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iψt + ∆ψ + |ψ|2ψ = 0, (1)ãäå ∆ = ∂x

2 +∂y
2 +∂z

2 � îïåðàòîð Ëàïëàñà, ψ = ψ1 + iψ2, |ψ| =
√

ψ2

1
+ ψ2

2
, èçó÷àëèñü â ðàáî-òàõ [3�6℄. �àáîòà [7℄ ïîñâÿùåíà îïèñàíèþ ñðåäñòâàìè ãðóïïîâîãî àíàëèçà [8℄ âñåõ ïîäìîäåëåé(�àêòîð-óðàâíåíèé) óðàâíåíèÿ (1), îòâå÷àþùèõ åãî òðåõìåðíûì àëãåáðàì ñèììåòðèè. Â ÷àñò-íîñòè, íàéäåíû óíèâåðñàëüíûå èíâàðèàíòû è îïðåäåëåí òèï âîçìîæíîãî òåîðåòèêî-ãðóïïîâîãîðåøåíèÿ: èíâàðèàíòíîå (9 ñóùåñòâåííî ðàçëè÷íûõ òèïîâ) èëè ÷àñòè÷íî-èíâàðèàíòíîå (18 ñó-ùåñòâåííî ðàçëè÷íûõ òèïîâ). Òåì ñàìûì ïîêàçàíî, ÷òî ñóùåñòâóåò áîëüøîå ÷èñëî òî÷íûõðåøåíèé óðàâíåíèÿ (1), îïèñûâàþùèõ ñóùåñòâåííî ìíîãîìåðíûå �èçè÷åñêèå ñòðóêòóðû, ïåð-ñïåêòèâíûå äëÿ èçó÷åíèÿ.Åñëè ââåñòè àìïëèòóäó u è �àçó v ðàâåíñòâîì ψ = ueiv, òî (1) ìîæíî ïåðåïèñàòü â âèäåñèñòåìû
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−u∂v
∂t

+ ∆u− u|v|2 + u3 = 0,

∂v

∂t
+ u∆v + 2 < ∇u,∇v >= 0,

(2)ãäå ∇ = (∂x, ∂y, ∂z) � ãðàäèåíò.Àëãåáðà ñèììåòðèè ñèñòåìû (2) ïîðîæäàåòñÿ ñëåäóþùèìè îïåðàòîðàìè [3℄:
X1 = ∂t,
X2 = ∂x, X3 = ∂y, X4 = ∂z,
X5 = z∂y − y∂z, X6 = x∂z − z∂z , X7 = y∂x − x∂y,
X8 = 2t∂x + x∂v, X9 = 2t∂y + y∂v, X10 = 2t∂z + z∂v,
X11 = ∂v, X12 = 2t∂t + x∂x + y∂y + z∂z − u∂u.Ôàêòîð-óðàâíåíèÿ, ñîîòâåòñòâóþùèå ÷àñòè÷íî-èíâàðèàíòíûì ðåøåíèÿì, ïðåäñòàâëÿþò ñî-áîé àêòèâíûå (â ñìûñëå òåîðèè ñîâìåñòíîñòè [9, 10℄) ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé.Ïîýòîìó äëÿ ýòèõ ñèñòåì â ïåðâóþ î÷åðåäü ñòîèò çàäà÷à ïðèâåäåíèÿ â èíâîëþöèþ, îïðåäåëåíèÿøèðîòû ðåøåíèÿ è, åñëè âîçìîæíî, ïîñòðîåíèÿ îáùåãî ðåøåíèÿ.1�àáîòà ïîääåðæàíà ãðàíòàìè �ÔÔÈ (ïðîåêòû �06�01�00439, �08-01-00047), Èíòåãðàöèîííûì ãðàíòîì ÑÎ�ÀÍ (ïðîåêòû �48, 2.15 � 2006), Ïðîãðàììîé ïîääåðæêè âåäóùèõ íàó÷íûõ øêîë �ÍØ-2826.2008.1.
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uzz + u3

