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INVERSE PROBLEMS FOR THE BEAM VIBRATION EQUATION
WITH INVOLUTION

This article considers inverse problems for a fourth-order hyperbolic equation with involution. The ex-
istence and uniqueness of a solution of the studied inverse problems is established by the method of
separation of variables. To apply the method of separation of variables, we prove the Riesz basis property
of the eigenfunctions for a fourth-order differential operator with involution in the space Lo(—1,1). For
proving theorems on the existence and uniqueness of a solution, we widely use the Bessel inequality for
the coefficients of expansions into a Fourier series in the space Lo(—1,1). A significant dependence of
the existence of a solution on the equation coefficient « is shown. In each of the cases a < —1, a > 1,
—1 < o < 1 representations of solutions in the form of Fourier series in terms of eigenfunctions of
boundary value problems for a fourth-order equation with involution are written out.
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Introduction

The work is devoted to the study of inverse problems for a differential equation of the type
utt(xat) +ummxm(x7t)+au$mmx(_xat) = f(x)a (ZL’,t) € Ea (01)

in the rectangular area £ = {—1 < = < 1, 0 < t < T}, where the real number o # +£1.
Equation (0.1) is nonlocal, since there is a dependence on the derivatives at the points z and —x.

Transformation S of the function ¢(z), —1 < = < 1, is called an involution if it satisfies the
condition S?q(z) = q(z).

For a = 0, Equation (0.1) is a well-known classical equation that describes the vibration of
a beam (see, for example [1]). Among the papers devoted to inverse problems for equations of
this type, we can note the recent paper [2,3] (see also references therein). The papers [4,5] are
devoted to inverse problems for second-order equations. Differential equations with involution
are studied in many works (see [6—8]). Recently, many papers have appeared (see [9-26]) devoted
to the solvability of direct and inverse problems for partial differential equations with involution.
However, inverse problems for differential equations of the fourth order with involution were not
considered. The purpose of this work is to solve the following two problems.

IPD: Find a pair of functions u(z,t) and f(x) in the domain £ satisfying Equation (0.1),
initial conditions

u(z,0) = ¢(z), ulz,T)=1v¢(x), u(r,0)=0, =zel[-11] (0.2)
and Dirichlet boundary conditions
u(—=1,t) =0, wu(l,t) =0, wug(—1,t)=0, wu.(l,t)=0, tel0,T], (0.3)

where ¢(x) and ¢(x) are given sufficiently smooth functions.


https://doi.org/10.35634/vm230305

A.B. Imanbetova, A. A. Sarsenbi, B. N. Seilbekov 453

IPN: Find a pair of functions u(z,¢) and f(x) in the domain E satisfying Equation (0.1),
initial conditions (0.2) and Neumann boundary conditions

Up(—1,8) =0, ug(1,8) =0, Ugga(—1,8) =0, Upee(1,£) =0, t€0,T). (0.4)

We call the solution of problem (0.1), (0.2), (0.3) the pair of functions u(z,t) and f(x) satisfying
Equation (0.1), conditions (0.2) and (0.3) such that u(z,t) € C2, (E)NCy;(E), f(x) € C[-1,1].

We call the solution of problem (0.1), (0.2), (0.4) the pair of functions u(z,t) and f(z)
satisfying Equation (0.1), conditions (0.2) and (0.4) such that u(z,t) € Cy/(E) N Cyi(E),
f(z) € Cl—-1,1].

§ 1. Spectral problems for a fourth-order equation with involution

Let us consider a homogeneous equation corresponding to Equation (0.1). Using the method
of separation of variables, we obtain the following, previously unstudied, spectral problems:

XV(x)+a XY (—z) = A\X(2), (1.1)
X(-1)=0, X(1)=0, X"(-1)=0, X"(1)=0, (1.2)
X'(-1)=0, X'(1)=0, X"(-1)=0, X"(1)=0. (1.3)

Boundary conditions (1.2), (1.3) follow from conditions (0.3), (0.4), respectively. Denote
o=/ ={ = p= v/\. The function

X(l‘) = (6a0px + e—aopx) + o (ezaopx + e—zaopx) + 3 (6a1px _ e—alpx) + 4 (ezalpx _ e—zalpx)

is a solution to Equation (1.1). Now it is not difficult to calculate the eigenvalues of the spectral
problems. Eigenvalues

