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ÀË�ÅÁ�Î-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÎÉ ÑÈÑÒÅÌÛ Ñ ÇÀÏÀÇÄÛÂÀÍÈÅÌ

Â ÓÏ�ÀÂËÅÍÈÈ ÏÎÑ�ÅÄÑÒÂÎÌ ÄÈÍÀÌÈ×ÅÑÊÎ�Î �Å�ÓËßÒÎ�À

Äëÿ ëèíåéíîé àâòîíîìíîé ðåãóëÿðíîé àëãåáðî-äè��åðåíöèàëüíîé ñèñòåìû ñ ñîèçìåðèìûìè çàïàçäû-

âàíèÿìè â óïðàâëåíèè ðåøåíà çàäà÷à óñïîêîåíèÿ ðåøåíèÿ ïîñðåäñòâîì äèíàìè÷åñêîãî ðåãóëÿòîðà ïî

òèïó îáðàòíîé ñâÿçè. Îñíîâíàÿ èäåÿ èññëåäîâàíèÿ çàêëþ÷àåòñÿ â âûáîðå ïàðàìåòðîâ ðåãóëÿòîðà òàê,

÷òîáû çàìêíóòàÿ ñèñòåìà ñòàëà òî÷å÷íî âûðîæäåííîé â íàïðàâëåíèÿõ, îòâå÷àþùèõ �àçîâûì êîìïî-

íåíòàì èñõîäíîé (ðàçîìêíóòîé) ñèñòåìû. Äëÿ ýòîãî èñõîäíàÿ ñèñòåìà ïðåîáðàçóåòñÿ ê äâóì ïîäñè-

ñòåìàì, îäíà èç êîòîðûõ ñîîòâåòñòâóåò àëãåáðàè÷åñêîé ÷àñòè, à âòîðàÿ � äè��åðåíöèàëüíîé. Äàëåå

äëÿ îáúåêòà, ñîîòâåòñòâóþùåãî äè��åðåíöèàëüíîé ÷àñòè, ñòðîèòñÿ äèíàìè÷åñêèé ðåãóëÿòîð, îáåñïå-

÷èâàþùèé âûðîæäåíèå ñîîòâåòñòâóþùèõ �àçîâûõ êîìïîíåíò. Îòëè÷èòåëüíîé ÷åðòîé ðàáîòû ÿâëÿåòñÿ

âîçìîæíîñòü îáåñïå÷èòü çàìêíóòîé ñèñòåìå íàïåðåä çàäàííûé êîíå÷íûé ñïåêòð, çà ñ÷åò âûáîðà êî-

òîðîãî çàìêíóòàÿ ñèñòåìà ìîæåò áûòü ñäåëàíà àñèìïòîòè÷åñêè óñòîé÷èâîé. Èçó÷àåòñÿ âîçìîæíîñòü

òàêîãî óïðàâëåíèÿ ñèñòåìîé â ñëó÷àå îòñóòñòâèÿ ó íåå ñâîéñòâà ïîëíîé óïðàâëÿåìîñòè. Â äîêàçàòåëü-

ñòâå îñíîâíîãî ðåçóëüòàòà ïðèâîäèòñÿ ïîýòàïíàÿ ïðîöåäóðà ïîñòðîåíèÿ òàêîãî ðåãóëÿòîðà. �åçóëüòàòû

èññëåäîâàíèÿ ïðîèëëþñòðèðîâàíû êîíêðåòíûì ÷èñëîâûì ïðèìåðîì.

Êëþ÷åâûå ñëîâà: àëãåáðî-äè��åðåíöèàëüíàÿ ñèñòåìà, ðåãóëÿðíàÿ ïàðà ìàòðèö, çàïàçäûâàíèå, óïðàâ-

ëÿåìîñòü, ðåãóëÿòîð, îáðàòíàÿ ñâÿçü.

