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OBOBINNEHUE TO2XXK/JIECTBA JIATPAH>KA 1 HOBBIE NHTEI'PAJIBI
JABUXKEHU {1

B mammoit paboTe pacCMATPUBAIOTCS CUCTEMBI MATEPUAIHHBIX TOYEK B €BKJIMIOBOM ITPOCTPAHCTBE, B3AUMOIEH-
CTBYIOIIUX KAK JPYT C APYrOM, TAK W C BHEITHUM OJEeM. B 9acTHOCTH, pACCMATPUBAIOTCS CHCTEMbI YaCTHII,
B3aMMOJIEHCTBIE MEXK Y KOTOPBIMU OIMMCHIBAETCS OTHOPOTHBIM MOTEHITHAIOM CTENEeHN OJHOPOTHOCTH (@ = —2.
Takoro poma cucreMbl paccMaTpuBaiuch eme HeoTronoMm u B 6osee cucremarndeckoit popme — Axodm. s
9TUX CHUCTEM CYIIECTBYET JIOMOJHUTEIHHAS CKPBITAS CUMMETPHs, KOTOPO COOTBETCTBYET MEPBBIA MHTErPAJI
JIBUYKEHWST, HA3BIBAEMBIN HaMu WHTErpajoMm Axkobu. JIaHHBI WHTErpaJl yKA3hIBAJICST PAHEE B PA3IUIHBIX Pa-
borax, HaunHasA ¢ JKOOHM, OIHAKO MBI IPUBOAMM €ro B bosee obmem Buae. Kpome Toro, Hamu OblLTa yKa3aHa
HOBas HEMWHEHHasT aaredbpa MHTErpasoB, BKIOYAONAA nHTerpaa JAkobu. B crarbe TakKe MPUBOIUTCS PsiT
0000ITIeHm#T TOXKAECTBA Jlarpam:ka /1jisi CHCTEM C OJHOPO/IHBIM MOTEHIIMAIOM CTEIIeHH OJHOPOJHOCTH @ = —2.
A TakKe yKa3aHbl HOBbIE MHTEIPAJIBI IBUKEHUS JIJIST 3TUX ODOOIIEHMIA.

Kmouesnie caosa: ToxIecTBO Jlarpam:ka, MHOTOYACTUYHAS CHCTEMA, MEPBLIH WHTETrpaJl, MHTETPUPYEMOCTh,

anarebpa MHTErPaIoB.

§ 1. HarypaJsibHas cucremMa ¢ OJHOPOJAHBIM MMOTEHIINAJIOM CTEeIMeHu « = —2

Paccmorpum HaTypaibHyIo cucteMy ¢ moreHnuaaom Uy (T), SIBJISIIONIIMCS OTHOPOIHON (DYHK-

el CTemeHu OJHOPOJHOCTH (¢ IO IMEePeMeHHBIM 7, & = 1,..., N :
N o 2
1 ‘
H=-S"2 Ly (r). (1.1)
2 - my

=1
Kaxk wussecrno, mius norentmana U, (T) cripaBejmBo TOXKIeCTBO Diliepa

oU,

52 = ala. (1.2)

(r,

N
_ 2
DBOJIIONHS IEHTPAILHOIO0 MOMEHTA HHeprun [ = ) my;r; I TAKUX CHCTEM OILHCHLIBACTCS (hop-
i=1
mysaot Jlaepanorca
I =4H —2(a + 2)U,. (1.3)
Hekoropoie 06061mennst ¢opmyasl JlarpamxKa Ha CHCTEMBI CO CBSI3AMM, Ha CAyYail, KOTIa TOTEHITH-
aJIbHAYd IHEPTUA KBA3UOAHOPOJIHA IO KOOPpAWHATAM, a& TaK?K€ Ha KOHTHUHYYM B3aHMOﬂ;eﬁCTByIOH_[HX
JACTHIl, MOXKHO HajiTn B HenasHeil pabote [10].
B paccmarpuBaemom ciayuae o = —2 dopwmysaa Jlarpamka ymnpoIraercsd, Ipu 9TOM ypPaBHEHUE

