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� � ������ 	����� xc(s.c.) = 0, 3116865.
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��� � !�"�#$%&'($) *�# &'+�(,-%�+� #$".('& ��������	�
 / �"�-&0( &'($1  �$" �$ 2��#"$3
4(�(  ���5 +� 6"�74$'# ( 8&..$"-�( 9�:  - ;<( - (.( =$   $7$''�. %�&--�. .&#$.&#(0$-%(>
<&7&0� �&%($ <&7&0(  �<'(%&?# �"( "&--.�#"$'(( �"�#$%&'(; =(7%�-#( (�( +&<& �� -�20&,'�3
.2 �&4("('#2@ '&�"(.$" �"�'(%'� $'($ +&<& 0$"$< ��"(-#2? 2+��A'2? .&-%2� B#� �"&%#(0$3
-%�$ �"(��=$'($ ( 7&�� '&< &'($  -$, .&#$.&#(0$-%�, #$�"(( / #$�"(( �$"%��;C((� � �(#$3
"&#2"$ .�='�  -#"$#(#A ( #$�"(? �"�#$%&'(;@ ( #$�"(? �"�-&0( &'(;� �-'� '�$ #$".('� (
��';#(; #$�"(( �$"%��;C(( �"( $7$'�  9�D5@ ( 7"�:@ �#%27& -�$72$#@ 0#�  #$�"(( �$"%��;C((
'&(4��$$ "&-�"�-#"&'$''�.( ; �;?#-; "$E$#�0'�$ <&7&0(F <&7&0& 2<�� *GHIJ KLMNOJP1 ( <&3
7&0& - ;<$, *NMQR KLMNOJP1� S&7&0& 2<�� -0(#&$#-; 4��$$ �4T$,@ ( <&0&-#2? �+"&'(0( &?#-;
#��A%� $$ "&--.�#"$'($.� � 7&''�, "&4�#$@ '$ '&"2E&; �4T'�-#(@ .� #�=$ 427$. "&--.&#"(3
 &#A <&7&02 2<�� �

	&--.�#"(. 7 2>U&<'2? -(-#$.2@ -�-#�;T2? (< �"� �7;T$, ( '$�"� �7;T$, U&<@ "&-�"$3
7$�$''�> -�20&,'� '& N 2<�&> "$E$#%( "&<.$"'�-#( d. *�"( d = 2 "$E$#%& .�=$# 4�#A
% &7"&#'�,@ #"$2+��A'�,@ E$-#(2+��A'�,@ ���-%(. 7$"$ �. ( #� 7�@ �"( d = 3 �$"%��;C(?
.�='� (<20&#A@ '&�"(.$"@ '& %24(0$-%�, "$E$#%$@ "$E$#%$ &�.&<&@ #"$>.$"'�. 7$"$ $ ( #� 7�1
�"( (<20$'((  ��"�-& � �"�>�=7$'(( =(7%�-#( 0$"$< ��"(-#2? -"$72 2<��@ �"('&7�$=&T($
�"� �7;T$, U&<$ l,  7&�A'$,E$$ 427$. '&<� &#A =(7%(.(@ & 2<��@ �"('&7�$=&T($ '$�"�3
 �7;T$, U&<$ s, / # $"7�.(�

�2-#A '&- ('#$"$-2$# =(7%&; U&<& *7&�$$ U&<& l 1@ %�'C$'#"&C(; (�( 7��; 2<�� %�#�"�,
$-#A

x = Nx/N, *�1

+7$ Nx / 0(-�� 2<�� U&<� l.
� <&7&0$ 2<�� 27&�;?# *4��%("2?#1 2<�� U&<� l ( �7'(. (< �-'� '�>  ��"�-� @ '& %�#�3

"�$ ��#&$#-; �# $#(#A #$�"(; �$"%��;C((@ ; �;$#-;  ��"�-F �"( %&%�, 7��$ xc �"�>�=7$'($
=(7%�-#( 0$"$< ��"(-#2? -"$72 �"$%"&T&$#-;V �"(#(0$-%2? 7��? xc 2<�� �"� �7;T$, U&<�
'&<� &?# ��"�+�. �"�#$%&'(; *�$"%��;C((1�

