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In this paper, a symmetric stabilized collocated formulation of finite volume method is introduced and
analyzed for the stationary generalized Stokes problem. This method is based on the lowest-order ap-
proximation using piecewise constant functions for both velocity and pressure unknowns. Stabilization is
achieved by adding a discrete pressure term to the approximate formulation. The stability and convergence
properties are established. Two numerical examples are presented to confirm the stability and accuracy of
the proposed method.
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Introduction

Finite difference, finite element and finite volume methods are widely used in computational
fluid dynamics. Finite difference methods are simple and mass-conservative but lack flexibility
for complex geometries. Finite element methods offer flexibility for complex shapes but do not
conserve mass at the element level. Furthermore, the finite element approximation spaces for the
primitive variables (velocity and pressure) cannot be chosen independently of each other. There
is a compatibility condition, commonly called the inf-sup (or LBB) condition (see [1]), that needs
to be satisfied if the resulting approximation is to be effective. Finite volume methods (FVMs)
combine the advantages of both finite difference and finite element methods, offering the flexi-
bility of finite element methods while being as easy to implement as finite difference methods.
FVMs are also known as marker and cell methods [2, 3], finite volume element methods [4, 5],
cell-centered methods [6], or covolume methods in some literature [3].

FV approximation of generalized Stokes problems is a current research topic. Various FV
schemes have been developed by incorporating finite element concepts to achieve a more rig-
orous FV methodology. Among these new approaches, collocated FV schemes have attracted
the attention of CFD researchers for several reasons, including the collocated arrangement of
unknowns, computational efficiency, ease of coupling with additional conservation law solvers,
local conservation properties, and the ability to construct discrete operators that preserve prop-
erties of the continuous problem. Unfortunately, a crucial drawback was observed from the
beginning. When applied to incompressible flow problems, collocated FVM leads to inf-sup
unstable schemes, which are usually handled using a stabilization technique.

In [7], we introduced and analyzed a novel stabilized FVM for the Stokes equations. The
proposed method achieves stability by incorporating a pressure jump operator into the discrete
formulation. The main goal of this paper is to investigate the mathematical properties of this FVM
applied to the generalized Stokes problem. The generalized Stokes problem provides a broader
framework by incorporating additional terms that model more complex fluid behaviors, such
as heterogeneous material properties and variable density. This generalization leads to a more
accurate and comprehensive representation of physical phenomena, particularly in cases where
the classical Stokes equations may be too simplistic or inadequate. Regarding the stability issue,
we demonstrate a weaker form of the inf~sup condition based on the global stabilization term,
which ensures the stability of the scheme. Additionally, we establish first-order error estimates
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in the energy norm. Numerical tests are presented to illustrate the efficiency and effectiveness of
the proposed method.

The rest of the paper is organized as follows. In Section 1, the generalized Stokes problem
is briefly introduced, along with its weak formulation. Section 2 is devoted to the derivation of
the approximate problem. A weaker form of the inf-sup condition, which holds for the spaces of
interest, is given in Section 3. The core of the paper is Section 4, in which we present a thorough
study of the proposed FV scheme, including stability and error estimation results. Numerical
results are presented in Section 5. Finally, certain conclusions are drawn in the closing section.

§ 1. The generalized Stokes problem

Let Q C R? (d = 2 or 3) be an open bounded domain with polygonal or polyhedral bound-
ary 0€2. We consider the generalized Stokes problem

oau—pAu+Vp=1£f inQ,
divu =0 1in €, (1.1)
u=0 on 0,

where u is the fluid velocity, p is the pressure, f is a given source term, ;. > 0 is the kinematic
viscosity coefficient, and a > 0 is a real parameter that may arise from the time discretization of
the evolution term %—‘t‘ in the unsteady Stokes equations (cf. [8]).

To derive the weak formulation of the generalized Stokes problem (1.1), we introduce
some useful preliminaries and notations. We recall the classical definitions for the Sobolev

space H™(Q2) = W™2(Q) with the usual norm || - ||,,o and seminorm | - |, . In particular,
HO(Q) = L?*(), the space of square integrable functions in 2 with inner product (-, -)o o and
norm || - ||o.o. Let H™(2) be the space of vector-valued functions v = (vy, ..., v4) with compo-

nents v; in H™(£2). The norm and seminorm on H™((2) are given by

d 1/2 d
s = (zuv@w;@) nd vl = (ziv@\i@)
i=1 =1

We define the following function spaces for velocity and pressure

1/2

V :=H,(Q) = {V cH'(2): v=0on 89},

and
Q= [2(Q) = {q e L2(Q): /qu:v — o}.