Ââåäåíèå

Ïðîáëåìà ïîëíîé óïðàâëÿåìîñòè (ïîëíîãî óñïîêîåíèÿ) âïåðâûå áûëà ïîñòàâëåíà Í.Í. Êðà-

ñîâñêèì [1℄ äëÿ ñèñòåì çàïàçäûâàþùåãî òèïà è çàòåì èçó÷àëàñü ìíîãèìè àâòîðàìè. Â áîëü-

øèíñòâå ñëó÷àåâ ðåçóëüòàòû èññëåäîâàíèé çàäà÷è ïîëíîé óïðàâëÿåìîñòè [2�5℄ è åå îáîáùå-

íèÿ [6�8℄ ïðåäñòàâëÿþò ñîáîé, êàê ïðàâèëî, êðèòåðèè ðàçðåøèìîñòè è ìåòîäû �îðìèðîâàíèÿ

ïðîãðàììíûõ óïðàâëåíèé. Îäíàêî óñòðîéñòâà, �óíêöèîíèðóþùèå ïî ïðèíöèïó ïðîãðàììíîãî

óïðàâëåíèÿ, èìåþò ñóùåñòâåííûå íåäîñòàòêè. Íàïðèìåð, íåâîçìîæíîñòü êîððåêòíîãî óïðàâ-

ëåíèÿ îáúåêòîì, åñëè âîçíèêàþò çàðàíåå íåèçâåñòíûå âîçìóùåíèÿ, âëèÿþùèå íà óïðàâëÿå-

ìóþ âåëè÷èíó. Òàêæå åñëè îáúåêò óïðàâëåíèÿ ÿâëÿåòñÿ íåéòðàëüíûì èëè íåóñòîé÷èâûì [9,

ñ. 12℄, òî íåáîëüøàÿ ñèñòåìàòè÷åñêàÿ îøèáêà â ïðîãðàììíîì óïðàâëåíèè ïðèâîäèò ê íàðàñòà-

þùåé îøèáêå óïðàâëÿåìîé âåëè÷èíû. Âñå ýòî è ìíîãîå äðóãîå ïðèâåëî ê íåîáõîäèìîñòè èñêàòü

äðóãèå ïðèíöèïû âîçäåéñòâèÿ (óïðàâëåíèÿ). Îäíèì èç øèðîêî èñïîëüçóåìûõ â íàøå âðåìÿ

ïðèíöèïîâ ÿâëÿåòñÿ ïðèíöèï îáðàòíîé ñâÿçè. Åãî îñíîâíàÿ èäåÿ çàêëþ÷àåòñÿ â îïðåäåëåíèè

îòêëîíåíèÿ òåêóùåãî ñîñòîÿíèÿ âûõîäíîé èëè èçìåðÿåìîé ïåðåìåííîé îò òðåáóåìîãî çíà÷å-

íèÿ, è, òàêèì îáðàçîì, íà åãî îñíîâå ïðîèñõîäèò �îðìèðîâàíèå óïðàâëÿþùåãî âîçäåéñòâèÿ.

Çàäà÷à êîíñòðóèðîâàíèÿ ðåãóëÿòîðîâ, îñíîâàííûõ íà ïðèíöèïå îáðàòíîé ñâÿçè è îáåñïå÷èâà-

þùèõ ñèñòåìå óïðàâëåíèÿ çàäàííûå ñâîéñòâà, çàíèìàåò îäíî èç öåíòðàëüíûõ ìåñò â òåîðèè

àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ. Óïðàâëåíèå ïî ïðèíöèïó îáðàòíîé ñâÿçè íàøëî ñâîå øèðî-

êîå ïðèìåíåíèå â òàêèõ îáëàñòÿõ êàê ïðîìûøëåííîñòü, òåõíèêà, ìàøèíîñòðîåíèå, ýêîíîìèêà

è ìíîãîå äðóãîå.

Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò ìíîãî ðàáîò, ïîñâÿùåííûõ ïîñòðîåíèþ ðåãóëÿòîðîâ, îñíî-

âàííûõ íà ïðèíöèïå îáðàòíîé ñâÿçè, îäíàêî â ðàìêàõ äàííîãî èññëåäîâàíèÿ îñòàíîâèìñÿ áîëåå

ïîäðîáíî íà ñòàòüÿõ [2�4℄. Èõ îñíîâíàÿ èäåÿ çàêëþ÷àåòñÿ â îáåñïå÷åíèè òî÷å÷íîé âûðîæäåííî-

ñòè çàìêíóòîé ñèñòåìû â íàïðàâëåíèÿõ, îòâå÷àþùèõ �àçîâûì ïåðåìåííûì èñõîäíîé ñèñòåìû.

