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�àññìàòðèâàåòñÿ ëèíåéíàÿ ñòàöèîíàðíàÿ çàäà÷à ïðåñëåäîâàíèÿ ñ ó÷àñòèåì ãðóïïû ïðåñëåäîâàòåëåé

è ãðóïïû óáåãàþùèõ ïðè óñëîâèÿõ, ÷òî ìàòðèöà ñèñòåìû ÿâëÿåòñÿ ñêàëÿðíîé, ñðåäè ïðåñëåäîâàòåëåé

èìåþòñÿ êàê ó÷àñòíèêè, ó êîòîðûõ ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé ñîâïàäàåò ñ ìíîæåñòâîì äîïó-

ñòèìûõ óïðàâëåíèé óáåãàþùèõ, òàê è ó÷àñòíèêè ñ ìåíüøèìè âîçìîæíîñòÿìè. Ìíîæåñòâîì çíà÷åíèé

äîïóñòèìûõ óïðàâëåíèé óáåãàþùèõ ÿâëÿåòñÿ øàð ñ öåíòðîì â íóëå. Öåëü ãðóïïû ïðåñëåäîâàòåëåé ñî-

ñòîèò â òîì, ÷òîáû ¾ïåðåëîâèòü¿ âñåõ óáåãàþùèõ. Öåëü ãðóïïû óáåãàþùèõ � ïîìåøàòü ýòîìó, òî åñòü

ïðåäîñòàâèòü âîçìîæíîñòü ïî êðàéíåé ìåðå îäíîìó èç óáåãàþùèõ óêëîíèòüñÿ îò âñòðå÷è. Ïðåñëåäîâà-

òåëè è óáåãàþùèå èñïîëüçóþò êóñî÷íî-ïðîãðàììíûå ñòðàòåãèè. Ïîêàçàíî, ÷òî åñëè â èãðå, â êîòîðîé

âñå ó÷àñòíèêè îáëàäàþò ðàâíûìè âîçìîæíîñòÿìè, ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è õîòÿ áû îäíîãî

óáåãàþùåãî íà áåñêîíå÷íîì ïðîìåæóòêå âðåìåíè, òî äîáàâëåíèå ëþáîãî ÷èñëà ïðåñëåäîâàòåëåé ñ ìåíü-

øèìè âîçìîæíîñòÿìè ïðèâîäèò ê òîìó, ÷òî õîòÿ áû îäèí èç óáåãàþùèõ óêëîíèòñÿ îò âñòðå÷è íà ëþáîì

êîíå÷íîì ïðîìåæóòêå âðåìåíè.

Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíàÿ èãðà, ãðóïïîâîå ïðåñëåäîâàíèå, ïðåñëåäîâàòåëü, óáåãàþùèé, öåíà

èãðû.

Ââåäåíèå

Åñòåñòâåííûì îáîáùåíèåì èãð ïðåñëåäîâàíèÿ-óáåãàíèÿ äâóõ ëèö [1�3℄ ÿâëÿþòñÿ çàäà÷è

êîí�ëèêòíîãî âçàèìîäåéñòâèÿ ãðóïïû ïðåñëåäîâàòåëåé ñ îäíèì èëè íåñêîëüêèìè óáåãàþùè-

ìè [4�7℄. Ýòè èãðû èíòåðåñíû ñ òåîðåòè÷åñêîé òî÷êè çðåíèÿ, òàê êàê íå ìîãóò áûòü ðåøåíû

ïðè ïîìîùè òåîðèè èãð äëÿ äâóõ ëèö. Îäíà èç ïðè÷èí ýòîãî ñîñòîèò â òîì, ÷òî îáúåäèíåíèå

ìíîæåñòâ äîñòèæèìîñòè âñåõ ïðåñëåäîâàòåëåé è îáúåäèíåíèå öåëåâûõ ìíîæåñòâ ïðåäñòàâëÿþò