u
= vt + v2

x + v2

y + v2

z , ut + u∆v + 2uzvz = 0, (3)â êîòîðîé u = u(t, z), v = v(t, x, y, z), ñîîòâåòñòâóþùåé ïîäàëãåáðå
L3,1 = àëã 〈X8,X9 + aX3,X11〉 ,ãäå a � ïîëîæèòåëüíàÿ êîíñòàíòà. Ñèñòåìà (3) îòâå÷àåò ÷àñòè÷íî-èíâàðèàíòíîìó ðåøåíèþðàíãà äâà è äå�åêòà îäèí [8℄. Äîïîëíåííàÿ óðàâíåíèÿìè ux = uy = 0, îíà ÿâëÿåòñÿ ïåðåîïðå-äåëåííîé: ÷åòûðå óðàâíåíèÿ äëÿ äâóõ �óíêöèé. Åñëè ðàññìàòðèâàòü òîëüêî ñòàöèîíàðíûåðåøåíèÿ ut = vt = 0, òî (3) ïðèìåò âèä

v2

x + v2

y + v2

z = h2, vxx + vyy + vzz = gvz, (4)ãäå ââåäåíû îáîçíà÷åíèÿ h2(z) =
uzz + u3

u
, g(z) = −2

uz

u
.ÑïðàâåäëèâàÒåîðåìà 1. Åñëè �óíêöèÿ v íå çàâèñèò îò ïåðåìåííîé x, òî îáùåå ðåøåíèå ñèñòåìû (4)äàåòñÿ ñëåäóþùèìè �îðìóëàìè:

v = ±2
√

C1

(

y +
√
C

∫

dz

u2

)

+ v0,
∫

du2

√
−2u6 + C1u4 + C2u2 − CC1

= ±z + C3,ãäå C, C1, C2, C3, v0 � íåêîòîðûå êîíñòàíòû, C, C1 > 0.Çàìå÷àíèå 1. �åøåíèå îïðåäåëÿåòñÿ ýëëèïòè÷åñêèìè �óíêöèÿìè ïåðåìåííîé z. Ìîæíîîæèäàòü, ÷òî ïðè îïðåäåëåííûõ çíà÷åíèÿõ ïàðàìåòðîâ ðåøåíèå áóäåò ïåðèîäè÷åñêèì ïî ýòîéêîîðäèíàòå.Ä î ê à ç à ò å ë ü ñ ò â î. Ïîëîæèì
vy = h cosϕ, vz = h sinϕ, (5)ãäå ϕ = ϕ(y, z) � âñïîìîãàòåëüíàÿ �óíêöèÿ. Òîãäà ïåðâîå èç óðàâíåíèé (4) âûïîëíÿåòñÿòîæäåñòâåííî. Óñëîâèå ñîâìåñòíîñòè vyz = vzy óðàâíåíèÿ (5) ïðèâîäèò ê ñîîòíîøåíèþ

h
′

cosϕ− hϕz sinϕ = hϕy cosϕ.Çäåñü è äàëåå øòðèõîì îáîçíà÷àåòñÿ ïðîèçâîäíàÿ ïî ïåðåìåííîé z. Åñëè ïîëîæèòü H = h
′

/h,òî ýòî ðàâåíñòâî ïåðåïèøåòñÿ â âèäå
ϕy cosϕ+ ϕz sinϕ = H cosϕ. (6)Ïîäñòàâëÿÿ ïðåäñòàâëåíèå (5) âî âòîðîå óðàâíåíèå ñèñòåìû (4), ïîëó÷èì

ϕy sinϕ− ϕz cosϕ = (H − g) sinϕ. (7)Èç (6), (7) íàéäåì ïðîèçâîäíûå
ϕy = H − g sin2 ϕ, ϕz = g cosϕ sinϕ. (8)Óñëîâèå ñîâìåñòíîñòè ϕyz = ϕzy óðàâíåíèé (8) ïðèâîäèò ê ñîîòíîøåíèþ
ϕy cos(2ϕ) + ϕz sin(2ϕ) =

H
′ − g

′

sin2ϕ

g
.
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sin2(ϕ)(g2 + g

′ − 2gH) = H
′ − gH. (9)Óðàâíåíèå (9) ÿâëÿåòñÿ êëþ÷åâûì äëÿ ðåøåíèÿ ñèñòåìû (4). Ïðàâàÿ ÷àñòü (9) ÿâëÿåòñÿ �óíê-öèåé òîëüêî îò ïåðåìåííîé z, â òî âðåìÿ êàê ëåâàÿ ÷àñòü ìîæåò çàâèñåòü òàêæå îò ïåðåìåí-íîé y.Ïóñòü g2+g

′−2gH 6= 0. Òîãäà èç (9) ïîëó÷àåì, ÷òî �óíêöèÿ ϕ íå çàâèñèò îò ïåðåìåííîé y.Èç (8) ñëåäóåò
H = g sin2(ϕ), ϕ

