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Γ = Γ1

⋃
Γ2, Γ1

⋂
Γ2 = ∅, mes Γ2 > 0. �àññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à

div v(x) = f̃(x), x ∈ Ω, (1.1)
(v(x),n) = 0, x ∈ Γ1, u(x) = 0, x ∈ Γ2, (1.2)

vl(x) ∈ −
1

m

m∑

k=1

[
m∑

i=1

α
(i)
kl gi

(
D2

i (u(x))
)
]

∂u(x)

∂xk
, l = 1, 2, . . . ,m , (1.3)1�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíòû 08-01-00676, 09-01-00814).
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i (u) = (Υi∇u,∇u) , Υi =

{
α

(i)
k l

}m

k, l=1
, f̃ � çàäàííàÿ �óíêöèÿ, õàðàêòåðèçóþùàÿ ïëîò-íîñòü âíåøíèõ èñòî÷íèêîâ, n � âíåøíÿÿ íîðìàëü ê Γ1, ξ → gi(ξ

2) ξ � �óíêöèè, îïðåäåëÿþ-ùèå çàêîí �èëüòðàöèè.Ïðåäïîëàãàåì, ÷òî gi( ξ2 )ξ = g i0 (ξ2) ξ + g i1 (ξ2) ξ, ãäå ξ → gi0( ξ2 )ξ � îäíîçíà÷íûå �óíê-öèè, óäîâëåòâîðÿþùèå óñëîâèÿì
g i0(ξ

2) ξ = 0 ïðè ξ 6 β i, j = 0, 1 β i > 0 � ïðåäåëüíûå ãðàäèåíòû, (1.4)
c 1 i (ξ − β i) 6 g i0(ξ

2) ξ 6 c 2 i ξ, ξ > β i, c 1 i, c 2 i > 0, (1.5)
ξ → g i0(ξ

2) ξ íåïðåðûâíûå, íå óáûâàþùèå �óíêöèè, (1.6)
| g i0(ξ

2) ξ − g i0(η
2) η | 6 c3i | ξ − η | , (1.7)

ξ → gi1( ξ2 ) ξ � ìíîãîçíà÷íûå �óíêöèè, èìåþùèå âèä
gi1( ξ2 ) ξ = ϑi h(ξ − βi), h(ξ) =





0, ξ < 0,
[ 0, 1 ] , ξ = 0,
1, ξ > 0.Ëåãêî âèäåòü, ÷òî h(ξ) � ñóáäè��åðåíöèàë �óíêöèè µ,

µ(t) = t+ =

{
0, t < 0,
t, t > 0,â òî÷êå ξ :

µ(ζ) − µ(ξ) > ξ∗ ( ζ − ξ ) ∀ ζ ∈ R 1, ∀ ξ∗ ∈ h(ξ). (1.8)Îòíîñèòåëüíî êîý��èöèåíòîâ α
(i)
k l ïðåäïîëàãàåì, ÷òî äëÿ âñåõ i, k, l = 1, 2, . . . ,m

α
(i)
kl = α

(i)
lk ,

m∑

k, l=1

α
(i)
kl ξk ξl > c4i

m∑

k=1

ξ2
k, c4 i > 0, α

(i)
k l 6 c5i . (1.9)Îáîçíà÷èì

(ξ, ζ)i = (Υiξ, ζ) =

m∑

k, l=1

α
(i)
kl ξk ζl. (1.10)Â ñèëó óñëîâèé (1.9) ñîîòíîøåíèå (1.10) ïîðîæäàåò ñêàëÿðíîå ïðîèçâåäåíèå â Rm. Ïîýòîìóäëÿ ëþáûõ �óíêöèé u, η èìåþò ìåñòî íåðàâåíñòâà

(Υi∇u,∇η) 6 Di(u)Di(η), D2
i (u) 6 c6i |∇u|2, c6i > 0, i = 1, 2, . . . ,m.� 2. Âàðèàöèîííàÿ ïîñòàíîâêà çàäà÷èÏåðåéäåì òåïåðü ê ïîñòðîåíèþ âàðèàöèîííîé �îðìóëèðîâêè çàäà÷è (1.1)�(1.3). Ïóñòü uè v � ðåøåíèå ýòîé çàäà÷è. Ñîîòíîøåíèå (1.3) îçíà÷àåò, ÷òî äëÿ l = 1, 2 . . . ,m

vl(x) = −
1

m

m∑

k=1

m∑

i=1

α
(i)
kl

[
gi0

(
D2

i (u(x))
)