ñîáîé ìíîæåñòâà, íå ÿâëÿþùèåñÿ âûïóêëûìè è, áîëåå òîãî, íå ÿâëÿþùèåñÿ ñâÿçíûìè. Â ðà-

áîòå [8℄ äîêàçàíà âîçìîæíîñòü óêëîíåíèÿ îäíîãî óáåãàþùåãî îò ëþáîãî ÷èñëà ïðåñëåäîâàòå-

ëåé ïðè óñëîâèè, ÷òî âñå ó÷àñòíèêè îáëàäàþò ïðîñòûì äâèæåíèåì è ìàêñèìàëüíàÿ ïî íîðìå

ñêîðîñòü óáåãàþùåãî áîëüøå ìàêñèìàëüíîé ïî íîðìå ñêîðîñòè ëþáîãî ïðåñëåäîâàòåëÿ. Îáîá-

ùåíèåì äàííîé ðàáîòû íà äîñòàòî÷íî øèðîêèé êëàññ çàäà÷ ÿâëÿåòñÿ ðàáîòà [9℄. Â ðàáîòå [10℄

ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è óêëîíåíèÿ ãðóïïû óáåãàþùèõ îò ãðóï-

ïû ïðåñëåäîâàòåëåé, ïðè óñëîâèè, ÷òî âñå ó÷àñòíèêè îáëàäàþò ïðîñòûì äâèæåíèåì ñ ðàâíûìè

ìàêñèìàëüíûìè ïî íîðìå ñêîðîñòÿìè. Îáîáùåíèåì ðåçóëüòàòîâ äàííîé ðàáîòû íà ëèíåéíûå

ñòàöèîíàðíûå è ëèíåéíûå íåñòàöèîíàðíûå äè��åðåíöèàëüíûå èãðû ñ ðàâíûìè âîçìîæíîñòÿ-

ìè âñåõ ó÷àñòíèêîâ ïîñâÿùåíû ðàáîòû [11�12℄. Çàäà÷à óêëîíåíèÿ îò ãðóïïû ïðåñëåäîâàòåëåé

â ðàçëè÷íûõ äðóãèõ ïîñòàíîâêàõ ðàññìàòðèâàëàñü â ðàáîòàõ [13�16℄.

Äàííàÿ ðàáîòà ïîñâÿùåíà êîí�ëèêòíîìó âçàèìîäåéñòâèþ ãðóïïû ïðåñëåäîâàòåëåé è ãðóï-

ïû óáåãàþùèõ ïðè óñëîâèè, ÷òî ñðåäè ïðåñëåäîâàòåëåé èìåþòñÿ êàê ó÷àñòíèêè, ó êîòîðûõ

ìíîæåñòâî çíà÷åíèé äîïóñòèìûõ óïðàâëåíèé, ÿâëÿþùååñÿ øàðîì ñ öåíòðîì â íóëå, ñîâïàäà-

åò ñ ìíîæåñòâîì çíà÷åíèé äîïóñòèìûõ óïðàâëåíèé óáåãàþùèõ, òàê è ó÷àñòíèêè ñ ìåíüøèìè

âîçìîæíîñòÿìè. Äîêàçàíî, ÷òî åñëè â èãðå ñ ðàâíûìè âîçìîæíîñòÿìè ïðåñëåäîâàòåëåé è óáåãà-

þùèõ ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è õîòÿ áû îäíîãî óáåãàþùåãî íà áåñêîíå÷íîì ïðîìåæóò-

êå, òî ïðè äîáàâëåíèè ïðåñëåäîâàòåëåé ñ ìåíüøèìè âîçìîæíîñòÿìè óêëîíåíèå õîòÿ áû îäíîãî

óáåãàþùåãî ïðîèñõîäèò íà ëþáîì êîíå÷íîì îòðåçêå âðåìåíè.

