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Ñ�îðìóëèðîâàíû òåîðåìû î ñóùåñòâîâàíèè ðåøåíèé, îöåíêàõ ðåøåíèé è êîððåêòíîé ðàçðåøèìîñòè

óðàâíåíèé ñ íàêðûâàþùèìè îòîáðàæåíèÿìè â ïðîèçâåäåíèè ìåòðè÷åñêèõ ïðîñòðàíñòâ. �àññìîòðåíû

óñëîâèÿ íàêðûâàíèÿ îïåðàòîðà Íåìûöêîãî â �óíêöèîíàëüíûõ ïðîñòðàíñòâàõ. Óòâåðæäåíèÿ î íàêðû-

âàþùèõ îòîáðàæåíèÿõ ïðèìåíÿþòñÿ ê èññëåäîâàíèþ óïðàâëÿåìûõ ñèñòåì, îïèñûâàåìûõ îáûêíîâåííû-

ìè äè��åðåíöèàëüíûìè óðàâíåíèÿìè, íå ðàçðåøåííûìè îòíîñèòåëüíî ïðîèçâîäíîé èñêîìîé �óíêöèè.

Ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé è èõ îöåíêè, à òàêæå èññëåäîâàí âîïðîñ íåïðåðûâíîé çàâè-

ñèìîñòè ðåøåíèé îò ïàðàìåòðîâ óïðàâëÿåìûõ ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé ñî ñìåøàííûìè

îãðàíè÷åíèÿìè íà óïðàâëåíèå è äîïîëíèòåëüíûì îãðàíè÷åíèåì íà ïðîèçâîäíóþ ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: íàêðûâàþùèå îòîáðàæåíèÿ, ìåòðè÷åñêèå ïðîñòðàíñòâà, äè��åðåíöèàëüíûå óðàâíå-

íèÿ íåÿâíîãî âèäà, êîððåêòíàÿ ðàçðåøèìîñòü, óïðàâëÿåìûå ñèñòåìû.

Ââåäåíèå

Óòâåðæäåíèÿ î êîððåêòíîñòè óïðàâëÿåìûõ ñèñòåì èìåþò âàæíîå òåîðåòè÷åñêîå çíà÷åíèå

è ìíîãî÷èñëåííûå ïðèëîæåíèÿ (â çàäà÷àõ îïòèìàëüíîãî óïðàâëåíèÿ, â ìàòåìàòè÷åñêîì ìîäå-

ëèðîâàíèè, â ÷èñëåííûõ ìåòîäàõ). Â ëèòåðàòóðå ïîäðîáíî èññëåäîâàíû óñëîâèÿ êîððåêòíîñòè

óïðàâëåíèÿ äèíàìè÷åñêèìè îáúåêòàìè, îïèñûâàåìûìè íîðìàëüíûìè (ðàçðåøåííûìè îòíîñè-

òåëüíî ïðîèçâîäíîé) äè��åðåíöèàëüíûìè óðàâíåíèÿìè, è ìíîãèå ìîäåëè ðåàëüíûõ ïðîöåñ-

ñîâ ïðåäñòàâëÿþò ñîáîé èìåííî òàêèå óðàâíåíèÿ. Ýòè óñëîâèÿ íåïîñðåäñòâåííî ñëåäóþò èç

êëàññè÷åñêèõ òåîðåì î íåïðåðûâíîé çàâèñèìîñòè îò ïàðàìåòðîâ ðåøåíèé íîðìàëüíûõ äè��å-

ðåíöèàëüíûõ óðàâíåíèé (êîòîðûå ïðèâåäåíû, íàïðèìåð, â [1, ãëàâà V℄). Êîððåêòíîñòü çàäà÷

îïòèìèçàöèè ñ îãðàíè÷åíèÿìè, ñîäåðæàùèìè íîðìàëüíûå äè��åðåíöèàëüíûå óðàâíåíèÿ, òàê-

æå ïîäðîáíî èññëåäîâàíû (ñì., íàïðèìåð, [2℄). Îäíàêî åñòü ïðîöåññû è ÿâëåíèÿ, ïðè îïèñàíèè

êîòîðûõ íåîáõîäèìî ó÷èòûâàòü çàâèñèìîñòü ïàðàìåòðîâ ìîäåëè îò ñêîðîñòè èçìåíåíèÿ ñî-

ñòîÿíèÿ îáúåêòîâ. Â ýòîì ñëó÷àå ìîäåëü ïðåäñòàâëÿåò ñîáîé íåëèíåéíûå äè��åðåíöèàëüíûå

óðàâíåíèÿ íåÿâíîãî âèäà (íå ðàçðåøåííûå îòíîñèòåëüíî ïðîèçâîäíîé èñêîìîé �óíêöèè). Ïðè-

ìåðàìè òàêèõ çàäà÷ ÿâëÿþòñÿ ìîäåëè äâèæåíèÿ òåë â ãðàâèòàöèîííûõ ïîëÿõ ñî ñêîðîñòÿìè,

áëèçêèìè ê ñêîðîñòè ñâåòà [3℄, ìîäåëè ýëåêòðè÷åñêîãî êîëåáàòåëüíîãî êîíòóðà [4, ñ. 145, 148℄.

Îäíàêî äî íåäàâíåãî âðåìåíè ïðàêòè÷åñêè íå ïðîâîäèëèñü èññëåäîâàíèÿ óïðàâëÿåìûõ ñèñòåì,

îïèñûâàåìûõ íåÿâíûìè äè��åðåíöèàëüíûìè óðàâíåíèÿìè.

Íîâûå âîçìîæíîñòè èçó÷åíèÿ òàêèõ ñèñòåì ïðåäîñòàâèëà èíòåíñèâíî ðàçâèâàþùàÿñÿ ñåé-

÷àñ òåîðèÿ íàêðûâàþùèõ îòîáðàæåíèé ìåòðè÷åñêèõ ïðîñòðàíñòâ. Â ïîñëåäíèå ãîäû íà îñíîâà-

íèè óòâåðæäåíèé î ëèïøèöåâûõ âîçìóùåíèÿõ íàêðûâàþùèõ îòîáðàæåíèé ïîëó÷åíû óñëîâèÿ

ñóùåñòâîâàíèÿ, ïðîäîëæàåìîñòè ðåøåíèé, êîððåêòíîñòè äè��åðåíöèàëüíîãî óðàâíåíèÿ, íå

ðàçðåøåííîãî îòíîñèòåëüíî ïðîèçâîäíîé [5, 6℄, íà÷àòî èçó÷åíèå çàäà÷ óïðàâëåíèÿ äëÿ òàêîãî

óðàâíåíèÿ [7�9℄. Òàê êàê âñÿêàÿ çàäà÷à óïðàâëåíèÿ ñâîäèòñÿ ê ñèñòåìå óðàâíåíèé è âêëþ÷åíèé

(ñîäåðæàùåé, êðîìå äè��åðåíöèàëüíûõ óðàâíåíèé, åùå íà÷àëüíûå è êðàåâûå óñëîâèÿ, îãðà-

íè÷åíèÿ íà óïðàâëåíèÿ è ïð.), òî ðàçðàáàòûâàåìûå ñõåìû è ìåòîäû èññëåäîâàíèÿ ïîòðåáîâàëè

ðàñïðîñòðàíåíèÿ òåîðåì î ëèïøèöåâûõ âîçìóùåíèÿõ íà âåêòîðíûå íàêðûâàþùèå îòîáðàæå-

íèÿ. Â [10, 11℄ òàêèå óòâåðæäåíèÿ áûëè ïîëó÷åíû. Íà îñíîâàíèè ýòèõ óòâåðæäåíèé â ïðåäëà-

ãàåìîé ðàáîòå èññëåäóþòñÿ ðàçðåøèìîñòü è êîððåêòíîñòü óïðàâëÿåìûõ ñèñòåì, îïèñûâàåìûõ

äè��åðåíöèàëüíûìè óðàâíåíèÿìè íåÿâíîãî âèäà.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêò � 11�01�00626), ÔÖÏ ¾Íàó÷íûå è íàó÷íî-

ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé �îññèè¿ (ñîãëàøåíèå � 14.132.21.1348).
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� 1. Îñíîâíûå îïðåäåëåíèÿ

Ïóñòü çàäàíî îòîáðàæåíèå Ψ : X → Y, ãäå (X, ρX), (Y, ρY ) � ìåòðè÷åñêèå ïðîñòðàíñòâà.

Îáîçíà÷èì ÷åðåç BX(x, r) çàìêíóòûé øàð ðàäèóñà r > 0 ñ öåíòðîì â òî÷êå x ∈ X.

Îïðåäåëåíèå 1 (ñì. [12, îïðåäåëåíèå 1℄ ). Åñëè ñóùåñòâóåò òàêîå α > 0, ÷òî äëÿ êàæäîãî

r > 0 è ëþáîãî u ∈ X èìååò ìåñòî âêëþ÷åíèå Ψ(BX(u, r)) ⊇ BY (Ψ(u), αr), òî îòîáðàæåíèå

Ψ : X → Y íàçûâàåòñÿ íàêðûâàþùèì, èëè α-íàêðûâàþùèì.

Îòìåòèì, ÷òî îòîáðàæåíèå Ψ : X → Y ÿâëÿåòñÿ α-íàêðûâàþùèì òîãäà è òîëüêî òîãäà, êî-

ãäà äëÿ ëþáûõ u ∈ X, y ∈ Y ñóùåñòâóåò òî÷êà x ïðîñòðàíñòâà X, óäîâëåòâîðÿþùàÿ óðàâíåíèþ
Ψ(x) = y è íåðàâåíñòâó

ρX(x, u) 6 α−1ρY (y,Ψ(u)). (1.1)

Ýòî ñâîéñòâî íàçûâàþò α-ìåòðè÷åñêîé ðåãóëÿðíîñòüþ (ñì. [13, De�nition 2.1℄).

Â èññëåäîâàíèè íåêîòîðûõ ðàññìàòðèâàåìûõ íèæå çàäà÷ òðåáîâàíèå íàêðûâàíèÿ îêàçûâà-

åòñÿ èçáûòî÷íûì è ìîæåò áûòü îñëàáëåíî: äîñòàòî÷íî ïðåäïîëàãàòü âûïîëíåíèå íåðàâåíñòâà

(1.1) íå ïðè âñåõ y ∈ Y, à òîëüêî äëÿ y ∈ Ψ(X). Ïðèâåäåì òî÷íóþ �îðìóëèðîâêó òàêîãî

ñâîéñòâà îòîáðàæåíèé.

Îïðåäåëåíèå 2 (ñì. [5, ñ. 615℄ ). Åñëè ñóùåñòâóåò òàêîå α > 0, ÷òî äëÿ êàæäîãî r > 0 è

ëþáîãî u ∈ X èìååò ìåñòî âêëþ÷åíèå Ψ(BX(u, r)) ⊇ BY (Ψ(u), αr) ∩ Ψ(X), òî îòîáðàæåíèå

Ψ : X → Y íàçûâàþò óñëîâíî íàêðûâàþùèì, èëè óñëîâíî α-íàêðûâàþùèì.

Â ïðîñòðàíñòâå R
n
âåùåñòâåííûõ n-ìåðíûõ âåêòîðîâ áóäåì ñ÷èòàòü çàäàííîé íîðìó | · |,

îáëàäàþùóþ ñâîéñòâîì ìîíîòîííîñòè: äëÿ âåêòîðîâ x, u ∈ R
n, êîìïîíåíòû êîòîðûõ óäîâëåòâî-

ðÿþò íåðàâåíñòâàì xi > ui > 0, âûïîëíåíî |x| > |u| (íàïðèìåð, åâêëèäîâà íîðìà

( n
∑

i=1
xi

2
)1/2

ÿâëÿåòñÿ ìîíîòîííîé).

� 2. �àçðåøèìîñòü è îöåíêà ðåøåíèé ñèñòåì îïåðàòîðíûõ óðàâíåíèé

Ïðèâåäåì ðåçóëüòàòû î âåêòîðíûõ íàêðûâàþùèõ îòîáðàæåíèÿõ, ïîëó÷åííûå â [11℄. Ïóñòü

çàäàíû ìåòðè÷åñêèå ïðîñòðàíñòâà (Xj , ρXj
), (Yj , ρYj

), òî÷êè yj ∈ Yj, j = 1, n, è îïðåäåëåíû

îòîáðàæåíèÿ Φi : Xi ×
∏n

j=1Xj → Yi, i = 1, n. �àññìîòðèì ñèñòåìó óðàâíåíèé



















Φ1(x1, x1, x2, . . . , xn) = y1,
Φ2(x2, x1, x2, . . . , xn) = y2,

.