+
χiu(x)

Di(u(x))

]
∂u(x)

∂xk
, (2.1)
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∞

Γ2
(Ω) ìíîæåñòâî áåñêîíå÷íîäè��åðåíöèðóåìûõ â Ω �óíêöèé, ðàâíûõ íóëþ â îêðåñòíîñòè Γ2. Ó÷èòûâàÿ (1.2) è (2.1),èìååì, ÷òî ∫

Ω
div v(x) η(x) dx = −

∫

Ω
(v(x),∇η(x)) dx =

=
1

m

∫

Ω

m∑

l=1

m∑

k=1

m∑

i=1

α
(i)
kl

[
gi0

(
D2

i (u(x))
)

+
χiu(x)

Di(u(x))

]
∂u(x)

∂xk

∂η(x)

∂xl
dx =

=
1

m

m∑

i=1

∫

Ω

[
gi0

(
D2

i (u(x))
)

+
χiu(x)

Di(u(x))

] m∑

k=1

m∑

i=1

α
(i)
kl

∂u(x)

∂xk

∂η(x)

∂xl
dx =

=
1

m

m∑

i=1

∫

Ω

[
gi0

(
D2

i (u(x))
)

+
χiu(x)

Di(u(x))

] (
∇u(x), ∇η(x)

)
i
dx =

=
1

m

m∑

i=1

∫

Ω
gi0

(
D2

i (u(x))
) (

∇u(x), ∇η(x)
)
i
dx+

+
1

m

m∑

i=1

∫

Ω

χiu(x)

Di(u(x))

(
∇u(x), ∇(η(x) + u(x))

)
i
dx−

−
1

m

m∑

i=1

∫

Ω
χiu(x)Di(u(x)) dx 6

6
1

m

m∑

i=1

∫

Ω
gi0

(
D2

i (u(x))
) (

∇u(x), ∇η(x)
)
i
dx+

+
1

m

m∑

i=1

∫

Ω
χiu(x)

[
Di(u(x) + η(x)) − Di(u(x))

]
dx ∀ η ∈ C

∞

Γ2
(Ω).Òàê êàê χiu(x) ∈ ϑi h(|∇u(x)| − βi ), òî â ñèëó (1.8) ïîëó÷àåì

χiu(x)
[
Di(u(x) + η(x)) − Di(u(x))

]
=

= χiu(x)
[
(Di(u(x) + η(x)) − βi) − (Di(u(x)) − βi)Di(u(x))

]
6

6 ϑi

[
µ (Di(u(x) + η(x)) − βi) − µ (Di(u(x)) − βi)

]
, x ∈ Ω ,ñëåäîâàòåëüíî, ∫

Ω
f̃(x) η(x) dx =

∫

Ω
(v(x),∇η(x)) dx 6

6
1

m

m∑

i=1

∫

Ω
gi0

(
D2

i (u(x))
) (

∇u(x), ∇η(x)
)
i
dx+

+
1

m

m∑

i=1

ϑi

∫

Ω
µ (Di(u(x) + η(x)) − βi) dx−

−
1

m

m∑

i=1

ϑi

∫

Ω
µ (Di(u(x)) − βi) dx ∀ η ∈ C

∞
Γ2

(Ω). (2.2)Èòàê, ìû óñòàíîâèëè, ÷òî åñëè �óíêöèè u, v óäîâëåòâîðÿþò ñîîòíîøåíèÿì (1.1)�(1.3), òî�óíêöèÿ u óäîâëåòâîðÿåò íåðàâåíñòâó (2.2).
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{
η ∈ W 1

2 (Ω) : η = 0, x ∈ Γ2

}� ïðîñòðàíñòâî Ñîáîëåâà ñî ñêàëÿðíûì ïðîèçâåäå-íèåì
(u, η)V =

1

m

m∑

i=1

∫

Ω

(
Υi∇u,∇η

)
dx =

1

m

m∑

i=1

∫

Ω

(
∇u,∇η

)
i
dx .Îáîçíà÷èì

ai(u, η) =

∫

Ω
gi0

(
D2

i (u(x))
) (

∇u(x), ∇η(x)
)
i
dx , i = 1, 2, . . . ,m.Èç (1.4), (1.5) ñëåäóåò, ÷òî �îðìû ai(·, ·) îãðàíè÷åíû ïî âòîðîìó àðãóìåíòó, à çíà÷èò, ïîðîæ-äàþò îïåðàòîðû Ai : V → V ïî �îðìóëàì

