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ÍÅËÈÍÅÉÍÛÅ ÂÎËÍÛ ÍÀ ÑÂÎÁÎÄÍÎÉ ÏÎÂÅ�ÕÍÎÑÒÈ

ÄÂÓÕÔÀÇÍÎÉ Ñ�ÅÄÛ

�àññìîòðåíà íåëèíåéíàÿ çàäà÷à î âîëíàõ íà ñâîáîäíîé ïîâåðõíîñòè äâóõ�àçíîé ñðåäû. Äëÿ åå ðåøåíèÿ

ïðåäëîæåí àñèìïòîòè÷åñêèé ìåòîä, ñ ïîìîùüþ êîòîðîãî íàéäåíî ðåøåíèå ñ òî÷íîñòüþ òðåòüåãî ïðè-

áëèæåíèÿ. Îïðåäåëåíû òðàåêòîðèè ÷àñòèö íåñóùåé è äèñïåðñíîé �àçû, à òàêæå íåëèíåéíûå âîëíîâûå

ý��åêòû.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ïîâåðõíîñòíûå âîëíû, äâóõ�àçíàÿ ñðåäà, äèñïåðñèîííûå ñîîòíîøåíèÿ,

íåëèíåéíûå ý��åêòû.

� 1. Ââåäåíèå

Èññëåäîâàíèÿ ðàñïðîñòðàíåíèÿ âîëí ïî ñâîáîäíîé ïîâåðõíîñòè ìíîãî�àçíûõ (â ÷àñòíî-

ñòè, äâóõ�àçíûõ èëè äèñïåðñíûõ) ñðåä ïðåäñòàâëÿþò òåîðåòè÷åñêèé è ïðàêòè÷åñêèé èíòåðåñ.

Îíè ìîãóò áûòü èñïîëüçîâàíû êàê äëÿ ó÷åòà âëèÿíèÿ ïðèìåñåé íà âîëíîâûå õàðàêòåðèñòè-

êè, òàê è äëÿ èçó÷åíèÿ ïåðåíîñà âçâåñåé âîëíîâûì òå÷åíèåì (íàíîñîâ) â ïðèáðåæíûõ çîíàõ

ìîðåé è îêåàíîâ [1, 2℄. Êðîìå òîãî, îïðåäåëåíèå çàâèñèìîñòè êîíöåíòðàöèè ïðèìåñè îò âîëíî-

âûõ õàðàêòåðèñòèê ìîæåò áûòü îñíîâîé ìåòîäà ðàñ÷åòà ñòåïåíè çàãðÿçíåíèÿ âîäíîãî áàññåéíà

[3℄. Äâóõñêîðîñòíûå ìîäåëè ðàñïðîñòðàíåíèÿ âîëí ïî ñâîáîäíîé ïîâåðõíîñòè ñëîÿ äèñïåðñ-

íîé ñìåñè, â êîòîðûõ ó÷èòûâàëèñü ðàçëè÷íûå ìåæ�àçíûå ñèëû, áûëè ïîñòðîåíû â ðàáîòàõ

[4, 5℄. Â íèõ æå ïîëó÷åíû ðåøåíèÿ ñîîòâåòñòâóþùèõ êðàåâûõ çàäà÷ â ëèíåéíîì ïðèáëèæåíèè,

à òàêæå àíàëèòè÷åñêèå çàâèñèìîñòè ÷àñòîòû è äåêðåìåíòà çàòóõàíèÿ âîëíû îò êîíöåíòðàöèè

äèñïåðñíîé �àçû. Áûëî óñòàíîâëåíî, ÷òî âîëíîâîå âîçìóùåíèå êîíöåíòðàöèè ÿâëÿåòñÿ âåëè-

÷èíîé áîëåå âûñîêîãî ïîðÿäêà ìàëîñòè ïî ñðàâíåíèþ ñ îñòàëüíûìè âîçìóùåíèÿìè, ïîýòîìó

äëÿ åãî îïðåäåëåíèÿ íåîáõîäèìî ðåøåíèå íåëèíåéíîé çàäà÷è. Àíàëèòè÷åñêîå âûðàæåíèå äëÿ

âîëíîâîãî âîçìóùåíèÿ êîíöåíòðàöèè áûëî íàéäåíî â ðàáîòàõ [3, 6℄, â íèõ ïîëó÷åíî ðåøåíèå

íåëèíåéíîé çàäà÷è ñ òî÷íîñòüþ âòîðîãî ïðèáëèæåíèÿ ïî àìïëèòóäíîìó ïàðàìåòðó. Ýòî ðå-

øåíèå ïîçâîëèëî àíàëèòè÷åñêè îïðåäåëèòü íåëèíåéíûé ý��åêò, êîòîðûé ðàíåå íàáëþäàëè

òîëüêî ýêñïåðèìåíòàëüíî. Çàêëþ÷àåòñÿ îí â ñëåäóþùåì: ïðè âîëíîâîì äâèæåíèè áîëåå ëåãêèå

ïî ñðàâíåíèþ ñ íåñóùåé �àçîé äèñïåðñíûå ÷àñòèöû ïðèòàïëèâàþòñÿ, à áîëåå òÿæåëûå âñïëû-

