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Introduction

The theory of harmonic maps into Lie groups has garnered significant attention among mathe-
maticians, particularly in the context of homomorphisms in compact Lie groups, as evidenced by
the works of various researchers (for example, see [1,4]). This interest extends to harmonic maps
into Lie groups themselves (see [9]), as well as harmonic inner automorphisms within compact
connected semi-simple Lie groups (see [8]). Furthermore, intensive investigations have been con-
ducted on harmonic and bi-harmonic homomorphisms between Riemannian Lie groups equipped
with left invariant Riemannian metrics (see [3]).

The research presented in this work draws inspiration from the paper by [2], wherein the
author undertook the classification of harmonic and biharmonic maps ¢: (G, g1) — (G, go) where
G represents a non-abelian, connected, and simply connected three-dimensional unimodular Lie
group, ¢ is a homomorphism of Lie groups, and g; and g, denote two left invariant Riemannian
metrics. It is worth noting that G is classified as unimodular if and only if |detad, | = 1 for
all x € G, which is equivalent to tradyx = 0 for all X in its Lie algebra g, and, consequently,
g being unimodular.

In a previous study [10], we explored the classification of harmonic homomorphisms be-
tween distinct non-abelian, connected, and simply connected three-dimensional unimodular Lie
groups. In this paper, we extend our investigation to encompass the classification, up to a con-
jugation by automorphism of Lie groups, of bi-harmonic homomorphisms. These bi-harmonic
homomorphisms are defined between two different non-abelian, connected, and simply connected
three-dimensional unimodular Lie groups ¢: (G, g) — (H, h), where g and h represent two left
invariant Riemannian metrics on GG and H, respectively.

§ 1. Preliminaries

Let ¢: (M, g) — (N, h) be a smooth map between two Riemannian manifolds of dimensions
m and n respectively (for more details see [5]). We denote by VM and V¥ the Levi-Civita con-
nections associated with g and h respectively. Additionally, we introduce the vector bundle 7% N
over M, which is the pull-back of T'NV by ¢. Notably, T?N is a Euclidean vector bundle, and
the tangent map of ¢, denoted as dy: T'M — T¥N, is a bundle homomorphism. Furthermore,
T¥N carries a connection, denoted as V¥, which is the pull-back of V¥ by ¢. There also exists
a connection on the vector bundle End (7'M, T¥N) defined as

(VxA)(Y) = VEAY) — AVMY), X,Y € (TM), A eTD(End(TM,T*N)).
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The map ¢ is termed bi-harmonic (see [7]) if it represents a critical point of the bi-energy
functional Fs(¢p), defined as:

Ea(p) = /M 17()[2 doy,

where 7(¢) is the tension field of ¢ given by:

m

T(p) = tr Vdp = Z(Veidw)ei,

i=1

and (e;)7, is a local frame of orthonormal vector fields.
The corresponding Euler-Lagrange equation for the bi-energy functional involves the vanish-
ing of the bi-tension field:

7o(p) = —trg(V)*7(p) — trg RV (7(i0), dp)dyp
= —[VEVET(0) = VEu, m(9)] = BY (7(00), di(e:) ) dp(e:)

where RY represents the curvature of V¥ defined as:
RN(X,Y) = VRVY = VIVE - Vi

Now, let (G, ¢g) be a Riemannian Lie group, which is a Lie group endowed with a left-invariant
Riemannian metric. If g = 7.G is its Lie algebra and (,), = g(e), then there exists a unique
bilinear map A: g x g — g called the Levi-Civita product associated with (g, (,),). It is defined
by the formula:

2(Av, w)g = ([u,v]*, w)g + ([w, u®, v)g + ([w, v]*, u)q.
The map A is entirely determined by two key properties:
(1) for any u,v € g, A,v — Ayu = [u, v]"
(2) for any u,v,w € g, (A,v, w), + (v, Ayw)y = 0.

If we denote by u’ the left-invariant vector field on G associated with u € g, then the Levi-
Civita connection associated with (G, g) satisfies V0 = (A,v)". The pair (g, {, ),) also defines
a vector denoted as U9 given by:

(U, v)q = tr(ad,), forany v € g.