.

.

Φn(xn, x1, x2, . . . , xn) = yn

(2.1)

îòíîñèòåëüíî íåèçâåñòíîãî x = (x1, x2, . . . , xn) ∈
∏n

j=1Xj .

Îïðåäåëèì ìåòðè÷åñêîå ïðîñòðàíñòâî X =
∏n

j=1Xj ñ ðàññòîÿíèåì

ρX(x, u) =
∣

∣

∣

(

ρX1
(x1, u1), ρX2

(x2, u2), . . . , ρXn(xn, un)
)

∣

∣

∣
(2.2)

äëÿ ïðîèçâîëüíûõ x = (xj)j=1,n ∈ X è u = (uj)j=1,n ∈ X (ãäå íîðìà | · | â R
n
îáëàäàåò

ñâîéñòâîì ìîíîòîííîñòè). Àíàëîãè÷íóþ ìåòðèêó ââåäåì â Y =
∏n

j=1 Yj . Çàäàäèì îòîáðàæåíèå

Υ : X×X → Y, Υ(u, x) =
(

Φi(ui, x)
)

i=1,n
. Òîãäà ñèñòåìó (2.1) ìîæíî çàïèñàòü â âèäå óðàâíåíèÿ

Υ(x, x) = y.

Ïóñòü çàäàíû ÷èñëà αi > 0, βij > 0, i, j = 1, n. Îïðåäåëèì ìàòðèöû

A = diag(αi)n×n, B = (βij)n×n, C = A−1B = (α−1
i βij)n×n. (2.3)
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Îáîçíà÷èì ̺(C) � ñïåêòðàëüíûé ðàäèóñ ìàòðèöû C.

Òåîðåìà 1 (ñì. [11, òåîðåìà 1℄). Ïóñòü ìåòðè÷åñêèå ïðîñòðàíñòâà X1, . . . ,Xn ÿâëÿþòñÿ

ïîëíûìè è âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

äëÿ êàæäîãî x ∈ X îòîáðàæåíèÿ Φi(·, x) : Xi → Yi óñëîâíî αi-íàêðûâàþùèå è èìåþò

ìåñòî âêëþ÷åíèÿ

yi ∈ Φi(Xi, x), i = 1, . . . , n;

ïðè âñåõ i, j = 1, n è ëþáûõ ui ∈ Xi, x1 ∈ X1, . . . , xj−1 ∈ Xj−1, xj+1 ∈ Xj+1, . . . , xn ∈ Xn

îòîáðàæåíèÿ Φi(ui, x1, . . . , xj−1, ·, xj+1, . . . , xn) βij-ëèïøèöåâû;
äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {uk} ⊂ X èç ñõîäèìîñòè uk → u, Υ(uk, u) → y ñëåäóåò

ðàâåíñòâî Υ(u, u) = y.
Òîãäà åñëè ̺(C) < 1, òî ñèñòåìà óðàâíåíèé (2.1) èìååò ðåøåíèå è, êðîìå òîãî, äëÿ ëþáîãî

ε ∈ (0, 1− ̺(C)) ìîæíî òàê îïðåäåëèòü ìîíîòîííóþ íîðìó | · | â ïðîñòðàíñòâå Rn, ÷òî, ïðè
çàäàíèè ìåòðèêè â X ðàâåíñòâîì (2.2), äëÿ ïðîèçâîëüíîãî u0 = (u01, u

0
2, . . . , u

0
n) ∈ X íàéäåòñÿ

ðåøåíèå x = ξ ∈ X ñèñòåìû (2.1), óäîâëåòâîðÿþùåå íåðàâåíñòâó

ρX(ξ, u0) 6
( 1

1− ̺(C)− ε

)

·
∣

∣

∣

∣

(ρYj
(yj,Φj(u

0
j , u

0))

αj

)

j=1,n

∣

∣

∣

∣

. (2.4)

Íîðìà | · | ïðîñòðàíñòâà R
n, ñóùåñòâîâàíèå êîòîðîé óòâåðæäàåòñÿ â òåîðåìå 1, � ýòî ëþáàÿ

ìîíîòîííàÿ íîðìà, îòíîñèòåëüíî êîòîðîé èìååò ìåñòî îöåíêà |C| 6 ̺(C) + ε. Òàêóþ íîðìó

ìîæíî îïðåäåëèòü ðàâåíñòâîì [14, . 15℄

|x| =
(

̺(C) + ε
)m−1|x|′ +

(

̺(C) + ε
)m−2|Cx|′ + . . .+ |Cm−1x|′, (2.5)

ãäå | · |′ � åâêëèäîâà íîðìà, íàòóðàëüíîå m âûáðàíî òàê, ÷òî

m
√

|Cm|′ 6 ̺(C)+ε. Ìîíîòîííîñòü

íîðìû (2.5) ñëåäóåò èç òîãî, ÷òî âñå êîìïîíåíòû ìàòðèöû C, îïðåäåëåííîé �îðìóëîé (2.3),

íåîòðèöàòåëüíû. Çàìåòèì, ÷òî åñëè õîòÿ áû îäíîìó ñîáñòâåííîìó çíà÷åíèþ ìàòðèöû C, ìîäóëü
êîòîðîãî ñîâïàäàåò ñî ñïåêòðàëüíûì ðàäèóñîì ̺(C) ýòîé ìàòðèöû, ñîîòâåòñòâóþò íå òîëüêî

ñîáñòâåííûå, íî è ïðèñîåäèíåííûå âåêòîðû, òî äëÿ ëþáîé (íå îáÿçàòåëüíî ìîíîòîííîé) íîðìû

â R
n
áóäåò âûïîëíåíî íåðàâåíñòâî |C| > ̺(C) [14, . 16℄, è ïîýòîìó íåëüçÿ ñ÷èòàòü ε = 0 â

íåðàâåíñòâå (2.4) òåîðåìû 1.

�àññìîòðèì ñëåäñòâèÿ òåîðåìû 1 ïðè n = 1, 2. Ïóñòü çàäàíû îòîáðàæåíèå Φ : X ×X → Y
è ýëåìåíò y ∈ Y. Ïðèìåíÿÿ òåîðåìó 1 ê ñêàëÿðíîìó óðàâíåíèþ

Φ(x, x) = y, (2.6)

ïîëó÷àåì ñëåäóþùèé àíàëîã òåîðåìû 1 ðàáîòû [12℄.

Ñëåäñòâèå 1. Ïóñòü X � ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî, çàäàíû ÷èñëà α > β > 0 è

âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

ïðè êàæäîì x2 ∈ X îòîáðàæåíèå Φ(·, x2) : X → Y óñëîâíî α-íàêðûâàþùåå è y ∈ Φ(X,x2);
ïðè êàæäîì x1 ∈ X îòîáðàæåíèå Φ(x1, ·) : X → Y β-ëèïøèöåâî;
äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {uk} ⊂ X èç ñõîäèìîñòè uk → u, Φ(uk, u) → y ñëåäóåò

ðàâåíñòâî Φ(u, u) = y.
Òîãäà äëÿ ëþáîãî u0 ∈ X ñóùåñòâóåò ðåøåíèå x = ξ ∈ X óðàâíåíèÿ (2.6), óäîâëåòâîðÿþ-

ùåå íåðàâåíñòâó ρX(ξ, u0) 6 (α− β)−1ρY (y,Φ(u
0, u0)).

Â äàííîì ñëó÷àå ìàòðèöû A, B, C ñîäåðæàò òîëüêî ïî îäíîìó ýëåìåíòó A = (α), B = (β),
C = (α−1β). Ïîýòîìó |C| = ̺(C) = α−1β < 1 è èç òåîðåìû 1 ïîëó÷àåì íåðàâåíñòâî

ρX(ξ, u0) 6
(

1− α−1β)−1α−1ρY
(

y,Φ(u0, u0)
)

,

èç êîòîðîãî ñëåäóåò òðåáóåìàÿ îöåíêà.
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Ïóñòü òåïåðü çàäàíû îòîáðàæåíèÿ Φ1 : X1 ×X2 → Y1, Φ2 : X1 ×X2 → Y2 è èìåþò ìåñòî

âêëþ÷åíèÿ y1 ∈ Y1, y2 ∈ Y2. �àññìîòðèì ñèñòåìó äâóõ óðàâíåíèé ñ äâóìÿ íåèçâåñòíûìè:

{

Φ1(x1, x2) = y1,
Φ2(x1, x2) = y2.

(2.7)

Ñëåäñòâèå 2 (ñì. [15, òåîðåìà 1℄ ). Ïóñòü ìåòðè÷åñêèå ïðîñòðàíñòâà X1, X2 ÿâëÿþòñÿ

ïîëíûìè, ñóùåñòâóþò íåîòðèöàòåëüíûå ÷èñëà α1, α2, β1, β2, óäîâëåòâîðÿþùèå íåðàâåíñòâó

α1α2 > β1β2,

è âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

ïðè êàæäîì x2 ∈ X2 îòîáðàæåíèå Φ1(·, x2) : X1 → Y1 óñëîâíî α1-íàêðûâàþùåå è âûïîë-

íåíî y1 ∈ Φ1(X1, x2), à ïðè ëþáîì x1 ∈ X1 îòîáðàæåíèå Φ2(x1, ·) : X2 → Y2 óñëîâíî α2-íàêðû-

âàþùåå è y2 ∈ Φ2(x1,X2);

ïðè êàæäîì x1 ∈ X1 îòîáðàæåíèå Φ1(x1, ·) : X2 → Y1 β1-ëèïøèöåâî, à ïðè ëþáîì x2 ∈ X2

îòîáðàæåíèå Φ2(·, x2) : X1 → Y2 β2-ëèïøèöåâî;

äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {(uk1 , uk2)} ⊂ X1 × X2 èç ñõîäèìîñòè uk1 → u1, u
k
2 → u2,

Φ1(u
k
1 , u2) → y1, Φ2(u1, u

k
2) → y2 ñëåäóþò ðàâåíñòâà Φ1(u1, u2) = y1, Φ2(u1, u2) = y2.

Òîãäà ñèñòåìà (2.7) ðàçðåøèìà è, êðîìå òîãî, äëÿ ëþáîãî ε > 0 ìîæíî òàê îïðåäåëèòü

íîðìó | · | â R
2, ÷òî, ïðè çàäàíèè â X = X1×X2 ìåòðèêè ðàâåíñòâîì (2.2), äëÿ ëþáîãî u0 ∈ X

íàéäåòñÿ ðåøåíèå x = ξ ∈ X ñèñòåìû (2.7), óäîâëåòâîðÿþùåå íåðàâåíñòâó

ρX(ξ, u0) 6

( √
α1α2√

α1α2 −
√
β1β2

+ ε

)

∣

∣

∣

(ρY1
(y1,Φ1(u

0
1, u

0
2))

α1
,
ρY2

(y2,Φ2(u
0
1, u

0
2))

α2

)
∣

∣

∣
. (2.8)

Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ íåïîñðåäñòâåííî ñëåäóåò èç äîêàçàòåëüñòâà òåîðåìû 1,

äåéñòâèòåëüíî äîñòàòî÷íî çàìåòèòü, ÷òî â äàííîì ñëó÷àå ìàòðèöà

C =

(

0 α−1
1 β1

α−1
2 β2 0

)

èìååò ñïåêòðàëüíûé ðàäèóñ ̺(C) =
√

β1β2/(α1α2) < 1.

Îòìåòèì, ÷òî â R
2
ìîæíî îïðåäåëèòü íîðìó |·|, îòíîñèòåëüíî êîòîðîé ñïåêòðàëüíûé ðàäèóñ

è íîðìà äàííîé ìàòðèöû C áóäóò ñîâïàäàòü, íî ýòî íå ïîçâîëÿåò â íåðàâåíñòâå (2.8) ïðèíÿòü

ε = 0. Äåéñòâèòåëüíî, ìàòðèöà C èìååò äâà ñîáñòâåííûõ ÷èñëà

λ1 =

√

β1β2
α1α2

, λ2 = −
√

β1β2
α1α2

,

êîòîðûì ñîîòâåòñòâóþò ñîáñòâåííûå âåêòîðû

e1 =
(

√

β1
α1

,

√

β2
α2

)

, e2 =
(

−
√

β1
α1

,

√

β2
α2

)

.