âàþò. Îäíàêî äëÿ áîëåå òî÷íîãî îïðåäåëåíèÿ íåëèíåéíûõ ý��åêòîâ äàæå äëÿ ìîíîæèäêîñòåé

íåîáõîäèìî íàõîäèòü àñèìïòîòè÷åñêèå ïðèáëèæåíèÿ áîëåå âûñîêîãî ïîðÿäêà. Äëÿ îäíîðîä-

íûõ æèäêîñòåé èçâåñòíû íåëèíåéíûå ý��åêòû Ñòîêñà: çàâèñèìîñòü ÷àñòîòû îò âûñîòû âîëíû;

íàëè÷èå ïðèïîâåðõíîñòíîãî òå÷åíèÿ, îáóñëàâëèâàþùåãî ðàçîìêíóòîñòü òðàåêòîðèé äâèæåíèÿ

[7, 8℄. Â îòëè÷èå îò èäåàëüíîé ìîíîæèäêîñòè ïðèìåíåíèå ïðÿìîãî ìåòîäà Ñòîêñà ê ðåøåíèþ

íåëèíåéíîé çàäà÷è äëÿ äâóõ�àçíîé ñìåñè íåâîçìîæíî èç-çà íàëè÷èÿ äèññèïàòèâíîé ñèëû ìåæ-

�àçíîãî òðåíèÿ. Äëÿ ðåøåíèÿ íåëèíåéíûõ âîëíîâûõ çàäà÷ ñ äèññèïàöèåé â ðàáîòàõ [9, 10℄ áûë

ðàçðàáîòàí ìåòîä ïåðåìåííîé âî âðåìåíè ÷àñòîòû, ÿâëÿþùèéñÿ îáîáùåíèåì ìåòîäà Ñòîêñà,

êîòîðûé òàêæå ìîæíî ðàññìàòðèâàòü êàê ðàçâèòèå ìåòîäà Áèðêãî�à [11℄ îò íåëèíåéíûõ êîëå-

áàíèé äî íåëèíåéíûõ âîëí. Â íàñòîÿùåé ðàáîòå ýòîò ìåòîä ïðèìåíåí ê ðåøåíèþ íåëèíåéíîé

çàäà÷è î âîëíîâîì äâèæåíèè äâóõ�àçíîé ñìåñè. Ïîëó÷åíî ðåøåíèå ñ òî÷íîñòüþ òðåòüåãî ïðè-

áëèæåíèÿ, ÷òî ïîçâîëèëî àíàëèòè÷åñêè îïðåäåëèòü ý��åêòû Ñòîêñà äëÿ äèñïåðñíîé ñìåñè.

Íàéäåíû íåëèíåéíûå òðàåêòîðèè äèñïåðñíûõ ÷àñòèö, ïî êîòîðûì îïðåäåëÿåòñÿ ïåðåðàñïðåäå-

ëåíèå äèñïåðñíîé �àçû ïðè âîëíîâîì äâèæåíèè ñìåñè.
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� 2. Ïîñòàíîâêà íåëèíåéíîé êðàåâîé çàäà÷è

�àññìàòðèâàåòñÿ áåñêîíå÷íî ãëóáîêèé ñëîé äâóõ�àçíîé ñìåñè, îãðàíè÷åííûé ñâåðõó ñâî-

áîäíîé ïîâåðõíîñòüþ z∗ = ξ∗ (t∗, x∗). Ïðåäïîëàãàåòñÿ: íåñóùàÿ �àçà � èäåàëüíàÿ íåñæèìàåìàÿ

æèäêîñòü, âÿçêîñòü êîòîðîé ïðîÿâëÿåòñÿ òîëüêî íà ìåæ�àçíîé ãðàíèöå; äèñïåðñíàÿ �àçà �

ñ�åðè÷åñêèå ÷àñòèöû ðàäèóñà a; âîëíà äëèíîé λ (λ ≫ ξ∗max , λ ≫ a) ðàñïðîñòðàíÿåòñÿ â

íàïðàâëåíèè îñè x∗; k/ξ∗max = ε � ìàëûé âîëíîâîé ïàðàìåòð, k = 2π/λ � âîëíîâîå ÷èñëî.

Çâåçäî÷êîé, òàì, ãäå ýòî íåîáõîäèìî, îáîçíà÷åíû �èçè÷åñêèå (ðàçìåðíûå) âåëè÷èíû. Ïîëàãàÿ

÷àñòîòó (�àçîâóþ ñêîðîñòü) âîëíû � íåèçâåñòíîé �óíêöèåé âðåìåíè, çàïèøåì íåëèíåéíóþ

êðàåâóþ çàäà÷ó [4℄ â áåçðàçìåðíîì âèäå:

−
α0

(t/c)′
∂γ

∂t
+ (1− α0)∇ · v1 − εα0∇ · (γv1) = 0,

1

(t/c)′
∂γ

∂t
+∇ · v2 + ε∇ · (γv2) = 0, (1)

(

µ1 +
s

2
µ1α0

) 1

(t/c)′
∂v1

∂t
−

sµ1α0

2 (t/c)′
∂v2

∂t
− rα0 (v2 − v1) +∇p+ ε

[

µ1

(

1 +
s

2
α0

)