(Aiu, η)V = ai(u, η) =

∫

Ω
gi 0

(
D2

i (u)
) (

Υi∇u,∇η
)
dx, u, η ∈ V.Îïðåäåëèì òåïåðü îïåðàòîð A0 : V → V ñëåäóþùèì îáðàçîì:

(A0u, η)V =
1

m

m∑

i=1

(Aiu, η)V =
1

m

m∑

i=1

∫

Ω
gi 0

(
D2

i (u)
) (

Υi∇u,∇η
)
dx. (2.3)Äàëåå, îáîçíà÷èâ Ωiu = {x ∈ Ω : Di(u(x)) > βi} , èìååì

∣∣∣
∫

Ω
µ (Di(u(x)) − βi) dx

∣∣∣ =

∫

Ωiu

(Di(u(x)) − βi) dx 6 [ mes Ω ] 1/2 ‖u‖V ,òî åñòü íà V îïðåäåëåíû �óíêöèîíàëû Fi, i = 1, 2, . . . ,m, ïî �îðìóëàì
Fi(u) =

1

m
ϑi

∫

Ω
µ (Di(u(x)) − βi) dx =

1

2m

∫

Ω

∫ D2

i
(u)

0
gi 1(ξ) dξ dx.Òàêèì îáðàçîì, â ñîîòâåòñòâèè ñ (2.2) ïîä ðåøåíèåì ñòàöèîíàðíîé çàäà÷è �èëüòðàöèèíåñæèìàåìîé æèäêîñòè, ñëåäóþùåé íåëèíåéíîìó àíèçîòðîïíîìó ìíîãîçíà÷íîìó çàêîíó �èëü-òðàöèè, áóäåì ïîíèìàòü �óíêöèþ u ∈ V, ÿâëÿþùóþñÿ ðåøåíèåì âàðèàöèîííîãî íåðàâåíñòâà

(A0u − f, η − u)V +

m∑

i=1

Fi(η) −

m∑

i=1

Fi(u) > 0 ∀ η ∈ V, (2.4)ãäå ýëåìåíò f ∈ V îïðåäåëÿåòñÿ ïî �îðìóëå (f, η)V =

∫

Ω
f̃(x) η(x) dx.Âàðèàöèîííîå íåðàâåíñòâî (2.4) ìîæåò áûòü çàïèñàíî â âèäå:

(A0u − f, η − u)V +

m∑

i=1

Gi

(
Biη

)
−

m∑

i=1

Gi

(
Biu

)
> 0 ∀ η ∈ V, (2.5)ãäå Fi = Gi ◦ Bi, �óíêöèîíàëû Gi îïðåäåëåíû íà H =

[
L2(Ω)

]m ïî �îðìóëàì
Gi(z) =

1

2m

∫

Ω

∫ | z |2

0
gi 1(ξ)dξ dx =

1

m

∫

Ω

∫ | z |

0
gi 1(ξ

2) ξ dξ dx,ÿâëÿþòñÿ âûïóêëûìè, ëèïøèö-íåïðåðûâíûìè, Bi = Υ
1/2
i ∇ : V → H � ëèíåéíûå, íåïðåðûâ-íûå îïåðàòîðû.Ëåììà 1. Ïóñòü Ai : V → V � îáðàòíî ñèëüíî ìîíîòîííûå îïåðàòîðû (ñì. [7℄ ) ñ ïî-ñòîÿííûìè σi, i = 1, 2, . . . ,m, òî åñòü

(Aiu − Aiη, u − η)V > σi ‖Aiu − Aiη ‖
2
V , σi > 0 ∀u, η ∈ V. (2.6)Òîãäà îïåðàòîð A0 : V → V, A0 =

1

m

m∑

i=1

Ai, òàêæå ÿâëÿåòñÿ îáðàòíî ñèëüíî ìîíîòîííûì.
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(Aiu − Aiη, u − η)V > min
i=1,2,...,m

{σi} ‖Aiu − Aiη ‖
2
V . (2.7)Ñóììèðóÿ íåðàâåíñòâà (2.7) ïî i = 1, 2, . . . ,m, ïîëó÷àåì