Then, the weak formulation of the generalized Stokes problem (1.1) is given as follows:

Find (u,p) € V x @ such that
Oé(ll, V)O,Q + :u(vua VV)O,Q - (p7 div V)O,Q - (fv V)O,Q \V/V S V7 (12)
—(g,divu)gq =0 VqeQ.

Note that the second equation in (1.2) has been multiplied by minus one to ensure a symmetric
formulation. Furthermore, we can take the right-hand side f in L?(Q2) so that (1.2) is well-defined.

§ 2. Finite volume formulation
2.1. Spatial discretization and inequalities

We consider an admissible discretization for the FVM given in [7,9]. In order to construct
such a discretization, let us assume that 7, is a family of regular volumes of ). Hence, 7, is a
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finite family of disjoint non-empty convex subdomains K of €2 (control volumes), such that K is
either a rectangle or a triangle with acute internal angles in the 2D case, and K is a rectangular
parallelepiped or a tetrahedron with acute internal angles in the 3D case. Let us denote by
0K = K\K and | K|, respectively, the boundary and measure of any K € Ty,.

On the other hand, let us denote by &;,,; and &, the finite sets of volume boundaries o
(edges or faces), with measures |o|, which are respectively internal to the domain €2 and on 0f).
Furthermore, we set £ = &;,,; U &.,+ and assume that, for all K € 7, there exists a subset £
of £ such that 0K = U,¢¢, 0.

Finally, P = (xk)keT, is the family of points of €2, which are intersections of the perpendic-
ular bisectors of each edge in the 2D or intersections of the lines issued from the center of the
face and orthogonal to the face in the 3D case.

The obtained admissible finite volume mesh of (2 is denoted by D = (7, &, P).

Note that any internal edge o separating two control volumes K and L is denoted by o =
= K | L, and satisfies the condition:

Xy =[xk, %] N K | L.

We denote by dg the distance between xx and x;, and by dg, the distance between xy
and x,,.

Furthermore, let hx be the diameter of the control volume K, and let i denote the mesh size,
defined as the maximum of hg over all K € 7, that is,

h = sup hg.
KeTy,

We shall measure the regularity of the mesh D through the function regul(D), defined by

_ dio fox | [
regul(D)—mf<{ hK7K€77”a€5K}U{ . 7KEE}U{card(5K)’KEE}>’

where card (£ ) is the number of edges (i. e., the cardinality of the set £x). To ensure sufficient
regularity, we assume the existence of a constant # > 0 such that regul (D) > 6.

Now, given an admissible mesh D, let us introduce the discrete space V}, C L*(€2) of piecewise
constant functions on each control volume K € 7. Likewise, we also make use of the discrete
space

Qn="VaNLQ).

For all v;, € V3, we denote by vy, i the value (constant) of v, in any K € 7.
For (v, wy) € [Vi]?, we define the following inner product called “discrete H inner product”,

o]

o
[Uh, wi]p = Z d‘—|(Uh,L — Up k) (WL — Wh k) + Z

Uh,KWh K -
o€€int KL o€Eext Ko
(0=K|L) (0€€K)
A norm in V},, called “discrete H} norm”, is obtained as follows
1/2
loallo = [vn, valy "
We also define the following bilinear form
_ o]
(Uh, wh)D = d (Uh,L - Uh,K)(wh,L - wh,K),
KL
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with the seminorm
[onlo = (o, v1)”
These definitions extend naturally to vector valued functions as follows. For v, =
— (v,(f))l.zl L€V i=[Vy]*and w), = (w,(f))l.:l 4 € Vi, we set

d ' ' d o 1/2
vl = Sl vllo = (L0 ,)
i=1 i=1
Proposition 2.1. The following discrete Poincaré inequalities hold

[vnllo,e < diam (Q)[|vn|lp Vv € Vi,
vnlloe < C(Q)|vnlp Vv € Qp,

where C(S)) depends only on Q) (cf- [9]).

2.1)

As in [10], let us define the interpolation operator 7,: L*(Q2) — V}, by setting (mpu)x =
= Px(xg) for all K € T and u € L?*(2), where ()ic being the orthogonal projection of L*()
on P;.

It has a natural extension to vector-valued functions. We will keep the same notation.

The operator 7, satisfies the following proposition.

Proposition 2.2. Let u € V. Assume that regul(D) > 0. Then
Imhullp < Clufig
where C' only depends on () and 0.