(v1∇)v1−

−
s

2
µ1α0 (v2∇)v2 − rα0γ (v2 − v1)−

sµ1α0γ

2 (t/c)′

(

∂v2

∂t
−
∂v1

∂t

)]

+ ε2
s

2
µ1α0γ [(v1∇)v1−

− (v2∇)v2] = 0,

[

µ2 +
s

2
µ1 (1− α0)

] 1

(t/c)′
∂v2

∂t
−
sµ1 (1− α0)

2 (t/c)′
∂v1

∂t
+ r (1− α0) (v2 − v1) +∇p+ ε

{[

µ2 +

+
s

2
µ1 (1− α0)

]

(v2∇)v2 −
s

2
µ1 (1− α0) (v1∇)v1 − rα0γ (v2 − v1)−

sµ1α0γ

2 (t/c)′

(

∂v2

∂t
−
∂v1

∂t

)}

+

+ε2
s

2
µ1α0γ [(v1∇)v1 − (v2∇)v2] = 0, v1 = (v1x, 0, v1z) , v2 = (v2x, 0, v2z) ,

1

(t/c)′
∂ξ

∂t
− (1− α0) v1z − α0v2z + ε

{

∂ξ

∂x
[(1− α0) v1x + α0v2x]− α0γ (v2z − v1z)

}

+

+ε2α0γ
∂ξ

∂x
(v2x − v1x) = 0, z = εξ (t, x) ,

p− ν20ξ + εα0 (µ1 − µ2) ν
2

0γξ = 0, ν20 = g
/

kc20, z = εξ (t, x) ,

viz → 0, vix → 0, z → −∞, i = 1, 2.

Áåçðàçìåðíûå âåëè÷èíû ñâÿçàíû ñ �èçè÷åñêèìè ðàâåíñòâàìè

t = kc∗t∗, x = kx∗, z = kz∗, µi = ρoi /ρ
o, r = R/ρokc0, ρo = (1− α0) ρ

o
1 + α0ρ

o
2,

c = c∗ (t)/c0 = ω∗ (t)/ω0, α∗ = εα0γ, kξ∗ = εξ, v
∗

i = εc0vi, p∗ = Pi − Pa + ρoi gz
∗ = ερoc20p.

Çäåñü ω0, c0 � ÷àñòîòà, �àçîâàÿ ñêîðîñòü ëèíåéíîé âîëíû; α0, α
∗
� êîíöåíòðàöèÿ äèñïåðñíîé

�àçû, åå âîçìóùåíèå; v
∗

i , Pi, ρ
o
i � âåêòîð ñêîðîñòè, äàâëåíèå, èñòèííàÿ ïëîòíîñòü i-é �àçû;

ρo, Pa � ïëîòíîñòü ïîêîÿùåéñÿ ñìåñè, àòìîñ�åðíîå äàâëåíèå; R = 9η
/

2a2 � êîý��èöèåíò

ìåæ�àçíîãî òðåíèÿ (η � äèíàìè÷åñêàÿ âÿçêîñòü íåñóùåé �àçû); êîý��èöèåíò s = 1, 0 â çà-

âèñèìîñòè îò ó÷åòà ñèëû ïðèñîåäèíåííûõ ìàññ.

�àçëîæåíèåì â ðÿä Ìàêëîðåíà ãðàíè÷íûå óñëîâèÿ ñâîäÿòñÿ íà ïîâåðõíîñòü z = 0. Íåèç-
âåñòíûå �óíêöèè îïðåäåëÿþòñÿ â âèäå ðÿäîâ ïî ε:

vi =

∞
∑

n=1

εn−1
vin, p =

∞
∑

n=1

εn−1pn, ξ =

∞
∑

n=1

εn−1ξn,

γ =

∞
∑

n=1

εn−1γn, c = 1 +

∞
∑

n=1

εnan(t).

(2)
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Ïîäñòàâèâ ðÿäû (2) â óðàâíåíèÿ è ãðàíè÷íûå óñëîâèÿ (ðàçëîæåííûå â îêðåñòíîñòè z = 0)
(1) è ïðèðàâíÿâ êîý��èöèåíòû ïðè ε0, ε1, ε2, ïîëó÷àåì àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå çàäà÷è

(1) â ïåðâûõ òðåõ ïðèáëèæåíèÿõ.

Â ïåðâîì ïðèáëèæåíèè çàäà÷à èìååò âèä: ïðè ε0

−α0

∂γ1

∂t
+ (1− α0)∇ · v11 = 0,

∂γ1

∂t
+∇ · v21 = 0, (3)

(

µ1 +
s

2
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) ∂v11

∂t
−
s

2
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∂t
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(
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2
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) ∂v21

∂t
−
s

2
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∂t
+ r (1− α0) (v21 − v11) +∇p1 = 0,

v11 = (v1x1, 0, v1z1) , v21 = (v2x1, 0, v2z1) ,

∂ξ1

∂t
= (1− α0) v1z1 + α0v2z1, z = 0,

p1 − ν20ξ1 = 0, z = 0;

äëÿ âòîðîãî ïðèáëèæåíèÿ: ïðè ε1

−α0

∂γ2

∂t
+ (1− α0)∇ · v12 = α0∇ · (γ1v11) ,

∂γ2

∂t
+∇ · v22 = −∇ · (γ1v21) , (4)