′

= g cosϕ sinϕ.Ïîäñòàâèâ ñþäà H = h
′

/h, h2 =
u

′′

+ u3

u
, g(z) = −2

u
′

u
, ïîëó÷èì
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)′

= −2
u

′′

+ u3

u
· u

′

u
sin2(ϕ), ϕ

′

= −2
u

′

u
cosϕ sinϕ. (10)Âòîðîå óðàâíåíèå ñèñòåìû (10) èíòåãðèðóåòñÿ

sin2(ϕ) =
C

u4 + C
, (10)ãäå C � íåîòðèöàòåëüíàÿ êîíñòàíòà. Òîãäà ïåðâîå óðàâíåíèå (10) ïðèíèìàåò âèä

(
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u

′′
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u

)′

= −4
u

′

u
· C

u4 + C
(11)è òàêæå ìîæåò áûòü ïðîèíòåãðèðîâàíî:

ln
u
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u
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C

u4 + C
= C1,

u
′′

= C1u+
CC1

u3
− u3,

u
′2

= C1u
2 − CC1

u2
− 1

2
u4 + C2,

((u2)
′

)2 = 4C1(u
4 − C) − 2u6 + 4C2u

2,
∫

du2

√
−2u6 + C1u4 + C2u2 − CC1

= ±z + C3,ãäå C, C1, C2, C3 � íåêîòîðûå êîíñòàíòû, C, C1 > 0. Îòñþäà
h2 =

u
′′

+ u3

u
=

4C1(u
4 + C)

u4
.Ôóíêöèÿ v íàõîäèòñÿ èç ñèñòåìû (5)

vy = h cosϕ = ±2
√

C1, vz = h sinϕ = ±2

√
CC1

u2ïî �îðìóëå
v = ±2

√

C1

(

y +
√
C

∫

dz

u2

)

+ v0äëÿ íåêîòîðîé êîíñòàíòû v0.Ïóñòü g2 + g
′ − 2gH = 0. Òîãäà èç (9)

H
′ − gH = 0.
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′

/H è
(

H
′

H

)2

+

(

H
′

H

)′

− 2H
′

= 0,

H
′′

= 2HH
′

,

H = g =
1

A− z
,ãäå A � íåêîòîðàÿ êîíñòàíòà. Èç ñîîòíîøåíèé H = h
′

/h, g = −2
u

′

u
, ïîëó÷àåì

h =
B

A− z
, u = C

√
z −A,ãäå B, C � êîíñòàíòû. Ïîäñòàâèâ u, h â ñîîòíîøåíèå h2 =

u
′′

+ u3

u
, ïîëó÷èì ðàâåíñòâî

B2

(A− z)2
= C2(z −A)2 − 1

4(A− z)2
,êîòîðîå íåâîçìîæíî íè ïðè êàêèõ A, B, C.Ïóñòü H = 0, òî åñòü h � êîíñòàíòà. Òîãäà g

′

= g2 è g =
1

A− z
äëÿ íåêîòîðîé êîíñòàíòû

A. Äëÿ �óíêöèè u èìååì ñèñòåìó
u

′

u
= −1

2
g =

1

2(A− z)
,
u

′′

+ u3

u
= h2.Èç ïåðâîãî ñîîòíîøåíèÿ ïîëó÷àåì u =

B√
z −A

, B � êîíñòàíòà. Òîãäà èç âòîðîãî ñîîòíîøåíèÿïîëó÷àåì ðàâåíñòâî
B2

z −A
+

3

4(z −A)2
= h2,êîòîðîå íåâîçìîæíî íè ïðè êàêèõ A, B, h.Òåîðåìà äîêàçàíà. �Çàìå÷àíèå 2. Ñèñòåìà (4) äîïóñêàåò ïðåîáðàçîâàíèÿ � ïîâîðîòû â ïëîñêîñòè OXY, ïî-ýòîìó îò ðåøåíèÿ v(y, z) ìîæíî ïåðåéòè ê ðåøåíèþ v(ax+by, z), ãäå a, b � êîíñòàíòû òàêèå,÷òî a2 + b2 = 1.Ëåììà 1. Îáùåå ðåøåíèå ñèñòåìû

h2 =
u3 + u

′′

u
, g = −2

u
′

u
,ãäå u, g, h � �óíêöèè îò ïåðåìåííîé z, äàåòñÿ ñëåäóþùèìè �îðìóëàìè:

u = Aeϕ/2, h2 = A2eϕ +
1

4
ϕ

′2

+
ϕ

′′

2
, g = −ϕ′

,ãäå ϕ � íåêîòîðàÿ �óíêöèè îò ïåðåìåííîé z.Ä î ê à ç à ò å ë ü ñ ò â î. Ïîäñòàâèì u
′