It is straightforward to observe that for any orthonormal basis (e;)"; of g:

US = i Aeiei.
i=1

Moreover, note that g is classified as unimodular if and only if U9 = 0.

Now, consider a Lie group homomorphism ¢: (G, g) — (H, h) between two Riemannian Lie
groups. The differential £: g — b of ¢ at e is a Lie algebra homomorphism. There exists a left
action of G on I'(T¥H) defined as:

(@.X)(b) = Tyan Lo X (ab), a,be G, X € (T?H).



200 Characterizing bi-harmonic homomorphisms

A section X of T¥H is considered left invariant if, for any a € G, a.X = X. For any left
invariant section X, it holds that X (a) = (X (e))*(¢(a)). Consequently, the space of left invariant
sections is isomorphic to the Lie algebra h. As both g and h are left invariant due to ¢ being
a Lie group homomorphism, it is evident that 7(¢) and 75(y) are also left invariant. Thus, ¢ is
harmonic (or biharmonic) if and only if 7(¢)(e) = 0 (or 7»(¢)(e) = 0). Additionally, it can be
shown that (see [3]):

7(€) == 7(p)(e) = U* = £(U),
where
72(§) == Ta(p)(€) = = > (Be(en Bee (&) + KX (7(6), (€:)€(e:)) + Bewan(8),
i=1
and K is the curvature of B given by
K" (u,v) = [By, B,) — Bl

with
Ug = Z Bﬁ(ei)g(ei)a
i=1

Here, B represents the Levi-Civita product associated with (b, (, )y), and (e;)!*, is an orthonormal
basis of g. Thus, ¢ is harmonic if and only if 7(£) = 0, where £: g — b is the differential of ¢
at e (see [10, Proposition 2.1]). Additionally, let £: (g, (,)q) — (b, (,)y) be a homomorphism
between unimodular Euclidean Lie algebras. The following formulas were established in [3]:

(1(£),X)p = tryg(§ oadxof) VX €b,

11
(m2(E), Xy = trg(€" o (ady +ad) 0 adye) of) — (X, 7€)1 7€) VX €p, D

where £*: h — g is given by
(€U, V) = (U,EV)y, for Vg and U € b (1.2)

§ 2. Riemannian three-dimensional unimodular Lie groups

In the realm of non-abelian unitary Lie groups that are both connected and simply connected,
there exist five noteworthy examples, as referenced in [10]. However, this study narrows its focus
to a subset of three such groups: the nilpotent Lie group (often referred to as the Heisenberg
group), the solvable Lie groups denoted as Sol, and the universal covering group Ey(2) of the
connected component of the Euclidean group. For a more comprehensive understanding of these
specific groups and their properties, one may refer to the detailed exposition in [6].

Definition 2.1 (The Heisenberg group Nil). The nilpotent Lie group, commonly referred to as the
Heisenberg group and denoted as Nil, possesses a Lie algebra that we shall denote as n.

1
Nil = 0 , with a,b,c € R
0

O~ Q
_ o O

and

, with z,y,z € R

=
Il
coo
o o8
o w
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The Lie algebra n possesses a basis denoted as X, Y, Z, with the following matrix representations:

010 000 0 01
X=(1000)], Y=100 1|, and Z=(0 0 O
000 000 000

Among these, the only non-vanishing Lie bracket is given by [X,Y] = Z.

Proposition 2.1 (see [6]). Any left-invariant metric on the Nil manifold is equivalent, up to
automorphism, to a metric whose associated matrix has the following form:

(, Jn= , where p > 0. (2.1)

oo
o O
_ o O

Definition 2.2 (The solvable Lie group Sol). The solvable Lie group Sol, whose Lie algebra is
denoted by sol, can be defined as follows:

(1) Lie Algebra sol: The Lie algebra sol is given by sol = R? x, R, where the action «(t) is

defined as: «(t) = ((t) _Ot) We can choose a basis X, Y, Z for sol as follows:

() - () - ()

The non-vanishing Lie brackets are [Z, X] = X and [V, Z] =Y.