(
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s

2
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s

2
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∂t
− rα0 (v22 − v12) +∇p2 = rα0γ1 (v21 − v11)−

−
(
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s

2
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)
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s

2
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s

2
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(
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∂t
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)

,

(
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s

2
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s

2
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(
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s
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)
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2
µ1 (1− α0) (v11∇)v11 + rα0γ1 (v21 − v11)+
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(
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)
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∂ξ2
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∂ξ1

∂x
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2
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+µ1
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− (1− α0) v1z3 − α0v2z3 = α0γ1 (v2z2 − v1z2) + α0γ2 (v2z1 − v1z1)−

∂ξ1

∂t
(ta2)

′−

−
∂ξ1

∂x
[(1− α0) v1x2 + α0v2x2]−

∂ξ2

∂x
[(1− α0) v1x1 + α0v2x1] + (1− α0) ξ1

∂v1z2
∂z

+

+α0ξ1
∂v2z2
∂z

+ (1− α0) ξ2
∂v1z1
∂z

+ α0ξ2
∂v2z1
∂z

+
1

2
(1− α0) ξ

2

1

∂2v1z1
∂z2

+
1

2
α0ξ

2

1

∂2v2z1
∂z2

−ξ1
∂ξ1

∂x

[

(1− α0)
∂v1x1
∂z

+ α0

∂v2x1
∂z

]

+ α0γ1ξ1

(

∂v2z1
∂z

−
∂v1z1
∂z

)

+ α0

∂γ1

∂z
ξ1 (v2z1 − v1z1)−

−α0γ1
∂ξ1

∂x
(v2x1 − v1x1) , z = 0,

p3 − ν20ξ3 = α0 (µ2 − µ1) ν
2

0

(

γ1ξ2 + γ2ξ1 + ξ21
∂γ1

∂z

)

− ξ1
∂p2

∂z
− ξ2

∂p1

∂z
−

1

2
ξ21
∂2p1

∂z2
, z = 0.

� 3. �åøåíèå â òðåõ ïðèáëèæåíèÿõ

�åøåíèå ëèíåéíîé çàäà÷è (3) èìååò âèä [4℄

vix1 = Aez−bt (Mi cosχ+Ni sinχ) , viz1 = Aez−bt (Mi sinχ−Ni cosχ) , i = 1, 2,

γ1 = 0, p1 = Aez−bt cosχ, ξ1 = Aν−2

0
e−bt cosχ, χ = x− t,

ãäå

M1 =
1

b2 + 1

[

1 + 2
(

b2 + 1
)

µ1µ2 (1− µ1) (s+ 2µ2)
/

d
]

,

M2 =
1

b2 + 1

[

1 + 2
(

b2 + 1
)

µ21 (1− µ2) (s+ 2µ2)
/

d
]

,

N1 =
1

b2 + 1

[

−b+ 2
(

b2 + 1
)

µ2 (1− µ1) (2r − bµ1 (s+ 2µ2))
/

d
]

,

N2 =
1

b2 + 1

[

−b+ 2
(

b2 + 1
)

µ1 (1− µ2) (2r − bµ1 (s+ 2µ2))
/

d
]

,

d = (2r − bµ1 (s+ 2µ2))
2 + µ21 (s+ 2µ2)

2 .

Çäåñü b � áåçðàçìåðíûé äåêðåìåíò çàòóõàíèÿ, β = bkc0 � ðàçìåðíûé äåêðåìåíò. Äëÿ äåêðå-

ìåíòà çàòóõàíèÿ è �àçîâîé ñêîðîñòè â [4℄ ïîëó÷åíû âûðàæåíèÿ

c20 = c2g + c2d + c2r ,

β = k







[

−
δ

2
+

√

δ2

4
+
ψ3

27

]
1

3

+

[

−
δ

2
−

√

δ2

4
+
ψ3

27

]
1

3

+
2R/ρok

3µ1 (s+ 2µ2)







,
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ãäå

c2g =
g

k
, c2d =

2α0 (1− α0) (ρ
o
1
− ρo

2
)2

ρo
1
(sρo + 2ρo

2
)

g

k
, c2r =

β

k2

(

3β −
4Rρo

ρo
1
(sρo + 2ρo

2
)

)

,

ψ =
3µ1 (s+ 2µ2) (sµ1 + 2µ) g/k − 4 (R/ρok)2

12µ2
1
(s+ 2µ2)

2
,

δ =
R/ρok

54µ3
1
(s+ 2µ2)

3

[

4 (R/ρok)2 + 9µ1 (s+ 2µ2) (sµ1 − µ+ 3µ1µ2) g/k
]

.