Åñëè îïðåäåëèòü íîðìó â R
2
âåêòîðà x = χ1e1 + χ2e2 ðàâåíñòâîì |x| =

(

χ2
1 + χ2

2

)1/2
, òî

̺(C) = |C| =
√

β1β2
α1α2

.

Îäíàêî ýòà íîðìà íå ÿâëÿåòñÿ ìîíîòîííîé, òàêèì îáðàçîì, â íåðàâåíñòâå (2.8) íå óäàåòñÿ

èçáàâèòüñÿ îò ε > 0.
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� 3. Êîððåêòíàÿ ðàçðåøèìîñòü ñèñòåì îïåðàòîðíûõ óðàâíåíèé

Èññëåäóåì âîïðîñ î êîððåêòíîñòè ñèñòåìû (2.1) â ñëåäóþùåé ïîñòàíîâêå. Ïóñòü îïðåäåëåíû

îòîáðàæåíèÿ Φim : Xi ×X → Yi, i = 1, n, m = 1, 2, . . . , è çàäàí ýëåìåíò y = (y1, y2, . . . , yn) ∈ Y .
�àññìîòðèì ïîñëåäîâàòåëüíîñòü ñèñòåì îïåðàòîðíûõ óðàâíåíèé



















Φ1m(x1, x1, x2, . . . , xn) = y1,
Φ2m(x2, x1, x2, . . . , xn) = y2,

.

.

.

Φnm(xn, x1, x2, . . . , xn) = yn,

m = 1, 2, . . . , (3.1)

îòíîñèòåëüíî íåèçâåñòíîãî x = (x1, x2, . . . , xn) ∈ X. Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîãî ýëåìåí-
òà u0 = (u01, u

0
2, . . . , u

0
n) ∈ X ïðè m → ∞ èìååò ìåñòî ñõîäèìîñòü

Φim(u0i , u
0
1, u

0
2, . . . , u

0
n) → yi, i = 1, n. (3.2)

Íàñ èíòåðåñóþò óñëîâèÿ, îáåñïå÷èâàþùèå ðàçðåøèìîñòü ïðè ëþáîì íàòóðàëüíîì m ñèñòåìû

óðàâíåíèé (3.1) è ñõîäèìîñòü ê u0 ïîñëåäîâàòåëüíîñòè ðåøåíèé.

Îïðåäåëèì îòîáðàæåíèÿ

Υm : X ×X → Y, Υm(u, x) =
(

Φim(ui, x)
)

i=1,n
, m = 1, 2, . . . .

Òîãäà ïîñëåäîâàòåëüíîñòü ñèñòåì (3.1) ìîæåì çàïèñàòü â âèäå ïîñëåäîâàòåëüíîñòè óðàâíåíèé

Υm(x, x) = y, m = 1, 2, . . . .

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2 (ñì. [11, òåîðåìà 2℄ ). Ïóñòü ìåòðè÷åñêèå ïðîñòðàíñòâà X1, . . . ,Xn ÿâëÿþòñÿ

ïîëíûìè. Ïóñòü äëÿ âñåõ i, j = 1, n ñóùåñòâóþò òàêèå ÷èñëà αi > 0, βij > 0, ÷òî äëÿ

ñïåêòðàëüíîãî ðàäèóñà ìàòðèöû C = (α−1
i βij)n×n èìååò ìåñòî íåðàâåíñòâî ̺(C) < 1, è äëÿ

ëþáûõ m = 1, 2, . . . âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

äëÿ âñåõ i = 1, n è êàæäîãî x ∈ X îòîáðàæåíèÿ Φim(·, x) : Xi → Yi óñëîâíî αi-íàêðûâàþ-

ùèå è yi ∈ Φim(Xi, x);
äëÿ âñåõ i, j = 1, n è ëþáûõ ui ∈ Xi, x1 ∈ X1, . . . , xj−1 ∈ Xj−1, xj+1 ∈ Xj+1, . . . , xn ∈ Xn

îòîáðàæåíèÿ Φim(ui, x1, . . . , xj−1, ·, xj+1, . . . , xn) : Xj → Yi βij-ëèïøèöåâû;
äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {uk} ⊂ X èç ñõîäèìîñòè uk → u, Υm(uk, u) → y ñëåäóåò

ðàâåíñòâî Υm(u, u) = y.
Òîãäà åñëè èìååò ìåñòî ñõîäèìîñòü (3.2), òî ïðè êàæäîì m ñóùåñòâóåò òàêîå ðåøåíèå

ξm = (ξm1 , ξm2 , . . . , ξmn ) ∈ X ñèñòåìû óðàâíåíèé (3.1), ÷òî ξm → u0.

�àññìîòðèì äâà ñëåäñòâèÿ ýòîé òåîðåìû. Ïóñòü çàäàíû îòîáðàæåíèÿ Φm : X × X → Y,
m = 1, 2, . . . , ýëåìåíò y ∈ Y è ïîñëåäîâàòåëüíîñòü óðàâíåíèé

Φm(x, x) = y, m = 1, 2, . . . . (3.3)

Ñëåäñòâèå 3. Ïóñòü X � ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî, u0 ∈ X è ñóùåñòâóþò òà-

êèå ÷èñëà α > β > 0, ÷òî ïðè êàæäîì m = 1, 2, . . . îòîáðàæåíèå Φm óäîâëåòâîðÿåò ñëåäóþ-

ùèì óñëîâèÿì:

ïðè êàæäîì x2 ∈ X îòîáðàæåíèå Φm(·, x2) : X → Y óñëîâíî α-íàêðûâàþùåå è y ∈ Φm(X,x2);

ïðè êàæäîì x1 ∈ X îòîáðàæåíèå Φm(x1, ·) : X → Y β-ëèïøèöåâî;
äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {uk} ⊂ X èç ñõîäèìîñòè uk → u, Φm(uk, u) → y ñëåäóåò

ðàâåíñòâî Φm(u, u) = y.
Òîãäà åñëè Φm(u0, u0) → y, òî ïðè êàæäîì m ñóùåñòâóåò òàêîå ðåøåíèå x = ξm ∈ X

óðàâíåíèÿ (3.3), ÷òî ξm → u0.
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Äåéñòâèòåëüíî, â äàííîì ñëó÷àå èìååì |C| = ̺(C) = α−1β < 1 (ñì. ñëåäñòâèå 1), ïîýòîìó

ìîæíî âîñïîëüçîâàòüñÿ òåîðåìîé 2.

Îòìåòèì, ÷òî ýòî óòâåðæäåíèå â ñëó÷àå ¾áåçóñëîâíîãî¿ íàêðûâàíèÿ îòîáðàæåíèé ïîëó÷åíî

â [16℄, à äëÿ áîëåå îáùåãî îïðåäåëåíèÿ íàêðûâàíèÿ � â ðàáîòàõ [6, 17℄.

Ïóñòü çàäàíû îòîáðàæåíèÿ Φ1m : X1 ×X2 → Y1, Φ2m : X1 ×X2 → Y2 è ýëåìåíò y = (y1, y2)
ïðîñòðàíñòâà Y1 × Y2. Äëÿ ïîñëåäîâàòåëüíîñòè ñèñòåì äâóõ óðàâíåíèé ñ äâóìÿ íåèçâåñòíûìè

{

Φ1m(x1, x2) = y1,
Φ2m(x1, x2) = y2,

m = 1, 2, . . . , (3.4)

òåîðåìà 2 ðàâíîñèëüíà ñëåäóþùåìó óòâåðæäåíèþ.

Ñëåäñòâèå 4. Ïóñòü ìåòðè÷åñêèå ïðîñòðàíñòâà X1, X2 ÿâëÿþòñÿ ïîëíûìè è çàäàíà

òî÷êà u0 = (u01, u
0
2) ∈ X1 × X2. Ïóñòü, äàëåå, ñóùåñòâóþò íåîòðèöàòåëüíûå ÷èñëà α1, α2,

β1, β2, óäîâëåòâîðÿþùèå íåðàâåíñòâó α1α2 > β1β2, è ïðè êàæäîì m = 1, 2, . . . âûïîëíåíû
ñëåäóþùèå óñëîâèÿ:

ïðè ëþáîì x2 ∈ X2 îòîáðàæåíèå Φ1m(·, x2) : X1 → Y1 óñëîâíî α1-íàêðûâàþùåå, òî÷êà

y1 ïðèíàäëåæèò Φ1m(X1, x2), ïðè ëþáîì x1 ∈ X1 îòîáðàæåíèå Φ2m(x1, ·) : X2 → Y2 óñëîâíî

α2-íàêðûâàþùåå è y2 ∈ Φ2m(x1,X2);
ïðè ëþáîì x1 ∈ X1 îòîáðàæåíèå Φ1m(x1, ·) : X2 → Y1 β1-ëèïøèöåâî, ïðè ëþáîì x2 ∈ X2

îòîáðàæåíèå Φ2m(·, x2) : X1 → Y2 β2-ëèïøèöåâî;
äëÿ êàæäîé ïîñëåäîâàòåëüíîñòè {(uk1 , uk2)} ⊂ X1 × X2 èç ñõîäèìîñòè uk1 → u1, u

k
2 → u2,

Φ1m(uk1 , u2) → y1, Φ2m(u1, u
k
2) → y2 ñëåäóþò ðàâåíñòâà Φ1m(u1, u2) = y1, Φ2m(u1, u2) = y2.

Òîãäà åñëè Φ1m(u01, u
0
2) → y1, Φ2m(u01, u

0
2) → y2 ïðè m → ∞, òî äëÿ êàæäîãî m ñóùåñòâóåò

òàêîå ðåøåíèå x = ξm ∈ X1 ×X2 ñèñòåìû (3.4), ÷òî ξm → u0.

Äåéñòâèòåëüíî, â ðàññìàòðèâàåìîì ñëó÷àå (ñì. ñëåäñòâèå 2)

C =

(

0 α−1
1 β1

α−1
2 β2 0

)

, ̺(C) = |C| =
√

β1β2
α1α2

< 1,

òî åñòü âûïîëíåíû âñå óñëîâèÿ òåîðåìû 2.

� 4. Íàêðûâàþùèå îòîáðàæåíèÿ â �óíêöèîíàëüíûõ ïðîñòðàíñòâàõ

Â ýòîé ðàáîòå èññëåäîâàíèå çàäà÷ óïðàâëåíèÿ äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé íåÿâíîãî

âèäà îñíîâàíî íà ïðåäñòàâëåíèè èõ â âèäå ñèñòåì îïåðàòîðíûõ óðàâíåíèé â �óíêöèîíàëüíûõ

ïðîñòðàíñòâàõ. Äëÿ ïðèìåíåíèÿ òåîðåì 1, 2 ê òàêèì óðàâíåíèÿì òðåáóþòñÿ óñëîâèÿ íàêðû-

âàíèÿ îïåðàòîðà Íåìûöêîãî â �óíêöèîíàëüíûõ ïðîñòðàíñòâàõ. Â ðàáîòàõ [5, 17℄ ïîëó÷åíû

óñëîâèÿ íàêðûâàíèÿ îïåðàòîðà Íåìûöêîãî, äåéñòâóþùåãî â ïðîñòðàíñòâå ñóùåñòâåííî îãðà-

íè÷åííûõ �óíêöèé, â [18℄ � â ïðîñòðàíñòâå ñóììèðóåìûõ �óíêöèé. Çäåñü ñ�îðìóëèðîâàíî

íåîáõîäèìîå äëÿ äàëüíåéøåãî èññëåäîâàíèÿ óòâåðæäåíèå îá óñëîâíîì íàêðûâàíèè îïåðàòîðà

Íåìûöêîãî, ñëåäóþùåå èç ðåçóëüòàòîâ ïåðå÷èñëåííûõ ðàáîò.