Mer = (L4 )7k —7/2)*, Ao = (1—a)(rk)*, k€N, (1.4)
of spectral problem (1.1), (1.2) correspond to the eigenfunctions
X1 = cos(k — 1/2)mx, Xyo = sin(nkz), k€ N. (1.5)
Eigenvalues
Ma = (1+a)(7k), M= (1 —a)(rk—7/2)* k€N, (1.6)
of spectral problem (1.1), (1.3) correspond to the eigenfunctions
Xo=1, Xp =cos(rkx), X =sin(k—1/2)7x, k€ N. (1.7)

Lemma 1.1. Each of the systems of functions (1.5) and (1.7) is complete and orthonormal in the
space La(—1,1).

P roof The orthonormality of the systems is checked by direct calculations. Therefore, we
will only prove the completeness of systems (1.5) and (1.7). Consider system (1.5). Let for any
function g(z) from the class Lo(—1, 1) the following conditions be satisfied:

/1 g(x)cos(k —1/2)rxdx =0, k€N, (1.8)

1
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and

1
/ g(x)sintkrdx =0, k€ N. (1.9)

1

Let us show that g(x) = 0 in (—1,1). To do this, we transform equality (1.8)

0

0= /_ g(x)cos(k —1/2)rxdx = / g(x)cos(k — 1/2)max dx +

+ /0 g(x)cos(k — 1/2)rxdx = /0 (9(z) + g(—x)) cos(k — 1/2)mx dx.

Since the system {cos(k—1/2)mz}ren is complete [27] in Ly (0, 1), it follows that the function
g(z), -1 <x < 1,is odd, i.e., g(—x) = —g(x). Further, we similarly transform equality (1.9):

1 0 1
0= / g(x)sinmkx dx = / g(x)sinmkz dx + / g(z)sinmkx dx =
_ 0

= /0 (9(z) — g(—x)) sinThz dz.

From this equality and the completeness of the trigonometric system {sinmkz}ien in the
space Lo(0,1), we get the equality g(—z) = g(z), —1 < x < 1. Therefore, g(z) =0 in (—1,1).
The completeness of system (1.5) is proved. The completeness of the system of functions (1.7)
is proved similarly. The Lemma is proved. U

It should be noted that spectral problems for differential equations with involution have been
studied in recent decades. Regarding the papers devoted to spectral problems for differential
equations of the first and second orders, we refer readers to [28] (see also references therein). For
results concerning nonclassical spectral problems, we refer readers to [29,30].

Remark 1.1. The explicit form of eigenvalues (1.4), (1.6) shows that for « > 1 or o < —1 direct
problems for equation (0.1) may be incorrect.

§ 2. Formal solution to the problem

The unknown functions u(x,t) and f(x) can be represented as a Fourier series in terms of
spectral eigenfunctions of problem (1.1), (1.2). The function u(x,t) as a function of a variable «
is represented as

Z up (t) cos(k — 1/2)mx + uyo(t) sin whx] (2.1)
k=1
and the function f(x) is represented as
Z fr1cos(k —1/2)mx + frosin Wk?l‘] , (2.2)
k=1

where the coefficients wyy(t), uga(t), fr1, fr2 are unknown. Substituting (2.1) and (2.2) into
Equation (0.1), we obtain the following equations connecting the functions w(t), uga(t) and
constants fi, for:

up (1) + (1 + ) (rk — 7/2)*up1 (t) = fra, (2.3)
() + (1 — @) (k) upa(t) = fro- (2.4)
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Equations (2.3), (2.4) are inhomogeneous second-order linear differential equations with constant
coefficients. Let us write out their general solutions

wna(t) = Cia cos VI+almk — m/2)°t + Ciasin VT alwk = m/2)% + @(ﬁi — /2
uga(t) = Dys cos VT — a(mh)*t + Dyasin /T — (k) + a_iiw |

where unknown constants C}1, Cra, Dy1, Dio, fr1, fre can be determined using the initial condi-
tions (0.2). Let v, ¥ri, © = 1,2, be the coefficients of the expansion into the Fourier series of
the functions () and ¢ (x), respectively, i. e.