�åøåíèå çàäà÷è âòîðîãî ïðèáëèæåíèÿ (4) çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

vix2 = 0, viz2 = A2Lie
2z−2bt, i = 1, 2, p2 = A2e−2bt

[

L3

(

e2z − 1
)

−
1

2ν2
0

]

,

γ2 = A2L4e
2z−2bt, ξ2 =

A2

2ν4
0

e−2bt cos 2χ,

ãäå

L1 = −
α0

(1− α0)
L2, L2 =

(1− α0)H

2 (r − b (sµ1 + 2µ))
, L4 =

(1− α0)H

2b (r − b (sµ1 + 2µ))
,

L3 =
− (1− α0) (µ1r − bµ1 (s+ 2µ2))

(

M2

1
+N2

1

)

− α0 (µ2r − bµ1 (s+ 2µ2))
(

M2

2
+N2

2

)

2 (r − b (sµ1 + 2µ))
,

H = µ1 (s+ 2)
(

M2

1 +N2

1

)

− (sµ1 + 2µ2)
(

M2

2 +N2

2

)

.

Ïîäñòàâèâ âûðàæåíèÿ ïåðâîãî è âòîðîãî ïðèáëèæåíèé â óðàâíåíèÿ è ãðàíè÷íûå óñëîâèÿ

çàäà÷è (5), ïîëó÷èì çàäà÷ó äëÿ òðåòüåãî ïðèáëèæåíèÿ â ÿâíîì âèäå:

−α0

∂γ3

∂t
+ (1− α0)∇ · v13 = 2α0A

3e3z−3btL4 (M1 sinχ−N1 cosχ) , (6)

∂γ3

∂t
+∇ · v23 = 2A3e3z−3btL4 (N2 cosχ−M2 sinχ) ,

(

µ1 +
s

2
µ1α0

) ∂v1x3
∂t

−
s

2
µ1α0

∂v2x3
∂t

− rα0 (v2x3 − v1x3) +
∂p3

∂x
= Aez−bt

/

2
(

{µ1 [(2 + sα0) ·

· (N1 + bM1)− sα0 (N2 + bM2)] (ta2)
′ +A2e2z−2bt [sµ1α0L4 (N1 −N2)− 2α0rL4·

· (M1 −M2)− µ1 (2 + s)L1M1]} cosχ+
{

µ1 [sα0 (M2 − bN2)− (2 + sα0) (M1 − bN1)] ·

·(ta2)
′ −A2e2z−2bt [µ1 (2 + s)L1N1 + sµ1α0L4 (M1 −M2) + 2α0rL4 (N1 −N2)]

}

sinχ
)

,

(

µ1 +
s

2
µ1α0

) ∂v1z3
∂t

−
s

2
µ1α0

∂v2z3
∂t

− rα0 (v2z3 − v1z3) +
∂p3

∂z
= Aez−bt

/

2 ({µ1 [(2 + sα0) ·

· (M1 − bN1)− sα0 (M2 − bN2)] (ta2)
′ +A2e2z−2bt [sµ1α0L4 (M1 −M2) + 2α0rL4·

· (N1 −N2) + µ1 (6 + s+ 2sα0)L1N1 − 2sµ1α0L2N2]} cosχ+ {µ1 [(2 + sα0) ·

· (N1 + bM1)− sα0 (N2 + bM2)] (ta2)
′ +A2e2z−2bt [sµ1α0L4 (N1 −N2)− 2α0rL4·

· (M1 −M2)− µ1 (6 + s+ 2sα0)L1M1 + 2sµ1α0L2M2]} sinχ) ,
(

µ2 +
s

2
µ1 (1− α0)

) ∂v2x3
∂t

−
s

2
µ1 (1− α0)

∂v1x3
∂t

+
∂p3

∂x
+ r (1− α0) (u23 − u13) =

= Aez−bt
/

2
({

[2µ2 (N2 + bM2)− sµ1 (1− α0) (N1 + bM1 −N2 − bM2)] (ta2)
′ +

+A2e2z−2bt [sµ1α0L4 (N1 −N2)− (2µ2 + sµ1)L2M2 − 2α0rL4 (M1 −M2)]} cosχ+

+
{

[sµ1 (1− α0) (M1 − bN1 −M2 + bM2) + 2µ2 (bN2 −M2)] (ta2)
′+
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−A2e2z−2b [sµ1α0L4 (M1 −M2) + (2µ2 + sµ1)L2N2 + 2α0rL4 (N1 −N2)]} sinχ) ,
(

µ2 +
s

2
µ1 (1− α0)

) ∂v2z3
∂t

−
s

2
µ1 (1− α0)

∂v1z3
∂t

+
∂p3

∂z
+ r (1− α0) (v23 − v13) =

= A3ez−bt
/

2
({

[2µ2 (M2 − bN2)− sµ1 (1− α0) (M1 − bN1 −M2 + bN2)] (ta2)
′ +

+A2e2z−2bt [sµ1α0L4 (M1 −M2) + (6µ2 + 3sµ1 − 2sα0µ1)L2N2 + 2α0rL4 (N1 −N2)−

−2sµ1 (1− α0)L1N1]} cosχ+ {[2µ2 (N2 + bM2)− sµ1 (1− α0) (N1 + bM2−

−N2 − bN2)] (ta2)
′ +A2e2z−2bt [2sµ1 (1− α0)L1M1 − 2α0rL4 (M1 −M2) + sµ1α0L4·

· (N1 −N2)− (6µ2 + 3sµ1 − 2sα0µ1)L2M2]} sinχ) ,

∂ξ3

∂t
− (1− α0) v1z3 − α0v2z3 =

A3e−3bt

8ν6
0

(

9e−2bt [sin 3χ− b cos 3χ] +
{

8bν40A
−2e2bt ·

· (ta2)
′ + 16ν40

[

α0L2 + (1− α0)L1 − ν20α0L4d
−1 (µ1 − µ2) (2r − bµ1 (s+ 2µ2))

]

+ b
}

·

· cosχ+
{

5− 8ν40A
−2e2bt (ta2)

′ + 16ν60α0µ1L4d
−1 (s+ 2µ2) (µ1 − µ2)

}

sinχ
)

, z = 0,

p3 − ν20ξ3 = −
A3e−3bt

8ν4
0

{

3 cos 3χ+
[

5 + 16ν20L3 + 8α0ν
4

0L4 (µ1 − µ2)
]

cosχ
}

, z = 0.