(2) Lie Group Sol: The Lie group associated with the solvable Lie algebra sol is the solvable
Lie group Sol, which can be represented as the semi-direct product R? xg R. Here, t € R

t
(&
0
group Sol is defined through its Lie algebra sol, and it is realized as a semi-direct product

of R? and R with specific actions «(t) and ©(t).

acts on R? via the action O(t) defined as: O(t) = eot) . In summary, the solvable Lie

The following proposition describes the equivalence of left-invariant metrics on the solvable
Lie group Sol and provides two specific forms for the associated metric matrices.

Proposition 2.2 (see [6], Metric Equivalence on Solvable Lie Group Sol). Any left-invariant
metric on the solvable Lie group Sol = R? xg R is equivalent, up to automorphism, to a metric
whose associated matrix is of one of the following forms:

100
(,)s=1(0 1 0], where v >0, (2.2)
0 0 v
1 10
(,Vdsa=1[1 p O, where v>0 and > 1. (2.3)
0 0 v

Definition 2.3 (The solvable Lie group FEy(2)). The solvable Lie group denoted as Ey(2) is
defined as the universal covering group of Ey(2), where Ey(2) is itself a Lie group with the Lie
algebra ¢o(2). The Lie algebra ¢(2) is given by:

¢0(2) = R? x s0[(2).
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In this Lie algebra, a basis X, Y, Z is chosen, where:

(6D (D) (O )

The non-vanishing Lie brackets in this algebra are given by:
Z,X]=Y, [Y,.Z]=X.

The group Fy(2) is not simply connected, and the unique simply connected Lie group corre-
sponding to the Lie algebra ¢y(2) is the universal covering group EO( ). This group EO(Q) can be
represented as a semi-direct product C x R, where group elements are of the form (z,¢) with the
operation:

(2,8).(Z, 1) = (2 + ¥t + 1).

This group operation has a faithful matrix representation in GL(3,C) given by:

e227rt

z
(z,)—» | 0 1
0 O

0
0
ot

Here, z is a complex number, and ¢ is a real number.

Proposition 2.3 (see [6], Invariant Metrics on EO(Q)). Any left-invariant metric on the Lie
group FEy(2) is, up to automorphism, equivalent to a metric whose associated matrix has the
following form:

1
0 (2.4)
0

o O
qQ o o

Here, o is a positive real number (o > 0), and ¢ is a real number satisfying 0 < o < 1.

§ 3. Bi-harmonic homomorphisms
3.1. Bi-harmonic homomorphisms between Sol and Nil

In this subsection, we present a comprehensive classification of bi-harmonic homomorphisms
between the Lie algebras sol equipped with the left-invariant metric defined in (2.2) or (2.3) and
n equipped with the left-invariant metric defined in (2.1).

Proposition 3.1 (see [10, Theorem 4.1]). Any homomorphism from sol to n is conjugate to
¢: sol = n, where

with a,b,c € R. (3.1)

S

Il
oo o
oo o
o o9

Let {E, F, H} be the basis of algebra n, where [H, E| = [H,F] =0, [E, F| = H and

010 000 0 01
E=10 0 0], 0 01 H=10 00
000 000 000
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Theorem 3.1. Let &: sol — n be a homomorphism defined in (3.1), sol be a Lie algebra equipped
with the left invariant metric defined in (2.2) or (2.3), and n be equipped with the left invariant
metric defined in (2.1). Then, we have

T(§) = M[bE —ak).

V2
Proof Recalling [10, Theorem 4.2], we have the following relationship:

o) =Xp_“p

14 14

Now, let’s compute the adjoint representations. We have

0

0 0 00 0 0 00 00 0
ad, () = z? O] adg=1{0 0 0], adge=]0 0 0], adg=1{0 0 0
ac ) 010 10 0 000
1% 14
The adjoint representations in their dual spaces are given by:

0 0 0 0 0 -1 0 0 0

adp,=10 0 1], adr=[0 0 0 |, and ady=[0 0 O

0 0 0 0 0 0 0 0 0

Now, using formula (1.2), where U € n and V' € sol, we get

0 0 0
=10 0 0
pa pb c

Next, applying formula (1.1), we perform a straightforward calculation for each basis element:

(726) B = 6" o (aly -+ ady) el o6) — (1, 7€), (€)= 24D,

3
(7€), F)a = tr(E" o (ad+ ady) o g ) — ([ (©), 7(E)) = 224 F)
and
(7€), H)a = (6" o (ady + ) o g o) — ([H,7(€)] 7(€))2 = 0
This concludes the proof. 0

Corollary 3.1. A homomorphism & : sol — n is bi-harmonic if and only if it is one of the following
forms:
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Proposition 3.2 (see [10]). Any homomorphism from n to sol is conjugate to one of the following
forms:

&1: sol — nowith

0 0 a
&E=10 0 b0, (3.2)
00 0
where a and b are real numbers;
&0 sol — nowith
aip as 0
o= |01 by O], (3.3)
0 0 O

where ay, as, by, and by are real numbers.

Theorem 3.2. Let &1: n — sol be a homomorphism defined in (3.2), such that a and b are

real numbers, and the Lie algebra sol is equipped with the left invariant metric defined in for-
mula (2.2). Then we have

(&) = 2(a* 4+ b*)(a® — b%) Z.
Proof Recalling [10, Theorem 4.4], we have the following relationship:
(&) = (a® — b} Z.

Now, let’s compute the adjoint representations:

(a® —b%) 0 0
adT(gl) = 0 —(CL2 — b2) 0 s

0 0 0
00 —1 000 1 0 0
adxy=[(0 0 0|, ady=10 0 1}, and adz=|0 —1 0
00 O 000 0O 0 O

The adjoint representations in their dual spaces are given by:

0 0 0 000 1 0 0
ady=10 0 0], ady=(0 0 0], and ady,=|0 —1 O
-1 00 010 0O 0 O

Now, using formula (1.2) with V€ nand U € sol, we get

000
=10 00
a b 0

Using formula (1.1), a simple calculation gives us

(12(€1), X)n = tr(€" 0 (adx +ady) 0 adr(e) o61) — (X, 7(&1)], 7(£1))2 = 0,
(12(61), Y)n = tr(§" 0 (ady +ady) 0 adyg) o&1) = ([Y, 7(€1)]; 7(61))2 = 0,

and

(r2(€1), Z)a = tr(€" 0 (adz +ady) o adre)) o&1) — (2, 7(&1)], 7(€1))2 = 2(a” + %) (a” — b%).

This concludes the proof. [l
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Corollary 3.2. Let £&: n — sol be a homomorphism defined in (3.2) such that a and b are
real numbers, and the Lie algebra sol be equipped with the left invariant metric defined in
formula (2.2). Then, & is bi-harmonic if and only if a = b or a = —0.

Theorem 3.3. Let & : n — sol be a homomorphism defined in (3.2), where a,b € R and the Lie
algebra sol be equipped with the left invariant metric defined in formula (2.3). Then

(&) = (a — pub?)(a® = 0% + 2ab + pb* (1 + p)) Z.
P ro o f Using Theorem 4.5 from [10], we have:
(&) = (a* — ub*)Z,

We also have the representation matrices of the adjoint operators:

(a® — ub?) 0 0
adT(gl) = 0 —(a2 - Mb2) 0 y
0 0 0
00 —1 000 1 0 0
adx=10 0 0|, ady=10 0 1], and adzy=[|0 —1 0
00 0 000 0 0 O
Furthermore, the adjoint operators of the matrices are given by:
0 00 000 1 1 0
ady=10 0 0], ady=(0 0 0|, and ady,=|-1 —p O
-1 0 0 1 O 0O 0 0

By using formula (1.2) with V' € nand U € sol, we obtain:

0 0 0
& = 0 0 0
a+b a+ub 0

Applying formula (1.1), a straightforward calculation gives us:

(12(&1), X)n = t1(€7 0 (adx +ady) 0 ady(e,) o&1) — ([X, 7(&1)], 7(61))2 = 0,
(12(61), Y ) = tr(£" o (ady +ady) o ad,(g,) 0&1) — ([Y, 7(&1)], 7(&1))2 = 0,

and

(12(&1), Z)n = tr(&" 0 (adz +ady) © ady(e) o61) = ([Z, 7(&1)], 7(61))2
= (a* — pb*)(a® — b* + 2ab + pb*(1 + ).