Nx ; �;$#-; -2..�, 0(-�& 2<�� n(x), �"('&7�$=&T(> %�'$0'�. *�4�-�4�$''�.1 %�&-#$3
"&. CC *WOMGJR WOXGIJLG1@ ( 0(-�& 2<�� n1(x), �"('&7�$=&T(> -�$7(';?T$.2 %�&-#$"2 SC
*GKYQQHQZ WOXGIJL1@ #� $-#A

Nx = ñ(x) + ñ1(x) (�( X̃(x) + Ỹ (x) = 1, *�1

+7$ X̃(x) = ñ(x)/Nx /  $"�;#'�-#A #�+�@ 0#� 2<$� U&<� l �"('&7�$=(# %�'$0'�. %�&-#$"&.
CC, & Ỹ (x) = ñ1(x)/Nx /  $"�;#'�-#A #�+�@ 0#� 2<$� U&<� l �"('&7�$=(# -�$7(';?T$.2
%�&-#$"2 SC. 
(=$ ��"�+& �$"%��;C(( x < xc -�$7(';?T(, %�&-#$" (-0$<&$# ( �-#&?#-;
#��A%� %�&-#$"� %�'$0'�+� "&<.$"&�
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��"�+( �"�#$%&'(; 7�; '$%�#�"�> ���-%(> "$E$#�% *#"$2+��A'&;@ % &7"&#'&;@ E$-#(3
2+��A'&;1 '&,7$'� $T$  ���� +� �&,%-�. ( B--&.�. 9�:� ���-�$7-# (( 4��( '&,7$'� #�0'�$
<'&0$'(; ��"�+� �$"%��;C(( $T$ 7�; '$-%��A%(> ���-%(> "$E$#�%@ '&�"(.$"@ 7�; "$E$#%(
!+&�-#2%34&4�0%&) *NM\3IHJ1@ '� #�0'�$ <'&0$'(; ��"�+� �$"%��;C(( 7�; �"�-#"&'-# 4��AE$,
"&<.$"'�-#( 7� -(> ��" '$(< $-#'�� ��3 (7(.�.2@ ]#� - ;<&'� - #$.@ 0#� 7�; &'&�(#(0$-%�+�
"$E$'(; <&7&0 #$�"(( �"�#$%&'(; ��%& '$ -2T$-# 2$# %&%�+�3�(4� .$#�7&� 6��AE('-# � "&3
4�# �� ��"$7$�$'(? ��"�+� �"�#$%&'(; "$E$#�% - ;<&'� - %�.�A?#$"'�. .�7$�("� &'($.�
�'&�(#(0$-%�$ ��"$7$�$'($ ��"�+& �"�#$%&'(; >�#; 4� �7'�, #"$>.$"'�, "$E$#%( ; �;$#-;
�-'� '�, C$�A? '&-#�;T$, "&4�#��

�< $-#'�@ 0#� 7�; "$E$#%( 6$#$ *(�( 7$"$ � �$,�(1 ��"�+ �"�#$%&'(; xc �7('&%� �, 7�;
<&7&0( 2<�� ( <&7&0( - ;<$, ( - ;<&' - %��"7('&C(�''�. 0(-��. Z �"�-#�.  �"&=$'(3
$. 9�@ 5:

xc = 1/(Z − 1). *�1

� 7&''�, "&4�#$ '& �-'� $ "$<2�A#&#& *�1 (   $7$''�,  ^ � U2'%C(( 2-�� '�,  $"�;#'�-#(
�"�#$%&'(; Y (x) 7�; ]�$.$'#&"'�+� %24(%& ��"$7$�$' ��"�+ �"�#$%&'(; �"�-#�, %24(0$-%�,
"$E$#%( �� *GHPKOJ WXNHW@ G�W�1�

� #$�"(( �"�#$%&'(;  $"�;#'�-#A �"�#$%&'(; P = P (x) %&% U2'%C(; �# %�'C$'#"&C(( x
�"� �7;T$, U&<� ; �;$#-;  &='$,E$, >&"&%#$"(-#(%�, �$"%��;C(�''�, -(-#$.�� _$"$< P
.�='�  �"&<(#A - �,-# & U(<(0$-%(>  $�(0('@ <& (-;T(> �# #�����+(( 4��AE(> %�&-#$"� @
'&�"(.$" -��'#&''2? '&.&+'(0$''�-#A ( �"� �7(.�-#A "$E$#%(�

S& (-(.�-#A P (x)  4�(<( ��"�+& �$"%��;C(( ��"$7$�;$#-; -%$,�('+� �. -��#'�E$'(3
$. 9�:F

P (x) ∝ ∣∣x − xc
∣∣β , *�1

+7$ xc / %"(#(0$-%&; %�'C$'#"&C(; 2<�� U&<� l, & β / %"(#(0$-%(, ('7$%-@ <& (-;T(, �#
"&<.$"'�-#( �"�-#"&'-# & d. �'&�(< .'�+�0(-�$''�, �(#$"&#2"� �� -%$,�('+� �.2 ��(-&3
'(? ��%&<� &$#@ 0#� #$�"(; ( ]%-�$"(.$'# '& -$+�7';E'(, 7$'A ��< ��;?# �C$'(#A β, '� *�1
�"(.$'(.� �(EA  4�(<( xc, & <'&0$'(; ('7$%-& β �� �(#$"&#2"'�. 7&''�. ��%& '$ �"$3
#$'72?# '& 2'( $"-&�A'�-#A� �&%=$ (< �(#$"&#2"� -�$72$#@ 0#� &'&�(#(0$-%&; <& (-(.�-#A
P (x)  E("�%�. 7(&�&<�'$ x '$(< $-#'&� �7'&%� 7�; .�7$�("� &'(; U(<(0$-%(> ; �$'(, '&
"$E$#%&> %�'$0'�> "&<.$"� *'&�"(.$"@ U(�A#"&C(; =(7%�-#$,  -"$7&>@ - (<.$';?T$,-;
%&%  �"�-#"&'-# $@ #&% (  �  "$.$'( ��"(-#�-#A?1  �<'(%&$# '$�4>�7(.�-#A   $7$'(; P (x)
 �  -$. 7(&�&<�'$ 0 < x < 1. 	$E$'($ #&%�, <&7&0( #&%=$ ; �;$#-; C$�A? 7&''�, "&4�#��

� �� �� !"#�!$#% & !#�'(��" � )$*!��(" �� !"#�!$#% & !#�'(��" Y (x)

�$"�;#'�-#A �"�#$%&'(; -�20&,'�  �4"&''�+� 2<�& P (x) �� -.�-�2 ��"$7$�;$#-; �"�(< $3
7$'($.  $"�;#'�-#( x #�+�@ 0#�  �4"&' 2<$� =(7%�, U&<� l, '& 2-�� '2?  $"�;#'�-#A Y (x)
#�+�@ 0#�  �4"&''�, 2<$� U&<� l �"('&7�$=(# -�$7(';?T$.2 %�&-#$"2 SC F

P (x) = xY (x). *�1

�&% -%&<&'�  �E$@ U2'%C(; P (x)  E("�%�. 7(&�&<�'$ x '$(< $-#'&� �< *�1  (7'�@ 0#�
�"( '$<& (-(.�. �&"&.$#"$ x �� $7$'($ P (x) ��"$7$�;$#-; U2'%C($, Y (x), ��]#�.2   $7$.
'$�4>�7(.2?  7&�A'$,E$. U2'%C(? 2-�� '�,  $"�;#'�-#( Y (x).

��; ]#�+� "&--.�#"(. -#&#(-#(0$-%(, &'-&.4�A 7 2>U&<'�> -(-#$.� �"( 7&''�,  $�(3
0('$ x 0(-�� =(7%(> 2<�� Nx = const, & ñ(x) ( ñ1(x) / -�20&,'�$ U2'%C(( �# x, 7�;
%�#�"�> -2T$-# 2?# -"$7'($ �� &'-&.4�? 7 2>U&<'�> -(-#$. 〈n(x)〉 ( 〈n1(x)〉 #&%($@ 0#�

〈n(x)〉 + 〈n1(x)〉 = Nx (�( X + Y = 1. *�1

�#.$#(.@ 0#�  *�1 X̃(x) ( Ỹ (x) / -�20&,'�$ U2'%C((@ & (> -"$7'($  *�1 X = 〈X(x)〉
( Y = 〈Y (x)〉 ; �;?#-; '$-�20&,'�.( U2'%C(;.( �# x. �-�( x = const, #�  &'-&.4�$
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7 2>U&<'�> -(-#$. .�='� �4'&"2=(#A -(-#$.�@  %�#�"�> ñ(x) ( ñ1(x) 4272# �#�(0&#A-;
*U�2%#2("� &#A1 �# -"$7'(> 〈n(x)〉 ( 〈n1(x)〉. �< *�1 ( *�1 -�$72$#@ 0#� �#%��'$'(; �# -"$7'(>
�� &'-&.4�? 4272#

Δn(x) = −Δn1(x) ( ΔY = −ΔX. *51

B#( U�2%#2&C(( .�='� �4`;-'(#A@ (-���A<2; .�7$�A a%�� -%�+� ( 7$ b$'& � #�����+(0$3
-%�, -#"2%#2"$ -�$7(';?T$+� %�&-#$"& SC 9�@�:@ 20&-#%( %�#�"�+� ��7"&<7$�;?#-; '& -%$�$# (
.$"# �$ %�'C�� ��-�$7'($ ]#� �"&%#(0$-%( %�'$0'�$ %�&-#$"�@ - ;<&''�$ -� -%$�$#�. ��-"$73
-# �. �7'�+� 2<�& =(7%�, U&<� l *"(-� �@ Y1@ &  -#&#(-#(0$-%�. &'-&.4�$ 7 2>U&<'�> -(-#$.
.�='� �4'&"2=(#A -(-#$.�@ +7$ ]#�# 2<$� =(7%�, U&<� l <&.$'$' 2<��. # $"7�, U&<� s
*"(-� �@ 41� B#� �<'&0&$#@ 0#� .$"# �$ %�'C� -�$7(';?T$+� %�&-#$"& SC (.$?# '$'2�$ 2?
 $"�;#'�-#A �4'&"2=$'(; (>  %&0$-# $ %�'$0'�> %�&-#$"� CC. �"2+(.( -�� &.(@  %&=7�,
7 2>U&<'�, -(-#$.$ &'-&.4�; �?4�, (< n1(x) = NxY 2<�� -�$7(';?T$+� %�&-#$"& SC -
 $"�;#'�-#A? X �"('&7�$=(# %�'$0'�. %�&-#$"&. CC, #� $-#A -"$7'$$ �� &'-&.4�? 0(-��
2<�� -�$7(';?T$+� %�&-#$"& 〈Δn1(x)〉 = NxY X 427$# �"('&7�$=&#A %�'$0'�. %�&-#$"&.�
��+7& %�""$�;C(�''&; U2'%C(; K(x) (�( W"$7'$$ �"�(< $7$'(; Δn(x)Δn1(x) �"$7-#& �;$#-;
�"�(< $7$'($. (> -"$7'(>@ #� $-#A 〈n(x)n1(x)〉 = 〈Δn(x)〉〈n1(x)〉 ( - 20$#�. �$" �+� "& $'-# &
(< *51 <&�(-� &$#-;   (7$ K(x) = −〈Δn1(x)〉〈Δn1(x)〉 (�(

K(x) = −(NxY X)2. *�1

� 7"2+�, -#�"�'� K(x) = 〈(n(x) − 〈n(x)〉)(n1(x) − 〈n1(x)〉)〉 - 20$#�.  #�"�+� (< *51 <&�(3
-� &$#-;   (7$ K(x) = N2

x〈ΔXΔY 〉 = −N2
x〈ΔY ΔY 〉, #� $-#A  �"&=&$#-; 0$"$< 7(-�$"-(?

〈(ΔY )2〉 :
K = −N2

x(dY )2. *�1

_$"$< dY  *�1 �4�<'&0$'� -#&'7&"#'�$ �#%��'$'($ (-%�.�, U2'%C(( Y (x). �< *�1 ( *�1@
- 20$#�.  #�"�+� (< *�1 ���20&$.

