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ON A SUBCLASS OF UNIVALENT FUNCTIONS WITH NEGATIVE

COEFFICIENTS DEFINED BY LINEAR OPERATOR

The present paper introduces and studies the subclass An(m,β, p, q, λ) of univalent functions with negative
coefficients defined by new linear operator Jλ in the open unit disk U = {z ∈ C : |z| < 1}. The main
task is to investigate several properties such as coefficient estimates, distortion theorems, closure theorems.
Neighborhood and radii of starlikeness, convexity and close-to-convexity of functions belonging to the class
An(m,β, p, q, λ) are studied.
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§ 1. Introduction

Let A(n) denote the class of functions normalized by

f(z) = z +

∞
∑

k=n+1

akz
k (n ∈ N = 1, 2, 3, . . .), (1.1)

which are analytic and univalent in the open unit disk U = {z ∈ C : |z| < 1}. Let A−(n) be the
subclass of A(n), consisting of functions of the form

f(z) = z −

∞
∑

k=n+1

akz
k (n ∈ N, ak > 0). (1.2)

For functions f(z) ∈ A(n) given by (1.1) and g(z) ∈ A(n) given by

g(z) = z +
∞
∑

k=n+1

bkz
k (n ∈N),

we define the Hadamard product (or convolution) of f(z) and g(z) by

f(z) ∗ g(z) = z +

∞
∑

k=n+1

akbkz
k (z ∈ U). (1.3)

We define the function Φ(a, c; z) by

Φ(a, c; z) = z +
∞
∑

k=n+1

(a)k−1

(b)k−1
zk (a ∈ R, c ∈ R− {0,−1,−2, . . .}),

where (a)k is the Pochhammer symbol defined by

(a)k =
Γ(a+ k)

Γ(a)
=

{

1, if k = 0,
a(a+ 1)(a + 2) · · · · · (a+ k − 1), if k ∈ N.

We consider a functions Φ−(a, c; z) defined by the convolution

Φ(a, c; z) ∗ Φ−(a, c; z) =
z

(1− z)λ+1
,
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where λ > −1, z ∈ U . This function yields the following family of linear operators

Iλ(a, c; z)f(z) = Φ−(a, c; z) ∗ f(z), z ∈ U ,

where a, c ∈ −{0,−1,−2, . . .}. For a function f ∈ A−(n), it follows that for λ > −1

Iλ(a, c; z)f(z) = z −

∞
∑

k=n+1

(c)k−1(λ+ 1)k−1

(1)k−1(a)k−1
akz

k

is the Cho–Kown–Srivastava integral operator [11]. Further, denote by Dλ : A(n) → A(n) the
Ruscheweyh derivative of order λ defined by [8, 13, 14].

Dλf(z) =
z

(1− z)λ+1
∗ f(z) =

z(zλ−1f(z))λ

λ!
(f(z) ∈ A(n)),

where λ > −1. Now, for f ∈ A−(n) we defined a new operator [4]

Jλf(z) = Iλ(a, c; z)f(z) ∗Dλf(z) = z −

∞
∑

k=n+1

(c)k−1(λ+ 1)k−1

(1)k−1(a)k−1
Bk(λ)akz

k, (1.4)

where Bk(λ) =
Γ(λ+ k)

Γ(λ+ 1)(k − 1)!
, λ > −1, z ∈ U . Next, we define the following

Definition 1. Let the function f(z) be of the form (1.2). Then f(z) is said to be in the class
An(m,β, p, q, λ) if it satisfies the following criterion

∣

∣

∣

∣

∣

∣

∣

∣

z(Jλf(z))
′

Jλf(z)
− 1

2p

(

z(Jλf(z))
′

Jλf(z)
− q

)

−m

(

z(Jλf(z))
′

Jλf(z)
− 1

)

∣

∣

∣

∣

∣

∣

∣

∣

< β, (1.5)

where |z| < 1, 0 < β 6 1, 1
2 6 p 6 1, 0 6 q 6 1

2p, and
1
2 < m 6 1.