Thus, the proof is complete. ]

Corollary 3.3. Let &1: n — sol be a homomorphism defined in (3.2), with a,b € R, and the
Lie algebra sol be equipped with the left invariant metric defined in formula (2.3). Then, & is
bi-harmonic if and only if:

a=b=0, or a=0by/p, or a=—b/L.
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Theorem 3.4. Let &5 n — sol be a homomorphism defined in (3.3), with a;,b; € R, and the Lie
algebra sol is equipped with the left invariant metric defined in formula (2.2). Then, we have the
following:

<7-2<£2>7X>n = 07
<7_2(§2)7 Y>ﬂ =0,

and

(72(€2), Z)u = tr(€" o (ad s + adly) 0 adey o) — (7, 7(61)], 7(61))
=%M%a@+ﬁ+@m@)

Thus, & is bi-harmonic if and only if it is harmonic.
Proof In[10, Theorem 4.4], we have the following result:

(af 4 a3) — (b] + b3)
P

7(&) = Z.

The representation matrices of the adjoint operators are as follows:

(af 4 a3) — (b7 + b3)

0 0
p
ad(e;) = 0 (et a) =i+ |
p
0 0 0
00 -1 000 1 0 0
adxy=10 0 0], ady=(0 0 1], and adz=|0 -1 O
00 O 000 0 0 O
Furthermore,
0 00 000 1 0 0
ady=10 0 0], ady=(0 0 0, and ady=|0 —1 O
-1 00 010 0 0 O

By using the formula (1.2), where V € n and U € sol, we get

aq bl 0
g; = a9 bg 0
0 0 0

Using formula (1.1), a simple calculation gives us

(12(&2), X)n = tr(€" o (adx +ady) 0 ady(g) o61) — ([X, 7(&1)] 7(&1))2 = 0,
(12(&2), Y)n = tr(€" o (ady +ady) 0 ady(e;) o61) = ([Ys 7(&)], 7(61))2 = 0,

and

(72(€2), Z)u = tr(€" o (ad s + adly) 0 adey o) — (7, 7(61)], 7(61))
=am%a@+@%bmﬂ@» 0
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Theorem 3.5. Let &: n — sol be a homomorphism defined in (3.3), with a1, as,b1,by being

real numbers, and the Lie algebra sol be equipped with the left-invariant metric defined in
formula (2.3). Then

1
(&) = 5 [af + a3 + 2a1by + 2aby + (p* + p — 1) (b7 + b3) | 7(&).

Hence, & is bi-harmonic if and only if it is harmonic.

Proof InTheorem 4.5 from [10], we have the following expression for 7(&5):

(af — ub?) + (a3 — pb3) 7

7(§2) =
The adjoint representations of the basis elements in sol are as follows:

(af — ub?) + (a3 — pub3)

0 0
p
adr(e) = 0 _(af = ubp) + (a3 —pb3) |,
P
0 0 0
00 —1 0 0O 1 0 0
ady=10 0 0], ady=110 0 1|, and adz=[0 —1 O
00 O 0 0O 0 0 O
Furthermore,
0 00 0 00 1 1 0
ady=10 0 0], ady=(0 0 0|, and ady,=|-1 —p O
-1 0 0 1 w0 0O 0 0

Using formula (1.2), where V' € n and U € sol, we get

a; + b1 ay + /Jbl 0
&= \|as+by ay+puby 0
0 0 0

Now, using formula (1.1), we can calculate the components:

(12(&2), X)n = t1(€" o (adx +ad) o ady(g) o&1) — ([X, 7(&1)], 7(&1))2 = 0,
(12(&2), Y)n = tr(§ o (ady +ady) o ad(e,) o&1) — ([Y, 7(&1)], 7(61))2 = 0,

and
(12(€2), Z)n = tr(€" 0 (adz + ady) 0 adr(g,) 0&1) — ([Z, T(§1)], 7(&1))2
(a1 (a1 + (2 = )by) + as(as + (2 = )bs) — bi((1 = p2)by — p(by + 1))
(1= p®)by — pu(ba + as))] 7(&2)
[a + a3 + 2a1by + 2aby + (1 + p — 1)(b] + b3)] 7(&2).