2.2. The finite volume scheme

Let D, as defined above, be a discretization of €). In order to construct a finite volume scheme,
we begin by defining a discrete Laplace operator Ajuy, € V), which is expressed for any K € 7Ty,
as follows

(Apup)x = |1?|< Z |U| —(upp —up k) + Z a|lg| (—uh,K)> Yu, € V.

d
o=K|L LK 0€EeatNEK Ko

Next, we consider a discrete divergence operator div,, mapping V, to V},, which is defined by

(lehllh Z | |uhL+uhK n, VKGIY;H

o=KI|L

where n,, is an orthogonal unit vector to o.

The adjoint of this discrete divergence operator, with respect to the discrete L? inner product,
defines a discrete gradient V. Thus, for any p € V},, we define its discrete gradient Vp, € V,
by

Ph,L — ph K
(Vhph Z | ‘ n, VK € 7,,.
o=K|L

Since for all K € T, > |o|n, = 0, this discrete gradient can equivalently be expressed as

oeli

_'_
(Vipn) Kk |K|< Z o |phL DnKe ng + Z |U|thna>-

o= K‘L 0€EetNEK
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Based on the above notations, the finite volume approximation of (1.2) is defined as:

Find (uh,ph) €V, x Qh such that
a(up, vi)oq + plun, valp — (pr, divi, vi)oo = (£, vi)oo Vvi € Vi, (2.2)
—(gn, divyup)on =0 Van € Q.
For a stable and accurate approximation of (2.2), the discrete spaces V), and ), must satisfy the

discrete inf-sup condition. That is, there exists a constant 5 > 0 independent of h such that for
the pair V;, and @), we have

(pn, divy, Vi)oq
sup

VhGVh ” h” D

> EthHo,Q’ Vpn € Qh. (2.3)

As noted earlier, the finite volume space pair V,, and (), does not satisfy the discrete inf-sup
condition (2.3).

§ 3. Weak inf-sup condition

In this section, we show that the unstable velocity—pressure pair V;, and ()}, satisfies a weaker
form of the inf-sup condition, which can be employed in the stabilization procedure. This condi-
tion introduces the so-called global jump stabilization term [11]

J(pn,qn) = B Z/ hox [pr][an] ds, (3.1

KeTy OK\0Q

where 3 > 0 is the global stabilization parameter and [-] is the jump operator across interior edges
or faces.

Lemma 3.1. Let V, and @), be the spaces defined above. Then, there exist positive constants 0,
and 6y independent of h, such that

,divy, v
sup L hH = % > billpallos — 827 (pn, pn)

1/2.
vVREV) H h||D

Proof Letp, € )y be given. We apply a classical property of the divergence operator [1].
Thus, there exists v € V such that

divv(x) = pp(x) and |[v]j1,0 < Cif|palloge- (3.2)

We set v;, = m, v € V, with
1 .
}L}(:—/M(x)dz, VKeT, j=1,....4d, (3.3)
K|k

and

vhJ: |0|/ ~(x) Voe&, j=1,...,d (3.4)

Then, v/, = 0 forall 0 € & and j = 1,...,d.
Using classical arguments [9, pp. 777-779], we can show the existence of a constant Cy > 0
such that

h
VK € 771, Yo € EK, ‘Vh,K — Vh,o‘Q < Cgﬁ/ ‘VV(X)|2dX. (35)
K
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In addition, by the continuity of the interpolation operator 7, (Proposition 2.2), there exists
another constant C3 > 0 such that

[villo < Csllpnllo- (3.6)
Next,
. Vi, +Vh7
(pn, divy, Vh)o,Q = Z Phn,K Z |0'\(L2—K) ‘n, = A+ B,
KeTy, o=K|L
where
A= Z Ph,K Z lo|Vhe -1, = Z ph,K/ v(x) - ngx dy(x)
KeT, o=K|L KeT, oK
= 3" [ divvx)dx =l
KeT, K
and

Vi, + Vi
5o % e (P )

KeTy, o=K|L

- Vi, + Vi K

= > lol(pnk — prr) 5 " Vhe | o
Uegint
o=K|L

Applying the Cauchy—Schwarz inequality gives

2
[B* < Cud (pnopn) | D o] (V’“L +VhK _ Vh,o)
Uegint haK 2

o=K|L

Applying (3.5) and the obvious inequality

yields

ol (h
B < Coapen) Y 12 (M [ [ove ) < Col(onp) VB
5 hox \ ol Jxur
o=KL

Using (3.2), we get
| B < CrJ (prs pr) 2 Iphllo,00-

Collecting all estimated terms, we obtain

(pn, divy, vi)o,
a0,

2> Ipnllo.c — Crd (pn, pi)*/? (3.7)

which, combined with relation (3.6), concludes the proof. O
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§ 4. Stability and convergence analysis