Îáîçíà÷èì ÷åðåç cl(Rn), omp(Rn) ñîâîêóïíîñòè âñåõ íåïóñòûõ çàìêíóòûõ è, ñîîòâåòñòâåí-
íî, âñåõ íåïóñòûõ êîìïàêòíûõ ïîäìíîæåñòâ ïðîñòðàíñòâà R

n; ðàâåíñòâîì ρ
Rn
(W ) = inf

w∈W
|w|

îïðåäåëèì ðàññòîÿíèå îò 0 ∈ R
n
äî êîìïàêòíîãî ìíîæåñòâà W â R

n.
Ïóñòü çàäàíî èçìåðèìîå îòîáðàæåíèå t ∈ [a, b] 7→ Ω(t) ∈ cl(Rn) òàêîå, ÷òî èçìåðèìàÿ �óíê-

öèÿ t → ρ
Rn

(

Ω(t)
)

ñóùåñòâåííî îãðàíè÷åíà. Ìíîæåñòâî ñóùåñòâåííî îãðàíè÷åííûõ ñå÷åíèé

îòîáðàæåíèÿ Ω íåïóñòî, è ìîæíî îïðåäåëèòü ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî L∞([a, b],Ω) ñó-
ùåñòâåííî îãðàíè÷åííûõ �óíêöèé y(t) ∈ Ω(t) ñ ìåòðèêîé ρ

L∞

(y1, y2) = vrai sup
s∈ [a, b]

|y1(s)− y2(s)|.

Äàëåå, îáîçíà÷èì AC∞([a, b],Ω) � ïðîñòðàíñòâî òàêèõ àáñîëþòíî íåïðåðûâíûõ �óíêöèé

x : [a, b] → R
n, ÷òî ẋ ∈ L∞([a, b],Ω), ñ ìåòðèêîé ρ

AC∞

(x1, x2) =
∣

∣

(

ρ
L∞

(ẋ1, ẋ2), x1(a)− x2(a)
)
∣

∣.
Ïóñòü ïðè êàæäîì t ∈ [a, b] çàäàíû èçìåðèìûå ìíîãîçíà÷íûå îòîáðàæåíèÿ

t ∈ [a, b] 7→ Ω(t) ∈ cl(Rn), t ∈ [a, b] 7→ Θ(t) ∈ cl(Rl),
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òàêèå, ÷òî �óíêöèè t ∈ [a, b] 7→ ρ
Rn

(

Ω(t)
)

∈ R, t ∈ [a, b] 7→ ρ
Rl

(

Θ(t)
)

∈ R ñóùåñòâåííî îãðà-

íè÷åíû. Ïóñòü, äàëåå, îïðåäåëåíà �óíêöèÿ g : [a, b] × R
n → R

l, óäîâëåòâîðÿþùàÿ óñëîâèÿì

Êàðàòåîäîðè. Îïåðàòîð Íåìûöêîãî

(Ngy)(t) = g(t, y(t))

äåéñòâóåò èç L∞([a, b],Ω) â L∞([a, b],Θ) òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî ñëåäóþùåå

óñëîâèå [19, ñ. 375℄:

(a) äëÿ ëþáîãî r > 0 ñóùåñòâóåò òàêîå R > 0, ÷òî ïðè ï.â. t ∈ [a, b] è ëþáûõ y ∈ Ω(t) èç
íåðàâåíñòâà |y| 6 r ñëåäóåò |g(t, y)| 6 R.

Â ýòîì ñëó÷àå îïåðàòîð Ng : L∞ → L∞ ÿâëÿåòñÿ çàìêíóòûì è îãðàíè÷åííûì.

Òåîðåìà 3. Ïóñòü äëÿ �óíêöèè g âûïîëíåíî óñëîâèå (a). Òîãäà åñëè äëÿ íåêîòîðîãî α > 0
ïðè ï.â. t ∈ [a, b] îòîáðàæåíèå g(t, ·) : Ω(t) → Θ(t) óñëîâíî α-íàêðûâàþùåå, òî îïåðàòîð

Íåìûöêîãî Ng òàêæå óñëîâíî α-íàêðûâàþùèé. Àíàëîãè÷íî, åñëè ïðè ï.â. t ∈ [a, b] îòîáðàæå-

íèå g(t, ·) ¾áåçóñëîâíî¿ α-íàêðûâàþùåå, òî è îïåðàòîð Íåìûöêîãî Ng α-íàêðûâàþùèé.

� 5. �àçðåøèìîñòü ñèñòåì ñî ñìåøàííûìè îãðàíè÷åíèÿìè íà óïðàâëåíèå

Ïóñòü çàäàíû [a, b] ⊂ R, A0 ∈ R
n, èçìåðèìûå ìíîãîçíà÷íûå îòîáðàæåíèÿ

Ω : [a, b] → l(Rn), U : [a, b] → omp(Rk), V : [a, b] → l(Rl2),

òàêèå, ÷òî �óíêöèè t ∈ [a, b] 7→ ρ
Rn

(

Ω(t)
)

, ρ
Rk

(

U(t)
)

, ρ
R
l2

(

V (t)
)

∈ R ñóùåñòâåííî îãðàíè÷åíû.

Ïóñòü, äàëåå, îïðåäåëåíû óäîâëåòâîðÿþùèå óñëîâèÿì Êàðàòåîäîðè �óíêöèè

f : [a, b]× R
n × R

n × R
k → R

l1 , g : [a, b]× R
n × R

k → R
l2 ,

îòíîñèòåëüíî êîòîðûõ, êðîìå òîãî, ïðåäïîëàãàåì, ÷òî äëÿ ëþáîãî r > 0 ñóùåñòâóåò òàêîå

R > 0, ÷òî ïðè ï.â. t ∈ [a, b] äëÿ âñåõ x ∈ R
n, z ∈ Ω(t), u ∈ U(t), óäîâëåòâîðÿþùèõ óñëîâèþ

|x|+ |z|+ |u| 6 r, èìåþò ìåñòî íåðàâåíñòâà |f(t, x, z, u)| 6 R, |g(t, x, u)| 6 R.
�àññìîòðèì óïðàâëÿåìóþ ñèñòåìó

f
(

t, x(t), ẋ(t), u(t)
)

= 0, t ∈ [a, b], x(a) = A0, (5.1)

ñî ñìåøàííûìè îãðàíè÷åíèÿìè íà óïðàâëåíèå

u(t) ∈ U(t), g
(

t, x(t), u(t)
)

∈ V (t), t ∈ [a, b], (5.2)

è äîïîëíèòåëüíûì îãðàíè÷åíèåì íà ïðîèçâîäíóþ ðåøåíèÿ

ẋ(t) ∈ Ω(t), t ∈ [a, b]. (5.3)

Óïðàâëåíèå u(·) áóäåì ïðåäïîëàãàòü èçìåðèìûì è ñóùåñòâåííî îãðàíè÷åííûì, à ðåøåíèå x(·)
áóäåì èñêàòü â êëàññå àáñîëþòíî íåïðåðûâíûõ �óíêöèé, èìåþùèõ ñóùåñòâåííî îãðàíè÷åííóþ

ïðîèçâîäíóþ. Ñîîòâåòñòâåííî, ëîêàëüíûì ðåøåíèåì óïðàâëÿåìîé ñèñòåìû áóäåì ñ÷èòàòü ïàðó

(x, u) ∈ AC∞([a, a + τ ],Ω) × L∞([a, a + τ ], U), óäîâëåòâîðÿþùóþ óðàâíåíèÿì (5.1), (5.2), (5.3),

ïðè ï.â. t ∈ [a, a+ τ ], τ ∈ (0, b−a]. Óïðàâëÿåìóþ ñèñòåìó íàçûâàþò ëîêàëüíî ðàçðåøèìîé, åñëè

îíà èìååò ëîêàëüíîå ðåøåíèå.

Ïóñòü çàäàíû íåïðåðûâíàÿ �óíêöèÿ x0 : [a, b] → R
n
è σ > 0. Ïîëîæèì D(t) = BRn(x0(t), σ).

Òåîðåìà 4. Ïóñòü âûïîëíåíî íåðàâåíñòâî |A0 − x0(a)| < σ è ïðè ï.â. t ∈ [a, b] è ëþáûõ

x ∈ D(t), z ∈ Ω(t), u ∈ U(t) âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(1) îòîáðàæåíèÿ f(t, x, ·, u) : Ω(t) → R
l1 , g(t, x, ·) : U(t) → R

l2
óñëîâíî íàêðûâàþùèå;

(2) îòîáðàæåíèÿ

f(t, ·, z, u) : D(t) → R
l1 , f(t, x, z, ·) : U(t) → R

l1 , g(t, ·, u) : D(t) → R
l2

ëèïøèöåâû è èìååò ìåñòî âêëþ÷åíèå 0 ∈ f(t, x,Ω(t), u).

Òîãäà åñëè ïðè ï.â. t ∈ [a, b] ìíîæåñòâî

(

⋂

x∈D(t)

g
(

t, x, U(t)
)

)

⋂

V (t) íåïóñòî, òî óïðàâëÿ-

åìàÿ ñèñòåìà (5.1), (5.2), (5.3) ëîêàëüíî ðàçðåøèìà.
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Ä î ê à ç à ò å ë ü ñ ò â î. Íå óìåíüøàÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî â ïðîñòðàíñòâàõ R
n,

R
k, R

l1 , R
l2
ââåäåíà åâêëèäîâà íîðìà (âñå ïðåäïîëîæåíèÿ òåîðåìû 3 ñîõðàíÿþòñÿ ïðè èçìå-

íåíèè íîðìû: îòîáðàæåíèå, ÿâëÿþùååñÿ ëèïøèöåâûì èëè íàêðûâàþùèì â íåêîòîðîé íîðìå

| · |, îòíîñèòåëüíî ëþáîé äðóãîé ýêâèâàëåíòíîé íîðìû | · |∗ îñòàíåòñÿ ëèïøèöåâûì èëè íà-

êðûâàþùèì, èçìåíèòñÿ òîëüêî ñîîòâåòñòâóþùèé êîý��èöèåíò; ñóùåñòâóåò òàêîå σ∗ > 0, ÷òî
BE(x

0(t), σ) = {x : |x − x0(t)| 6 σ} ⊃ {x : |x − x0(t)|∗ 6 σ∗} = BE∗
(x0(t), σ∗) ïðè âñåõ t ∈ [a, b],

ãäå E =
(

R
n, | · |

)

, E∗ =
(

R
n, | · |

∗

)

; êîìïàêòíîñòü è çàìêíóòîñòü ìíîæåñòâ òàêæå èíâàðèàíòíû

îòíîñèòåëüíî ýêâèâàëåíòíûõ íîðì). Ïóñòü 〈x, u〉 � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ x, u.
Ñíà÷àëà ïîêàæåì, ÷òî ìíîãîçíà÷íîå îòîáðàæåíèå

G : [a, b] × R
n → omp(Rl2), G(t, x) = g

(

t, x, U(t)
)

óäîâëåòâîðÿåò óñëîâèÿì Êàðàòåîäîðè. Èçìåðèìîñòü ïðè êàæäîì x îòîáðàæåíèÿ G(·, x) ñëå-
äóåò èç [20, òåîðåìà 1.5.18℄. Ïóñòü äëÿ íåêîòîðûõ òî÷åê t, x è îòêðûòîãî ìíîæåñòâà W ⊂ R

l2

âûïîëíåíî âêëþ÷åíèå G(t, x) ⊂ W. Òîãäà g(t, x, z) ∈ W äëÿ êàæäîãî z ∈ U(t). Âñëåäñòâèå
íåïðåðûâíîñòè �óíêöèè g(t, ·) : Rn×R

k → R
l2 , äëÿ êàæäîãî z ∈ U(t) ñóùåñòâóåò òàêàÿ îêðåñò-

íîñòü òî÷êè (x, z)
ORn×Rk

(

(x, z), r(z)
)

= ORn

(

x, r(z)
)

×ORk

(

z, r(z)
)

,

÷òî g
(

t, ORn×Rk

(

(x, z), r(z)
)

)

⊂ W. Ìíîæåñòâî {(x, z) : z ∈ U(t)} êîìïàêòíî â R
n × R

k, à

ñîâîêóïíîñòü îêðåñòíîñòåé {ORn×Rk

(

(x, z), r(z)
)

: z ∈ U(t)} îáðàçóåò åãî ïîêðûòèå. Âûáåðåì èç

ýòîãî ïîêðûòèÿ êîíå÷íîå ïîêðûòèå {ORn×Rk

(

(xi, zi), ri
)

, i = 1,m }. Òîãäà äëÿ r = mini=1,m{ri}
èìååì g

(

t, ORn(x, r), U(t)
)

⊂ W. Èòàê, äîêàçàíî, ÷òî îòîáðàæåíèå G(t, ·) : Rn → omp(Rl2)
ïîëóíåïðåðûâíî ñâåðõó.