Normalized, univalent analytic functions have been extensively studied by (for example) Aghalary
and Kulkarni [1], Aouf [2], Khairnar and Meena More [6], Juma and Kulkarni [5].

Remark 1. We note that by specializing the parameters m,β, p, q and λ we have the following
subclasses.
(i) If f(z) ∈ An(m,β, p, q, λ) with a = c = 1 and λ = 0 in (1.4), then Jλf(z) = f(z).
(ii) The class An(1, 1, 1, 0, λ) is the class of starlike functions in U .
(iii) The class An(1, 1, 1, q, λ) is the class of starlike functions of order q (0 6 q < 1).

(iv) The class An(1, β,
(α+1)

2 , 0, λ) is the class studied by Lakshminarasimhan [9].
(v) The class An(1, β, p, q, λ) is the class studied by S.R Kulkarni [7].

In this paper we shall first deduce a necessary and sufficient condition for a function f(z) to be in
the class An(m,β, p, q, λ). Then we obtain the distortion and growth theorems, closure theorems,
neighborhood and radii of univalent starlikeness, convexity and close-to-convexity of order δ (0 6

6 δ < 1) for this functions.

§ 2. Coefficient inequality

Theorem 1. Let the function f(z) be of the form (1.2). Then f(z) is in the class An(m,β, p, q, λ)
if and only if

∞
∑

k=n+1

[(k − 1)(1 −mβ)− 2pβ(k − q)]
(c)k−1(λ+ 1)k−1Bk(λ)

(1)k−1(a)k−1
ak 6 2pβ(1− q), (2.1)

where 0 < β 6 1, 1
2 6 p 6 1, 0 6 q 6 1

2p,
1
2 < m 6 1, a, c ∈ R− {0,−1,−2, . . .}, z ∈ U .
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P r o o f. Suppose that (2.1) holds true. Then we find that
∣

∣

∣

∣

∣

∣

z(Jλf(z))′

Jλf(z)
− 1

2p(z(J
λf(z))′

Jλf(z)
− q)−m(z(J

λf(z))′

Jλf(z)
− 1)

∣

∣

∣

∣

∣

∣

=

=

∣

∣

∣

∣

∣

∣

−
∑

∞

k=n+1(k − 1)
(c)k−1(λ+1)k−1Bk(λ)

(1)k−1(a)k−1
akz

k

2p(1− q)z +
∑

∞

k=n+1[m(k − 1)− 2p(k − q)]
(c)k−1(λ+1)k−1Bk(λ)

(1)k−1(a)k−1
akzk

∣

∣

∣

∣

∣

∣

6

6

∑

∞

k=n+1(k − 1)
(c)k−1(λ+1)k−1Bk(λ)

(1)k−1(a)k−1
ak|z|

k−1

2p(1− q)−
∑

∞

k=n+1[m(k − 1)− 2p(k − q)]
(c)k−1(λ+1)k−1Bk(λ)

(1)k−1(a)k−1
ak|z|k−1

< β.

Choosing values of z on real axis and letting z → 1−, we have

[(k − 1)(1 −mβ)− 2pβ(k − q)]
(c)k−1(λ+ 1)k−1Bk(λ)

(1)k−1(a)k−1
ak − 2pβ(1 − q) 6 0.

By hypothesis, thus by maximum modulus theorem, we have

f(z) ∈ An(m,β, p, q, λ).

Conversely, assume that f(z) ∈ An(m,β, p, q, λ), then from the definition of f(z), we have
∣

∣

∣

∣

∣

∣

z(Jλf(z))′

Jλf(z)
− 1

2p(z(J
λf(z))′

Jλf(z)
− q)−m(z(J

λf(z))′

Jλf(z)
− 1)

∣

∣

∣

∣

∣

∣

< β,

that is
∣

∣

∣

∣

∣

∣

−
∑

∞

k=n+1(k − 1)
(c)k−1(λ+1)k−1Bk(λ)

(1)k−1(a)k−1
akz

k

2p(1− q)z +
∑

∞

k=n+1[m(k − 1)− 2p(k − q)]
(c)k−1(λ+1)k−1Bk(λ)

(1)k−1(a)k−1
akzk

∣

∣

∣

∣

∣

∣

< β.