JJId MOMEHTa UHEePITUH MOXKEeT 6I:>ITI:> IIPOUHTEIPUPOBAHO ABHO:
I(t) = 2Ht* + at + b, (1.4)

3mech a4 u b — xoucranTel uaTerpuposanus. 3 (1.4) caemyer Bocxomsimee k IkoOm yTBep:K IeHmMe
st cucrembl N gacrur ¢ morerrmanaoMm U_o(T).

VYreepxkaenune 1 (dxobu). B cayuae ompuyamenvroz snepeuti H < 0 ece nacmuuyv, cucmemol
CMMOAKHYMCA 30 KOHEYHOE BPEMA, G 6 CAYwae Nosodcumenrvhoti snepeuu H > 0 no xpatinetd mepe
00HO 83aUMHOE PACCOAHUE MedHcdYy meaamu bydem beckoneuro sozpacmamds npu t — =+ oo.
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KoucTanTsl MHTErpupoBanns ¢ u b SABJISIIOTCS HEABTOHOMHBIMU (SIBHO 3aBUCSIIIUMU OT BPEMEHH )
MHTErpajaMu JBIZKeHNs. Brepsble Ha UX CynecTBoBaHue ykasan fJkobu [8], mpu ucciemoBannm 3a-

N m;m;
Jaun TPeX Tes Ha MPAMOit ¢ moreHnnaiom U = Z (901796])2 B siBHOM BUIE [71sT TTPOM3BOJIHLHOTO
.. e 7 J
i,j=1,1>7

norenruaaa U = U,g('r) MHTErpaJibl ¢ U b 3aIUCHLIBAIOTCS CAEIYIONIAM 00Pa30M:
a=2(r, p) — 4Ht, b=2Ht* —2(r, p)t + 1, (1.5)

rome H — raMuIbTOHUAH CUCTEMBI.
Bamernm, 9To pu « = —2 Ha PUKCHPOBAHHOM yPOBHE WHTerpaJa sHeprun ¢popmysia Jlarpan-
xka (1.3) mpunnMaer Bz ypasHeHus HbioTOHA ¢ TIOCTOAHHO# ctoil. /JaHHOe ypaBHEHUE JIOMyCKaeT

O4YeBU/THBIIT MHTErpaJl SHePrun

a2

1.
h=-I?>—4IH = — — 4bH, (1.6)
2 2
KOTOPBIN OyIeT SBJIATHCI WHTErPAJIOM JBVKEHWS U JjId BCel cucTeMbl. Takmm 0O6pa3oM, CripaBeji-
JUBa CJIeAYIOIad TeopeMa.

Teopema 1. Hamypasvnas cucmema (1.1) ¢ nomenyuasom U_o(r) donyckaem nepswiii unme-
2pas d8UNCEHUA
J=—h/2=2IH — (r, p)?, (1.7)

KOOI MONCHO UHMEPNPEMUPOSAMD KAK IHEP2UIO PAJUANLHO20 BUNCEHUS PACCMAMPUBLEMOT CU-
Cmembt.

Ormernm, uto uaTerpas (1.7) cBsi3aH CO CKPBITON CHMMeTpHeil 3ajadu, KOTOPOi He COOTBET-
CTByeT HUKAKasd OYEBUIHAA IPYyIa mpeodpa3oBanuii (ha30BOro mMpOCTPAHCTBA.