(
A0u − A0η, u − η

)
V

=

=
1

m

m∑

i=1

(
Aiu − Aiη, u − η

)
V

>
1

m
min

i=1,2,...,m
{σi}

m∑

i=1

‖Aiu − Aiη‖
2
V .Îòñþäà â ñèëó î÷åâèäíîãî íåðàâåíñòâà ∥∥u1

∥∥2

V
+

∥∥ u2

∥∥2

V
+· · ·+

∥∥um

∥∥2

V
>

∥∥ u1+u2+· · ·+um

∥∥2

V
/m,ñïðàâåäëèâîãî äëÿ ëþáûõ u1, u2, . . . , um, èìååì

(
A0u − A0η, u − η

)
V

>
1

m2
min

i=1,2,...,m
{σi}

∥∥∥
m∑

i=1

Aiu −
m∑

i=1

Aiη
∥∥∥

2

V
=

= min
i=1,2,...,m

{σi}
∥∥∥

1

m

m∑

i=1

Aiu −
1

m

m∑

i=1

Aiη
∥∥∥

2

V
∀u, η ∈ V,òî åñòü îïåðàòîð A0 ÿâëÿåòñÿ îáðàòíî ñèëüíî ìîíîòîííûì ñ êîíñòàíòîé σ0 = min

i=1,2,...,m
{σi} .Ëåììà äîêàçàíà.Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (1.4)�(1.7). Òîãäà âàðèàöèîííîå íåðàâåíñòâî (2.5)èìååò íåïóñòîå, âûïóêëîå, çàìêíóòîå ìíîæåñòâî ðåøåíèé.Åñëè u � ðåøåíèå âàðèàöèîííîãî íåðàâåíñòâà (2.5), òî ñóùåñòâóåò �óíêöèÿ v ∈ Hòàêàÿ, ÷òî ïî÷òè âñþäó íà Ω âûïîëíåíû âêëþ÷åíèÿ (1.3), è èìååò ìåñòî óðàâíåíèå íåðàç-ðûâíîñòè

∫

Ω
(v(x),∇η(x)) dx =

∫

Ω
f̃(x) η(x) dx ∀ η ∈ C

∞
Γ2

(Ω). (2.8)Ä î ê à ç à ò å ë ü ñ ò â î. Â [6℄ óñòàíîâëåíî, ÷òî ïðè âûïîëíåíèè óñëîâèé (1.4)�(1.7) îïåðà-òîðû Ai ÿâëÿþòñÿ îáðàòíî ñèëüíî ìîíîòîííûìè è êîýðöèòèâíûìè. Èç ëåììû 1 âûòåêàåò, ÷òîîïðåäåëåííûé â (2.3) îïåðàòîð A0 � îáðàòíî ñèëüíî ìîíîòîííûé, òî åñòü
(A0u − A0η, u − η)V > σ0 ‖A0u − A0η‖

2
V , σ0 > 0 ∀u, η ∈ V, (2.9)ïîýòîìó îí ÿâëÿåòñÿ ìîíîòîííûì, à òàêæå ëèïøèö-íåïðåðûâíûì  êîíñòàíòîé 1/σ0. Èç êî-ýðöèòèâíîñòè Ai ñëåäóåò, ÷òî îïåðàòîð A0 òàêæå êîýðöèòèâåí. Â [6℄ äîêàçàíî òàêæå, ÷òî

Fi � âûïóêëûå, ëèïøèö-íåïðåðûâíûå �óíêöèîíàëû. Ïåðå÷èñëåííûå ñâîéñòâà îïåðàòîðà A0è �óíêöèîíàëîâ Fi îáåñïå÷èâàþò íåïóñòîòó, âûïóêëîñòü è çàìêíóòîñòü ìíîæåñòâà ðåøåíèéâàðèàöèîííîãî íåðàâåíñòâà (2.4) (ñì. [9, 10℄).Ïóñòü òåïåðü u � ðåøåíèå âàðèàöèîííîãî íåðàâåíñòâà (2.5), êîòîðîå ñîãëàñíî îïðåäåëåíèþñóáäè��åðåíöèàëà ýêâèâàëåíòíî âêëþ÷åíèþ
f − A0u ∈ ∂

( m∑

i=1

Fi(u)
)
. (2.10)Ïîñêîëüêó �óíêöèîíàëû Fi âûïóêëû è íåïðåðûâíû, òî (ñì. [10℄)

∂
( m∑

i=1

Fi(u)
)

=
m∑

i=1

∂Fi(u).