Äëÿ ðåøåíèÿ çàäà÷è (6) ïîëàãàåì àìïëèòóäíûå êîý��èöèåíòû �óíêöèÿìè âðåìåíè, ïîäëå-

æàùèìè îïðåäåëåíèþ. Òîãäà ñ òî÷íîñòüþ òðåòüåãî ïðèáëèæåíèÿ ðåøåíèå íåëèíåéíîé çàäà÷è

èìååò âèä

c = 1 + ε2A2
1− e−2bt

bt
Ca, (7)

v1x = Aez−bt (M1 cosχ+N1 sinχ)+ε
2A3ez−bt

{

e2z−2btQ1 sinχ+
[

Dv3

(

e−2bt − 1
)

+ e2z−2btR1

]}

cosχ,

v2x = Aez−bt (M2 cosχ+N2 sinχ) + ε2A3ez−bt
[(

e2z−2btQ2 − Cw4 −Dw4e
−2bt

)

sinχ+

+
(

Cv4 +Dv4e
−2bt + e2z−2btR2

)

cosχ
]

,

v1z = Aez−bt (M1 sinχ−N1 cosχ)+εA
2L1e

2z−2bt+ε2A3ez−bt
[(

Dv3

(

e−2bt − 1
)

+ e2z−2btQ3

)

sinχ+

+e2z−2btR3 cosχ
]

,

v2z = Aez−bt (M2 sinχ−N2 cosχ)+εA
2L2e

2z−2bt+ε2A3ez−bt
[(

Cv4 +Dv4e
−2bt + e2z−2btQ4

)

sinχ+

+
(

Cw4 +Dw4e
−2bt + e2z−2btR4

)

cosχ
]

,

p = Aez−bt cosχ+εA2e−2bt

[

L3

(

e2z − 1
)

−
1

2ν2
0

]

+ε2A3ez−bt
[(

Cv5 +Dv5e
−2bt + e2z−2btQ5

)

sinχ+

+
(

Cw5 +Dw5e
−2bt + e2z−2btR5

)

cosχ
]

,

γ = εA2L4e
2z−2bt + ε2A3e3z−3bt [Q6 sinχ+R6 cosχ] ,

ξ =
A

ν2
0

e−bt cosχ+ ε
A2

2ν4
0

e−2bt cos 2χ+ ε2e−btA3

[

3e−2btA38−1ν−6

0
cos 3χ+

+
(

(

1 + 9b2
)

−1
e−2bt

{

2α0d
−1L4 (µ1 − µ2)

[

6br + (µ1s+ 2µ2)
(

1− 3b2
)]

− 2ν−2

0
·
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·
(

1 + 3b2
)

Ca + (1− α0) (Q3 − 3bR3 +Dv3) + α0 (Q4 − 3bR4 +Dv4 − 3bDw4) + 8−1ν−6

0
·

·
(

5− 3b2
)}

+
(

1 + b2
)

−1
[(1− α0)Cv3 + α0 (Cv4 − bCw4)]

)

cosχ+
(

(

1 + 9b2
)

−1
e−2bt·

·
{

4α0d
−1L4 (µ1 − µ2) [r − 2b (µ1s+ 2µ2)] + 4ν−2

0
bCa − (1− α0) (R3 + 3bQ3+

+3bDv3)− α0 (R4 + 3bQ4 +Dw4 + 3bDv4) + 2ν−6

0
b
}

−
(

1 + b2
)

−1
[(1− α0) bCv3+

+α0 (Cw4 + bCv4)]
)

sinχ
]

.

Çäåñü êîý��èöèåíòû òðåòüåãî ïðèáëèæåíèÿ Ca, Q1−6, R1−6, Cv3−5, Cw3−5,Dv3−5,Dw3−5 íå ïðè-

âåäåíû èç-çà ñâîåé ãðîìîçäêîñòè.