Ucropuuecknit kommenrapmii 1. Buepsbie narerpas (1.7) 6bu1 noayden dxobu [9] npu nc-
CJIeIOBAHNN 3319l O JBUYKEHHH MATepHaIbHO# Toukn B R> Moz JefcTBHEM IEeHTPATBHBIX CHJI C
J06aBIeHIeM TPOM3BOILHOTO OJHOPOIHOTO TIOTEHIIHAA CTEMEHN OJHOPOIHOCTH @ = —2, TO €CTh

1
H = 51)2 + V(|r|) + U_a(r), p, r € R (1.8)

B nmampreitem psom astopos [5, 11, 12, 17| ¢ momompio mocrpoenust mpejcrasienus Jlakca
ObLIa TTOKa3aHa WHTErpupyeMocTh cuctembl Kasomxepo—Mozepa n HEKOTOPBIX ee 0000mienunii, Ko-
TOpBIE TaKyKe BXOIST B pacCMaTpUBaeMblii Hamu Kjaacc cucreMm. Onmnako warerpas (1.7) st sTux
CUCTEM ABHO yKa3aH HE 6]31.)_[7 XO0Tda 1 COACPZKUTCA B TTOJIYIEHHOM TIPEACTABJICHUN J—[a.Kca..

B maubosee obieM Buje s TPOU3BOJIBHOTO OJHOPOIHOIO MOTEHIINAIA CTEIEHH OTHOPOIHOCTH
a = —2 wunrerpan (1.7) suepssie 6611 npusenen Andyu u llencune B pabore [1].

Boobme, mobaskn k morenmuany suga U(r) ~ |r|~2 nocrosHno paccmaTpuBammch B HeGECHOM
MeXaHWKe B KauecTBe MOMPABOYHBIX WICHOB, HEOOXOJAUMBIX I OObICHEHUS HEKOTOPBIX HAOJII0/Ie-
HUIi, He yKJIaIbIBaommxca B Teopuio Heiorona. B wacTHOCTH, TOMpaBKU K MOTEHIIMATY BUIA \7‘]*2
ucnob3oBag A. DHHINTEHH pu cBoeM 00bACHEHUN cMelleHns nepureans Mepkypus. urepecHo,
YTO TIOTEHIIUABI CTETTeHN OZHOPOIHOCTH (¢ = —2 TaKKe BO3HWKAIOT B 3aJa9€ O JIBMXKEHUH ra3000-
Pa3HBIX JLIHICOnI0B [6, 7.

[Tpusenem Teneps Hanbostee 06wt Bu uarerpana (1.7), obobmaromuit kax cryvait Axkoom (1.8),
Tak n pesynbrar Anbyum u Illencumne.

Teopema 2. Hamypasvnas cucmema (1.1) ¢ nomenyuarom
U(r)=U_s(r)+ V(I) (1.9)
donyckaem nepsvili uHmMezpas J8UNCEHUA

J=2I(H-V)—(r, p)2. (1.10)
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JokazarTeabcTB o. Beraucanum BTOPy0 Tpou3BOaHYIO [ 110 BpeMEHU B CHJIy PACCMaTpU-
BaeMOIl CHCTEeMbI

. oV
I1=4H—-V)—-4]—. 1.11
(H=V) -4 (111)
Ha @HKCHPOB&HHOM YpOBHE HHTEIr'paJia IHEePruu H = const cHOBa IIoJIy4dYaeM CHCTEMY C O,HHOﬁ

CTENeHbI0 CBOOO/IBI M ypaBHEHNEM HbIOTOHOBCKOTO Tuma. [Ipu srom urrerpas (1.10) ¢ TouHOCTBIO 10
KOHCTaHTHI COBIaJIaer ¢ sneprueii cucremsl (1.11), a sisras 3asucumocts I(t) 3amaercs KBagparypoii

1
i :/2\/—J+21(H—V)' (1'12

§2. 3agaua N TeJ ¢ OOHOPOAHBIM MOTEHIINAJIOM CTEIMeHU —2, 3aBUCSIIIUM OT
B3aMMHBIX PACCTOSTHUMN

PaccmorpuMm 3amaqy N Test, MOTEHIMA B3aUMOIEHCTBUAST MEXKTY KOTOPBIMHU 3aBUCUAT TOJIBKO OT
B3aWMHBIX DPACCTOSTHWI W OJHOBPEMEHHO SIBJISETCS OMHOPOMHON (DYHKIIMEN CTElmeHW OJHOPOTHOCTH
a = —2, TO eCcThb

p;
PLy Uoajrs = 1) (2.1)