IHS‘EIH

Hence, we have shown that (73(&), X), = 0 and (72(&),Y), = 0, and we have computed
(12(&2), Z), as above. This completes the proof. O
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3.2. Bi-harmonic homomorphisms between Sol and ¢y(2)

The following result gives a classification of bi-harmonic homomorphisms between sol
equipped with the left invariant metric defined in (2.2) or (2.3) and ¢¢(2) equipped with the
left invariant metric defined in (2.4).

Let {A, B,C} be the basis of algebra ¢q(2), where [A,B] = 0, [A,C] = =B, [B,C] = A,
and

00 1 000 0 -1 0
A=10 0 0], B=[0 0 1], C=11 0 O
000 000 0 0 O
Theorem 3.6. Let £: sol — n be a homomorphism defined in (3.1), and sol be equipped with the

left invariant metric defined in (2.2) or (2.3). Then,

1
(€)= — [ebe(a*(e+ 0 —1) —oo(a” + ) A+ ac(oc® + (¢ = 0) (e = V') B+
+ (e — Dab(a*(¢ — 1) + 20c*) C]
Proof In[10, Theorem 5.2], we have

7(§) = %(—chA +acB + (0 — 1)abC).

The adjoint representations of the basis elements and the tension field 7(§) in ey(2) are as follows:

0 (0—1)ab ac
v v
adq = | (e—1)ab 0 gbe |,

v v

0 0 0
00 O 0 0 1 0 -1 0
ady =10 0 —-1], adg=1|0 0 0], and ade=|[1 0 O
00 O 0 00 0 0 O

So,

0 0 O 0 00 0 o O
ady=[0 0 0|, ady=(0 0 0], and adi={-1 0 0
0 —o O 100 0 00

0 0 O
&=10 0 0
a ob oc

Using formula (1.1), we have

(12(£), A = tr(&" 0 (ada + ady) 0 ady(e) of) — ([4, T(E)], T(£))2

b
- %((J,Q(Q +o-1)— Ug(a2 + 02)),

(12(£), B)a = tr(£" 0 (adp +ad}) o ad,(¢) o) — ([B, 7(£)], 7(£))2
= %(062 + (0 —0)(o— 1)),
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and
(12(£), O)n = tr(£" 0 (ade +adg) 0 adyg) of) — ([C, 7(£)], 7(£))2
e Dbty )
This concludes the proof. 0

Corollary 3.4. Let &: sol — ¢q(2) be a homomorphism defined in (3.1), and sol be equipped with
the left invariant metric defined in (2.2) or (2.3). Then, £ is bi-harmonic if one of the following
conditions holds:

(1) a =0 and either b = 0 or c = 0;
(2) b =0 and either a = 0 or c = 0;
(3) ¢ =0 and either a =0, b=0, or p= 1.

Theorem 3.7. Let &: ¢o(2) — sol be a homomorphism defined in (3.1), and sol be equipped with
the left invariant metric defined in (2.2). Then,

M [a® +b*+2¢°] Z.

(&) = £ [(aQ—bz)(a—Vb)—i—l/bcz}X—l—% [(aQ—bQ)(l—u)+u02]Y+ 2

2

Proof In[10, Theorem 5.4], we have

(&) = l(—CLCX +bcY + (a® = b°)2).

g

The adjoint representations of the basis elements and the tension field 7(£) in ¢y(2) are as follows:

(a* — %) 0 ac
o o
ad-(¢) = o (=0 e,
o o
0 0 0
0 0 —1 0 0 O 1 0 0
adx=10 0 0|, ady=110 0 1], and adzy=[|0 —1 0
00 O 0 00 0 0 O
So,
0 00 0 00 1 0 0
ady =0 0 0|, ady =10 0 0|, and ady, =0 —1 O
-1 0 0 010 0 0 O

Using formula (1.2), where U € ¢y(2) and V € sol, we get

0
£ = 0

Q@ O O
St O O

vc
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Using formula (1.1), a direct calculation gives us

(12(€), X)n = tr(§" o (adx + ady) 0 adyg) of) — ([X, 7(£)], 7(£))2

== [(a® = b*)(a — vb) + vbc?],

(12(€), Y )n = tr(€7 o (ady +ady) 0 ady(g) o) — ([Y, 7(§)], 7(£))2

:%[(a —b)(l—l/)+1/c},

(12(£), Z)n = tr(&" 0 (adz + ady) 0 ady(e) of) — ([Z,7(£)], 7(€))2

12
_ 2 —b) — b)[a2+b2+2c2].