�åçóëüòàòû ïðèìûêàþò ê èññëåäîâàíèÿì [17�18℄.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêòû �12�01�00195, � 14�01�31176) è Ìèíîáð-

íàóêè �îññèè â ðàìêàõ áàçîâîé ÷àñòè.
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� 1. Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå R
k (k > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà Γ n+m ëèö: n ïðåñëåäî-

âàòåëåé P1, . . . , Pn è m óáåãàþùèõ E1, . . . , Em ñ çàêîíàìè äâèæåíèÿ è íà÷àëüíûìè óñëîâèÿìè

(ïðè t = 0)
ẋi = axi + ui, ‖ui‖ 6 αi, ẏj = ayj + vj, ‖vj‖ 6 1,

xi(0) = x0i , yj(0) = y0j ,

ãäå xi, yj ∈ R
k
� �àçîâûå ïåðåìåííûå, ui, vj ∈ R

k
� óïðàâëÿþùèå âîçäåéñòâèÿ, αi = 1 äëÿ

âñåõ i = 1, l, l < n è αi < 1 äëÿ âñåõ i = l + 1, n, a ∈ R, a 6= 0. Çäåñü è âñþäó äàëåå i = 1, n,
j = 1,m. Îáîçíà÷èì Zs

0 = (x01, . . . , x
0
s, y

0
1, . . . , y

0
m).

Ïîä ðàçáèåíèåì σ ïðîìåæóòêà [0,∞) áóäåì ïîíèìàòü ïîñëåäîâàòåëüíîñòü {τq}
∞

q=0, íå èìå-
þùóþ êîíå÷íûõ òî÷åê ñãóùåíèÿ è òàêóþ, ÷òî 0 = τ0 < τ1 < τ2 < · · · < τq < . . . .
Ïîä ðàçáèåíèåì σ îòðåçêà [0, T ] áóäåì ïîíèìàòü ñîâîêóïíîñòü ïîïàðíî ðàçëè÷íûõ ÷èñåë

{0, T, τq ∈ (0, T ), q = 1, r}, çàíóìåðîâàííûõ â ïîðÿäêå âîçðàñòàíèÿ.

Îïðåäåëåíèå 1. Êóñî÷íî-ïðîãðàììíîé ñòðàòåãèåé Qp óáåãàþùåãî Ep, çàäàííîé íà [0,∞)

([0, T ]), íàçûâàåòñÿ ïàðà (σ,Qj
σ), ãäå σ � ðàçáèåíèå ïðîìåæóòêà [0,∞) ([0, T ]), à Qp

σ � ñåìåéñòâî

îòîáðàæåíèé crp, r = 0, 1, . . . , ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷èíàì

(

tr, xi(tr), yj(tr), min
t∈[0,tr ]

min
i

‖xi(t)− yj(t)‖
)

èçìåðèìóþ �óíêöèþ vrp, îïðåäåëåííóþ íà [tr, tr+1) è òàêóþ, ÷òî ‖vrp(t)‖ 6 1 äëÿ âñåõ t ∈
∈ [tr, tr+1).

Àíàëîãè÷íî îïðåäåëÿþòñÿ êóñî÷íî-ïðîãðàììíûå ñòðàòåãèè ïðåñëåäîâàòåëåé. Èãðó, â êîòî-

ðîé ó÷àñòâóþò ïðåñëåäîâàòåëè P1, . . . , Pl è óáåãàþùèå E1, . . . , Em, îáîçíà÷èì ÷åðåç Γ(l,m,Z l
0),

à â êîòîðîé ó÷àñòâóþò ïðåñëåäîâàòåëè P1, . . . , Pn è óáåãàþùèå E1, . . . , Em � ÷åðåç Γ(n,m,Zn
0 ).