Based on Lemma 3.1, the discrete problem (2.2) can be stabilized by introducing the global
jump stabilization term (3.1) into the discrete incompressibility constraint. This leads to the
following stabilized scheme:

Find (uh,ph) €V, x Qh such that
a(up, vi)oa + plan, vilp — (pr, dive vi)oo = (f,va)oo Vvi € Vi, (4.1)
—(qn, divpup)oo — J (P, qn) =0 Van € Q.

The proposed scheme (4.1) may be recast in the following “flux form” obtained by rewriting it
for each control volume K € Tj:

Find (uy, pr) € Vi, X @), such that

) /K e /K(Ahuh)K " / (Vipn)x = /K - 42)

/(lehllhK—ﬁ Z /h [pn] = 0.

o=K|L

We also need to introduce the following bilinear form on which we will base our FVM

Bl(un, pn), (Va, pr)] = a(un, vi)oo + plun, Vilp — (pr, dive vi)oo — (gn, div, wp)oo — J (o, an)

(4.3)
in such a way that our proposed FV formulation reads:
Find (uy, pn) € Vj, X Qp, such that
Bl(un,pn), (vi,pn)] = (£, vi)o V(Vi, pr) € Vi X Qh. (4.4)

We now state the following main inf-sup result, which ensures the well-posedness of our FV
scheme (4.4).

Theorem 4.1. There exists a positive constant y independent of h such that

sup B [(uh,ph), (Va, Qh)}
wnaneVaxQn  IVallp + llanlloo

> y(lwllo + Ipalloe)  Y(wn,pn) € Vi x Qn. (4.5)

P roo f First, setting (v, q,) = (up, —pp) in (4.3) yields

B[(an, pn), (W, —pn)] = pllunllp + J(on, on)- (4.6)
Second, for a given arbitrary but fixed p, € @, let w and w;,, be the functions that sat-

isfy (3.2)-(3.4). Taking (vy,qn) = (—wy,0) in (4.3) and using the Cauchy—Schwarz inequality,
(3.6), and (3.7) yields

B(un, pn), (=wn, 0)] > =Cillunllpllprlloe + [pallog (Iprlloe — Cod (pn, u) /).

By using Young’s inequality to the right-hand side and by summing the resulting inequalities,
we obtain

B[(uh,ph), (—Wh,O)] >

—C4l Cy Gyl

Cy
S — 2 _—
1 20, 9 )”ph”o,ﬂ 2l2j(phaph>v 4.7)
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where [; and /5 are any positive constants. Choose [; = 2C' and [, = ﬁ in (4.7), then we get

1
B[ (un, pr), (=wn, 0)] > =CY|lun]lp + §||ph||3,g — C3J(pnspn). (4.8)

Finally, by setting (v, qn) = (up — Awy, —py,) in (4.3), where A is a positive constant, and
using (4.6) and (4.8), yields

A
B[ (un, pn), (Va,an)] = (1= ACT) [[unlp + §||Ph||§,sz + (1= AC3)J (ph, pn).

By taking \ = min{#, ﬁ}, we get
1 2

A 1
g |3 + §||Ph||3,g + §J(ph,ph),

B [(uh,Ph)a (Va, Qh)} > g

which implies that
2
Bl(un,pr), (vi,an)] = Cs(|Junllp + [pnlloe) (4.9)

where C5 = 1 min{y, A}.
On the other hand, it is easy to see that

Vil + [lpalloe = [fan = Awnllp + [[pnllos
< l|lu + A|w +
< Jlunllp + Alwallo + [lpalloe 4.10)
< [lunllo + Callpallo + [[palloc
< Cs((lunllo + lIpallo)-
Finally, combining (4.9) and (4.10) establishes the desired inequality (4.5) with v = g—z U

Remark 4.1. From (4.5), we can obtain an a priori estimate for (uy, pn) by using the Cauchy—
Schwarz inequality and the discrete Poincaré inequalities (2.1) as follows

1 f7 Vi)o,Q
lanllo + llpnlloo < — sup ( )o,

< Cllflloe-
(thq}l)thXQh thHD + thHO,Q

Next, we state an important result that is required below.