Ïóñòü äëÿ òî÷åê t, x è îòêðûòîãî ìíîæåñòâà W ⊂ R
l2
ìíîæåñòâî g

(

t, x, U(t)
)

∩W íåïóñòî.

Òîãäà ñóùåñòâóåò ýëåìåíò z ∈ U(t), äëÿ êîòîðîãî g(t, x, z) ∈ W. Âñëåäñòâèå íåïðåðûâíîñòè

�óíêöèè g(t, ·, z) íàéäåòñÿ òàêàÿ îêðåñòíîñòü òî÷êè x, ÷òî äëÿ ëþáîãî ýëåìåíòà x̃ ýòîé îêðåñò-

íîñòè âûïîëíåíî g(t, x̃, z) ∈ W, ïîýòîìó g
(

t, x̃, U(t)
)

∩ W 6= Ø. Òàêèì îáðàçîì, îòîáðàæåíèå

G(t, ·) : Rn → omp(Rl2) ïîëóíåïðåðûâíî íå òîëüêî ñâåðõó, íî è ñíèçó è ïîýòîìó íåïðåðûâíî.

Ïðîâåðèì èçìåðèìîñòü ìíîãîçíà÷íîãî îòîáðàæåíèÿ H : [a, b] → omp(Rl2),

H(t) =
(

⋂

x∈D(t)

g
(

t, x, U(t)
)

)

⋂

V (t) =
(

⋂

x∈D(t)

G
(

t, x
)

)

⋂

V (t). (5.4)

Ìíîãîçíà÷íîå îòîáðàæåíèå t 7→ D(t) èçìåðèìî, îáîçíà÷èì D � ñ÷åòíîå ñåìåéñòâî èçìåðè-

ìûõ �óíêöèé di(·), àïïðîêñèìèðóþùèõ ýòî îòîáðàæåíèå. Ïðè êàæäîì íàòóðàëüíîì i îïðå-
äåëèì ìíîãîçíà÷íîå îòîáðàæåíèå t 7→ G(t, di(t)); ýòî îòîáðàæåíèå èçìåðèìî, òàê êàê îòîáðà-

æåíèå G : [a, b] × R
n → omp(Rl2) óäîâëåòâîðÿåò óñëîâèÿì Êàðàòåîäîðè. Ñëåäîâàòåëüíî, èç-

ìåðèìûì ÿâëÿåòñÿ îòîáðàæåíèå t 7→ ⋂

i
G(t, di(t)). ×òîáû äîêàçàòü èçìåðèìîñòü îòîáðàæåíèÿ

t 7→ ⋂

x∈D(t)

G(t, x), óñòàíîâèì ñïðàâåäëèâîñòü ðàâåíñòâà

⋂

x∈D(t)

G(t, x) =
⋂

i

G(t, di(t)). (5.5)

Âêëþ÷åíèå

⋂

x∈D(t)

G(t, x) ⊂
⋂

i
G(t, di(t)) î÷åâèäíî. Çà�èêñèðóåì ïðîèçâîëüíîå t ∈ [a, b] è ëþáîå

y ∈ ⋂

i
G(t, di(t)). Äëÿ êàæäîãî x ∈ D(t) âûáåðåì ïîäïîñëåäîâàòåëüíîñòü {dij} ⊂ D òàê, ÷òîáû

dij (t) → x ïðè j → ∞. Ïîñêîëüêó ïðè ëþáîì íîìåðå j âûïîëíåíî âêëþ÷åíèå y ∈ G(t, dij (t)),
à îòîáðàæåíèå G(t, ·) : Rn → omp(Rl2) íåïðåðûâíî, òî y ∈ G(t, x). Èòàê, y ∈ ⋂

x∈D(t)

G(t, x).

Òàêèì îáðàçîì, ðàâåíñòâî (5.5) äåéñòâèòåëüíî âûïîëíåíî, îòîáðàæåíèå t 7→
⋂

x∈D(t)

G(t, x), à ñ

íèì è îòîáðàæåíèå H èçìåðèìû.
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Âêëþ÷åíèå (5.2) èìååò ìåñòî òîãäà è òîëüêî òîãäà, êîãäà äëÿ íåêîòîðîãî ñóùåñòâåííî îãðà-

íè÷åííîãî ñå÷åíèÿ η : [a, b] → R
l2
ìíîãîçíà÷íîãî îòîáðàæåíèÿ H âûïîëíåíî

u(t) ∈ U(t), g
(

t, x(t), u(t)
)

= η(t), t ∈ [a, b].

Ïîêàæåì, ÷òî ìíîãîçíà÷íîå îòîáðàæåíèå H èìååò ñóùåñòâåííî îãðàíè÷åííîå ñå÷åíèå η. Ñíà÷à-
ëà ïðîâåðèì, ÷òî �óíêöèÿ t ∈ [a, b] 7→ ρ

Rl2

(

H(t)
)

∈ R ñóùåñòâåííî îãðàíè÷åíà. Äåéñòâèòåëüíî,

èç îãðàíè÷åííîñòè ñîîòâåòñòâóþùèõ �óíêöèé ñëåäóåò, ÷òî ñóùåñòâóåò r0 > 0, óäîâëåòâîðÿ-
þùåå ïðè ï.â. t ∈ [a, b] íåðàâåíñòâàì ρRk

(

U(t)
)

6 r0, ρRl2

(

V (t)
)

6 r0. Íàéäåì òàêîå R0 > 0,
÷òî |g(t, x, u)| 6 R0 ïðè ï.â. t ∈ [a, b] è ëþáûõ x ∈ D(t), u ∈ U(t), |u| 6 r0. Ñëåäîâàòåëüíî,

ρ
Rl2

(

⋂

x∈D(t)

G
(

t, x
)

)

6 R0, è, òàêèì îáðàçîì, ρ
Rl2

(

H(t)
)

6 max{r0, R0}. Òåïåðü â êà÷åñòâå òðå-

áóåìîãî ñå÷åíèÿ η ìíîãîçíà÷íîãî îòîáðàæåíèÿ H ìîæíî âûáðàòü ñå÷åíèå, óäîâëåòâîðÿþùåå

ðàâåíñòâó |η(t)| = ρ
Rl2

(

H(t)
)

(ñì., íàïðèìåð, [21℄).

Îïðåäåëèì îòîáðàæåíèå

Π : [a, b]× R
n → D(t), Π(t, x) =







x, åñëè x ∈ D(t),

x0(t) +
x− x0(t)

|x− x0(t)| · σ, åñëè x /∈ D(t).
(5.6)

Äîêàæåì, ÷òî ïðè âñåõ t ∈ [a, b] è ëþáûõ x1, x2 ∈ R
n
èìååò ìåñòî íåðàâåíñòâî

|Π(t, x1)−Π(t, x2)| 6 |x1 − x2|. (5.7)

Ïóñòü äëÿ îïðåäåëåííîñòè x1 ∈ D(t), x2 /∈ D(t). Òîãäà x1 = Π(t, x1) è ñóùåñòâóåò òàêîå ς > 1,
÷òî x2 − x0(t) = ς

(

Π(t, x2) − x0(t)
)

. Ïîëîæèì r = |Π(t, x1) − x0(t)|. Î÷åâèäíî, r 6 σ. Òåïåðü
âû÷èñëèì

|x2 − x1|2 = |ς(Π(t, x2)− x0(t)) − (Π(t, x1)− x0(t))|2 = ς2σ2 + r2−

− 2ς〈Π(t, x2)− x0(t),Π(t, x1)− x0(t)〉 = ς
(

ςσ2 +
r2

ς
− 2〈Π(t, x2)− x0(t),Π(t, x1)− x0(t)〉

)

.

Òàê êàê �óíêöèÿ ς ∈ [1,∞) 7→ ςσ2 + r2ς−1
âîçðàñòàåò, òî ςσ2 + r2ς−1 > σ2 + r2, ñëåäîâàòåëüíî,

|x2 − x1|2 > ς
(

σ2 + r2 − 2〈Π(t, x2)− x0(t),Π(t, x1)− x0(t)〉
)

=

= ς|Π(t, x2)−Π(t, x1)|2 > |Π(t, x2)−Π(t, x1)|2.

Ïðîâåðêà íåðàâåíñòâà (5.7) â ñëó÷àå x1 /∈ D(t), x2 /∈ D(t) ïðîâîäèòñÿ àíàëîãè÷íî.

Ïóñòü τ > 0. �àññìîòðèì ¾âñïîìîãàòåëüíóþ¿ ñèñòåìó óïðàâëåíèÿ

f
(

t, Π(t, x(t)), ẋ(t), u(t)
)

= 0, t ∈ [a, a+ τ ], x(a) = A0,

g
(

t, Π(t, x(t)), u(t)
)

= η(t), ẋ(t) ∈ Ω(t), u(t) ∈ U(t).
(5.8)

Çàìåòèì, ÷òî åñëè ïàðà

(

x(t), u(t)
)

ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (5.8), òî íà äîñòàòî÷íî ìà-

ëîì ïðîìåæóòêå [a, a + τ ] áóäåò âûïîëíåíî x(t) ∈ D(t), ñëåäîâàòåëüíî, ýòà ïàðà áóäåò ëî-

êàëüíûì ðåøåíèåì òàêæå è ïåðâîíà÷àëüíîé ñèñòåìû (5.1), (5.2), (5.3). Ïðè ýòîì �óíêöèè

f(t, Π(t, ·), z, u), g(t, Π(t, ·), u) ÿâëÿþòñÿ ëèïøèöåâûìè íà âñåì ïðîñòðàíñòâå R
n, â îòëè÷èå

îò �óíêöèé f(t, ·, z, u), g(t, ·, u), îáëàäàþùèõ ýòèì ñâîéñòâîì ëèøü íà ìíîæåñòâå D(t) ⊂ R
n.

Êðîìå òîãî, îòîáðàæåíèÿ f(t, Π(t, x), ·, u), g(t, Π(t, x), ·) áóäóò îáëàäàòü ñâîéñòâàìè óñëîâíîãî
íàêðûâàíèÿ óæå ïðè âñåõ x ∈ R

n, à íå òîëüêî ïðè x ∈ D(t).
Çàäà÷à óïðàâëåíèÿ (5.8) ðàâíîñèëüíà ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé

f
(

t, Π
(

t, A0 +

∫ t

a
v(s) ds

)

, v(t), u(t)
)

= 0,

g
(

t, Π
(

t, A0 +

∫ t

a
v(s) ds

)

, u(t)
)

= η(t)

(5.9)
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îòíîñèòåëüíî ïàðû (v, u) ∈ L∞([a, a + τ ],Ω) × L∞([a, a + τ ], U) íåèçâåñòíûõ �óíêöèé v(t) =
ẋ(t) ∈ Ω(t), u(t) ∈ U(t). Îïðåäåëèì îòîáðàæåíèÿ

Φ1 : L∞([a, a+ τ ],Ω)× L∞([a, a + τ ],Ω)× L∞([a, a+ τ ], U) → L∞([a, a+ τ ],Rl1),

(Φ1(w, v, u))(t) = f
(

t, Π
(

t, A0 +

∫ t

a
v(s) ds

)

, w(t), u(t)
)

;

Φ2 : L∞([a, a + τ ], U)× L∞([a, a + τ ],Ω)× L∞([a, a+ τ ], U) → L∞([a, a + τ ],Rl2),

(Φ2(z, v, u))(t) = g
(

t, Π
(

t, A0 +

∫ t

a
v(s) ds

)

, z(t)
)

(ïîñëåäíåå îòîáðàæåíèå ïîñòîÿííî ïî ïåðåìåííîé u). Ê óïðàâëÿåìîé ñèñòåìå (5.9), çàïèñàííîé

â âèäå ñèñòåìû îïåðàòîðíûõ óðàâíåíèé

Φ1(v, v, u) = 0, Φ2(u, v, u) = η, (5.10)

ïðèìåíèìà òåîðåìà 1. Äîêàæåì ýòî.

Ïóñòü ïîëîæèòåëüíûå ÷èñëà α1, α2 ÿâëÿþòñÿ êîíñòàíòàìè óñëîâíîãî íàêðûâàíèÿ îòîáðà-

æåíèé f(t, x, ·, u) : Ω(t) → R
l1 , g(t, x, ·) : U(t) → R

l2 ; à íåîòðèöàòåëüíûå ÷èñëà β11, β12, β21
� êîíñòàíòàìè Ëèïøèöà îòîáðàæåíèé f(t, ·, z, u) : D(t) → R

l1 , f(t, x, z, ·) : U(t) → R
l1 ,

g(t, ·, u) : D(t) → R
l2 .