Îïðåäåëåíèå 2. Â èãðå Γ(l,m,Z l
0) ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è íà [0,∞) ([0, T ]),

åñëè ñóùåñòâóþò êóñî÷íî-ïðîãðàììíûå ñòðàòåãèè Q1, . . . , Qm óáåãàþùèõ E1, . . . , Em òàêèå, ÷òî

äëÿ ëþáûõ òðàåêòîðèé x1(t), . . . , xl(t) ïðåñëåäîâàòåëåé P1, . . . , Pl íàéäåòñÿ íîìåð s òàêîé, ÷òî
ys(t) 6= xi(t) äëÿ âñåõ i è âñåõ t ∈ [0,∞) ([0, T ]).

Ïóñòü T > 0. �àññìîòðèì âñïîìîãàòåëüíóþ àíòàãîíèñòè÷åñêóþ èãðó Γ(l,m, T, Z l
0) ìåæ-

äó íàðÿäîì ïðåñëåäîâàòåëåé P1, . . . , Pl è íàðÿäîì óáåãàþùèõ E1, . . . , Em â êëàññå êóñî÷íî-

ïðîãðàììíûõ ñòðàòåãèé ñ �óíêöèåé âûèãðûøà

H(S1, . . . , Sl, Q1, . . . , Qm) =

m
∑

j=1

min
t∈[0,T ]

min
i

‖xi(t)− yj(t)‖.

Îïðåäåëåíèå 3. Ñèòóàöèÿ (S1, . . . , Sl, Q1, . . . , Qm) íàçûâàåòñÿ ñèòóàöèåé ðàâíîâåñèÿ â èã-

ðå Γ(l,m, T, Z l
0), åñëè äëÿ ëþáûõ êóñî÷íî-ïðîãðàììíûõ ñòðàòåãèé U1, . . . , Ul ïðåñëåäîâàòåëåé

P1, . . . , Pl è äëÿ ëþáûõ êóñî÷íî-ïðîãðàììíûõ ñòðàòåãèé V1, . . . , Vm óáåãàþùèõ E1, . . . , Em ñïðà-

âåäëèâî íåðàâåíñòâî

H(S1, . . . , Sl, V1, . . . , Vm) 6 H(S1, . . . , Sl, Q1, . . . , Qm) 6 H(U1, . . . , Ul, Q1, . . . , Qm).
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� 2. Âñïîìîãàòåëüíûå ðåçóëüòàòû

Ëåììà 1. Ïóñòü â èãðå Γ(l,m,Z l
0) ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è íà [0,∞). Òîãäà äëÿ

ëþáîãî T > 0 ñóùåñòâóþò δ(T ) > 0, ðàçáèåíèå σ îòðåçêà [0, T ], êóñî÷íî-ïðîãðàììíûå ñòðà-

òåãèè Q1, . . . , Qm óáåãàþùèõ E1, . . . , Em òàêèå, ÷òî äëÿ ëþáîãî Z = (x1, . . . , xl, y1, . . . , ym),
óäîâëåòâîðÿþùåãî íåðàâåíñòâàì

‖xi − x0i ‖ < δ(T ), ‖yj − y0j‖ < δ(T ),

â èãðå Γ(l,m, T, Z) ñïðàâåäëèâî íåðàâåíñòâî

inf
U1,...,Ul

H(U1, . . . , Ul, Q1, . . . , Qm) > 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü T > 0. Èç óñëîâèÿ ëåììû è èçâåñòíûõ ðåçóëüòàòîâ ðàáîòû [19℄

ñëåäóåò, ÷òî â èãðå Γ(l,m, T, Z l
0) ñóùåñòâóåò öåíà èãðû V (Z l

0, T ), ïðè÷åì V (Z l
0, T ) > 0. Ïóñòü

(S1, . . . , Sl, Q1, . . . , Qm) � ñèòóàöèÿ ðàâíîâåñèÿ â èãðå Γ(l,m, T, Z l
0), σ � ðàçáèåíèå, îòâå÷àþùåå

äàííîé ñèòóàöèè ðàâíîâåñèÿ. Òîãäà

0 < V (Z l
0, T ) = H(S1, . . . , Sl, Q1, . . . , Qm) 6 H(U1, . . . , Ul, Q1, . . . , Qm). (2.1)