8 È.Á. Áàäðèåâ, È.Í. Èñìàãèëîâ, Ë.Í. ÈñìàãèëîâÌÀÒÅÌÀÒÈÊÀ 2008. Âûï. 3Ïðîâîäÿ ðàññóæäåíèÿ, ïîäîáíûå ñîäåðæàùèìñÿ â [8℄, èìååì, ÷òî â òî÷êå u ñóáäè��åðåí-öèàë �óíêöèîíàëà Fi åñòü ìíîæåñòâî ëèíåéíûõ íåïðåðûâíûõ íà V �óíêöèîíàëîâ li âèäà
(liu, η)V =

1

m

∫

Ω

χiu(x)

Di(u(x))
(∇u(x),∇η(x))i dx η ∈ V,ãäå χiu ∈ L∞(Ω),

χiu(x) ∈ ϑi h(Di(u(x)) − βi ). (2.11)Ïîýòîìó ñîîòíîøåíèå (2.10) îçíà÷àåò, ÷òî âûïîëíåíî ðàâåíñòâî
∫

Ω
f̃(x) η(x) dx =

=
1

m

m∑

i=1

∫

Ω

[
gi0

(
D2

i (u(x))
)

+
χiu(x)

Di(u(x))

] (
∇u(x), ∇η(x)

)
i
dx =

=
1

m

∫

Ω

m∑

l=1

m∑

k=1

m∑

i=1

α
(i)
kl

[
gi0

(
D2

i (u(x))
)

+
χiu(x)

Di(u(x))

]
∂u(x)

∂xk

∂η(x)

∂xl
dx =

=

∫

Ω
(v(x),∇η(x)) dx,ãäå

vl(x) = −
1

m

m∑

k=1

m∑

i=1

α
(i)
kl

[
gi0

(
D2

i (u(x))
)

+
χiu(x)

Di(u(x))

]
∂u(x)

∂xk
, l = 1, 2 . . . ,m ,ïðè÷åì v ∈ H ïðè âûïîëíåíèè óñëîâèé (1.4)�(1.7).Òàêèì îáðàçîì, âåêòîð-�óíêöèÿ v óäîâëåòâîðÿåò óðàâíåíèþ íåðàçðûâíîñòè (2.8), à â ñèëó(2.11) � ñîîòíîøåíèÿì (1.3). Òåîðåìà äîêàçàíà.� 3. Èòåðàöèîííûé ìåòîäÄëÿ ðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà (2.5) ðàññìîòðèì ñëåäóþùèé èòåðàöèîííûé ïðî-öåññ. Ïóñòü u(0) ∈ V, y

(0)
i ∈ H, λ

(0)
i ∈ H, i = 0, 1, . . . ,m, � ïðîèçâîëüíûå ýëåìåíòû. Äëÿ

k = 0, 1, 2, . . . , çíàÿ y
(k)
i , µ

(k)
i , îïðåäåëèì u(k+1) êàê

u(k+1) = u(k) − τ
[
A0u

(k) − f + r

m∑

i=1

B∗
i Biu

(k) +

m∑

i=1

B∗
i

(
λ

(k)
i − ry

(k)
i

)]
. (3.1)Çàòåì íàõîäèì y

(k+1)
i , ðåøàÿ çàäà÷è ìèíèìèçàöèè

r
(
y

(k+1)
i , zi − y

(k+1)
i

)
H

+ Gi(zi) − Gi

(
y

(k+1)
i

)
>

>
(
r Biu

(k+1) + λ
(k)
i , zi − y

(k+1)
i

)
H

∀ zi ∈ H, i = 1, 2, . . . ,m . (3.2)Íàêîíåö, âû÷èñëÿåì λ
(k+1)
i ïî �îðìóëå

λ
(k+1)
i = λ

(k)
i + r

[
Biu

(k+1) − y
(k+1)
i

]
, i = 1, 2, . . . ,m. (3.3)Çäåñü τ > 0 è r > 0 � èòåðàöèîííûå ïàðàìåòðû, B∗

i : H → V � ñîïðÿæåííûå ê Bi îïåðàòî-ðû:
(B∗

i yi, η)V = (yi, Biη)H ∀ η ∈ V, yi ∈ H.
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1

m

m∑

i=1

(Biu,Biη)H = (u, η)V ∀u, η ∈ V .Èç ðåçóëüòàòîâ ðàáîòû [4℄ âûòåêàåò, ÷òî ñïðàâåäëèâàÒåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (1.4)�(1.7), 0 < τ <
2σ0