Proposition 4.1. Let (u,p) € (H2(Q) N'V) x (HY(Q) N Q) and (up,pn) € Vi x Qy, be the
respective solutions of (1.1) and (4.4). Then, there exists a positive constant C, independent of h,
such that

[mu —upflp < Ch(||uflz.0 + [IpllLe), (4.11)
1

J(pn,pn)? < Ch([[ullz0 + [Ipll1.0), (4.12)

Imnp = prlloe < Ch(l[all20 + [pll10)- (4.13)

Proof First, let (W, pn) € Vi X @, be defined by u;, = m,u and p,, = m,p. Integrating the
first equation of (1.1) over K € T, gives

a/u—,uZ/Vu-na+Z/pn(,:/f.
K o€€K g oefi g K



A. Boukabache 177

Now, let us introduce for K € 7}, the following consistency residuals

—— [ Vu-n, ifoe&,,NEk (c=K]|L),

dKL |U|
Ra = _ﬁhK 1 )
. Vu-n, if .0 NEK;
\ dKﬁ |U| o
(D D 1
Prrt b L[ i g nEx (0=K|L),
}% — 2 |O¢ e
V=9 1 .
Phk — 7 p if gextmgK-
\ o]

o

Using these notations and the relation } . |o|n, = 0, we get

-~ u DPn. — Pn,
ol = Y lo LTI ST o TR 5 Py,

o= K|L 0E€EetNEK O’=K|L
_ / £ 4 |K|Rx,
K
with
Rk = aR, — |o|Ra + — |o|Ryn,.
i 2 1 e 2

Set e, = Uj, — uy and €, = P, — pr. Subtracting the first equation of (4.2) from the above
equation, we then get

o|Klewx —p Y |o [SRL =Ky, > IUI_d + > ol = | K| Rx.

o=K|L 0€EentNEK o=K|L
For all v, € V}, we get
a(en, vi)oa + plen, vilp — (en, divy vi)oa = (R, Vi)oo- (4.14)
By setting v;, = ey, in the last relation, we get
allenllq + ullenlls — (en, divaen)oo = (R, en)ogo- (4.15)

Now, let us integrate the second equation of (1.1) on K & 7T,. This gives

Z/un—()

ocli

Since u vanishes on the boundary of (2, we obtain

g
> |2|(uhL+uhK = Y |o|Ra VKET,

o=K|L o=K|L

1
Rdiv:<2(uhL+uhK ‘/ )

with
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Then, subtracting the second equation of (4.2) from the above equation gives

> ‘?(ehﬁew = Y lo|Raw+6 Y lolho[pal.

o=K|L o=K|L o=K|L

For all g, € Qy, this yields

(qn divien)o = > lo|Raw(ank — anr) + J (0 an),

Jegint
(o=K|L)

and setting g, = ¢, in this relation gives

(Eh, dth eh)oﬂ = Z ‘U|Rdiv(€h,K — €h,L> + J(ph, Eh). (416)

Uegint
(o=KIL)

Gathering (4.15) and (4.16), we get

allenlls. + ullenld + J(pnpn) = (Roendoa+ D> lo|Raw(enx —ens) + J(pn,bn). (4.17)

o€€int
(e=K|L)

Next, let us study the terms at the right-hand side of (4.17). From [7], we derive the following
result

(R.en)on < allenlgo + o HuH2Q + 2eflenl} + oo Hp|!1 o (4.18)

> lolRan(enk — ens) < C3h2(g”“”§,g Felplia) + C4;Hu|!§,g b eI (phon), (419)

O'Egint
(o=KIL)

R h?
J(pn,p) < eJ(ph,pn) + Cs?HPHiQa (4.20)

where ¢ is any positive constant.
Gathering (4.18), (4.19) and (4.20) yields the control error inequality

1
(= 22)lenlfp + (1 = 220 ) < Catmac{ 2, L (full -+ [l

It is clear that choosing ¢ sufficiently small, e.g. ¢ < %min{u, 1} the latter implies (4.11)
and (4.12).