By the fact |Re (z)| 6 |z| for all z, we have

Re







∑

∞

k=n+1(k − 1)
(c)k−1(λ+1)k−1Bk(λ)

(1)k−1(a)k−1
ak|z|

k−1

2p(1 − q)z +
∑

∞

k=n+1[m(k − 1)− 2p(k − q)]
(c)k−1(λ+1)k−1Bk(λ)

(1)k−1(a)k−1
ak|z|k−1







< β.

We choose the values of z on real axis such that (Jλf(z))′

Jλf(z)
is real and upon clearing, the denominator

of the above expression and allowing z → 1− through real values, we obtain

∞
∑

k=n+1

[(k − 1)(1 −mβ)− 2pβ(k − q)]
(c)k−1(λ+ 1)k−1Bk(λ)

(1)k−1(a)k−1
ak 6 2pβ(1− q). �

Corollary 1. Let the function f(z) of the form (1.2) be in the class An(m,β, p, q, λ). Then

ak 6
2pβ(1 − q)(1)k−1(a)k−1

[(k − 1)(1 −mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)
(k > n+ 1, n ∈N),

where 0 < β 6 1, 1
2 6 p 6 1, 0 6 q 6 1

2p,
1
2 < m 6 1, a, c ∈ R− {0,−1,−2, . . .}, z ∈ U .

Remark 2. If f(z) ∈ An(1, β, p, q, λ), then

ak 6
2pβ(1− q)(1)k−1(a)k−1

[(k − 1)(1 − β)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)
(k > n+ 1, n ∈N)

and equality holds for

f(z) = z −
2pβ(1 − q)(1)k−1(a)k−1

[(k − 1)(1 − β)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)
zk.
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Remark 3. If f(z) ∈ An(1, β, 1, q, λ), then

ak 6
2β(1 − q)(1)k−1(a)k−1

[(k − 1)(1 − β)− 2β(k − q)](c)k−1(λ+ 1)k−1Bk(λ)
(k > n+ 1, n ∈ N)

and equality holds for

f(z) = z −
2β(1 − q)(1)k−1(a)k−1

[(k − 1)(1 − β)− 2β(k − q)](c)k−1(λ+ 1)k−1Bk(λ)
zk.

Remark 4. If f(z) ∈ An(1, 1, 1, q, λ), then

ak 6
−(1− q)(1)k−1(a)k−1

(k − q)(c)k−1(λ+ 1)k−1Bk(λ)
(k > n+ 1, n ∈ N)

and equality holds for

f(z) = z +
(1− q)(1)k−1(a)k−1

(k − q)(c)k−1(λ+ 1)k−1Bk(λ)
zk.

§ 3. Distortion theorems

Theorem 2. Let the function f(z) of the form (1.2) be in the class An(m,β, p, q, λ). Then for
|z| = r < 1, we have

r −
2pβ(1− q)(1)n(a)n

[n(1−mβ)− 2pβ(n + 1− q)](c)n(λ+ 1)nBn+1(λ)
rn+1 6 |f(z)| 6

6 r +
2pβ(1− q)(1)n(a)n

[n(1−mβ)− 2pβ(n+ 1− q)](c)n(λ+ 1)nBn+1(λ)
rn+1.

The result is sharp for the function f(z) given by

f(z) = z −
2pβ(1− q)(1)n(a)n

[n(1−mβ)− 2pβ(n + 1− q)](c)n(λ+ 1)nBn+1(λ)
zn+1.