Â ñèëó íåïðåðûâíîñòè �óíêöèè V (Z l
0, T ) ïî Z l

0 [19℄ ñóùåñòâóåò δ1(T ) > 0 òàêîå, ÷òî äëÿ âñåõ Z
òàêèõ, ÷òî ‖xi − x0i ‖ < δ1(T ), ‖yj − y0j‖ < δ1(T ), âûïîëíåíî íåðàâåíñòâî V (Z, T ) > 0. Èç íåðà-
âåíñòâà (2.1) è òåîðåìû î íåïðåðûâíîé çàâèñèìîñòè ðåøåíèé äè��åðåíöèàëüíîãî óðàâíåíèÿ

îò íà÷àëüíûõ äàííûõ ñëåäóåò, ÷òî ñóùåñòâóåò δ2(T ) > 0 òàêîå, ÷òî

m
∑

j=1

min
t∈[0,T ]

min
i

‖xi(t)− yj(t)‖ >
1

2
V (Z l

0, T ) > 0 (2.2)

äëÿ âñåõ Z òàêèõ, ÷òî ‖xi − x0i ‖ < δ2(T ), ‖yj − y0j‖ < δ2(T ), ãäå xi(t) = xi(t, xi, ui(t)), yj(t) =

= yj(t, yj , v
0
j ) � òðàåêòîðèè èãðîêîâ P1, . . . , Pl, E1, . . . , Em â ñèòóàöèè (U1, . . . , Ul, Q1, . . . , Qm).

Îòìåòèì, ÷òî íåðàâåíñòâî (2.2) ñïðàâåäëèâî äëÿ âñåõ ñèòóàöèé (U1, . . . , Ul, Q1, . . . , Qm). Ïîëà-
ãàÿ δ(T ) = min{δ1(T ), δ2(T )}, ïîëó÷àåì òðåáóåìîå. Ëåììà äîêàçàíà. �

Îïðåäåëåíèå 4. Êóñî÷íî-ïðîãðàììíàÿ ñòðàòåãèÿ Qj = (σ,Qj
σ) óáåãàþùåãî Ej , çàäàííàÿ

íà [0, T ], íàçûâàåòñÿ êóñî÷íî-ïîñòîÿííîé êóñî÷íî-ïðîãðàììíîé ñòðàòåãèåé, åñëè íà êàæäîì

ïðîìåæóòêå [ts, ts+1) �óíêöèÿ vsj ÿâëÿåòñÿ êóñî÷íî-ïîñòîÿííîé.

Ëåììà 2. Ïóñòü â èãðå Γ(l,m,Z l
0) ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è íà [0,∞). Òîãäà

äëÿ ëþáîãî T > 0 ñóùåñòâóþò δ(T ) > 0, ðàçáèåíèå σ îòðåçêà [0, T ], êóñî÷íî-ïîñòîÿííûå
êóñî÷íî-ïðîãðàììíûå ñòðàòåãèè Q1, . . . , Qm óáåãàþùèõ E1, . . . , Em òàêèå, ÷òî äëÿ ëþáîãî

Z = (x1, . . . , xl, y1, . . . , ym), óäîâëåòâîðÿþùåãî íåðàâåíñòâàì

‖xi − x0i ‖ < δ(T ), ‖yj − y0j‖ < δ(T ),

â èãðå Γ(l,m, T, Z) ñïðàâåäëèâî íåðàâåíñòâî

inf
U1,...,Ul

H(U1, . . . , Ul, Q1, . . . , Qm) > 0. (2.3)

Ñïðàâåäëèâîñòü äàííîé ëåììû ñëåäóåò èç ëåììû 1 è òîãî óñëîâèÿ, ÷òî äëÿ ëþáîé èçìåðè-

ìîé �óíêöèè, çàäàííîé íà îòðåçêå [τ1, τ2], ñóùåñòâóåò ñõîäÿùàÿñÿ ê íåé ïîñëåäîâàòåëüíîñòü

êóñî÷íî-ïîñòîÿííûõ �óíêöèé.
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� 3. Âçàèìîñâÿçü äâóõ çàäà÷ óêëîíåíèÿ

Òåîðåìà 1. Ïóñòü â èãðå Γ(l,m,Z l
0) ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è íà [0,∞). Òîãäà

â èãðå Γ(n,m,Zn
0 ) ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è íà ëþáîì îòðåçêå [0, T ].