Äëÿ ïðîèçâîëüíûõ v,w ∈ L∞([a, a + τ ],Ω), u ∈ L∞([a, a + τ ], U) îïðåäåëèì �óíêöèþ

y(t) = f
(

t, Π
(

t, A0 +
∫ t
a v(s) ds

)

, w(t), u(t)
)

. Ïóñòü R = vrai sup
t∈ [a, b]

|y(t)|. Âñëåäñòâèå óñëîâíîãî

α1-íàêðûâàíèÿ îòîáðàæåíèÿ f(t, x, ·, u) : Ω(t) → R
l1
âûïîëíåíî

0 ∈ f
(

t, Π
(

t, A0 +

∫ t

a
v(s) ds

)

, BΩ(t)

(

w(t), α1
−1R

)

, u(t)
)

.

Â ñèëó ëåììû Ôèëèïïîâà [20, ñ. 78℄ ñóùåñòâóåò òàêàÿ èçìåðèìàÿ �óíêöèÿ w0 : [a, a+ τ ] → R
n,

÷òî w0(t) ∈ BΩ(t)

(

w(t), α1
−1R

)

, f
(

t, Π
(

t, A0 +

∫ t

a
v(s) ds

)

, w0(t), u(t)
)

= 0; ýòà �óíêöèÿ, î÷å-

âèäíî, ÿâëÿåòñÿ ñóùåñòâåííî îãðàíè÷åííîé. Òàêèì îáðàçîì,

0 ∈ Φ1(L∞([a, a+ τ ],Ω), v, u) ∀v ∈ L∞([a, a+ τ ],Ω) ∀u ∈ L∞([a, a+ τ ], U).

Ñîãëàñíî òåîðåìå 3, îòîáðàæåíèå Φ1(·, v, u) : L∞([a, a+ τ ],Ω) → L∞([a, a+ τ ],Rl1) ÿâëÿåòñÿ
óñëîâíî α1-íàêðûâàþùèì. Äàëåå, îòîáðàæåíèå Φ1(w, ·, u) : L∞([a, a+τ ],Ω) → L∞([a, a+τ ],Rl1)
ÿâëÿåòñÿ τ ·β11-ëèïøèöåâûì, à îòîáðàæåíèå Φ1(w, v, ·) : L∞([a, a+τ ], U) → L∞([a, a+τ ],Rl1) �
β12-ëèïøèöåâûì.

Àíàëîãè÷íî îòîáðàæåíèå Φ2(·, v, u) : L∞([a, a+ τ ], U) → L∞([a, a+ τ ],Rl2) ÿâëÿåòñÿ óñëîâíî
α2-íàêðûâàþùèì; èìååò ìåñòî âêëþ÷åíèå

η ∈ Φ2(L∞([a, a+ τ ], U), v, u) ∀v ∈ L∞([a, a+ τ ],Ω) ∀u ∈ L∞([a, a + τ ], U);

îòîáðàæåíèå Φ2(z, ·, u) : L∞([a, a + τ ],Ω) → L∞([a, a + τ ],Rl2) ÿâëÿåòñÿ τ · β21-ëèïøèöåâûì,
à îòîáðàæåíèå Φ2(z, v, ·) : L∞([a, a + τ ], U) → L∞([a, a + τ ],Rl2) ïîñòîÿííî, òî åñòü 0-ëèïøèöå-
âî.

Äëÿ ïðîâåðêè óñëîâèé òåîðåìû 1 îñòàåòñÿ íàéòè ñïåêòðàëüíûé ðàäèóñ ̺ ìàòðèöû (2.3),

êîòîðàÿ â äàííîì ñëó÷àå èìååò âèä

C =

(

α−1
1 τβ11 α−1

1 β12
α−1
2 τβ21 0

)

. (5.11)

Èìååì

̺(C) =
τβ11
2α1

+

√

τ2β11
2

4α2
1

+
τβ12β21
α1α2

, (5.12)
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ïîýòîìó íåðàâåíñòâî ̺(C) < 1 áóäåò âûïîëíåíî, åñëè

τ <
α1α2

β11α2 + β12β21
. (5.13)

Òàêèì îáðàçîì, ïðè ïîëó÷åííûõ çíà÷åíèÿõ τ, ñîãëàñíî òåîðåìå 1, ñèñòåìà (5.10) èìååò

ðåøåíèå (x, u). Íà äîñòàòî÷íî ìàëîì ïðîìåæóòêå [a, a+ τ0] ⊂ [a, a+ τ ] áóäåò âûïîëíåíî x(t) ∈
D(t), ñëåäîâàòåëüíî, èñõîäíàÿ óïðàâëÿåìàÿ ñèñòåìà ëîêàëüíî ðàçðåøèìà. �

Ïðîèëëþñòðèðóåì ïðèìåíåíèå òåîðåìû 4 ê èññëåäîâàíèþ êîíêðåòíûõ óïðàâëÿåìûõ ñèñòåì.

Ïðèìåð 1. �àññìîòðèì ïðè t ∈ [0, 1] ñèñòåìó
(

ẋ(t)
)1/3

+
(

x(t)
)2
+u(t) = 0, x(0) = 0, |u(t)| exp |x(t)| ∈ V (t), ẋ(t) ∈ Ω(t), u(t) ∈ U(t). (5.14)

Çäåñü Ω(t) = [−2, 2], U(t) = [−t, t], îòîáðàæåíèå V : [0, 1] → l(R) èçìåðèìî è óäîâëåòâîðÿåò

ñîîòíîøåíèþ V (t)
⋂

[0, t] 6= Ø, t ∈ [0, 1]. Ïîêàæåì, ÷òî äëÿ ñèñòåìû (5.14) âûïîëíåíû âñå ïðåä-

ïîëîæåíèÿ òåîðåìû 4 è, ñëåäîâàòåëüíî, ýòà ñèñòåìà ðàçðåøèìà.

Ïîëîæèì x0(t) ≡ 0, òîãäà D(t) ≡ [−σ, σ], σ > 0. Äëÿ îïðåäåëåííîãî ðàâåíñòâîì f(t, x, z, u) =
(z)1/3 + (x)2 + u îòîáðàæåíèÿ f : [0, 1] × R

3 → R ïðè ëþáûõ t ∈ [0, 1], x ∈ D(t), z ∈ Ω(t),
u ∈ U(t) âûïîëíåíî: f(t, x, ·, u) ÿâëÿåòñÿ óñëîâíî 3−14−1/3

-íàêðûâàþùèì; f(t, ·, z, u) ÿâëÿåòñÿ
2σ-ëèïøèöåâûì, f(t, x, z, ·) ÿâëÿåòñÿ 1-ëèïøèöåâûì; ïðè äîñòàòî÷íî ìàëîì σ > 0 èìååò ìåñòî
ñîîòíîøåíèå f(t, x,Ω(t), u) = [−21/3 + x2 + u, 21/3 + x2 + u] ⊃ [−21/3 + σ2 + t, 21/3 − t] ∋ 0.
Îòîáðàæåíèå g : [0, 1] × R

2 → R, g(t, x, u) = |u| exp |x| ÿâëÿåòñÿ 1-íàêðûâàþùèì ïî u è 1-ëèï-
øèöåâûì ïî x. Çàâåðøàÿ ïðîâåðêó ïðåäïîëîæåíèé òåîðåìû 4, íàéäåì ìíîæåñòâî

H(t) =
(

⋂

x∈D(t)

g
(

t, x, U(t)
)

)

⋂

V (t) =
(

⋂

x∈[0,σ]

[0, t] · expx
)

⋂

V (t) = [0, t]
⋂

V (t).

Òàê êàê ýòî ìíîæåñòâî íåïóñòî, òî, ñîãëàñíî òåîðåìå 4, ñèñòåìà (5.14) ðàçðåøèìà: äëÿ íåêîòî-

ðîãî τ0 > 0 ñóùåñòâóåò ïàðà �óíêöèé (x, u) ∈ AC∞([0, τ0],Ω)×L∞([0, τ0], U), óäîâëåòâîðÿþùàÿ
ýòîé ñèñòåìå íà [0, τ0].

Ïðèâåäåì îöåíêó ðåøåíèÿ óïðàâëÿåìîé ñèñòåìû (5.1), (5.2), (5.3), ñëåäóþùóþ èç íåðàâåí-

ñòâà (2.4).

Èòàê, ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4, ïðè÷åì x0 ∈ AC∞([a, b],Ω). Êàê è â ïðèâåäåííîì
äîêàçàòåëüñòâå, áóäåì îáîçíà÷àòü ÷åðåç α1, α2 êîíñòàíòû óñëîâíîãî íàêðûâàíèÿ îòîáðàæåíèé

f(t, x, ·, u) : Ω(t) → R
l1 , g(t, x, ·) : U(t) → R

l2 ; β11, β12, β21 � êîíñòàíòû Ëèïøèöà îòîáðàæåíèé

f(t, ·, z, u) : D(t) → R
l1 , f(t, x, z, ·) : U(t) → R

l1 , g(t, ·, u) : D(t) → R
l2 . Ïóñòü τ > 0 óäîâëåòâîðÿåò

óñëîâèþ (5.13). Äëÿ çàäàííîé ðàâåíñòâîì (5.11) ìàòðèöû C è åå ñïåêòðàëüíîãî ðàäèóñà ̺(C)
(êîòîðûé âû÷èñëÿåòñÿ ïî �îðìóëå (5.12)), ëþáîãî ε ∈ (0, 1 − ̺(C)) îïðåäåëèì ìîíîòîííóþ

íîðìó | · | â R
2
òàê, ÷òîáû |C| 6 ̺(C) + ε.

Ñëåäñòâèå 5. Äëÿ ëþáîé �óíêöèè u0 ∈ L∞([a, b], U) íàéäåòñÿ τ0 ∈ (0, τ ], è ñóùåñòâóåò

ðåøåíèå (x, u) ∈ AC∞([a, a+ τ0],Ω)×L∞([a, a+ τ0], U) óïðàâëÿåìîé ñèñòåìû (5.1), (5.2), (5.3),

óäîâëåòâîðÿþùåå íåðàâåíñòâó

∣

∣

(

vrai sup
t∈ [a, a+τ0]

|ẋ(t)− ẋ0(t)|, vrai sup
t∈ [a, a+τ0]

|u(t)− u0(t)|
)

∣

∣ 6
1

1− ̺(C)− ε
·
∣

∣

(φ1

α1
,
φ2

α2

)

∣

∣,

ãäå φ1 = vrai sup
t∈ [a, a+τ0]

∣

∣f
(

t, x0(t), ẋ0(t), u0(t)
)
∣

∣, φ2 = vrai sup
t∈ [a, a+τ0]

̺
Rl2

(

g
(

t, x0(t), u0(t)
)

, H(t)
)

, à ìíîãî-

çíà÷íîå îòîáðàæåíèå H : [a, b] → comp(Rl2) îïðåäåëÿåòñÿ ðàâåíñòâîì (5.4).

Ä î ê à ç à ò å ë ü ñ ò â î. Ôóíêöèÿ ζ : [a, b] → R
l2 , ζ(t) = g

(

t, x0(t), u0(t)
)

ñóùåñòâåííî

îãðàíè÷åíà. Âûáåðåì â êà÷åñòâå èçìåðèìîãî ñåëåêòîðà ìíîãîçíà÷íîãî îòîáðàæåíèÿ H �óíê-

öèþ η, ðåàëèçóþùóþ ðàññòîÿíèå ̺
Rl2

(

ζ(t),H(t)
)

, òî åñòü óäîâëåòâîðÿþùóþ ïðè ï.â. t ∈ [a, b]
ðàâåíñòâó |ζ(t)−η(t)| = ̺

Rl2

(

ζ(t),H(t)
)

(ñì., íàïðèìåð, [21℄). Òàê êàê ñïðàâåäëèâî íåðàâåíñòâî

̺
Rl2

(

ζ(t),H(t)
)

6 |ζ(t)|+ ̺
Rl2

(

H(t)
)

, òî �óíêöèÿ η ñóùåñòâåííî îãðàíè÷åíà. Òðåáóåìàÿ îöåíêà

òåïåðü íåïîñðåäñòâåííî ñëåäóåò èç íåðàâåíñòâà (2.4), ïðèìåíåííîãî ê ñèñòåìå (5.10). �
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� 6. Êîððåêòíàÿ ðàçðåøèìîñòü óïðàâëÿåìûõ ñèñòåì

Â ýòîì ïàðàãðà�å èññëåäóåòñÿ êîððåêòíîñòü óïðàâëÿåìîé äè��åðåíöèàëüíîé ñèñòåìû

(5.1), (5.2), (5.3).