Èñõîäÿ èç ïåðâîé �îðìóëû (7), òåêóùóþ âîëíîâóþ êîîðäèíàòó ìîæíî çàïèñàòü â âèäå

χ∗ = kx∗ − ω∗t∗ = kx∗ − ω0t
∗ + φ (t) , φ (t) = −ε2A2Ca

1− e−2bt

bc (t)
,

òî åñòü ïîëó÷åííîå ðåøåíèå ìîæíî ðàññìàòðèâàòü êàê çàòóõàþùèå óñòàíîâèâøèåñÿ âîëíû ñ ïî-

ñòîÿííîé ÷àñòîòîé è äîáàâî÷íîé ïåðåìåííîé âî âðåìåíè �àçîé. Ñëåäîâàòåëüíî, ïðèìåíåííûé

äëÿ ðåøåíèÿ íåëèíåéíîé çàäà÷è ìåòîä ïåðåìåííîé âî âðåìåíè ÷àñòîòû ìîæíî çàìåíèòü ìåòî-

äîì äîïîëíèòåëüíîé ïåðåìåííîé �àçû, ñóòü êîòîðîãî çàêëþ÷àåòñÿ â òîì, ÷òî ÷àñòîòà áåðåòñÿ

ïîñòîÿííîé, ñîîòâåòñòâóþùåé ëèíåéíîé çàäà÷å, à ê âîëíîâîé êîîðäèíàòå äîáàâëÿåòñÿ �àçà �

íåèçâåñòíàÿ �óíêöèÿ âðåìåíè. Ïîýòîìó ìåòîä ïåðåìåííîé ÷àñòîòû ìîæíî ðàññìàòðèâàòü êàê

ðàñïðîñòðàíåíèå íå òîëüêî ìåòîäà Áèðêãî�à íà íåëèíåéíûå âîëíû, íî è ìåòîäà ïåðåìåííîé

�àçû Êðûëîâà Í.Ì., Áîãîëþáîâà Í.Í. [12℄.

Èç (7) ñëåäóåò, ÷òî ñ òå÷åíèåì âðåìåíè ÷àñòîòà (�àçîâàÿ ñêîðîñòü) ñòðåìèòñÿ ê çíà÷åíèþ,

ñîîòâåòñòâóþùåìó ëèíåéíîé çàäà÷å. Íà ðèñóíêå 1 ïðèâåäåíà çàâèñèìîñòü �àçîâîé ñêîðîñòè

âîëíû c∗ îò âðåìåíè t∗ ïðè ρ0
2
= 1500 êã/ì3

è ρ0
2
= 500 êã/ì3

(A = 1, λ = 5 ì, ρ0
1
= 1000 êã/ì3

,

η = 10−3
êã/(ì*ñ), a = 0, 15 · 10−2

ì). Ôàçîâàÿ ñêîðîñòü â ñëó÷àå, êîãäà ÷àñòèöû äèñïåðñíîé

�àçû èìåþò áîëüøóþ, ÷åì íåñóùàÿ �àçà, ïëîòíîñòü, âûøå, ÷åì â ñëó÷àå áîëåå ëåãêèõ ÷àñòèö.

Ïðè ýòîì, èç ãðà�èêîâ çàâèñèìîñòè àìïëèòóäû âîëíû îò âðåìåíè, ïðèâåäåííûõ íà ðèñóíêå 2,

âèäíî, ÷òî âîëíîâîå äâèæåíèå çàòóõàåò áûñòðåå, ÷åì �àçîâàÿ ñêîðîñòü äîñòèãàåò ëèíåéíîãî

çíà÷åíèÿ.

�èñ. 1. Çàâèñèìîñòü c∗(t∗):

ρ0
2
= 500 êã/ì3

, −− ρ0
2
= 1500 êã/ì3

�èñ. 2. Çàâèñèìîñòü àìïëèòóäû îò t∗:

ρ0
2
= 500 êã/ì3

, −− ρ0
2
= 1500 êã/ì3

� 4. Íåëèíåéíûå òðàåêòîðèè ÷àñòèö íåñóùåé è äèñïåðñíîé �àç

Áåçðàçìåðíûå êîîðäèíàòû ÷àñòèö íåñóùåé è äèñïåðñíîé �àç óäîâëåòâîðÿþò óðàâíåíèÿì

xi = χi + γiti, χit = ε

(

tiγi

c

)

′

vxi − (tiγi)
′ , zit = ε

(

tiγi

c

)

′

vzi, (8)
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ãäå γiti = t, γi (t) = ω/σi, σi � ÷àñòîòà êîëåáàíèé ÷àñòèöû i-îé �àçû.

�åøåíèå (8) íàõîäèì â âèäå ðÿäîâ ïî ìàëîìó ïàðàìåòðó:

χi =
∞
∑

j=0

εjχij, z =
∞
∑

j=0

εjzij , γi = 1 +
∞
∑

j=0

εjγij . (9)

Ïîäñòàâëÿÿ âûðàæåíèÿ (7), ðÿäû (9) â óðàâíåíèÿ äâèæåíèÿ (8), äëÿ îïðåäåëåíèÿ ïåðâûõ

òðåõ êîý��èöèåíòîâ ïîëó÷èì ñëåäóþùèå óðàâíåíèÿ:

dχi0

dti
= −1,

dzi0

dti
= 0,

dχi1

dti
= Aezi0−bti [Mi cosχ0 +Ni sinχ0]− (tiγ1)