2mσ0 r + 1
, èòåðàöèîííàÿïîñëåäîâàòåëüíîñòü {

u(k), y
(k)
1 , . . . , y

(k)
m , λ

(k)
1 , . . . , λ

(k)
m

}+∞

k=0
ïîñòðîåíà ñîãëàñíî (3.1)�(3.3). Òî-ãäà u(k) ñõîäèòñÿ ñëàáî â V ê u∗ ïðè k → +∞, ãäå u∗� ðåøåíèå âàðèàöèîííîãî íåðàâåí-ñòâà (2.5), y

(k)
i ñõîäÿòñÿ ñëàáî â ê Bi u

∗ ïðè k → +∞, è ñïðàâåäëèâû ðàâåíñòâà
lim

k→+∞

∥∥∥ y
(k)
i − Bi u

(k)
∥∥∥

H
= 0, i = 1, 2, . . . ,m.� 4. �åàëèçàöèÿ èòåðàöèîííîãî ìåòîäà äëÿ çàäà÷ àíèçîòðîïíîé �èëüòðàöèè�àññìîòðèì îñîáåííîñòè ïðèìåíåíèÿ èòåðàöèîííîãî ìåòîäà (3.1)�(3.3) äëÿ ðåøåíèÿ ðàñ-ñìàòðèâàåìûõ çàäà÷ àíèçîòðîïíîé �èëüòðàöèè.Äëÿ îïðåäåëåíèÿ u(k+1) íåîáõîäèìî ñíà÷àëà ðåøèòü êðàåâóþ çàäà÷ó





Rs = f − A0u
(k) +

m∑
i=1

B∗
i (λ

(k)
i − rp

(k)
i ) + mr Ru(k), x ∈ Ω,

(s(x),n) = 0, x ∈ Γ1 , s(x) = 0, x ∈ Γ2 ,
(4.1)ãäå R = −div

m∑
i=1

Υi∇, à çàòåì ïîëîæèòü u(k+1) = u(k) + τ s. Îòìåòèì, ÷òî â íàøåì ñëó÷àå
B∗

i = −div ◦ Υ
1/2
i .Ïðè ÷èñëåííîé ðåàëèçàöèè èòåðàöèîííîãî ìåòîäà îñíîâíóþ òðóäíîñòü ïðåäñòàâëÿåò ðåøå-íèå çàäà÷ ìèíèìèçàöèè (3.2). Çàïèøåì èõ â âèäå:

(r Biu
(k+1) + λ

(k)
i , zi − y

(k+1)
i )H 6

6 Gi(z) +
r

2
‖z‖2

H − Gi(y
(k+1)
i ) +

r

2

∥∥∥y
(k+1)
i

∥∥∥
2

H
∀ zi ∈ H (4.2)èëè

(r Biu
(k+1) + λ

(k)
i , zi − y

(k+1)
i )H 6 Gi r(zi) − Gi r(y

(k+1)
i ) ∀ zi ∈ H, (4.3)ãäå Gi r(zi) = Gi(zi) +

r

2
‖zi‖

2
H . Èñïîëüçóÿ îïðåäåëåíèå ñóáäè��åðåíöèàëà ∂ Gi r, çàïèøåì(4.3) â âèäå:

r Biu
(k+1) + λ

(k)
i ∈ ∂ Gi r(y

(k+1)
i ). (4.4)Èçâåñòíî, ÷òî q ∈ ∂ Gr(z) òîãäà è òîëüêî òîãäà, êîãäà z ∈ ∂ G∗

r (q), ãäå G∗
r � ñîïðÿæåííûéê Gr �óíêöèîíàë. Ïîýòîìó âêëþ÷åíèå (4.4) ýêâèâàëåíòíî ñëåäóþùåìó:

y
(k+1)
i ∈ ∂ G∗

i r(r Biu
(k+1) + λ

(k)
i ).Ôóíêöèîíàë G∗

i r ÿâëÿåòñÿ âûïóêëûì è äè��åðåíöèðóåìûì ïî �àòî, ñóáäè��åðåíöè-àë ýòîãî �óíêöèîíàëà ñîñòîèò èç åäèíñòâåííîãî ýëåìåíòà, ñîâïàäàþùåãî ñ åãî ãðàäèåíòîì,
((G∗

i r)
′z, y)H = g∗i r(|z|

2)z, ãäå
g∗i r(ξ

2)ξ =





ξ/r, ξ 6 r βi,
βi, r βi < ξ 6 r βi + ϑi/m,

(ξ − ϑi/m)/r, ξ > r βi + ϑi/m.
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0.4