Ïóñòü çàäàíû ÷èñëà A0
m ∈ R

n, m = 1, 2, . . ., èçìåðèìûå ìíîãîçíà÷íûå îòîáðàæåíèÿ

Ω : [a, b] → l(Rn), U : [a, b] → omp(Rk), Vm : [a, b] → l(Rl2)

òàêèå, ÷òî �óíêöèè t ∈ [a, b] 7→ ρRn

(

Ω(t)
)

, ρRk

(

U(t)
)

, ρ
R
l2

(

Vm(t)
)

∈ R, m = 1, 2, . . ., ñóùåñòâåííî
îãðàíè÷åíû. Ïóñòü, äàëåå, ïðè ëþáîì m = 1, 2, . . . îïðåäåëåíû óäîâëåòâîðÿþùèå óñëîâèÿì

Êàðàòåîäîðè �óíêöèè fm : [a, b] × R
n × R

n × R
k → R

l1 , gm : [a, b]×R
n×R

k → R
l2 , îòíîñèòåëüíî

êîòîðûõ, êðîìå òîãî, ïðåäïîëàãàåì, ÷òî äëÿ ëþáîãî r > 0 ñóùåñòâóåò òàêîå Rm > 0, ÷òî ïðè

ï.â. t ∈ [a, b] äëÿ âñåõ x ∈ R
n, z ∈ Ω(t), u ∈ U(t), óäîâëåòâîðÿþùèõ óñëîâèþ |x| + |z| + |u| 6 r,

èìåþò ìåñòî íåðàâåíñòâà |fm(t, x, z, u)| 6 Rm, |gm(t, x, u)| 6 Rm.
�àññìîòðèì ïîñëåäîâàòåëüíîñòü óïðàâëÿåìûõ ñèñòåì

fm
(

t, x(t), ẋ(t), u(t)
)

= 0, x(a) = A0
m, (6.1)

u(t) ∈ U(t), gm
(

t, x(t), u(t)
)

∈ Vm(t), m = 1, 2, . . . , (6.2)

ẋ(t) ∈ Ω(t), t ∈ [a, b]. (6.3)

Ïóñòü äëÿ íåêîòîðîé ïàðû �óíêöèé (x0, u0) ∈ AC∞([a, b],Ω) × L∞([a, b], U) èìåþò ìåñòî

ñîîòíîøåíèÿ

vrai sup
t∈ [a, b]

∣

∣fm
(

t, x0(t), ẋ0(t), u0(t)
)∣

∣ → 0, A0
m → x0(a),

Hm(t) =
(

⋂

x∈D(t)

gm
(

t, x, U(t)
)

)

⋂

Vm(t) 6= Ø,

vrai sup
t∈ [a, b]

̺
Rl2

(

gm
(

t, x0(t), u0(t)
)

, Hm(t)
)

→ 0. (6.4)

Ïîëó÷èì óñëîâèÿ, îáåñïå÷èâàþùèå ñóùåñòâîâàíèå ïðè ëþáîì íàòóðàëüíîì m òàêîãî ðåøåíèÿ

(xm, um) ∈ AC∞([a, b],Ω)×L∞([a, b], U) óïðàâëÿåìîé ñèñòåìû (6.1), (6.2), (6.3), ÷òî ïîñëåäîâà-

òåëüíîñòü (xm, um) ñõîäèòñÿ ê (x0, u0) â ïðîñòðàíñòâå AC∞([a, b],Ω) × L∞([a, b], U).
Êàê è â òåîðåìå 4, îáîçíà÷àåì D(t) = BRn(x0(t), σ), σ > 0.
Òåîðåìà 5. Ïóñòü ñóùåñòâóþò òàêèå ïîëîæèòåëüíûå ÷èñëà α1, α2 è íåîòðèöàòåëüíûå

÷èñëà β11, β12, β21, ÷òî ïðè ï.â. t ∈ [a, b] è ëþáûõ x ∈ D0(t), u ∈ U(t), z ∈ Ω(t), m = 1, 2, . . .
âûïîëíåíû óñëîâèÿ: îòîáðàæåíèÿ fm(t, x, ·, u) : Ω(t) → R

l1 , gm(t, x, ·) : U(t) → R
l2
óñëîâíî

íàêðûâàþùèå ñ êîíñòàíòàìè α1, α2 ñîîòâåòñòâåííî; îòîáðàæåíèÿ

fm(t, ·, z, u) : D(t) → R
l1 , fm(t, x, z, ·) : U(t) → R

l1 , gm(t, ·, u) : D(t) → R
l2

ëèïøèöåâû ñ êîíñòàíòàìè β11, β12, β21 è èìååò ìåñòî âêëþ÷åíèå 0 ∈ fm(t, x, Ω(t), u).
Òîãäà åñëè ñïðàâåäëèâû ñîîòíîøåíèÿ (6.4), òî äëÿ âñåõ äîñòàòî÷íî áîëüøèõ çíà÷åíèé m

óïðàâëÿåìàÿ ñèñòåìà (6.1), (6.2), (6.3) ðàçðåøèìà íà îòðåçêå [a, b] è íàéäåòñÿ òàêîå ðåøåíèå

(xm, um) ∈ AC∞([a, b],Ω) × L∞([a, b], U), ÷òî èìååò ìåñòî ñõîäèìîñòü (xm, um) → (x0, u0)
(â ïðîñòðàíñòâå AC∞([a, b],Ω) × L∞([a, b], U)).

Ñ�îðìóëèðîâàííîå óòâåðæäåíèå ìîæåò áûòü ïîëó÷åíî èç îáùåé òåîðåìû 2 î êîððåêòíîñòè

ñèñòåìû îïåðàòîðíûõ óðàâíåíèé. Ìû ïðèâåäåì äîêàçàòåëüñòâî, îñíîâàííîå íà òåîðåìå 4 �

ïðèçíàêå ðàçðåøèìîñòè óïðàâëÿåìîé ñèñòåìû (5.1), (5.2), (5.3).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîëîæèì τ = 2−1(β1α2 + β1β2)
−1α1α2. Ýòî çíà÷åíèå τ óäîâëå-

òâîðÿåò óñëîâèþ (5.13), ñëåäîâàòåëüíî, äëÿ çàäàííîé ðàâåíñòâîì (2.3) ìàòðèöû C è ëþáîãî

ε ∈ (0, 1 − ̺(C)) ìîæíî îïðåäåëèòü ìîíîòîííóþ íîðìó | · | â R
2
òàê, ÷òîáû |C| 6 ̺(C) + ε < 1.



Êîððåêòíàÿ ðàçðåøèìîñòü çàäà÷ óïðàâëåíèÿ 61

ÌÀÒÅÌÀÒÈÊÀ 2013. Âûï. 3

Äëÿ ïðîèçâîëüíîãî ǫ ∈ (0, 1) îïðåäåëèì íàòóðàëüíîå ÷èñëî M òàê, ÷òîáû ïðè âñåõ m > M
âûïîëíÿëèñü íåðàâåíñòâà

∣

∣

(φ 1m

α1
,
φ 2m

α2

)

∣

∣ 6
(1− ̺(C)− ε)σǫ

2(b− a)
, |A0

m − x0(a)| 6 σǫ

2
,

ãäå φ 1m = vrai sup
t∈ [a, b]

∣

∣fm
(

t, x0(t), ẋ0(t), u0(t)
)
∣

∣, φ 2m = vrai sup
t∈ [a, b]

̺
Rl2

(

gm
(

t, x0(t), u0(t)
)

, Hm(t)
)

.

Íàéäåì íàèìåíüøåå íàòóðàëüíîå J, óäîâëåòâîðÿþùåå íåðàâåíñòâó τJ > b − a. �åøåíèå ñè-

ñòåìû (6.1), (6.2), (6.3) áóäåì ñòðîèòü ïîñëåäîâàòåëüíî íà ïðîìåæóòêàõ

[a, a+ τ ], [a+ τ, a+ 2τ ], . . . , [a+ τ(J − 1), b].

Ñîãëàñíî òåîðåìå 4 è ñëåäñòâèþ 5, ñóùåñòâóåò ðåøåíèå (xm, um) íà [a, a+τ ] ¾âñïîìîãàòåëü-
íîé¿ çàäà÷è óïðàâëåíèÿ � ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé

fm

(

t, Π
(

t, A0
m +

∫ t

a
ẋ(s) ds

)

, ẋ(t), u(t)
)

= 0, gm

(

t, Π
(

t, A0
m +

∫ t

a
ẋ(s) ds

)

, u(t)
)

= ηm(t), (6.5)

ãäå îòîáðàæåíèå Π îïðåäåëåíî �îðìóëîé (5.6), à �óíêöèÿ ηm ÿâëÿåòñÿ èçìåðèìûì ñåëåêòîðîì

ìíîãîçíà÷íîãî îòîáðàæåíèÿ Hm, ðåàëèçóþùèì ðàññòîÿíèå ̺
Rl2

(

gm
(

t, x0(t), u0(t)
)

, Hm(t)
)

. Ïà-
ðà (xm, um) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (6.1), (6.2), (6.3) íà òàêîì îòðåçêå [a, a+τ0] ⊂ [a, a+τ ],
ãäå xm(t) ∈ D(t). Ýòà ïàðà �óíêöèé óäîâëåòâîðÿåò îöåíêå

∣

∣

(

ẋm(t)− ẋ0(t), u(t)m − u0(t)
)
∣

∣ 6
1

1− ̺(C)− ε
·
∣

∣

(φ 1m

α1
,
φ 2m

α2

)

∣

∣ 6
σ

2(b− a)
. (6.6)

Âñëåäñòâèå ìîíîòîííîñòè íîðìû |·| â R2
ïîëó÷àåì |ẋ(t)−ẋ0(t)| 6 2−1(b−a)−1σ. Ñëåäîâàòåëüíî,

ïðè âñåõ t ∈ [a, a+τ ] âûïîëíåíî |xm(t)−x0m(t)| 6 2−1σ+2−1(b−a)−1στ 6 σ, òî åñòü xm(t) ∈ D(t).
Òàêèì îáðàçîì, äàííàÿ ïàðà �óíêöèé ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (6.1), (6.2), (6.3) íà âñåì

îòðåçêå [a, a+ τ ].
Äëÿ íàõîæäåíèÿ ïðîäîëæåíèÿ ïîëó÷åííîãî ðåøåíèÿ ðàññìîòðèì çàäà÷ó óïðàâëåíèÿ ïðè

t ∈ [a+τ, a+2τ ], âûáðàâ ¾ïîñëåäíåå¿ çíà÷åíèå xm(a+τ) îïðåäåëåííîé âûøå �óíêöèè â êà÷åñòâå
íà÷àëüíîãî. Òîãäà ñíîâà, ñîãëàñíî òåîðåìå 4 è ñëåäñòâèþ 5, ñóùåñòâóåò ðåøåíèå (xm, um) íà
[a+ τ, a+2τ ] ñèñòåìû (6.5), êîòîðîå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé ñèñòåìû (6.1), (6.2), (6.3) íà

òîì îòðåçêå [a+ τ, a+ τ + τ0] ⊂ [a+ τ, a+2τ ], ãäå xm(t) ∈ D(t). Äëÿ ýòîé ïàðû �óíêöèé èìååò

ìåñòî îöåíêà (6.6), èç êîòîðîé âñëåäñòâèå ìîíîòîííîñòè íîðìû | · | â R
2
ïîëó÷àåì íåðàâåíñòâî

|ẋ(t)− ẋ0(t)| 6 2−1(b− a)−1σ. Ñëåäîâàòåëüíî, ïðè âñåõ t ∈ [a+ τ, a+ 2τ ] âûïîëíåíî

|xm(t)− x0m(t)| 6 2−1σ + 2−1(b− a)−1στ + 2−1(b− a)−1στ = 2−1σ
(

1 + 2τ(b− a)−1
)

6 σ.