(1 − Y )2Y 2 = (dY )2, (�( (1 − Y )Y = dY. *��1

S&.$#(.@ 0#� dY (.$$# .&%-(.&�A'�$ <'&0$'($ �"( Y = 1/2, %�#�"�$ 7�-#(+&$#-; �"(
'$%�#�"�. x0, #� $-#A (dY )max = 1/4 �"( Y (x0) = 1/2. S&�(E$. dY   (7$ dY =
(dY/dx)δx(x), +7$ δx(x) / U2'%C(; �# x. ��+7& ��-�$7'$$ (< *��1 ��-�$ "&<7$�$'(; �$"$3
.$''�> 427$#

f(x)dx = dY/Y (1 − Y ), *��1
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<7$-A 7�; 27�4-# & �4�<'&0$'� f(x) = 1/δx(x). ��-�$ ('#$+"("� &'(; ���20&$.

F (x) = ln(Y/(1 − Y )) + C, *��1

+7$ ��-#�;''2? ('#$+"("� &'(; C = F (x0) '&>�7(. (< 2-�� (; Y (x0) = 1/2, & F (x) <&�(E$.
  (7$ -#$�$''�+� ";7&F

F (x) =
N∑

i=0

aix
i.

��+7& F (x0) =
N∑

i=0
aix

i
0 ( *��1 .�='� <&�(-&#A %&% F (x) − F (x0) = ln(Y/(1 − Y )) (�(

Y (x) = 1/(1 + exp[−S(x)]), *��1

X(x) = 1/(1 + exp[S(x)]), *��1

+7$ S(x) =
N∑

n=1
an(xn − xn

0 ), & an / %�]UU(C($'#� -#$�$''�+� ";7&�

��E$   $7$''�$ U2'%C(( *��1 ( *��1 ��< ��;?# '&,#(  $"�;#'�-#A �"�#$%&'(; P (x) ��
*�1 ( Q(x) /  $"�;#'�-#A #�+�@ 0#� �?4�, 2<$� "$E$#%( �"('&7�$=(# %�'$0'�.2 %�&-#$"2

Q(x) = xX(x). *��1

�#.$#(.@ 0#� .� '$ �+"&'(0( &�( '( "&<.$"'�-#A �"�-#"&'-# & d, '( "&<.$" "$E$#%( L,
( -�$72$# �=(7&#A@ 0#� U2'%C(( *��1 ( *��1 2'( $"-&�A'� ( �"(+�7'�  #$�"(( �$"%��;C((
7�; ��(-&'(; "$E$#�% �?4�> "&<.$"� "&<.$"'�-#( d � 2.

� +� �!��*%  �,�#'� ��#�

�(-#$.�,@ 7�; %�#�"�, .�='� ���20(#A &'&�(#(0$-%($ "$<2�A#&#�@ ; �;$#-; 7$"$ � �$,3
�(@ '&<� &$.�$ #&%=$ "$E$#%�, 6$#$� ��; ]#�, "$E$#%(@ %&% -%&<&'�  �E$@ ���20$'� #�0'�$
<'&0$'($ ��"�+& �"�#$%&'(; �7('&%� �$ 7�; <&7&0( 2<�� ( <&7&0( - ;<$,

xc = 1/(Z − 1) = 1/q, *��1

+7$ q = Z − 1 / 0(-�� - ;<$,@ (->�7;T(> (< 2<�&@ �"(0$. Z > 2 *�"( Z = 2 "$E$#%&
�"$ "&T&$#-;  �7'�.$"'2? C$��0%21�

	$E$#%2 6$#$@ (.$?T2? N = Z 2<�� @ 427$. '&<� &#A ����������@ & ��������� ��

���������� � �����������@ #� $-#A �"( Z = 3.
���20(. <'&0$'(; Y = Y (x) 7�; �"(.(#( '�, "$E$#%( 6$#$@ 7�; %�#�"�, (< *��1 -�$72$#@

0#� xc = 1/2. ��;  �<.�='�> <'&0$'(, &"+2.$'#& x0 = 0, x1 = 1/3, x2 = 2/3, x3 = 1 �"�-#�$
-��4"&=$'(; %�.4('&#�"(%( 7&?# -��# $#-# 2?T($ <'&0$'(; 7�; Y F Y0(x0 = 0) = 0, Y1(x1 =
1/3) = 0, Y2(x2 = 2/3) = 2/3, Y3(x3 = 1) = 1.