= −1

2
ug â ïåðâîå ñîîòíîøåíèå

h2 = u2 − 1

2
g
′ − gu

′

2u
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h2 = u2 − g2

4
− g

′

2
.Äàëåå ñîîòíîøåíèå ug = −2u

′ ïåðåïèøåì â âèäå u2g + (u2)
′

= 0. Îòñþäà
g = −ϕ′

, u = Aeϕ/2,äëÿ íåêîòîðîé �óíêöèè ϕ = ϕ(z). Çíà÷èò:
h2 = A2eϕ +

1

4
ϕ

′2

+
ϕ

′′

2
.Ëåììà äîêàçàíà. �Òåîðåìà 2. �åøåíèå v = v(x, y, z) ñèñòåìû (4) ëèíåéíî ïî ïåðåìåííûì x, y, z òîãäà èòîëüêî òîãäà, êîãäà �óíêöèÿ h íå çàâèñèò îò ïåðåìåííîé z, òî åñòü ïîñòîÿííà.Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè �óíêöèÿ v = v(x, y, z) ëèíåéíà ïî ïåðåìåííûì x, y, z, òîèç ïåðâîãî ñîîòíîøåíèÿ (4) ñëåäóåò, ÷òî h � êîíñòàíòà.Ïóñòü h � êîíñòàíòà. Âûðàçèì ïðîèçâîäíóþ vz èç ïåðâîãî óðàâíåíèÿ (4)

vz =
√

h2 − v2
x − v2

y (12)è ïîäñòàâèì âî âòîðîå óðàâíåíèå, êîòîðîå ðàçðåøèì îòíîñèòåëüíî ïðîèçâîäíîé vyy :

vyy =
1

h2 − v2
x

(

g(h2 − v2

x − v2

y)
3/2 − vxx(h2 − v2

y) − 2vxvyvxy

)

. (13)Ñîñòàâèì óñëîâèå ñîâìåñòíîñòè vzyy − vyyz = 0 äëÿ ñèñòåìû (12)�(13) è óïðîñòèì åãî â ñèëóñàìîé ñèñòåìû. Ïîëó÷èì ñîîòíîøåíèå
2h2(v2

x − h2)v2
xy − 4h2vxvyvxyvxx + 2h2(v2

y − h2)v2
xx+

+2gh2(h2 − v2
x − v2

y)
3/2vxx + (g

′

+ g2)(v2
x − h2)(h2 − v2

x − v2
y)

2 = 0,

(14)êîòîðîå ïðåäñòàâëÿåò ñîáîé êâàäðàòè÷íóþ �îðìó îòíîñèòåëüíî ïðîèçâîäíûõ âòîðîãî ïîðÿäêà
vxx, vxy.Èíâàðèàíòû êâàäðàòè÷íîé �îðìû (14) èìåþò âèä

I1 = −2h2(2h2 − v2
x − v2

y),

I2 = 4h6(h2 − v2
x − v2

y),

I3 = −2h6(h2 − v2
x)(h2 − v2

x − v2
y)

3(2g
′

+ g2).Òàê êàê I2 > 0, òî (14) èìååò ýëëèïòè÷åñêèé òèï. Äëÿ òîãî ÷òîáû ìíîæåñòâî ðåøåíèé (14)áûëî íåïóñòûì, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî
I1I3 6 0, òî åñòü 2g

′

+ g2
6 0.Ïðèâåäåì (14) ê êàíîíè÷åñêîìó âèäó îðòîãîíàëüíûì ïðåîáðàçîâàíèåì è ïàðàìåòðèçóåìñîîòâåòñòâóþùèé ýëëèïñ ââåäåíèåì ïîëÿðíîé ñèñòåìû êîîðäèíàò. Ïîëó÷èì ïðåäñòàâëåíèå äëÿïðîèçâîäíûõ

vxx =
hvy cosQ− vx sinQ

2h2(v2
x + v2

y)
1/2

(h2 − v2

x)1/2(h2 − v2

x − v2

y)
1/2(−2g

′ − g2)1/2+

+
1

2h2
(h2 − v2

x)(h2 − v2

x − v2

y)
1/2,

(15)
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vxy = −hvx cosQ+ vy sinQ

2h2(v2
x + v2

y)
1/2

(h2 − v2

x)1/2(h2 − v2

x − v2

y)
1/2(−2g

′ − g2)1/2−

− 1

2h2
gvxvy(h

2 − v2

x − v2

y)
1/2.