Èòàê, xm(t) ∈ D(t), è äàííàÿ ïàðà �óíêöèé ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (6.1), (6.2), (6.3) íà

âñåì îòðåçêå [a+ τ, a+ 2τ ].
Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî íà êàæäîì ñëåäóþùåì ïðîìåæóòêå, âïëîòü äî ïîñëåäíå-

ãî [a + τ(J − 1), b], ñóùåñòâóåò ðåøåíèå (xm, um) ñèñòåìû (6.5), êîòîðîå ÿâëÿåòñÿ ðåøåíèåì

óïðàâëÿåìîé ñèñòåìû (6.1), (6.2), (6.3).

Íà êàæäîì èç ðàññìîòðåííûõ îòðåçêîâ Ij = [a+τ(j−1), a+τj], j = 1, 2, . . . , J, ïàðà (xm, um)
óäîâëåòâîðÿåò íåðàâåíñòâó

∣

∣

(

vrai sup
t∈ Ij

|ẋm(t)− ẋ0(t)|, vrai sup
t∈ Ij

|um(t)− u0(t)|
)

∣

∣ 6
1

1− ̺(C)− ε
·
∣

∣

(φ1

α1
,
φ2

α2

)

∣

∣,

ñëåäîâàòåëüíî, íà âñåì [a, b] � íåðàâåíñòâó

∣

∣

(

vrai sup
t∈ [a,b]

|ẋm(t)− ẋ0(t)|, vrai sup
t∈ [a,b]

|um(t)− u0(t)|
)

∣

∣ 6
2

1− ̺(C)− ε
·
∣

∣

(φ1

α1
,
φ2

α2

)

∣

∣.

Îòñþäà, â ñèëó ñîîòíîøåíèé (6.4), ïîëó÷àåì ñõîäèìîñòü (xm, um) → (x0, u0) â ïðîñòðàíñòâå

AC∞([a, b],Ω) × L∞([a, b], U). �
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Ïðèìåð 2. �àññìîòðèì ïðè t ∈ [0, 1] ïîñëåäîâàòåëüíîñòü óïðàâëÿåìûõ ñèñòåì âèäà

(

ẋ(t)
)1/3

+
(

x(t)
)2

+ u(t) = qm(t), x(0) = A0
m, |u(t)| exp |x(t)| ∈ Vm(t), m = 1, 2, . . . ,

ẋ(t) ∈ Ω(t)
.
= [−2, 2], u(t) ∈ U(t)

.
= [−t, t].

(6.7)

Áóäåì ïðåäïîëàãàòü, ÷òî �óíêöèè qm : [0, 1] → R ñóùåñòâåííî îãðàíè÷åíû è vrai sup
t∈ [0,1]

|qm(t)| → 0

ïðè m → ∞. Ïóñòü, äàëåå, A0
m → 0; îòîáðàæåíèÿ Vm : [0, 1] → l(R) èçìåðèìû, óäîâëåòâîðÿþò

ñîîòíîøåíèþ Vm(t)
⋂

[0, t] 6= Ø, t ∈ [0, 1], è èìååò ìåñòî ñõîäèìîñòü vrai sup
t∈ [0,1]

̺R
(

Vm(t)
)

→ 0.

Ïîêàæåì, ÷òî äëÿ ñèñòåìû (6.7) âûïîëíåíû ïðåäïîëîæåíèÿ òåîðåìû 5.

Â ðàññìàòðèâàåìîì ïðèìåðå x0(t) ≡ 0, u0(t) ≡ 0, fm(t, x, z, u) = (z)1/3 + (x)2 + u − qm(t),
gm(t, x, u) = |u| exp |x|, D(t) ≡ [−σ, σ]. Ïðè ëþáûõ t ∈ [0, 1], x ∈ D(t), z ∈ Ω(t), u ∈ U(t)
âûïîëíåíî (ñì., ïðèìåð 1): fm(t, x, ·, u) ÿâëÿåòñÿ óñëîâíî 3−14−1/3

-íàêðûâàþùèì; fm(t, ·, z, u)
ÿâëÿåòñÿ 2σ-ëèïøèöåâûì, fm(t, x, z, ·) ÿâëÿåòñÿ 1-ëèïøèöåâûì; gm(t, x, ·) ÿâëÿåòñÿ óñëîâíî

1-íàêðûâàþùèì; gm(t, ·, u) ÿâëÿåòñÿ 1-ëèïøèöåâûì; èìååò ìåñòî ñîîòíîøåíèå

fm(t, x,Ω(t), u) = [−21/3+x2+u−qm(t), 21/3+x2+u−qm(t)] ⊃ [−21/3+σ2+t−qm(t), 21/3−t−qm(t)].

Ñëåäîâàòåëüíî, ïðè äîñòàòî÷íî ìàëîì σ > 0 è ïðè âñåõ äîñòàòî÷íî áîëüøèõ m ýòî ìíîæåñòâî

íåïóñòî è 0 ∈ fm(t, x,Ω(t), u).

Â çàêëþ÷åíèå ïðîâåðèì ñîîòíîøåíèÿ (6.4). Äëÿ ìíîæåñòâà Hm(t) èìååì

Hm(t) =
(

⋂

x∈D(t)

gm
(

t, x, U(t)
)

)

⋂

Vm(t) =
(

⋂

x∈[0,σ]

[0, t] · expx
)

⋂

Vm(t) = [0, t]
⋂

Vm(t) 6= Ø.

Äàëåå, vrai sup
t∈ [0,1]

∣

∣fm
(

t, x0(t), ẋ0(t), u0(t)
)∣

∣ = vrai sup
t∈ [0,1]

∣

∣qm(t)
∣

∣ → 0,

vrai sup
t∈ [0,1]

̺R
(

gm
(

t, x0(t), u0(t)
)

, Hm(t)
)

= vrai sup
t∈ [0,1]

̺R
(

Vm(t)
)

→ 0.

Èòàê, âñå ïðåäïîëîæåíèÿ òåîðåìû 5 âûïîëíåíû, ïîýòîìó äëÿ âñåõ äîñòàòî÷íî áîëüøèõ

çíà÷åíèé m óïðàâëÿåìàÿ ñèñòåìà (6.7) ðàçðåøèìà íà âñåì [0, 1] è ñóùåñòâóåò òàêîå åå ðåøåíèå
(xm, um) ∈ AC∞([0, 1],Ω) × L∞([0, 1], U), ÷òî èìåþò ìåñòî ñîîòíîøåíèÿ

vrai sup
t∈ [0,1]

|ẋm(t)| → 0, vrai sup
t∈ [0,1]

|um(t)| → 0.
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Well-posed solvability of ontrol problems for systems of impliit di�erential equations
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Mathematial Subjet Classi�ations: 34A09, 34H05, 47J05

Theorems on solvability, estimates of solutions, and well-posed solvability of equations with overing mappings

in the produt of metri spaes are formulated. Conditions for the Nemytskii operator to be a overing

operator in funtional spaes are onsidered. Statements about overing mappings are applied to studying

the ontrolled systems desribed by ordinary di�erential equations unsolved for the derivative. For ontrolled

di�erential systems with mixed onstraints on ontrol and an additional onstraint on the solution's derivative,

onditions of solvability are reeived as well as solutions' estimates, the question of ontinuous dependene

of solutions on parameters is investigated.



64 Å.À. Ïëóæíèêîâà

ÌÀÒÅÌÀÒÈÊÀ 2013. Âûï. 3

REFERENCES

1. Hartman Ph. Obyknovennye di�erentsial'nye uravneniya (Ordinary di�erential equations), Mosow:

Mir, 1970, 720 p.

2. Donhev A. Sistemy optimal'nogo upravleniya. Vozmushheniya, priblizheniya i analiz huvstvitel'nosti

(Systems of optimal ontrol. Perturbations, approximations and sensitivity analysis), Mosow: Mir, 1987,

156 p.

3. Pisarenko G.S., Kravhuk L.V., Pisarenko V.G. Spae researhes in Ukraine and osmophysial aspets

of the problem of integrating the fundamental �elds, Spae Researhes in Ukraine, Kiev: Naukova Dumka,

1983, vol. 17, pp. 3�20.

4. Andronov A.A., Vitt A.A., Khaikin S.E. Teoriya kolebanii (Osillations theory), Mosow: Gos. Izd.

Fiz. Mat. Lit., 1959, 916 p.

5. Avakov E.R., Arutyunov A.V., Zhukovskiy E.S. Covering mappings and their appliations to di�erential

equations unsolved for the derivative, Di�erential Equations, 2009, vol. 45, no. 5, pp. 613�634.

6. Arutyunov A.V., Zhukovskiy E.S., Zhukovskiy S.E. On the well-posedness of di�erential equations

unsolved for the derivative, Di�erential Equations, 2011, vol. 47, no. 11, pp. 1523�1537.

7. Arutyunov A.V., Zhukovskiy S.E. Existene of loal solutions in onstrained dynami systems,

Appliable Analysis, 2011, vol. 90, no. 6, pp. 889�898.

8. Arutyunov A.V., Zhukovskiy S.E. Loal solvability of ontrol systems with mixed onstraints,

Di�erential Equations, 2010, vol. 46, no. 11, pp. 1561�1570.

9. Zhukovskiy E.S., Pluzhnikova E.A. On appliation of overing mappings at researh of ontrolled

systems, XII International onferene ¾Stability and osillations of nonlinear ontrol systems¿ (Pyatnitskiy

onferene), Russian Aademy of Sienes, Mosow, 2012, pp. 128�129.

10. Zhukovskiy E.S., Pluzhnikova E.A. A theorem on operator overing in the produt of metri spaes,

Vestn. Tambov. Univ., Ser. Estestv. Tekh. Nauki, 2011, vol. 16, issue 1, pp. 70�72.

11. Zhukovskiy E.S., Pluzhnikova E.A. Covering mappings in the produt of metri spaes and boundary

value problems for di�erential equations unsolved for the derivative, Di�erential Equations, 2013, vol. 49,

no. 4, pp. 439�455.

12. Arutyunov A.V. Covering mappings in metri spaes and �xed points, Dokl. Akad. Nauk, Ross. Akad.

Nauk, 2007, vol. 416, no. 2, pp. 151�155.

13. Mordukhovih B.S., Wang B. Restritive metri regularity and generalized di�erential alulus in

Banah spaes, Inter. J. Maths. Math. Siene, 2004, vol. 50, pp. 2650�2683.

14. Krasnosel'skii M.A., Vainikko G.M., Zabreiko P.P., Rutitskii Ya.B., Stetsenko V.Ya. Priblizhennoe

reshenie operatornykh uravnenii (Approximate solution of the operator equations), Mosow, 1969, 456 p.

15. Zhukovskiy E.S., Pluzhnikova E.A. On one method of researh of boundary value problems solvability

for di�erential equations, Vestn. Tambov. Univ., Ser. Estestv. Tekh. Nauki, 2010, vol. 15, issue 6, pp. 1673�

1674.

16. Arutyunov A.V. Stability of oinidene points and properties of overing mappings, Mat. Zametki,

2009, vol. 86, issue 2, pp. 163�169.

17. Arutyunov A.V., Zhukovskii E.S, Zhukovskii S.E. Covering mappings and well-posedness of nonlinear

Volterra equations, Nonlinear Analysis: Theory, Methods and Appliations, 2012, vol. 75, issue 3, pp. 1026�

1044.

18. Pluzhnikova E.A. On overing Nemytskii's operator in the spae of summable funtions, Vestn.

Tambov. Univ., Ser. Estestv. Tekh. Nauki, 2010, vol. 15, issue 6, pp. 1686�1687.

19. Zabreiko P.P., Koshelev A.I., Krasnosel'skii M.A., Mikhlin S.G., Rakovshhik L.S., Stetsenko V.Ya.

Integral'nye uravneniya (Integral equations), Mosow, 1968, 448 p.

20. Borisovih Yu.G., Gel'man B.D., Myshkis A.D., Obukhovskii V.V. Vvedenie v teoriyu mnogoznahnykh

otobrazhenii i di�erentsial'nykh vklyuhenii (Introdution to the theory of multi-valued maps and di�erential

inlusions), Mosow: Librokom, 2011, 224 p.

21. Himmelberg C.J., Van Vlek F.S. Lipshitzian generalized di�erential equations, Rend. Sem. Mat.

Padova, 1972, vol. 48, pp. 159�169.

Reeived 19.04.2013

Pluzhnikova Elena Aleksandrovna, post-graduate student, Department of Algebra and Geometry, Institute

of Mathematis, Physis and Informatis, Tambov State University, ul. Internatsional'naya, 33, Tambov,

392000, Russia.

E-mail: pluznikova_elena�mail.ru