��$7('(. ���20$''�$ #�0%( �";.�.( '& ���-%�-#( xY *"(-� �1F

y2(x) = x

7�; ('#$" &�& x2 < x � 1 (

y1(x) = Y2 + k(x − x2) *�51

7�; ('#$" &�& x1 � x � x2.

�";.2? �� *�51 .�='� U�".&�A'� -0(#&#A "&<��=$'($. *��1  ";7 �%��� $7('-# $''�,
'$#"( (&�A'�, #�0%( x2 F

Y (x) = Y (x2) + [dY (x2)/dx](x − x2), *��1



��"�+ �"�#$%&'(; �"�-#�, %24(0$-%�, "$E$#%( ���

��������	
�� 
��� ����� ���� �

+7$ 2+�� '&%��'& �";.�, y1(x) "& $' k = [dY (x2)/dx] = 2. �"( x > x2 �";.&; y1(x) .$';$#
- �, '&%��' ( �$"$>�7(#  �";.2? y2(x) = x, 7�; %�#�"�, '&%��' "& $' �� �"2+(.( -�� &3
.(@ �";.&; y1(x) (.$$# '&(4��AE(, '&%��' '& <& (-(.�-#( Y (x),  %�?0&; ( $7('-# $''2?
'$#"( (&�A'2? x2.

	&--.�#"(. �� $7$'($ y2(x)  �4�&-#( x1 � x � x2, #&% %&% (.$''� ]#�.2 ('#$" &�2
�"('&7�$=(# ��"�+ �"�#$%&'(; 0 < xc < 2/3. S7$-A Y2 = x2 = 2/Z, & k = (Z − 1)/(Z − 2), #�
$-#A �";.2? y2(x) .�='� U�".&�(<� &#A 0$"$< Z ( x F

y2(x) = 2/Z + (Z − 1)/(Z − 2)[x − 2/Z], *��1


& ��"�+$ �"�#$%&'(; x = xc = 1/(Z − 1), #�+7& y1(xc) = Y (xc) (  $"�;#'�-#A �"�#$%&'(;
P (xc), (  $"�;#'�-#A #�+�@ 0#� �?4�, 2<$� "$E$#%( �"('&7�$=(# %�'$0'�.2 %�&-#$"2 Q(xc)
 �"&=&?#-; 0$"$< Z -��# $#-# $''�F

Y (xc) = 1/Z, *��1

P (xc) = xcY (xc) = 1/Z(1 + Z), *��1

Q(xc) = xc − P (xc) = 1/Z. *��1

��( 0$"$< xc -��# $#-# $''�F
Y (xc) = xc/(1 + xc), *��1

P (xc) = x2
c/(1 + xc), *��1

Q(xc) = xc/(1 + xc). *��1

���20$''�$ -��#'�E$'(; *�51D*��1 ( *��1 -�-#& �;?# �-'� 2 .�7$�( "$E$#%( 6$#$ %&% 7�;
<&7&0( 2<�� @ #&% ( 7�; <&7&0( - ;<$,�

�"� $"(. '&E( "$<2�A#&#� 7�; #"$2+��A'�,@ E$-#(2+��A'�, *72&�A'�$1 ( % &7"&#'�, *-&3
.�72&�A'&;1 "$E$#�%@ 7�; %�#�"�> (< $-#'� #�0'�$ <'&0$'(; ��"�+� �"�#$%&'(;� 
& ��"�+$
�"�#$%&'(; 7�; E$-#(2+��A'�, *Z6 = 3 1( #"$2+��A'�, *Z3 = 6 1 "$E$#�% �� U�".2�&. *��1
( *��1  �0(-�;$. P ( Q F P6(Z6) = 1/Z6(Z6 − 1) = 1/6 ( Q3(Z + 3) = 1/Z3 = 1/6, #� $-#A P
7�; E$-#(2+��A'�, ( Q 7�; #"$2+��A'�, "$E$#�% '& ��"�+$ �"�#$%&'(; �7('&%� �F

P6(Z6) = Q3(Z3).