31ech OrpaHIUIMMCS CIIydIaeM TpexMepHoro npocrpancrsa R3. O6obienue Ha caydan 6obIneit pas-
MEpPHOCTH He MPEJICTAB/ISeT HUKAKUX TPYIHOCTEH M MOXKeT OBITh CJIejaHo, Hampumep, caemys |[18].
B paccmarpuBaeMom ciiydae CripaBeijinBa CIeLyIoInast

Teopema 3. Cucmema (2.1), onucwearowasn dsusicenue N mea 6 R? ¢ odnopodnvim nomen-
YUGAOM 83aUMOIETICMBUA cmeneny od0nopoduocmu o« = —2, donyckaem 0ecamd GYHKUUOHAALHO
HE3ABUCUMDIT GEMOHOMHBLT UHMELPAN0E DBUNCEHUA

N N
P:Zp“ SZPZ(T‘Z,pl)_2HZmZT‘27
=1 i=1
N

M= rixp, J=2H- (3 (r,p))>

=1

(2.2)

HoxkaszarTesabcTs o. [loreHnmuan paccMaTpuBaeMoii 33 Ja91 3aBUCAT OT B3AUMHBIX PaCCTO-
auuit mexkay reravu. Cregosarenbno, cucrema (2.1) momyckaer KIacCHIecKne HHTErpPaIbl MOJTHOTO
umnynabca P u nmogHoro momenTa ummysabca M. CyiectBoBanue nnterpaia J cieayer u3 Teope-
MBI 2 HACTOSIIEH cTaTbu. TakuMm 0O6pa3oM, JjIst TOKA3ATEILCTBA TEOPEMbl HEOOXOINMO MPEIbsIBUTH
elre TPW WHTerpaJja He3aBUCUMBIX C yXKe YKa3aHHBIMU.

Jl1st paccMaTpHBAEMOro MOTEHIINAIA yYPABHEHUS NBUKEHHS 00/IaIal0T HeABTOHOMHBIMU WHTE-
rpajlaMy JTBUKEHUSI:

N N
a= QZ(T“ p;) —4Ht, b=2Ht* — 22(7’2-, pi)t+1,
i=1 i=1 (2.3)
P
c=R— — 1,
> i
rie R — paauyc-BeKTOp IeHTpa Macc cucreMbl Tesl. VICK/odasd BpeMsl M3 Pas/ivuHbIX T1ap WH-

TerpajoB a W ¢;, TMOMHUMO yiKe M3BEeCTHBIX mHTerpajoB P, M wu J, mosyumm emie Tpum HOBBIX

aBTOHOMHBIX HMHTErpaJia:
N

N
S=P> (rip)—2HY mri. (2.4)
=1

=1

Heszasucumocts naTerpanos (2.2) JIerko moka3aTh sBHO, MOCYATAB COOTBETCTBYIOMINI STKOOUAH.
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Ckobku Ilyaccona naTerpanos (2.2) numeror Bu
{My, My} =eppMy,  {My, Sut =euwpSp, My, P} = epbp, {My, J} =0,

{Sus S} = SuPy = PuSus A8 Py = PuPy = 2H (3o mi) s {Ss T} = 2Py, (25)
(P, B} =0, {P,, J}=2S,.

Kak Bumno u3 (2.5), nosxyumsimasics aarebpa MHTETPAIOB SBISETCS KBaApaTuaHoii. Panr 3Toit myac-

COHOBOI CTPYKTYPbI PaBeH BOCBMU, CJIEJOBATEILHO, JaHHasd aarebpa obagaer aByMsa (OyHKIUIME
K :

asmIpa Ki=(PxS—2H (Z m) M)?,

(2.6)

Ky=8%+JP?—2(M, P x8)+2H (Zm) (M2 — J).