To conclude we need control ||e,[|3 ,. For that, we again follow the methodology already used
in the proof of Lemma 3.1. Since [, e,(x) = 0 from [, p(x)dx = 0, let w € V be given such
that

divw(x) = e,(x) and ||w|1.0 < C7|lenlloq-

We again define wy, as in (3.3) and (3.4). In addition, we have
[whllp < Csllenllo.o- (4.21)
Like in (3.7), this gives

lenlld o < (en, diva wa)og + J(en, en)/*Collenllo.c- (4.22)
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We now use wy, as a test function in (4.14) to have

(€n, divy, Wi)oo = plen, Wiplp — (R, Wi )o.-

Taking into account (4.22) and using Young’s inequality, (4.18), (4.20), and (4.21), we get

2 Cio 2 2 Chah? 9 2 1
lenlize < Z2llenlls + Cucllanlli + =2 (lulq + Pl o) + < (on,pa)-
So,
C Croh? 1
(1= Cus)llalio < =Zlenllh + 2= (lalBa + Pl 0) + < (rp).  (423)
Substituting (4.11) and (4.12) into (4.23) gives
C13h?
(1= Cue)llenllso < (all2.0 + NPl 0)-
The claim now follows by taking ¢ sufficiently small, e. g. ¢ < 0%1 O

The convergence of the proposed stabilization scheme is established by the following error
estimate.

Theorem 4.2. Let (u,p) € (H*(Q)NV) x (HY(Q)NQ) and (uy, pr) € Vi, x Qy, be the respective
solutions of (1.1) and (4.4). Then, there exists a positive constant C, independent of h, such that

lu = wpllo + [lp = prlloo < Ch(llullzo + [Ipll0)- (4.24)

Proof (4.24) is straightforwardly deduced from (4.11) and (4.13) by applying the triangular
inequality and a classical interpolation result (cf. [10]). 0

§ 5. Numerical tests

This section presents numerical experiments to evaluate the accuracy and efficiency of the
proposed stabilized FVM. Two numerical examples are presented to study the accuracy of the
discrete solution and the convergence rates for generalized Stokes flows. The computational
domain is © = |0, 1] x ]0, 1[ and the problem (1.1) is to be discretized and solved using uniform
partitionings of €2 into n x n equal squares, where n = 10,20,...,100. To ensure a unique
pressure field, a zero-mean pressure constraint is imposed on (2. Many fixed values of the
stabilization parameter § were considered; however, we present only the representative cases
£ = 0.1 and g = 0.01. In all numerical tests, the kinematic viscosity coefficient p is set to 1,
while the parameter « takes values 10" for n € {0, 1, 10}, covering a wide range of magnitudes.
The source term f is chosen to satisfy the first equation in (1.1).

The velocity and pressure errors are defined as

e = ud (XK) —uy s enwx = Pr(XK) — Pk

The following discrete error norms are used to investigate convergence rates

2
lenllo = | > _[ei),ei’],, and Jlenlloqn = 1//ezdﬂ.
i=1 Q
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5.1. Example 1

The first numerical example is as follows (see [12])
uy(x,y) = —sin?(x) sin(ry) cos(my),
uy(x,y) = sin(ry) cos(mx) sin®(7y),
p(z,y) = sin(mx) cos(my).

The elevation of the discrete solution (uy, py), along with the approximate velocity vectors and
pressure isolines, are illustrated in Figures 1 and 2 for § = 0.1 and @ = 1. The presented graphs
exhibit excellent agreement with the exact solution. The computed convergence rates, shown
in Figure 3, indicate that for all considered values of «, the obtained results exceed theoretical
predictions, with convergence rates approaching 3/2 for ||ey||p, and nearly 1 for ||ep|lo.0. Ad-

ditionally, the error magnitudes remain relatively stable as « increases, further underscoring the
robustness of the numerical method.

0.5
u 0
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Fig. 1. Elevation of the velocity and the pressure
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Fig. 2. Approximate velocity vectors and pressure isolines

5.2. Example 2
The second numerical example considers the following functions (see [7])
wi (7, y) = 2000(z — 2%)*(y — y*)(1 — 2y),
uy(z,y) = —2000(y — y*)*(x — 2*)(1 — 2),
p(z,y) = 100(2* + y* — 2/3).
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Fig. 3. Convergence history as « increases

For # = 0.01 and o = 1, Figure 4 shows the elevation of the discrete solution, while Figure 5
displays the approximate velocity vectors and pressure isolines, demonstrating the high accuracy
of the method. Additionally, the convergence error history, presented in Figure 6, confirms that
the observed convergence rates consistently surpass the theoretical predictions for all considered
values. Here again, we observe that the error magnitudes remain relatively stable as « increases.
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(a) Velocity (b) Pressure

Fig. 4. Elevation of the velocity and the pressure
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Fig. 5. Approximate velocity vectors and pressure isolines

5.3. Sensitivity with respect to the stabilization parameter

We present a graph illustrating how convergence is affected by the stabilization parameter [
for a 100 x 100 grid. Figure 7 shows the variation of velocity and pressure errors in the discrete
H} norm and the Ly(2) norm, respectively, as functions of 3. For simplicity, we fix a = 1.
It is observed that as [ increases, the errors also increase. Furthermore, the results in Figure 7
suggest that a good value for 3 lies between 10~2 and 10°. Notably, the numerical errors in
velocity and pressure remain relatively stable even as [ varies across several orders of magnitude,
demonstrating the robustness of the method.