(16)Çäåñü Q = Q(x, y, z) � âñïîìîãàòåëüíàÿ �óíêöèÿ-óãîë â ïîëÿðíîé ñèñòåìå êîîðäèíàò.Ïîäñòàâëÿÿ (15), (16) â (13), ïîëó÷èì
vyy =

−hvy cosQ+ (h2 + v2
y)vx sinQ

2h2(v2
x + v2

y)
1/2(h2 − v2

x)1/2
(h2 − v2

x − v2

y)
3/2(−2g

′ − g2)1/2+

+
g

2h2
(h2 − v2

y)(h
2 − v2

x − v2

y)
1/2.

(17)Ñîñòàâèì óñëîâèÿ ñîâìåñòíîñòè vxyx − vxxy = 0 è vxyy − vyyx = 0. Â ñèëó ñèñòåìû (15)�(17)ýòè ñîîòíîøåíèÿ ïðèâîäÿòñÿ ê âèäó
B11Qx +B12Qy +B1 = 0, B21Qx +B22Qy +B2 = 0,ãäå êîý��èöèåíòû Bi, Bij � �óíêöèè îò vx, vy, Q. Èõ ÿâíûé âèä ìû çäåñü íå ïðèâîäèìââèäó èõ ãðîìîçäêîñòè. Îòñþäà íàõîäèì ïðîèçâîäíûå

Qx = −
(−2g

′ − g2)1/2(h2 − v2
x + v2

y)

2(h2 − v2
x)1/2(v2

x + v2
y)

1/2
cosQ+

+
vxvy(h

2 − v2
x − v2

y)
1/2

2h(h2 − v2
x)1/2(v2

x + v2
y)

1/2
sinQ−

−
gvy(h

4 + h2v2
y − v2

xv
2
y − v4

x)

2h(h2 − v2
x)(v2

x + v2
y)

,

(18)

Qy =
vxvy(h

2 − v2
x − v2

y)
1/2

(h2 − v2
x)1/2(v2

x + v2
y)

1/2
cosQ+

+
(h2 + v2

y)(−2g
′ − g2)1/2(h2 − v2

x − v2
y)

1/2

2h(h2 − v2
x)1/2(v2

x + v2
y)

1/2
sinQ+

+
gvx(h4 − h2v2

x + v2
xv

2
y + v4

y)

2h(h2 − v2
x)(v2

x + v2
y)

.

(19)

Óñëîâèå ñîâìåñòíîñòè Qxy −Qyx = 0 ñèñòåìû (18)�(19) â ñèëó (15)�(19) ïðèâîäèòñÿ ê âèäó
1

h
(h2 − v2

x − v2

y)(g
′

+ g2) = 0.Ïîñêîëüêó h2 − v2
x − v2

y > 0, òî èç ýòîãî ðàâåíñòâà ñëåäóåò, ÷òî
g
′

+ g2 = 0. (20)Îòñþäà ëèáî g = 0, ëèáî g =
1

z + C1

, C1 = const. Åñëè g =
1

z + C1

, òî â ñèëó ëåììû
ϕ

′

= − 1

z + C1

, òî åñòü ϕ = C2 − ln |z +C1|, C2 = const. Íî òîãäà
h2 = A2eϕ +

1

4
ϕ

′2

+
ϕ

′′

2
=
A2eC2

z +C1

+
1

4(z + C1)2
+

1

2(z + C1)2



×àñòè÷íî-èíâàðèàíòíûå ðåøåíèÿ 41ÌÀÒÅÌÀÒÈÊÀ 2008. Âûï. 3íå ìîæåò áûòü êîíñòàíòîé. Ñëåäîâàòåëüíî, g = 0, ϕ = const è u = const. Â ñèëó (15)�(17)
vxx = vxy = vyy = 0. Èç âòîðîãî ñîîòíîøåíèÿ (4) vzz = 0. Çíà÷èò:

v = a0 + a1x+ a2y + a3z + a13xz + a23yzäëÿ íåêîòîðûõ ïîñòîÿííûõ a0, . . . , a23. Èç ïåðâîãî ñîîòíîøåíèÿ (4) ïîëó÷àåì a13 = a23 = 0.Èòàê, �óíêöèÿ
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