′ ,

dzi1

dti
= Aezi0−bti [Mi sinχi0 −Ni cosχi0] , χi0 = xi0 + d,

dχi2

dti
= Aezi0−bti

{[

Nixi1 +Mizi1 +Mi (tiγi1)
′ − bMitiγi1

]

cosχi0+

+
[

Nizi1 −Mixi1 +Ni (tiγi1)
′ − bNitiγi1

]

sinχi0 − (tiγi2)
′
}

,

dzi2

dti
= Aezi0−bti

{

[

Nixi1 +Mizi1 +Mi (tiγi1)
′ − bMitiγi1

]

sinχi0−

−
[

Nizi1 −Mixi1 +Ni (tiγi1)
′ − bNitiγi1

]

cosχi0 +Aez0−btiLi

}

,

Â íóëåâîì ïðèáëèæåíèè

χi0 = xiL − ti, zi0 = ziL,

ãäå xiL, ziL � ëàãðàíæåâû êîîðäèíàòû ÷àñòèöû â ñîñòîÿíèè ïîêîÿ. Îïðåäåëÿÿ ïåðèîäè÷åñêîå

ðåøåíèå äëÿ χi1, zi1, ïîëó÷èì

γi1 = 0, χi1 =
AeziL−bti

b2 + 1
[(Ni − bMi) cosχiL − (Mi + bNi) sinχiL] ,

zi1 =
AeziL−bti

b2 + 1
[(Mi + bNi) cosχiL + (Ni − bMi) sinχiL] .

Óðàâíåíèÿ äëÿ îïðåäåëåíèÿ òðàåêòîðèè ÷àñòèöû æèäêîñòè âî âòîðîì ïðèáëèæåíèè ïðèìóò

âèä

dxi2

dti
=
A2e2ziL−2bti

b2 + 1

(

M2

i +N2

i

)

− (tiγi2)
′ ,

dzi2

dti
= A2e2ziL−2bti

(

Li −
bM2

i + bN2

i

b2 + 1

)

.

�àçðåøàÿ ýòè óðàâíåíèÿ, ïîëó÷èì

xi2 = 0, zi2 =
A2e2ziL

2b

(

1− e−2bti
)

(

Li −
bM2

i + bN2

i

b2 + 1

)

,

γi2 =
A2e2ziL

2bti (b2 + 1)

(

1− e−2bti
)

(

M2

i +N2

i

)

.

Âåëè÷èíà usi = c− σi

k
ïðåäñòàâëÿåò ñîáîé ïåðåíîñíóþ ñêîðîñòü. Åå ïðèáëèæåííîå âûðàæå-

íèå èìååò âèä

usi = ε2c0
A2e2ziL

2bti (b2 + 1)

(

1− e−2bti
)

(

M2

i +N2

i

)

.
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Ïåðåíîñíàÿ ñêîðîñòü çàâèñèò íå òîëüêî îò ãëóáèíû, íà êîòîðîé íàõîäèòñÿ ÷àñòèöà, íî è

îò âðåìåíè, ñ òå÷åíèåì êîòîðîãî çàòóõàåò. Äâèæåíèå ÷àñòèö ñîñòîèò èç äâóõ çàòóõàþùèõ äâè-

æåíèé � íåïåðèîäè÷åñêîãî è âðàùàòåëüíîãî. Äëÿ èëëþñòðàöèè íà ðèñóíêàõ 3, 4 ïðèâåäåíû

òðàåêòîðèè ÷àñòèö äèñïåðñíîé �àçû ïðè ρ0
2
= 500 êã/ì

3
è ρ0

2
= 1500 êã/ì

3
. Èç ãðà�èêîâ

âèäíî, ÷òî áîëåå ëåãêèå ÷àñòèöû çàãëóáëÿþòñÿ ïî ìåðå äâèæåíèÿ, à áîëåå òÿæåëûå, íàîáî-

ðîò, ïîäíèìàþòñÿ áëèæå ê ñâîáîäíîé ïîâåðõíîñòè. Ýòî ïðèâîäèò ê óâåëè÷åíèþ (óìåíüøåíèþ)

êîíöåíòðàöèè áîëåå òÿæåëûõ (ëåãêèõ) ÷àñòèö â ïðèïîâåðõíîñòíîì ñëîå. Ýòî ÿâëåíèå, èìåþ-

ùåå íåëèíåéíûé õàðàêòåð, áûëî àíàëèòè÷åñêè îáíàðóæåíî â ðàáîòå [3℄. Ïîëó÷åííîå â äàííîé

ðàáîòå áîëåå òî÷íîå ðåøåíèå ïîäòâåðæäàåò è óòî÷íÿåò ýòîò íåëèíåéíûé ý��åêò.

�èñ. 3. Òðàåêòîðèÿ ÷àñòèöû ïðè

ρ0
2
= 500 êã/ì3

�èñ. 4. Òðàåêòîðèÿ ÷àñòèöû ïðè

ρ0
2
= 1500 êã/ì3
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V.A. Barinov, K.Yu. Basinskii

Nonlinear waves on the free surfa
e a two-phase medium

Keywords: nonlinear surfa
e waves, two-phase medium, dispersion relations, nonlinear e�e
ts.

Mathemati
al Subje
t Classi�
ations: 76T20, 35Q30

We 
onsider the nonlinear problem of waves on the surfa
e of a two-phase medium. To solve this problem we

suggest an asymptoti
 method by whi
h a solution is found within the third approximation. The traje
tories

of the parti
les by the 
arrier and dispersed phase, and nonlinear wave e�e
ts are de�ned.
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