�$�$"A@ �"(.$';; <&.$'2 Z = (1 + x)/x  *��1 ( *��1@ #� $-#A (-���A<2; *��1 ( *��1  .�7$�(
"$E$#%( 6$#$@ ���20&$. 2"& '$'($F

x2
6/(1 + x6) = x3/(1 + x3). *��1

��; 72&�A'�> "$E$#�% (< $-#'& - ;<A '& ��"�+$ �"�#$%&'(; xc + x�� = 1, #� $-#A  '&E$.
-�20&$ x6 = 1 − x3, �"( %�#�"�, %24(0$-%�$ 2"& '$'($ *��1 <&�(-� &$#-; %&%

(1 − x3)
2/(2 − x3) = x3/(1 + x3) *�51

( (.$$# $7('-# $''�, %�"$'A  ('#$" &�$ 0 < x3 < 1, "& '�, x3 = 2 sin(π/18) = 0.347296, +7$
0$"$< x3 ( x6 �4�<'&0$'� -��# $#-# $''� ��"�+( �"�#$%&'(; 7�; #"$2+��A'�, ( E$-#(2+��A3
'�, "$E$#�%  <&7&0$ - ;<$,�

�0$ (7'�@ 7�; -&.�72&�A'�> "$E$#�% P (x) = P �(x) ( Q(x) = Q�(x), #� $-#A *��1 ( *��1
.�='� <&�(-&#A %&%

x2/(1 + x) = (1 − x)2/(2 − x), *��1

x/(1 + x) = (1 − x)/(2 − x).

"& '$'(; *��1 ( *�51 (.$?# $7('-# $''�, %�"$'A  ('#$" &�$ 0 < x < 1, "& '�, x = 0, 5.
�< ���20$''�> "$<2�A#&#� .�='� -7$�&#A  � �7F .�7$�A "$E$#%( 6$#$ ��< ��;$# ���20&#A

#�0'�$ "$E$'(; 7�; '$%�#�"�> "$E$#�%  ���-%�. -�20&$�
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�� 
��� ����� ���� �

��$� +� �� $7$'($ U2'%C(( Y (x) 7�; �"(.(#( '�, "$E$#%( 6$#$ * z = 3 1

���� ��  ��
��� Y (x) ��� !����������� 
���
� ������� 
������
�� ��"��
�� #$ %$ & ' ���������(�	�
���
�

�$�$"A �$"$,7$. % "$E$#%$ "&<.$"'�-#( d = 3.
��0(-�(. %�]UU(C($'#� an,  >�7;T($  S(x) �� *��1 ( *��1@ 7�; ]�$.$'#&"'�+� %24(%&

�"�-#�, %24(0$-%�, "$E$#%( ��� �< $-#'�@ 0#�   $"E('&> %24(%& "&<.$T&$#-; N = 8 2<�� @
��]#�.2  �<.�='�$ <'&0$'(; xi = 0, 1/8, 2/, . . . , 1. �&�$$ .$#�7&.( ]�$.$'#&"'�, %�.4('&#�3
"(%( '&,7$. Yi(xi) ( -�-#& (. #&4�(C2

xi � �c� �c� �c� �c� �c� �c� 5c� �

Yi(xi) � � �c5 �c5 ��c5� � � � �

�< #&4�(C�  (7'�@ 0#� 0(-�� '$#"( (&�A'�> <'&0$'(, Yi(xi) "& '� #"$.@ <'&0(# .�='�
��"$7$�(#A x0 ( 7 & %�]UU(C($'#& -#$�$''�+� ";7& a1 ( a2. 	$E( #"( 2"& '$'(;  (7&

Yi(xi) = 1/(1 + exp[−Si(xi)],

���20&$. x0 = 0.3989085, a1 = 8 ln(9/2), a2 = 0.