Takum obpazom, CpaBe/InBa CAeAYONAs

Teopema 4. Ypasuenua dsusicenus cucmemnt (2.1), onucwearousue deusicerue N men 6 R3 ¢
NOMEHUUGNAOM NAPHO20 B3GUMOIETCMEUA ABAIOUWUMCA 00HOPOOHOT PynKyuet cmenenty, 00HOPoIHO-
cmu « = —2, donyckarom pedykyuto Ha wecmsv cmenenets c60b600v, ¢ NoMoOuLLI0 unmezparos (2.2).

HoxkazarTenasncTso. laa moka3are/bCTBa TEOPEMBI JOCTATOYHO MMPEIbIBUTH IIECTH Iep-
BBIX MHTETPAJIOB B MHBOJTIONNY. B KauecTBe MepBBIX JBYX U3 HUX Oepyrcea dyukmun Kasznvmpa (2.6),
a OCTABININECT YETHIPE BBOAATCS Kak KoopawHaThl /[apOy Ha yposue dyukiuit Kazuvupa aaredpo
UHTErpaJjioB. B paccMarpuBaeMoM C/Iydae B KAUeCTBE TAKUX KOOPAUHAT MOXKHO BBIOPATH WHTErPAJIBI
J, M?, Ms u

S%+.JP
g5 +IP 2.7)
2H

Herpymao mokazarh, 9TO TpUBEIEHHBIE WHTErPAIbl KOMMYTHPYIOT MEXKIY CODOIi, CJIeJ0BaTeIbHO,
cucrema (2.1) momyckaer peayKIMIO HA MIECTh CTeeHeil CBOGOIBI. O

§3 O6o6menue Toxkaecrsa Jlarpanyka u nurerpaja Axkobu

PaCCMOTpI/IM CI/ICTeMy C TaMUJIBTOHUAHOM
1\~ P n
H = §ZH+U_2(\ri—rjy)+V(I, R), 7, p, eR", (3.1)
1

rne U_s(|r; — 7;|) — ommopommast GyHKIUS CTENeHN OAHOPOAHOCTH (v = —2, 3aBHUCSINAs TOIHKO
OT B3AMMHBIX paccroguuii |r; —rj|, 4,5 = 1,...,N, a V(I, R) — mpousBosibHas (DYHKIHAS MO-

MeHTa wHepnuu [ u pajuyc-BeKTOpa IeHTpa Mace R. 3amnurmem ypasHenust sposrormun I n R,
obobmaromnue ToxkgectBo Jlarpamka: (1.3)

fz4(H—V)—4Ia—V—2(R, 8—V),
oI OR (3.2)
B oVp 10V '
oI wOR’

rae = y.m; — CyMMapHas Macca Bcex Te. Kak BUINM, MOJIyYIHUBINMECS YPABHEHUS OTIEJUINCH
oT 00IIeil CHCTEMBI ¥ MOTYT OBITH MPOWHTErPUPOBAHBI OTHebHO. CIIeyIolasi TeopemMa OMUCHIBAET
psii acTHBIX caydaeB dyakmun f(I, R), npu KoTopeix cucrema (3.2) (a ciemoBaTe/bHO, U 00IIast
CI/ICTeMa) AOMMYyCKaeT AOIOJIHUTE/IbHBIEC MHTErPAJIbl JIBUZKEHUA.

Teopema 5. Cucmema (3.1) donycxaem donosnumenvrvie unmezpass, OGUNCENUA 6 CACOYIOULUT
CAYYUAAL

1. IIpu V(I, R) = f(I) cucmema (3.1) donycxaem donoanumenrvhvie uHmezpaivl
1.
J=4(H - f)I - 512,
G; = IP? — uP,R;I + 2u*R2(H — f), i=1,...,n,

2de P = puR.
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2. Ilpu V(I, R) = kI + f(R),20e k — npoussosvnuil napamemp, cucmema (3.1) donyckaem
donoarumenv il unmezpan

1 1
F = 5P2 + kR + ;f(R). (3.4)

3. IIpu V(I, R) = f(x)+g(R), 20e ssedena nosas nepemennas = ul —p?>R?, cucmema (3.1)
donycraem donosHUMEALHBIE UHMEZPANDL

(3.5)

JJoxkazaTenabCTBo.