Ä î ê à ç à ò å ë ü ñ ò â î. 1
0. Âîçüìåì T > 0. Â ñèëó ëåììû 2 ñóùåñòâóþò δ(T ) > 0,

ðàçáèåíèå σ îòðåçêà [0, T ], êóñî÷íî-ïîñòîÿííûå êóñî÷íî-ïðîãðàììíûå ñòðàòåãèè Q1, . . . , Qm

óáåãàþùèõ E1, . . . , Em òàêèå, ÷òî äëÿ ëþáîãî Z = (x1, . . . , xl, y1, . . . , ym), óäîâëåòâîðÿþùåãî
íåðàâåíñòâàì

‖xi − x0i ‖ < δ(T ), ‖yj − y0j‖ < δ(T ),

â èãðå Γ(l,m, T, Z) ñïðàâåäëèâî íåðàâåíñòâî (2.3). Ïóñòü ðàçáèåíèå σ èìååò âèä

σ = {0 = t0 < t1 < · · · < tr < tr+1 = T}.

Ñ÷èòàåì, ÷òî ðàçáèåíèå σ âûáðàíî òàê, ÷òî íà êàæäîì ïðîìåæóòêå [ts, ts+1) �óíêöèè vsj ïî-

ñòîÿííû.

2
0. Ïîêàæåì, ÷òî ìîæíî ñ÷èòàòü, ÷òî ‖vsj (t)‖ = 1 äëÿ âñåõ t ∈ [0, T ]. Ïðåäïîëîæèì, ÷òî

ñóùåñòâóþò j, q äëÿ êîòîðûõ vqj (t) = vj äëÿ t ∈ [tq, tq+1) è ‖vj‖ < 1. Âûáåðåì b, d � íàòóðàëüíûå

÷èñëà òàêèå, ÷òî

ea
tq+1−tq

b <
3

2
,

∣

∣

∣

∣

∣

∣

ea
tq+1−tq

d − 1

a

∣

∣

∣

∣

∣

∣

<
δ(T )

4
. (3.1)

Îáîçíà÷èì p = max{b, d}, ∆ =
tq+1−tq

p
. Äëÿ êàæäîãî îòðåçêà [tq + ∆η, tq + ∆(η + 1)], η =

= 0, . . . , p− 1, îïðåäåëèì ÷èñëî tη ∈ (tq +∆η, tq +∆(η + 1)) èç ðàâåíñòâà

ea(tq+∆(η+1)−tη) e
a(tη−tq−∆η) − 1

a
=

ea(tq+∆(η+1)−tη) − 1

a
=: A.

Òàêîå tη ñóùåñòâóåò â ñèëó âûïîëíåíèÿ ñëåäóþùèõ óñëîâèé: ëåâàÿ è ïðàâàÿ ÷àñòè ðàâåíñòâà

íåïðåðûâíû îòíîñèòåëüíî tη; â òî÷êå tη = tq+∆η ëåâàÿ ÷àñòü ðàâåíñòâà îáðàùàåòñÿ â 0, ïðàâàÿ
÷àñòü ïîëîæèòåëüíà; â òî÷êå tη = tq + ∆(η + 1) ëåâàÿ ÷àñòü ðàâåíñòâà ïîëîæèòåëüíà, ïðàâàÿ