This concludes the proof. U

Corollary 3.5. Let &: ¢g(2) — sol be a homomorphism defined in (3.1), and sol equipped with
the left invariant metric defined in (2.2), then & is bi-harmonic if one of the following conditions
holds:

(1) v=1and c =0, and a = +£b;
2)v=1landa=5b=0;
(3) ¢ =0 and a = +b.

Theorem 3.8. Let £: ¢o(2) — sol be a homomorphism defined in (3.1), and sol be equipped with
the left invariant metric defined in (2.3). Then,

7€) = % (1°0* + b(ba — b° — ) puc — (a+ b) (b p + ) X
b
'u—; [b* + p® + pv(a® + &) — b(a + b)]Y
1
+3 (=b(® + S)p® + b (b(a — b) — 2¢%) pi* + b*(a + b) (b — 2a)pu + 3(a + b)*c?) Z.
Proof In[10, Theorem 5.5], we recall that

T(§) = l(—(a +b)eX + pbcY — ub*Zz).

g

The adjoint representations of the basis elements and the tension field 7(§) in ey(2) are as follows:

@-)

(@~ 1)

g

0

SEERSIE

0

0
00 -1 0 0O 1 0 0
adx=[10 0 0|, ady=10 0 1], and adz=[0 —1 0
00 O 0 0 0

0 0
So,
0O 0 0 0 0 O 1 1 0
ady=10 0 0], ady, =0 0 0|, and ady,=|-1 —pu O
-1 =10 0 pu O 0O 0 0
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Using formula (1.2), where U € ¢y(2) and V' € sol, we get

0
£ = 0

Q@ O O
SO O

vc

Using formula (1.1), we obtain

and

(12(€), X)n = tr(£" 0 (adx + ady) 0 ady(g) of) — ([X, 7(£)], 7(£))2
= % (1°0® + b(ba — b* — e — (a + b)(V*p + Pr)),

(12(£), Y)n = tr(€7 o (ady +ady) 0 ady(g) of) — ([Y, 7(£)], 7(£))2

e

— (b* + 1 + pv(a® + ) — bla + b)),

(12(£), Z)n = tr(&" 0 (adz + ady) o adyg) of) — ([Z,7(£)], 7(€))2

= %(—b(b?’ + AV + 0 (b(a — ) — 2¢%) i + b3 (a + b) (b — 2a)u + 3(a + b)*?).

This concludes the proof. l

10.
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K. 3ezza, A. 3acane, B. Mepuena

XapakTepusauus OMrapMoOHHYECKHX TOMOMOP(U3MOB B TpPeXMepHBIX YHUMOAYJSIPHBIX rpynnax Jlu

Kntouesvle cnosa: durapmMoHWYECKHE TOMOMOP(H3MBI, YHHUMOIYISAPHBIE PUMAaHOBBI Tpymmsl Jlu, jeBo-
VHBAapUaHTHbIE PUMAHOBBI METPUKHU.

YIK 514.7
DOI: 10.35634/vm250203

JlaHHOE HCCIIEIOBaHKE TOCBSIICHO KiacCH(pUKAIMK OHrapMOHHYECKHX ToMoMmopdusmoB ¢: (G,g) —
(H,h), tne G u H UpeACTaBISIIOT CBA3HBIC U OIHOCBA3HBIC TPEXMEPHBbIC YHHUMOIYJSApHBIC rpyrmsl Jlu,
a g 1 h 0003HauYaIOT JIEBOMHBAPHAHTHBIE PUMAHOBBI METPHKH.
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