P r o o f. Suppose that f(z) ∈ An(m,β, p, q, λ). By the inequality (2.1), since

[n(1−mβ)− 2pβ(n+ 1− q)]
(c)n(λ+ 1)n
(1)n(a)n

Bn+1(λ)

is non decreasing and positive for k > n+ 1, we have

[n(1−mβ)− 2pβ(n+ 1− q)]
(c)n(λ+ 1)n
(1)n(a)n

Bn+1(λ)

∞
∑

k=n+1

ak 6

6

∞
∑

k=n+1

[(k − 1)(1 −mβ)− 2pβ(k − q)]
(c)k−1(λ+ 1)k−1

(1)k−1(a)k−1
Bk(λ)ak 6 2pβ(1− q).

This is equivalent to

∞
∑

k=n+1

ak 6
2pβ(1− q)(1)n(a)n

[n(1−mβ)− 2pβ(n+ 1− q)](c)n(λ+ 1)nBn+1(λ)
. (3.1)

Using (1.2) and (3.1), we obtain

f(z) = z −
∞
∑

k=n+1

akz
k,
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|f(z)| > |z| −

∞
∑

k=n+1

ak|z|
k
> r −

∞
∑

k=n+1

akr
k
> r − rn+1

∞
∑

k=n+1

ak >

> r −
2pβ(1− q)(1)n(a)n

[n(1−mβ)− 2pβ(n+ 1− q)](c)n(λ+ 1)nBn+1(λ)
rn+1.

Similarly

|f(z)| 6 r +
2pβ(1 − q)(1)n(a)n

[n(1−mβ)− 2pβ(n + 1− q)](c)n(λ+ 1)nBn+1(λ)
rn+1.

This completes the proof of Theorem 2. �

Theorem 3. Let the function f(z) of the form (1.2) be in the class An(m,β, p, q, λ). Then for
|z| = r < 1, we have

1−
2pβ(1 + n)(1− q)(1)n(a)n

[n(1−mβ)− 2pβ(n+ 1− q)](c)n(λ+ 1)nBn+1(λ)
rn 6 |f

′

(z)| 6

6 1 +
2pβ(1 + n)(1− q)(1)n(a)n

[n(1−mβ)− 2pβ(n+ 1− q)](c)n(λ+ 1)nBn+1(λ)
rn.

The result is sharp for the function f(z) given by

f(z) = z −
2pβ(1 + n)(1− q)(1)n(a)n

[n(1−mβ)− 2pβ(n + 1− q)](c)n(λ+ 1)nBn+1(λ)
zn+1.

P r o o f. From (1.2) and (3.1) we have f ′(z) = 1−
∞
∑

k=n+1

kakz
k−1,

|f ′(z)| > 1−

∞
∑

k=n+1

kak|z|
k−1

> 1−

∞
∑

k=n+1

akr
k−1

> 1− rn
∞
∑

k=n+1

kak >

> 1−
2pβ(1 + n)(1− q)(1)n(a)n

[n(1−mβ)− 2pβ(n+ 1− q)](c)n(λ+ 1)nBn+1(λ)
rn.

Similarly

|f(z)| 6 1 +
2pβ(1 + n)(1− q)(1)n(a)n

[n(1−mβ)− 2pβ(n + 1− q)](c)n(λ+ 1)nBn+1(λ)
rn.

This completes the proof of Theorem 3. �

§ 4. Closure theorem

Theorem 4. Let the functions fj (j = 1, 2, . . . , s) defined by

fj(z) = z −
∞
∑

k=n+1

ak,jz
k (ak,j > 0) (4.1)

are in the class An(m,β, p, q, λ). Then the function h(z) defined by h(z) =
s
∑

j=1
µjfj(z) (µj > 0) is

also in the class An(m,β, p, q, λ) if
s
∑

j=1
µj = 1.

