphically
to B, -
Sufficiency. Let F~(Z) extends to a holomorphic function ¢(Z) in B,,,. Then, by the
Theorem 3, the function
WZ) = (=1)""9(Z) + F*(Z)

is holomorphic in B,, , and h(Z)|,, = f(Z)|,. O

Remark 2. For n = 1, the Theorem 6 completely coincides with the Theorem 2 from [4], and
for m = n = 1, the Theorem 6 is L. A. Aizenberg’s theorem [3, § 1].

Funding. This work was carried out with financial support of the Ministry of Innovative De-
velopment of the Republic of Uzbekistan under the grant OT-F4—(37+29) Functional properties
of A-analytical functions and their application. Some problems of complex analysis in matrix
domains (2017-2020).
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I. Xyoauibepzanos, K. IIlI. A6oynnaes
TonomopdHoe mpogoKeHHe B MATPUYHBIA map (yHKIUI, 3aJaHHBIX HA KyCKe ero 0CTOBa

Knrouesvie cnosa: marpuunoit map, rpanuna [llunosa, uaTerpan boxnepa—Xya Jlo-keHa, MPOCTPaHCTBO
Xapu, ronoMoppHOe MPOAOIIKESHUE, OPTOHOPMaJIbHAS CHCTEMA.

YK 517.55
DOI: 10.35634/vm210210

Bonpoc 0 BO3MOKHOCTH TOJIOMOP(HOTO MPOJOIKEHUS B 001acTh (QPyHKUMI, 3aJJaHHBIX HA BCEW TpaHUIe
9TOH 00J7acTH, JOCTAaTOYHO XOpoIlo u3ydeH. IIpencrasinser uHTepec 3amada onucaHus (QYHKIMH, 3a1aH-
HBIX Ha YacTH TPaHHILBI, KOTOPBIE MOTYT OBITH TOIOMOP(HO MPONOIKEHBI B (PUKCHPOBAHHYIO OONACTh.
B crarbe nepedopmynupyeM paccMaTpuBaeMyro 3anauy: lIpu ebinoiHeHuu KaKux YCA08Uti MOJICHO 2070-
MOPDHO NPoOOIICUMb 8 MAMPUYHBLEL wap, GYHKYUY 3a0annblx Ha wacmu ocmosa? OnucaHbl o0nacTH,
B KOTOpBIE TosloMop(HO mpomomkaeTcs naTerpai Tumna boxnepa—Xya Jlo-kena mis marpuasoro mapa. Ilo-
Jy4eH OCHOBHOH pe3yJbTaT Hallel padoThl — KpUTEPHH rolIoMOpPGHOTO NPOAOIDKEHHS B MATPUYHOM IIap
(byHKUWH, 33TaHHBIX HAa YaCTH OCTOBAa MaTpHUUYHOTO I1apa. KpaTko n3mararoTcsi 1oKa3areiabCcTBa HECKOIBKUX
OCHOBHBIX pe3yibTaroB. [IpuBoasTcst HeKoTopble HenaBHue AOCTHXEHUS. CHOPMYIUPOBAaHbl HEPEIICHHbIE
3aja4u. Pe3ynbraTsl, HOITy4eHHBIE B 3TOW CTaThe, SBISIOTCS OOMIMMU CIIydasMu pe3ynbratoB JI. A. AlizeH-
oepra, A. M. KeitmanoBa, I". XynaiOepranora.

@®uHaHcupoBaHue. PaboTa BBINIONHEHA NMPU (PUHAHCOBON MOACPKKE MHHHCTEPCTBA WHHOBAIIMOHHOTO
passutus Pecnyonuku Y36ekucrana mo rpanty OT-d4-(37+29) — dyHkiMoHaIbHBIE CBOMCTBa A-aHaiu-
THYeCKUX (QYHKIUH U X pUMeHeHus1. HekoTophie 3aja4u KOMIICKCHOTO aHAJIM3a B MATPUYHBIX 00JIACTSIX
(2017-2020 Tr).
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