0.5

q

�èñ. 1. Îáëàñòè, ãäå ñêîðîñòü �èëüòðàöèè ðàâíà íóëþÏîýòîìó ðåøåíèÿ çàäà÷è (3.2) èìåþò âèä y
(k+1)
i = g∗i r ( |q|2 ) q, ãäå q = r Biu

(k+1) + λ
(k)
i ,

i = 1, . . . ,m.Òàêèì îáðàçîì, êàæäûé øàã ðàññìàòðèâàåìîãî èòåðàöèîííîãî ìåòîäà ñâîäèòñÿ �àêòè÷åñêèê ðåøåíèþ êðàåâîé çàäà÷è (4.1) ñ ëèíåéíûì ñèëüíî ýëëèïòè÷åñêèì îïåðàòîðîì.� 5. ×èñëåííûå ýêñïåðèìåíòûÏðåäëîæåííûé â ðàáîòå ìåòîä áûë ðåàëèçîâàí ÷èñëåííî. �àññìàòðèâàëîñü òå÷åíèå â äâó-ìåðíîé îáëàñòè Ω = (−0.5, 0.5) × (−0.5, 0.5), â öåíòðå êîòîðîé íàõîäèòñÿ ñêâàæèíà ñ äåáèòîì
q = 2, Γ = Γ2. Ìàòðèöû Υi âûáèðàëèñü ðàâíûìè

Υ1 =

(
1 0
0 1

)
, Υ2 =

(
3 0
0 1

)
.Ôóíêöèè ξ → gi0( ξ2 ) ξ çàäàâàëèñü ñîîòíîøåíèÿìè

gi0( ξ2 )ξ =

{
0 ξ 6 βi ,

ξ − βi ξ > βi ,
β1 = 1, β2 = 0.7.Êðîìå òîãî, ïîëàãàëîñü ϑ1 = 1, ϑ2 = 0.7. Ïðåäâàðèòåëüíî ñòðîèëàñü êîíå÷íî-ýëåìåíòíàÿàïïðîêñèìàöèÿ ñ ïîìîùüþ êóñî÷íî-ëèíåéíûõ �óíêöèé íà òðåóãîëüíûõ ýëåìåíòàõ, ïîñòðîåí-íûõ ðàçáèåíèåì ñòîðîí êâàäðàòà íà ðàâíûå ÷àñòè è ïðîâåäåíèåì äèàãîíàëåé, ïàðàëëåëüíûõáèññåêòðèñå ïåðâîãî è òðåòüåãî êîîðäèíàòíûõ óãëîâ. ×èñëî ðàçáèåíèé ñîñòàâèëî 64 × 64. Íàðèñ. 1 òåìíûì öâåòîì çàêðàøåíû êîíå÷íûå ýëåìåíòû, íà êîòîðûõ ñêîðîñòü �èëüòðàöèè ðàâíàíóëþ. Íàèìåíüøåå êîëè÷åñòâî èòåðàöèé ðàâíÿëîñü 57 ïðè τ = 0.6, r = 0.5. Â îòëè÷èå îòèçîòðîïíîãî ñëó÷àÿ, äëÿ ðàññìàòðèâàåìîé àíèçîòðîïíîé çàäà÷è íàáëþäàåòñÿ àñèììåòðè÷íûéõàðàêòåð òå÷åíèÿ.Ïðåäëîæåííûé ÷èñëåííûé ìåòîä ìîæåò áûòü ïðèìåíåí ïðè ðåøåíèè êîíêðåòíûõ ñòàöèî-íàðíûõ çàäà÷ �èëüòðàöèè � çàäà÷ �èëüòðàöèè íåñæèìàåìûõ æèäêîñòåé, ñëåäóþùèõ íåëè-íåéíîìó ìíîãîçíà÷íîìó àíèçîòðîïíîìó çàêîíó �èëüòðàöèè.
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