P r o o f. We can write

h(z) =
s

∑

j=1

µj(z −
∞
∑

k=n+1

ak,jz
k) =

s
∑

j=1

µjz −
s

∑

j=1

∞
∑

k=n+1

µjak,jz
k = z −

∞
∑

k=n+1

s
∑

j=1

µjak,jz
k.
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Furthermore, since the functions fj(z) (j = 1, 2, . . . , s) are in the class An(m,β, p, q, λ), then from
Theorem 1 we have

∞
∑

k=n+1

[(k − 1)(1 −mβ)− 2pβ(k − q)]
(c)k−1(λ+ 1)k−1Bk(λ)

(1)k−1(a)k−1
ak,j 6 2pβ(1− q).

Thus it is enough to prove that

∞
∑

k=n+1

[(k − 1)(1 −mβ)− 2pβ(k − q)]
(c)k−1(λ+ 1)k−1Bk(λ)

(1)k−1(a)k−1
(

s
∑

j=1

µjak,j) =

=
s

∑

j=1

µj

∞
∑

k=n+1

[(k − 1)(1 −mβ)− 2pβ(k − q)]
(c)k−1(λ+ 1)k−1Bk(λ)

(1)k−1(a)k−1
ak,j 6

6

s
∑

j=1

µj2pβ(1 − q) = 2pβ(1− q).

Hence the proof is complete. �

Corollary 2. Let the functions fj (j = 1, 2) defined by (4.1) are in the class An(m,β, p, q, λ).
Then the function h(z) defined by h(z) = (1 − ζ)f1(z) + ζf2(z), 0 6 ζ 6 1, is also in the class
An(m,β, p, q, λ).

§ 5. Extreme points

Theorem 5. Let f1(z) = z and

fk(z) = z −
2pβ(1− q)(1)k−1(a)k−1

[(k − 1)(1−mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)
zk (k > n+ 1, n ∈ N).

Then the function f(z) of the form (1.2) is in the class An(m,β, p, q, λ) if and only if it can be
expressed in the form

f(z) = µ1f1(z) +

∞
∑

k=n+1

µkfk(z),

where µ1 > 0, µk > 0, k > n+ 1, and µ1 +
∞
∑

k=n+1

µk = 1.

P r o o f. Assume that f(z) can be expressed in the form f(z) = µ1f1(z) +
∞
∑

k=n+1

µkfk(z),

f(z) = z −

∞
∑

k=n+1

2pβ(1 − q)(1)k−1(a)k−1

[(k − 1)(1 −mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)
µkz

k.

Thus
∞
∑

k=n+1

[(k − 1)(1 −mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)

2pβ(1− q)(1)k−1(a)k−1
·

·

∞
∑

k=n+1

2pβ(1− q)(1)k−1(a)k−1

[(k − 1)(1 −mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)
µk =

∞
∑

k=n+1

µk = 1− µ1 6 1.

Hence f(z) ∈ An(m,β, p, q, λ).
Conversely, assume that f(z) ∈ An(m,β, p, q, λ). Setting

µk =
[(k − 1)(1 −mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)

2pβ(1− q)(1)k−1(a)k−1
ak,

since µ1 = 1−
∞
∑

k=n+1

µk. Thus f(z) = µ1f1(z) +
∞
∑

k=n+1

µkfk(z). Hence the proof is complete. �
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Corollary 3. The extreme points of the class An(m,β, p, q, λ) are the functions f1(z) = z and

fk(z) = z −
2pβ(1− q)(1)k−1(a)k−1

[(k − 1)(1−mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)
zk (k > n+ 1, n ∈ N).