��"�+ �"�#$%&'(; �"�-#�, %24(0$-%�, "$E$#%( ���

��������	
�� 
��� ����� ���� �

���20$''�$ <'&0$'(; ��< ��;?# ��-#"�(#A 7�; ]�$.$'#&"'�+� %24(%& �"�-#�, %24(0$-%�,
"$E$#%( +"&U(% U2'%C(( Y (x) *"(-� �1

Y (x) = 1/(1 + exp[−S(x)]), *��1

+7$ ��  �0(-�$''�. <'&0$'(;. x0 ( a1 ��"$7$�;$#-; U2'%C(; S(x) = a1(x − x0).
��"$7$�( �$" 2? (  #�"2? �"�(< �7'�$@ .�='� 2 (7$#A@ 0#�  #�0%$ x0 <& (-(.�-#A

Y (x) (.$$# '&(4��AE(, '&%��' k = a1/4, ��]#�.2  .�7$�( "$E$#%( 6$#$@ #� $-#A  *�51@
�"('(.&$. x2 = x0, & Y2 = Y (x0) = 1/2.


& ��"�+$ �"�#$%&'(; (< *��1  .�7$�( "$E$#%( 6$#$ y1(xc) = Y (xc) = xc/(1 + xc), #�+7&
y1(xc) = Y2 + k(xc − x2) .�='� �"("& ';#A xc/(1 + xc) ( "$E&#A 2"& '$'($ �#'�-(#$�A'� xc :

1/2 + a1/4(xc − x0) = xc/(1 + xc). *��1

"& '$'($ *��1 (.$$# $7('-# $''�, ����=(#$�A'�, %�"$'A  ('#$" &�$ 0 < x < 1, "& '�,
xc = 0, 3116865. ���20$''�, "$<2�A#&# �"$%"&-'� -�+�&-2$#-; - %�.�A?#$"'�. .�7$�("� &3
'($. d�"$'C& ( S(UU&@ %�#�"�$ ���20(�( xc(s.c.) = 0, 3116080 9��:@ & #&%=$ - ���20$''�.
<'&0$'($. xc(s.c.) ≈ 0, 3117 '& �-'� $ .$#�7& "$'�".3+"2�� 9��:�

� #�" 4�&+�7&"$' ���� �&-A%('2 <& %�'-#"2%#( '�$ �4-2=7$'($ ( %"(#(0$-%($ <&.$0&'(;�

�� �!" # $%&'$(&)

*� +,-./0123 4�5�� 6.771,891: ;�<� =1,>-9.3?-2 @,->18818 A� B,:83.98 .2/ 7.C18� DD =,->� B.70� =E?9�
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U� 4:f18 <�g�� h88.7 ;�i� hj.>3 >,?3?>.9 @1,>-9.3?-2 @,-0.0?9?3?18 k-, 8?31 .2/ 0-2/ @1,>-9.3?-2 ?2 3l-
/?7128?-28 DD ;� <.3E� =E:8� F *GLO� F J-9� H� m U� F =� ***IN**MI�

G� 43.no1, p� DD =E:8� q1@� F *GIG� F J-9� HO� m *�

*b� r-,12C B�p�� s?o q�<� t2?u1,8.9?3: -k 3E1 1j>188 2n701, -k >9.831,8 .2/ 3E1 >,-88?2v @,-0.0?9?3: kn2>3?-2
?2 3E,11_/?7128?-2.9 @1,>-9.3?-2 DD ;� =E:8� w� <.3E� x12� F *GGU� F J-9� K*� F =� U*OINU*HI�

**� 43.no1, p� A23,-/n>3?-2 3- @1,>-9.3?-2 3E1-,:� F r-2/-2� y.?9-, z g,.2>?8� *GUH�
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��^ Kb�**�bU
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t8?2v 3E1 @,-0.0?9?3: kn2>3?-2 -k @.88?2v ?2 +13E1 9.33?>1 7-/19 l1 E.u1 k-n2/ 3E1 @.88?2v 3E,18E-9/ -k .
8?7@91 >n0?> 9.33?>1 ?2 3E1 8?31 @,-0917� xc(s.c.) = 0, 3116865.

�������� @1,>-9.3?-2� 9.33?>1� 8?31 @,-0917� @,-0.0?9?3: -k @.88?2v� . @.88?2v 3E,18E-9/�

<.3E17.3?>.9 4n0{1>3 B9.88?|>.3?-28� bL+�bKx*b
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