1 1
VK1 = / o(x)cos(k — 1/2)rxdx, ro = / o(z) sinTkz dx, (2.5)
—1 -1
1 1
Y1 = Y(x)cos(k —1/2)mxdr, g = / Y(x)sinTkx dx. (2.6)
-1 -1
Now conditions (0.2) imply the equalities
( Ji1
C pum
N Ty T
Ji1
C 1 k—m/2)°T =
w1 cos/1 + a(rk — w/2)*T + 1+ a)(k —7/2)1 Vg1,
\CkQ == 0,
( Jr2
D _— =
k1t (01— a)(7k)? Pk2,
T 2
Dk;l cosv1 — Oz(ﬂ'k?)QT + W = @Z)kg,
[ Di2 = 0.
Solving these systems of algebraic equations, we obtain
k1 — Vi1 4
C = y - - C 1 + k - 2 3
T~ cos V1+alrk —m/2)2T fia = (P = Cu) (1 + a)(wk = 7/2)
Dy = Pr2 — iz fr2 = (pr2 — Di1) (1 — ) (k)™

1 —cosv/1— a(mk)?T’
Substituting the found values of w1 (t), uga(t), fr1, fr2 into (2.1) and (2.2), we get

B L1 —cosV1+a(rk —m/2)%
u(z,t) = p(z) + ; 1 —cosv/1+ a(rk —m/2)2T

(Vg1 — pp1) cos(k — 1/2)mx +

2.7)
= 1— 1 — k)2
N ; = fffgg@)%% ~ i) sinhe
and
fl@) =" () +a- 9" (—z) +
N Y1 — r1 A
+ ; 1 —cosv/1+ a(rk — 7T/2)2T(1 + a)(mk — w/2)* cos(k — 1/2)mx + .
+ Z 1 — co;/}lj;%z(ﬂ-k)gcr(l — Oé) (7Tk:)4 sin rkzx.
k=1

Thus, we have finally obtained a formal solution of problem (0.1)—(0.3) in the form of se-
ries (2.7), (2.8).
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§ 3. Main results

Before formulating the main results, we note that the solvability conditions for problems (0.1)—
(0.4) depend on the values of the parameter in the equations. Therefore, we specify three cases:
a< —1,—-1 < a<1,a>1. Letus formulate the main results of this work. The solvability of
inverse problems (0.1)-(0.3) can be presented in the form of the following theorems.

Theorem 3.1. Let || < 1 and the following conditions be satisfied:

(1) plz), ¥(z) € C3[—1, 1]

(2) there exist positive numbers &y, 61 such that cosv/1+ a(rk — m/2)°T < § < 1,
cosv/1 —a(mk)*T < 6 < 1; _ .

(3) the derivatives of the functions p(x) and 1(x) have the properties % =0, % =0,
j=0,24.

Then there is a unique solution to the inverse problem (0.1)—(0.3), which can be represented
as a Fourier series (2.7), (2.8).

Theorem 3.2. Let o > 1 and the following conditions be satisfied:

(1) (), () € CF[~1,1];

(2) there exists a positive number &y such that cos\/1 + a(nk — 7/2)*T < §y < 1;

(3) the derivatives of the functions ¢(x) and 1 (x) have the properties % =0, % =0,
j=0,2,4

Then there is a unique solution to the inverse problem (0.1)—(0.3), which can be represented
as a Fourier series (2.7), (2.8).

Theorem 3.3. Let o < —1 and the following conditions be satisfied:

(1) p(x), Y(x) € C°[-1,1];
(2) there exists a positive number 6, such that cos+/1 — a(wk)QT <d <1

doFD) _ o FYEFDH _
dxd - O’ daxd - O’

(3) the derivatives of the functions p(x) and 1(x) have the properties
j=0,2,4

Then there is a unique solution to the inverse problem (0.1)—(0.3), which can be represented
as a Fourier series (2.7), (2.8).