§ 6. Neighborhood property

The concept of neighborhood of analytic function was first introduced by Goodman [3].
Ruscheweyh [14], Raina and Srivastava [12], Orhan and Kamali [10], Silverman [15] investigated
this concept for the elements of several famous subclass of analytic functions. We define the (n, δ)-
neighborhood of a function f(z) ∈ A−(n) by

Nn,δ(f) = {g ∈ A−(n) : g(z) = z −

∞
∑

k=n+1

bkz
k and

∞
∑

k=n+1

k|ak − bk| 6 δ}. (6.1)

In particular, for e(z) = z

Nn,δ(e) = {g ∈ A−(n) : g(z) = z −
∞
∑

k=n+1

bkz
k and

∞
∑

k=n+1

k|bk| 6 δ}. (6.2)

Furthermore, a function of the form (1.2) is said to be in the class Aσ
n(m,β, p, q, λ) if there exists

a function h(z) ∈ An(m,β, p, q, λ) such that

∣

∣

∣

∣

f(z)

h(z)
− 1

∣

∣

∣

∣

< 1− σ (z ∈ U , 0 6 σ < 1). (6.3)

Theorem 6. If

(c)k−1(λ+ 1)k−1

(1)k−1(a)k−1
Bk(λ) >

(c)n(λ+ 1)n
(1)n(a)n

Bn+1(λ) (k > n+ 1, n ∈ N) (6.4)

and

δ =
2pβ(1 − q)(1)n(a)n

[(n)(1−mβ)− 2pβ(n+ 1− q)](c)n(λ+ 1)nBn+1(λ)
,

then An(m,β, p, q, λ) ∈ Nn,δ(e).

P r o o f. Let f(z) ∈ An(m,β, p, q, λ). Then in view of assertion (2.1) of Theorem 1 and the
condition (6.4), we get

[n(1−mβ)− 2pβ(n+ 1− q)]
(c)n(λ+ 1)n
(1)n(a)n

Bn+1(λ)

∞
∑

k=n+1

ak 6

6

∞
∑

k=n+1

[(k − 1)(1 −mβ)− 2pβ(k − q)]
(c)k−1(λ+ 1)k−1

(1)k−1(a)k−1
Bk(λ)ak 6 2pβ(1− q),

which implies
∞
∑

k=n+1

ak 6
2pβ(1− q)(1)n(a)n

[n(1−mβ)− 2pβ(n+ 1− q)](c)n(λ+ 1)nBn+1(λ)
. (6.5)

Appling assertion (2.1) of Theorem 1 in conjunction with (6.5), we obtain

[n(1−mβ)− 2pβ(n + 1− q)]
(c)n(λ+ 1)n
(1)n(a)n

Bn+1(λ)
∞
∑

k=n+1

ak 6 2pβ(1 − q),
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(n+ 1)[n(1 −mβ)− 2pβ(n + 1− q)]
(c)n(λ+ 1)n
(1)n(a)n

Bn+1(λ)

∞
∑

k=n+1

ak 6 2pβ(n + 1)(1 − q),

∞
∑

k=n+1

kak 6
2pβ(n+ 1)(1 − q)(1)n(a)n

[(n)(1 −mβ)− 2pβ(n + 1− q)](c)n(λ+ 1)nBn+1(λ)
= δ.

By virtue of (6.1), we have f(z) ∈ Nn,δ(e). This completes the proof of Theorem 6. �

Theorem 7. If h(z) ∈ An(m,β, p, q, λ) and

σ = 1−
δ

(n+ 1)

[n(1−mβ)− 2pβ(n+ 1− q)](c)n(λ+ 1)nBn+1(λ)

[n(1−mβ)− 2pβ(n+ 1− q)](c)n(λ+ 1)nBn+1(λ)− 2pβ(1 − q)(1)n(a)n
, (6.6)

then

Nn,δ(h) ⊂ Aσ
n(m,β, p, q, λ).