1. CymecTBoBaHue mMepBOro WHTErpasa (3.3) cieayer m3 TeopeMbl 2 HACTOAIINEH cTaTbu. A WHTe-
rpaabl (G; SABASIOTCS aHaaoraMu uaTerpasna (2.7) 1as pasaumaHBIX nap ypaBHEHUit

I=4(H-f) —41%,
P (3.6)
(2 6[ 19

HA KOTOPBIE B JIAHHOM CJIydae pasjensercs cucrema (3.2).
2. B srom ciayuae Bropoe u3 ypasHenuii (3.2) npuaumaer Buj ypasHenust HproToHa

. 10f
:—2 —_ — - -
R—-2tR--op (3.7)

U JIOMyCKaeT O9eBUIHbI uHTErpan sueprun (3.4).

3. Bamumem ypasuenus (3.2) B mepemenubix x, R :

9 .
= Au(H — [(x) — g(R) — 4ot — PR,

1o (3.8)
 uoR’
Tax ke Kak W B MPEABIAYINEM IIyHKTE, BTOPOe yPABHEHUE JOMYCKAET WHTErPaJI SHEPTUN
1.2 1

- 2
Boipasus R~ 4epe3 mosyuennblii naterpas Fy u moacraBuB B nepsoe ypasuenue (3.8), omsaTh
TTOIyINM ypaBHeHne Tuma ypaBHenna HbioToHa:

= 4u(H — f(2) ~ 20— uF), (3.10)

KOTOPOE JOIlyCKAaeT MHTEerpaJl
Fy = %:&2 —dpx(H — f(z) — pFy). (3.11)
O

[IpuBesmem Temepd panx Pe3yIbTATOB MO WHTETPUPYEMOCTH HEKOTOPBIX 33724 O apmkennn N Ten
Ha TIPIMON, CAEAYIONINX U3 U3/I0KEHHOI BBIIIE TEOPEMBI.

Canencrsue 1. 3adaua mpex mea na npamol ¢ nomenwyuarom U = U_o(|x; — z;|) + f(I) do-
nyckaem 06a ONOAHUMEADHULT UHMEZPAAG OBUINCEHUA U ABAAETCA UHMEZPUPYEMOT.

Caencrue 2. 3adaua deyr mea na npamoti ¢ nomenyuasom U = U_o(|z1 — x2|) + kI + f(R)
donyckaem doNoOAHUMENLHOLT UHMEZPAA OBUNCEHUA U ABAALTNCA UNME2PUPYEMOT.

Cnencreue 3. 3adava mpex mena wa npamoti ¢ nomenyuarom U = U_o(|z; —zj|) + f(z) + g(R)
donycraem 06a 0ONOAHUMENDHHLT UHMEZPAAG OSUNCEHUA U AGAACTMCA UHMEZPUPYEMOT.
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A. A. Kilin
Generalization of Lagrange’s identity and new integrals of motion

We discuss system of material points in Euclidean space interacting both with each other and with external
field. In particular we consider systems of particles whose interacting is described by homogeneous potential of
degree of homogeneity o = —2. Such systems were first considered by Newton and — more systematically —
by Jacobi). For such systems there is an extra hidden symmetry, and corresponding first integral of motion
which we call Jacobi integral. This integral was given in different papers starting with Jacobi, but we
present in general. Furthermore, we construct a new algebra of integrals including Jacobi integral. A series
of generalizations of Lagrange’s identity for systems with homogeneous potential of degree of homogeneity
a = —2 is given. New integrals of motion for these generalizations are found.
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