÷àñòü îáðàùàåòñÿ â 0. Îïðåäåëèì âåêòîðû w è h ñëåäóþùèì îáðàçîì. Åñëè vj = 0, òîãäà w �

ëþáîé åäèíè÷íûé âåêòîð, h = −w. Ïóñòü vj 6= 0. Îïðåäåëèì âåêòîð g ñëåäóþùèì îáðàçîì

(äîñòàòî÷íî îïðåäåëèòü âåêòîð g äëÿ ñëó÷àÿ, êîãäà âñå êîîðäèíàòû âåêòîðà vj íåíóëåâûå):

gi =











(−1)i

vij
, åñëè vij 6= 0,

0, åñëè vij = 0,

i = 1, . . . , k − 1,

çäåñü vij � i-ÿ êîîðäèíàòà âåêòîðà vj .

gk =











(−1)k

vkj
, åñëè k ÷åòíîå,

0, åñëè k íå÷åòíîå.

Òîãäà (vj , g) = 0.Îïðåäåëèì ÷èñëî λ èç ðàâåíñòâà ‖vj‖
2+‖λg‖2 = 1.Îòñþäà λ =

√

1− ‖vj‖2/‖g‖.
Äàëåå ïîëàãàåì w = vj + λg, h = vj − λg. Èìååì ‖w‖ = ‖h‖ = 1, w + h = 2vj . Ïîýòîìó

Aw +Ah = 2Avj = vj

(

ea(tq+∆(η+1)−tη) e
a(tη−tq−∆η) − 1

a
+

ea(tq+∆(η+1)−tη) − 1

a

)

=

= vj

(

ea∆
∫ tη

tq+∆η

e−a(s−tq−∆η)ds+ ea(tq+∆(η+1)−tη)

∫ tq+∆(η+1)

tη

e−a(s−tη)ds

)

=
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= vje
a∆

∫ tq+∆(η+1)

tq+∆η

e−a(s−tq−∆η)ds. (3.2)

�àññìîòðèì �óíêöèþ vqj(t) âèäà

vqj(t) =

{

w, t ∈ [tq +∆η, tη),

h, t ∈ [tη, tq +∆(η + 1)),
η = 0, . . . , p− 1.

Ïîëó÷èì, ÷òî vqj(t)� êóñî÷íî-ïîñòîÿííàÿ íà [tq, tq+1) �óíêöèÿ, ‖v
q
j(t)‖ = 1 äëÿ âñåõ t ∈ [tq, tq+1)

è, êðîìå òîãî, yj(tq + ∆(η + 1)) = yj(tq + ∆(η + 1)) äëÿ âñåõ η = 0, . . . , p − 1 â ñèëó (3.2), òî

åñòü yj(tq+1) = yj(tq+1). Êðîìå òîãî, âûïîëíåíî íåðàâåíñòâî ‖yj(t) − yj(t)‖ < δ(T )/4 äëÿ âñåõ

t ∈ [tq, tq+1), ãäå

yj(t) = yj(tq)e
a(t−tq ) + vje

a(t−tq )

∫ t

tq

e−a(s−tq) ds,

yj(t) = yj(tq)e
a(t−tq) + ea(t−tq )

∫ t

tq

e−a(s−tq)vqj(s) ds.

Äàííîå íåðàâåíñòâî ñëåäóåò èç (3.1). Ïîýòîìó, çàìåíèâ ïðè îïðåäåëåíèè ñòðàòåãèè Qj �óíê-

öèþ vj íà ïðîìåæóòêå [tq, tq+1) �óíêöèåé vqj(t), ìû ïîëó÷èì ñòðàòåãèþ Qj, îáëàäàþùóþ òðå-

áóåìûì ñâîéñòâîì.