Conclusion

In this paper, we introduced and analyzed a symmetric stabilized collocated FVM for solving
the generalized Stokes problem. The proposed method is based on a low-order approximation
that employs piecewise constant functions for both velocity and pressure. Stability was achieved
by incorporating a discrete pressure stabilization term into the formulation. Through rigorous
mathematical analysis, we demonstrated the well-posedness and convergence of the method.
A key contribution of this work is the proof that the method satisfies a weaker form of the
inf-sup condition, which ensures the stability of the discrete system.
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Additionally, we derived first-order error estimates in the energy norm, confirming the the-
oretical convergence rate of the method. The numerical results demonstrate the stability and
accuracy of the proposed method. Notably, the observed convergence rates in our simulations
exceeded the theoretical a priori estimates derived in Section 3. While similar behavior has been
reported for the Stokes problem [6, 7, 10], its theoretical justification remains an open question.
We hypothesize that this enhanced performance may be due to factors such as the regularity of
the mesh and the specific structure of the stabilization term, which not only ensures stability but
also reduces numerical oscillations in the pressure field, thereby improving accuracy. This dual
role of the stabilization term-ensuring stability and enhancing convergence by mitigating spurious
pressure oscillations-highlights its importance in collocated FVMs. Future research directions in-
clude optimizing the performance of the method through an informed selection of the stabilization
parameter /3, extending the method to time-dependent problems, and applying it to nonlinear flow
models and three-dimensional domains. These extensions will further demonstrate the versatility
and applicability of the proposed stabilized collocated FVM in a wide range of fluid dynamics
problems.
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A. Bykabawe

00 ycTOoiYMBOCTH KOJUIOKAIMOHHOI0 MeTOAAa KOHEYHBIX 00beMOB [1JIs1 00001eHHoii 3agaun CTokca

Kniouesvie cnosa: 3amada Crtokca, ycnoBue HH(Q-CYI, METOAbl KOHEYHBIX 0OBEMOB, CTAOMIN3UPOBAaHHBIE
METOBI.

YIK 519.6
DOI: 10.35634/vm250201

B nanno#i pabote mpencTaBiieHa W MMpoaHATM3MPOBaHA CHMMETPHYHAS CTaOMIN3UPOBAaHHAS KOJJIOKAI[MOH-
Hast (OPMYIHUPOBKA METOJa KOHEYHBIX 0OBEMOB JJIsl CTalMOHapHOH 00oO0menHol 3amaun Ctokca. DTOT
METOJl OCHOBAaH Ha alpOKCUMAalM{ HAWHW3IIETO MOopsaKa (KyCOYHO-TIOCTOSHHBIE (YHKIIUH) A 00enx
HEM3BECTHBIX BEJMYMH: CKOPOCTH W naBieHus. CtaOuimsanus IocTUTaercs 3a cueT AodaBieHus B (op-
MYJIHPOBKY JUCKPETHOTO CIIaraéMoro, CBS3aHHOTO C JABJIEHHEM. YCTAHOBIIEHBI CBOMCTBA yCTOWYHBOCTH
¥ CXOIMMOCTH MeTona. B 3akiroueHue npencTaBieHbl ABa YUCISHHBIX MTPUMepa, TOATBEPKIAIONINE YCTOMH-
YUBOCTh U TOYHOCTH MPEAJIOAKEHHOTO METOAA.

CIIMCOK JIUTEPATYPBI

1. Girault V., Raviart P.-A. Finite element methods for Navier—Stokes equations. Theory and algorithms.
Berlin: Springer, 1986. https://zbmath.org/0585.65077

2. Nicolaides R. A. Analysis and convergence of the MAC scheme. 1. The linear problem // SIAM Journal
on Numerical Analysis. 1992. Vol. 29. Issue 6. P. 1579-1591. https://doi.org/10.1137/0729091

3. Chou S.H. Analysis and convergence of a covolume method for the generalized Stokes problem //
Mathematics of Computation. 1997. Vol. 66. No. 217. P. 85-104.
https://doi.org/10.1090/S0025-5718-97-00792-8

4. Ewing R.E., Lin Tao, Lin Yanping. On the accuracy of the finite volume element method based on
piecewise linear polynomials // SIAM Journal on Numerical Analysis. 2002. Vol. 39. No. 6. P. 1865-
1888. https://doi.org/10.1137/S0036142900368873