P r o o f. Suppose that f ∈ Nn,δ(h), we then find from (1.2) that

∞
∑

k=n+1

k|ak − bk| 6 δ,

which readily implies the following coefficient inequality

∞
∑

k=n+1

|ak − bk| 6
δ

n+ 1
(n ∈N). (6.7)

Next, since h ∈ An(m,β, p, q, λ) in the view of (6.5), we have

∞
∑

k=n+1

bk 6
2pβ(1− q)(1)n(a)n

[(n)(1 −mβ)− 2pβ(n + 1− q)](c)n(λ+ 1)nBn+1(λ)
. (6.8)

Using (6.7) and (6.8), we get

∣

∣

∣

∣

f(z)

h(z)
− 1

∣

∣

∣

∣

6

∑

∞

k=n+1 |ak − bk|

1−
∑

∞

k=n+1 bk
6

δ

(n+ 1)
(

1− 2pβ(1−q)(1)n(a)n
[(n)(1−mβ)−2pβ(n+1−q)](c)n(λ+1)nBn+1(λ)

) 6

6
δ

(n+ 1)

(

[n(1−mβ)− 2pβ(n + 1− q)](c)n(λ+ 1)nBn+1(λ)

[n(1−mβ)− 2pβ(n + 1− q)](c)n(λ+ 1)nBn+1(λ)− 2pβ(1− q)(1)n(a)n

)

= 1− σ,

provided that σ is given by (6.6), thus by condition (6.3), f ∈ Aσ(m,β, p, q, λ). �

§ 7. Radii of starlikeness, convexity and close-to-convexity

Theorem 8. Let the function f(z) of the form (1.2) be in the class An(m,β, p, q, λ). Then f is
univalent starlike of order δ (0 6 δ < 1) in |z| < r1, where

r1 = inf
k

{

(1− δ)[(k − 1)(1 −mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)

2pβ(1− q)(k − δ)(1)k−1(a)k−1

}
1

k−1

.

The result is sharp for the function f(z) given by

fk(z) = z −
2pβ(1 − q)(1)k−1(a)k−1

[(k − 1)(1 −mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)
(k > n+ 1, n ∈ N).
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P r o o f. It suffices to show that

∣

∣

∣

∣

zf ′(z)

f(z)
− 1

∣

∣

∣

∣

6 1− δ, |z| < r1. We have

∣

∣

∣

∣

zf ′(z)

f(z)
− 1

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

−
∑

∞

k=n+1(k − 1)akz
k−1

1−
∑

∞

k=n+1 akz
k−1

∣

∣

∣

∣

∣

6

∑

∞

k=n+1(k − 1)ak|z|
k−1

1−
∑

∞

k=n+1 ak|z|
k−1

.

To prove the theorem, we must show that

∑

∞

k=n+1(k − 1)ak|z|
k−1

1−
∑

∞

k=n+1 ak|z|
k−1

6 1− δ.

It is equivalent to
∞
∑

k=n+1

(k − δ)ak|z|
k−1

6 1− δ.

Using Theorem 1, we obtain

|z| 6

{

(1− δ)[(k − 1)(1−mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)

2pβ(1 − q)(k − δ)(1)k−1(a)k−1

}
1

k−1

.

Hence the proof is complete. �

Theorem 9. Let the function f(z) of the form (1.2) be in the class An(m,β, p, q, λ). Then f is
univalent convex of order δ (0 6 δ < 1) in |z| < r2, where

r2 = inf
k

{

(1− δ)[(k − 1)(1 −mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)

2pβk(1− q)(k − δ)(1)k−1(a)k−1

}
1

k−1

.

The result is sharp for the function f(z) given by

fk(z) = z −
2pβ(1− q)(1)k−1(a)k−1

[(k − 1)(1−mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)
(k > n+ 1, n ∈ N). (7.1)

P r o o f. It suffices to show that
∣

∣

∣

zf ′′(z)
f ′(z)

∣

∣

∣
6 1− δ, |z| < r2. We have

∣

∣

∣

∣

zf ′′(z)

f ′(z)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

−
∑

∞

k=n+1 k(k − 1)akz
k−1

1−
∑

∞

k=n+1 kakz
k−1

∣

∣

∣

∣

∣

6

∑

∞

k=n+1 k(k − 1)ak|z|
k−1

1−
∑

∞

k=n+1 kak|z|
k−1

.