Let us consider formulation of the theorems on the solvability of inverse problems (0.1), (0.2),
(0.4). Proceeding as above, we first write out the formal solution of our inverse problem:

L 1 —cosv/1+ a(rk)t
— 1 —cosV1+a(rk)*T

2
u(z,t) = o(r) + %(wo — o) + (Vr1 — @r1) cos Tk +

3.1)

1 —cos1— alrk —7/2)% ,

* ; 1 —cosv1—a(rk — 7T/2)2T(wk2 ~ i) sin(k = 1/2)m
and
fla) = ¢ (@) + & o (~) + (o — 00) +

- Yr1 — Pr1 4

+ 2T cosyTTa a(ﬂk)QT(l + a)(mk)* cos Tkx + (3.2)
n i iz — Phz (1 - a)(rk — 7/2)*sin(k — 1/2)7z,

— 1—cosv1—a(rk —m/2)*T
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where

1

1 [t 1!
=3 [ v@dn w=j [ v
1

1
o= [ eycosthads, o= [ pla)sine—1/2)mr ds
— -1

1

1 1
b= [ wla)cosmhade, e = [ wlesin(h— 1/ de

The following theorems give conditions for the solvability of inverse problems (0.1), (0.2), (0.4).

Theorem 3.4. Let |«| < 1 and the following conditions be satisfied:

(1) @(z), ¥(z) € C°[-1,1);

(2) there exist positive numbers &y, 01 such that
cos V1 + a(rk)’T < 6 < 1, cos V1 — a(rk —7/2)*T < 6, < 1;

(3) the derivatives of the functions p(x) and 1)(x) have the properties djgd"ifl) =0, djiﬁgl) =0,
j=13

Then there is a unique solution to the inverse problem (0.1)-(0.2) and (0.4), which can be
represented as a Fourier series (3.1), (3.2).

Theorem 3.5. Let o > 1 and the following conditions be satisfied:
(1) e(z), P(z) € C°[-1,1);
(2) there exists a positive number &y such that cos /1 + a(nk)*T < § < 1;

Po(F) _ o FY(FD _
dxJ - 0’ dxJ - 0’

(3) the derivatives of the functions p(x) and 1(x) have the properties
j=1,3.

Then there is a unique solution to the inverse problem (0.1)-(0.2) and (0.4), which can be
represented as a Fourier series (3.1), (3.2).

Theorem 3.6. Let a« < —1 and the following conditions be satisfied:

() o(z), ¥(x) € C°[-1,1];
(2) there exists a positive number 5, such that cos /1 — a(rk — 7/2)*T < 6, < 1,
S ; e Po(FD) _ o dy(EFD _
. (i) z)ihe derivatives of the functions ¢(x) and 1 (x) have the properties =7~ = 0, == = (,
J=109
Then there is a unique solution to the inverse problem (0.1)-(0.2) and (0.4), which can be
represented as a Fourier series (3.1), (3.2).

§ 4. Proof of the main results

Let us prove Theorem 3.1. We must prove that the resulting formal solution in the form
of series (2.7), (2.8) satisfies equation (0.1) and conditions (0.2), (0.3). Let us first show
that the series (2.7), (2.8), as well as the formal derivatives with respect to the variables and
of the series (2.7) up to the fourth and second orders, respectively, converge uniformly in F.
Let —1 < a < 1. Then from (2.7) it follows the estimate

o0

u(z, t)] < [o(@)] + MY ([t — @ral + [vr2 — @ral), (4.1)

k=1

where M is a positive number.
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The smoothness of the functions ¢(x), ¥ (x) makes it possible to carry out double integration
by parts in expressions (2.5) and (2.6). In this case, by virtue of condition (0.3) of Theorem 3.1,
the integrated terms vanish and we obtain the equalities

(2) (2) (2 (2)
Pr1 _ Pra Ui Uyo
where S%, @/)kj, j = 1,2, are the Fourier coefficients of bounded functions ¢”(z), ¥"(x),

respectively. Using the obtained equalities in (4.1), we obtain the estimate

> /2y _
e 0] < et + Y J;”k_ )f;;z 1, M?W@% \),

k=1

from which the uniform convergence of the series (2.5) in E follows. Similarly, the uniform
convergence of the series u(x,t), u,(z,t) is proved by triple integration by parts in expres-
sions (2.5) and (2.6). The uniform convergences of the series uy(x,t), Uy (T, 1), Ugppe(x,t) are
proved in the same way. Let us prove the uniform convergence of the series ;... (x,t). The
function w,,..(,t) has the estimate

o0

[taaaa(, D) < o™ (@) + M1 Y (In1 — o] + [re — pral) (k — 1/2)'7%. (42)

k=1
After fivefold integration by parts in expressions (2.5) and (2.6), we obtain the equalities

ol v o 2
Pr1 = —ma Pr2 = (7k)5’ Y1 = —ma Vg2 = (7k)5’ keN,

where @k], @/)kj, j = 1,2, are the Fourier coefficients of bounded functions ©" (), ¥V (),
respectively. Applying these equalities to (4.2), we obtain