3
0. Èñïîëüçóÿ ðåçóëüòàòû ðàáîòû [9℄, ïîñòðîèì êóñî÷íî-ïðîãðàììíûå ñòðàòåãèè Q0

1, . . . , Q
0
m

óáåãàþùèõ E1, . . . , Em â èãðå Γ(n,m, T, Zn
0 ). Îïðåäåëèì ÷èñëà εs = δ(T )/2r+2−s. �àññìîòðèì

îòðåçîê [ts, ts+1]. Â ñèëó ïóíêòà 2 íà [ts, ts+1) óïðàâëåíèå óáåãàþùåãî Ej â èãðå Γ(l,m,Z l
0) ÿâëÿ-

åòñÿ ïîñòîÿííûì âåêòîðîì vsj , ïðè÷åì ‖vsj‖ = 1. Ïóñòü vj(t, ts, v
s
j , εs) � óïðàâëåíèå óáåãàþùåãî

Ej, ãàðàíòèðóþùåå åìó óêëîíåíèå îò ïðåñëåäîâàòåëåé Pl+1, . . . , Pn íà [ts, ts+1) è òàêîå, ÷òî

‖yj(t)− (yj(ts)e
a(t−ts) + vsje

a(t−ts)

∫ t

ts

e−a(g−ts) dg)‖ <
εs−1

2
, t ∈ [ts, ts+1), s = 1, . . . , r, (3.3)

è

‖yj(t)− (yj(t0)e
a(t−t0) + v0j e

a(t−t0)

∫ t

t0

e−a(g−t0) dg)‖ < ε0, t ∈ [t0, t1).

Â ñèëó [9℄ òàêîå óïðàâëåíèå óáåãàþùåãî Ej ñóùåñòâóåò. Ïîëàãàåì óïðàâëåíèå óáåãàþùåãî Ej

â èãðå Γ(n,m, T, Zn
0 ) íà [ts, ts+1) ðàâíûì vsj(t) = vj(t, ts, v

s
j , ε). Äîêàæåì, ÷òî â èãðå Γ(n,m, T, Zn

0 )
ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è. Ïðåäâàðèòåëüíî äîêàæåì, ÷òî äëÿ âñåõ s > 1 è âñåõ t ∈
∈ [ts, ts+1) ñïðàâåäëèâî ñëåäóþùåå ñâîéñòâî: åñëè

‖yj(ts)− yj(ts)‖ < εs−1, òî ‖yj(t)− yj(t)‖ < εs, t ∈ [ts, ts+1). (3.4)

Äåéñòâèòåëüíî, èñõîäÿ èç (3.1) è (3.3) ïîëó÷àåì

‖yj(t)− yj(t)‖ <
3

2
εs−1 +

εs−1

2
= εs, t ∈ [ts, ts+1).

Ïîýòîìó èç íåðàâåíñòâ (3.3), (3.4) è îïðåäåëåíèÿ εs ñëåäóåò, ÷òî ‖yj(t) − yj(t)‖ < δ(T )/4,
t ∈ [0, T ]. Ñëåäîâàòåëüíî, ïî ëåììå 2 â èãðå Γ(n,m, T, Zn

0 ) ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è.
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N.N. Petrov, K.A. Shhelhkov

On the interrelation of two linear stationary evasion problems with many evaders

Keywords: di�erential game, group pursuit, pursuer, evader, the prie of game.

MSC: 49N70, 49N75

A linear stationary pursuit problem with a group of pursuers and a group of evaders is onsidered under the

following onditions: the matrix of the system is a salar matrix, among the pursuers there are partiipants

whose set of admissible ontrols oinides with the set of admissible ontrols of evaders, and there are

partiipants with fewer opportunities. The set of values of admissible ontrols of evaders is a ball with

enter at the origin. The pursuers' goal is to apture all evaders. The evaders' goal is to prevent this, i.e.

to provide an opportunity for at least one of them to esape meeting. Pursuers and evaders use pieewise-

program strategies. It is shown that if all partiipants of the game have equal opportunities and at least one
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of the evaders avoids meeting on the in�nite time interval, then the addition of any number of pursuers with

fewer opportunities leads to evasion of at least one evader on any �nite time interval.
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