5. Rui Hong-Xing. Analysis on a finite volume element method for Stokes problems // Acta Mathematicae
Applicatae Sinica. 2005. Vol. 21. No. 3. P. 359-372. https://doi.org/10.1007/s10255-005-0243-x

6. Boukabache A. A locally stabilized collocated finite volume method for the stationary Stokes
problem // Mathematical Methods in the Applied Sciences. 2022. Vol. 45. Issue 17. P. 11714-11735.
https://doi.org/10.1002/mma.8476

7. Boukabache A., Kechkar N. A unified stabilized finite volume method for Stokes and Darcy equa-
tions // Journal of the Korean Mathematical Society. 2019. Vol. 56. Issue 4. P. 1083-1112.
https://doi.org/10.4134/JKMS.j180641

8. Cahouet J., Chabard J.-P. Some fast 3D finite element solvers for the generalized Stokes problem //
International Journal for Numerical Methods in Fluids. 1988. Vol. 8. Issue 8. P. 869-895.
https://doi.org/10.1002/f1d.1650080802

9. Eymard R., Gallouét T., Herbin R. Finite volume methods // Handbook of numerical analysis. Vol. 7.
Solution of equation in R” (part 3), techniques of scientific computing (part 3). Elsevier, 2000. P. 713—
1018. https://doi.org/10.1016/S1570-8659(00)07005-8

10. Eymard R., Herbin R., Latché J.C. On a stabilized colocated finite volume scheme for the Stokes
problem // ESAIM: Mathematical Modelling and Numerical Analysis. 2006. Vol. 40. No. 3. P. 501-
527. https://doi.org/10.1051/m2an:2006024
11. Hughes T.J.R., Franca L. P. A new finite element formulation for computational fluid dynamics: VII.

The Stokes problem with various well-posed boundary conditions: symmetric formulations that
converge for all velocity/pressure spaces // Computer Methods in Applied Mechanics and Engineering.
1987. Vol. 65. Issue 1. P. 85-96. https://doi.org/10.1016/0045-7825(87)90184-8


https://doi.org/10.35634/vm250201
https://zbmath.org/0585.65077
https://doi.org/10.1137/0729091
https://doi.org/10.1090/S0025-5718-97-00792-8
https://doi.org/10.1137/S0036142900368873
https://doi.org/10.1007/s10255-005-0243-x
https://doi.org/10.1002/mma.8476
https://doi.org/10.4134/JKMS.j180641
https://doi.org/10.1002/fld.1650080802
https://doi.org/10.1016/S1570-8659(00)07005-8
https://doi.org/10.1051/m2an:2006024
https://doi.org/10.1016/0045-7825(87)90184-8

A. bykabame 187

12. Li Minghao, Shi Dongyang, Dai Ying. Stabilized low order finite elements for Stokes equations with
damping // Journal of Mathematical Analysis and Applications. 2016. Vol. 435. Issue 1. P. 646-660.
https://doi.org/10.1016/j.jmaa.2015.10.040

INoctynuna B penakuuio 13.12.2024
[Ipunsara k myomukanun 23.04.2025

Bykabame Axpam, Kadenpa nayk, Komnemk nemarormdeckoro obpasoBanusi Cetuda — Meccayn 3erap,
19600, Amxup, Cetud, r. Dmb-DyIbMa, TIOYTOBBIA SATIHIK 556.

ORCID: https://orcid.org/0000-0002-1516-1064

E-mail: akramboukabache@gmail.com (a.boukabache@ens-setif.dz)

HurupoBanmne: A. bykabamre. O0 yCTOHIMBOCTH KOJUIOKAITMOHHOTO METOa KOHEUYHBIX 00BEMOB TSI 0000-
nieHHo# 3agaun Ctokca // BectHuk Yamyprckoro yHuBepcutera. Maremaruka. Mexanuka. KomnblotepHble
Hayku. 2025. T. 35. Beim. 2. C. 169-187.


https://doi.org/10.1016/j.jmaa.2015.10.040
https://orcid.org/0000-0002-1516-1064
mailto:akramboukabache@gmail.com (a.boukabache@ens-setif.dz)

	The generalized Stokes problem
	Finite volume formulation
	Spatial discretization and inequalities
	The finite volume scheme

	Weak inf-sup condition
	Stability and convergence analysis
	Numerical tests
	Example 1
	Example 2
	Sensitivity with respect to the stabilization parameter