TTTT t < v T - a '
terza(e,t)] < |9 (@) + — ;(%_ﬁ%_ﬁ bk

We apply the inequality |ab| < % + % to each term of the general term of the resulting series.
Then

IR N N L 1 A 1 8 1

Due to the Bessel inequality for the Fourier coefficients, this implies the uniform convergence of
the series .. (,t) in the domain E. The uniform convergence of series (2.8) is proved in a
similar way. Boundary conditions (0.3) for series (2.7) are satisfied, since each term of the series
satisfies this condition. The fulfillment of conditions (0.2) is also obvious.

§5. Let us prove the uniqueness of the solution

Suppose that there are two sets of solutions {u;(z,t), fi(x)} and {us(z,t), fo(x)} of the
inverse problem (0.1)—(0.3). Denote

u(z,t) = uy(z,t) — ug(z,t)
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and

f(x) = fi(z) = fo(2).

Then the functions u(x,t) and f(z) satisfy Equation (0.1), boundary conditions (0.2), and homo-
geneous conditions

w(z,0) =0, wu(x,T)=0, wu(x,0)=0, =ze€l-1,1]. (5.1)
Consider the following expressions:
1
w1 (t) = / u(z,t)cos(k —1/2)rxdr, k€ N, (5.2)
-1
1
Upa(t) :/ u(x,t)sinwtkxdx, k€ N, (5.3)
—1
1
fr1 = f(x)cos(k — 1/2)rxdx, k€ N, (5.4)
—1
1
fro :/ f(x)sinmkxdr, k€ N. (5.5)
—1
The homogeneous conditions (5.1) and expressions (5.2), (5.3) imply the equalities
a 7 7t .
Ui (z,0) = ugs(x, T) = 0, M =0, i=1,2.
ot 0

Let us differentiate expression (5.2) twice with respect to the variable and use Equation (0.1) on
the right side. Then, we get the equality

1
up(t) = /1 (—umm(x, t) — QUggee(—1, t)) cos(k — 1/2)rxdx + fi1,

which we integrate by parts four times. As a result, we get
i (t) + (k= 1/2)* 7 (1 + a)up (t) = fua.

Now it is easy to see that, from this equation and conditions ux;(0) = w1 (7)) = 0, u,(0) = 0, we
get the relations

fr1 =0, wii(t) =0.

Similarly, we obtain the equalities fro = 0, ug2(t) = 0. From here, due to the completeness of
the system of eigenfunctions (1.7) and relations (5.4), (5.5), we obtain

f(z) =0, wu(z,t)=0, (x,t)€FE.

Theorem 3.1 is proved.

§ 6. Proof of Theorem 3.2
If @ > 1, then series (2.7) and (2.8) can be written as follows:

" Z 1 —cosvV1+ a(rk —7/2)%
1 —cosv1+ a(rk —w/2)?T

>\ 1 —cosiva — 1(mk)%t |
' - k
Z 1 —cos Z\/—(ﬂ.k)QT (wk? (PkQ) SIN TKX

ulz,

(Vg1 — @r1) cos(k — 1/2)max +
(6.1)
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and
flz) = QDIV(IE) +a- (pIV(_l,) + i Y1 — Pr1 o
— 1 —cosV1+a(rk —/2)*T
_ 4 _ - Vr2 — Pr2 _ 4.
x (14 a)(rk — 7/2)" cos(k 1/2)m+; e ida—t(eRpr L~ )(Tk) sinmha.

(6.2)

As the function

COSi\/ﬁ(Trk)QT — exp(vao — 1(mk)?T) + exp(—va — 1(7k)?T)
2

has an exponential growth, it is easy to see that the second series in (6.2) will converge uniformly.
The uniform convergence of the first series in (6.1) and (6.2) is proved by the above method. The
uniform convergence of the second series in (6.1) is ensured by the presence of the term in the
series containing the expression exp(v/a — 1(mk)?(t — T)). Theorem 3.2 is proved.