To prove the theorem, we must show that

∑

∞

k=n+1 k(k − 1)ak|z|
k−1

1−
∑

∞

k=n+1 kak|z|
k−1

6 1− δ.

It is equivalent to
∞
∑

k=n+1

k(k − δ)ak|z|
k−1 6 1− δ.

Using Theorem 1, we obtain

|z|k−1 6

{

(1− δ)[(k − 1)(1 −mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)

2pβk(1− q)(k − δ)(1)k−1(a)k−1

}

,

|z| 6

{

(1− δ)[(k − 1)(1−mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)

2pβk(1 − q)(k − δ)(1)k−1(a)k−1

}
1

k−1

.

Hence the proof is complete. �
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Theorem 10. Let the function f(z) of the form (1.2) be in the class An(m,β, p, q, λ). Then f is
univalent close-to-convex of order δ (0 6 δ < 1) in |z| < r3, where

r3 = inf
k

{

(1− δ)[(k − 1)(1 −mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)

2pβk(1− q)(1)k−1(a)k−1

}
1

k−1

.

The result is sharp for the function f(z) given by (7.1).

P r o o f. It suffices to show that |f ′(z) − 1| 6 1− δ, |z| < r3. We have

|f ′(z)− 1| = | −
∞
∑

k=n+1

kakz
k−1| 6

∞
∑

k=n+1

kak|z|
k−1.

Thus |f ′(z)− 1| 6 1− δ, if
∞
∑

k=n+1

kak

1− δ
|z|k−1 6 1.

Using Theorem 1, the above inequality holds true if

|z|k−1
6

{

(1− δ)[(k − 1)(1−mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)

2pβk(1 − q)(1)k−1(a)k−1

}

or

|z| 6

{

(1− δ)[(k − 1)(1−mβ)− 2pβ(k − q)](c)k−1(λ+ 1)k−1Bk(λ)

2pβk(1 − q)(1)k−1(a)k−1

}
1

k−1

.

Hence the proof is complete. �
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À.�.Ñ. Äæóìà, Ì.Ø. Àáäóë-Õóññåéí, M.Ô. Õàíè

Îá îäíîì ïîäêëàññå îäíîëèñòíûõ �óíêöèé ñ îòðèöàòåëüíûìè êîý��èöèåíòàìè, çàäàííîì

ëèíåéíûì îïåðàòîðîì

Êëþ÷åâûå ñëîâà: àíàëèòè÷åñêèå îäíîëèñòíûå �óíêöèè, ïðîèçâåäåíèå Àäàìàðà, ïðîèçâîäíàÿ �óøåâåÿ,

òåîðåìû èñêàæåíèÿ, òåîðåìû î çàìûêàíèè.

ÓÄÊ 517.53

Â ðàáîòå ââîäèòñÿ è èññëåäóåòñÿ ïîäêëàññ An(m,β, p, q, λ) îäíîëèñòíûõ �óíêöèé ñ îòðèöàòåëüíû-

ìè êîý��èöèåíòàìè, îïðåäåëÿåìûé íîâûì ëèíåéíûì îïåðàòîðîì Jλ
â îòêðûòîì åäèíè÷íîì êðóãå

U = {z ∈ C : |z| < 1}. Îñíîâíîé çàäà÷åé ÿâëÿåòñÿ èçó÷åíèå ñëåäóþùèõ ñâîéñòâ è õàðàêòåðèñòèê:

îöåíêè êîý��èöèåíòîâ, òåîðåìû èñêàæåíèÿ, òåîðåìû î çàìûêàíèè, îêðåñòíîñòü �óíêöèè, ðàäèóñû

çâåçäîîáðàçíîñòè, âûïóêëîñòè è ïî÷òè âûïóêëîñòè �óíêöèé, ïðèíàäëåæàùèõ êëàññó An(m,β, p, q, λ).
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