The proof of Theorem 3.3 is similar to the proof of Theorem 3.2.

We will not consider the proof of Theorems 3.4-3.6, since the main ideas of the proof of
Theorems 3.1-3.3 can be easily transferred to the case of problem (0.1), (0.2), (0.4).

§ 7. Example
For inverse Dirichlet problems, we present a simple example of solution. Consider the fol-
lowing choice of conditions (0.2):

u(z,0) = cos(n/2x), w(z,T)=0, w(z,0=0, =ze€l[-1,1],

i.e., here ¢(x) = cos(m/2z) and ¢(z) = 0. Let us calculate the coefficients of the series using
the property of Theorem 3.1, then

1 —cosv1+ a(m?/4)t
1 —cosv1+a(n?/4)T

F) = (/20" cosl/20) + (2" cosln/20) — To - ——— e

u(z,t) = cos(mw/2x) — cos(m/2z),

cos(m/2x).

§ 8. Conclusion

The inverse problem of determining the right side of the perturbed beam vibration equation
with involution is solved. The dependence of the solvability conditions of the problem on the
values of the parameter contained in the studied equation is established. Dirichlet and Neumann
boundary conditions are considered. The basic properties of eigenfunctions of spectral problems
for the fourth-order differential equation with involution with the specified boundary conditions
are investigated. The main ideas of the paper can be extended to the cases of periodic and
antiperiodic boundary conditions.
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BECTHUK YIMYPTCKOI'O YHUBEPCUTETA. MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKH

MATEMATUKA 2023. T. 33. Bem. 3. C. 452-466.

A. b. Umanéemosa, A. A. Capcenébu, b. H. Ceiinoexos
OOparHble 3a7a4M /151 ypaBHEHUS KoJieOaHusl 0aJIKH ¢ HHBOJIIOIUEH

Krouesvie crosa: muddepeHImaibHbIe ypaBHEHNS C WHBOIONHMEH, 0OpaTHas 3a/1ada, COOCTBEHHOE 3Hade-
HHe, coOcTBeHHas (yHKIus, MeTon Dypse.

VYIK 517.927.21, 517.927.25
DOI: 10.35634/vm230305

B a10i1 cTaree paccmarpuBaroTcs oOpaTHBIC 337aud IS YpaBHEHUS THIEPOOINYECKOro BHJIA YETBEPTOTO
nopsizika ¢ mHBOMonrei. CyliecTBOBaHHE W €IMHCTBEHHOCTh pPeIIeHHs N3y4aeMbIX 0OpaTHBIX 3a1ad ycTa-
HABJIMBACTCSI METOJOM PA3AEICHUS IIEpEMEHHBIX. /{115 MpUMEHEHU METO/a pa3JeIICHUs IEPEMEHHBIX JJOKa-
3pIBaeM 0a3uCHOCTh Pucca coOCTBeHHBIX PyHKINN quddepeHIINaTFHOTO OIiepaTopa YeTBEPTOTO TOPSIKA C
MHBOIIONKEH B ipocTpancTBe Lo(—1, 1). [Ipu qoKa3aTenbCcTBe TEOPEM O CYIIECTBOBAHUU M €IHHCTBEHHO-
CTH pelIeHrs IHMPOKO HCIIONb3yeM HepaBeHCTBO beccens s xoadduumenToB pasnoxeHuit B pag Oypoe
B npoctpancTBe Lo(—1,1). ITokazana CymiecTBeHHasi 3aBHCHMOCTD CYIIECTBOBAHHUSI PELICHUS OT KOd(u-
LMEeHTa ypaBHEHUS «. B kaxjom u3 ciyydaeB o < —1, @ > 1, —1 < o < 1 BbIlIUCaHbl NPEJCTABICHUSA
pemieHnii B Buae psagoB Pypbe MO COOCTBEHHBIM (YHKIIMSAM KpaeBbIX 3a/1ad Uil YpaBHEHHS YEeTBEPTOrO
MOPSIIKA C UHBOJIFOLIUEH.

®unancupoBanme. VccrenoBanust paboThl BBHITIOIHEHH NpH (UHAHCOBOH momnepkke Komurera Hayku
MuHucTepcTBa HayKu U BhIciIero oopasoBanusi Pecnyonuku Kazaxcran (rpant Ne AP13068539).
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