Ïðè ýòîì íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ñóùåñòâîâàíèÿ ðåãóëÿòîðà ÿâëÿåòñÿ óñëîâèå
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ïîëíîé óïðàâëÿåìîñòè [5℄, êîòîðîå ñîâïàäàåò ñ óñëîâèåì ñïåêòðàëüíîé óïðàâëÿåìîñòè [10℄ �

ïîëíîé óïðàâëÿåìîñòè êîíå÷íîìåðíîé ïîäñèñòåìû, ñîîòâåòñòâóþùåé âñÿêîìó ñïåêòðàëüíîìó

çíà÷åíèþ èñõîäíîé ñèñòåìû.

Â ñëó÷àå ìíîãîâõîäíûõ ñèñòåì ñ ìíîãèìè çàïàçäûâàíèÿìè â óïðàâëåíèè óñëîâèÿ ïîë-

íîé (ñïåêòðàëüíîé) óïðàâëÿåìîñòè ÿâëÿþòñÿ èçáûòî÷íûìè äëÿ ñóùåñòâîâàíèÿ ïðîãðàììíî-

ãî óïðàâëåíèÿ, óñïîêàèâàþùåãî ðåøåíèå [6�8℄. Ñîîòâåòñòâåííî, âîçíèêàåò âîïðîñ: ìîæíî ëè

â ñëó÷àå àâòîíîìíîé ðåãóëÿðíîé àëãåáðî-äè��åðåíöèàëüíîé ñèñòåìû, íå îáëàäàþùåé ñâîé-

ñòâîì ïîëíîé óïðàâëÿåìîñòè, çàìêíóòü åå ëèíåéíîé îáðàòíîé ñâÿçüþ òàê, ÷òîáû îáåñïå÷èòü

ðåøåíèþ èñõîäíîé ñèñòåìû ðàâåíñòâî x(t) ≡ 0, t > t1, êàêîâî áû íè áûëî íà÷àëüíîå ñîñòîÿíèå

ñèñòåìû, à òàêæå ÷òîáû çàìêíóòàÿ ñèñòåìà ñòàëà àñèìïòîòè÷åñêè óñòîé÷èâîé?

Äëÿ îáåñïå÷åíèÿ ðåøåíèþ àâòîíîìíîé ðåãóëÿðíîé àëãåáðî-äè��åðåíöèàëüíîé ñèñòåìû ðà-

âåíñòâà x(t) ≡ 0, t > t1, ìîæíî âîñïîëüçîâàòüñÿ ðåçóëüòàòàìè ðàáîò [2, 11℄. Îäíàêî åñëè ñïåêòð

çàìêíóòîé ñèñòåìû áóäåò ñîäåðæàòü èíâàðèàíòíûå çíà÷åíèÿ, òî ïðè ëþáîì âûáîðå êîý��èöè-

åíòîâ ðåãóëÿòîðà èõ íå óäàåòñÿ èñêëþ÷èòü, ñëåäîâàòåëüíî, íåâîçìîæíî îáåñïå÷èòü çàìêíóòîé

ñèñòåìå àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü. Äëÿ ðåøåíèÿ ýòîé ïðîáëåìû ïðåäëàãàåòñÿ â ðåãóëÿ-

òîðå ââåñòè èíòåãðàëüíûå ñîñòàâëÿþùèå è âîñïîëüçîâàòüñÿ ðåçóëüòàòàìè ðàáîò [3, 4℄. Îäíàêî

â ðàáîòàõ [3, 4℄, â îòëè÷èå îò íàñòîÿùåé, ðàññìàòðèâàåòñÿ âîïðîñ ñóùåñòâîâàíèÿ ðåãóëÿòîðà

òîëüêî äëÿ ïîëíîñòüþ óïðàâëÿåìûõ ñèñòåì, çàïàçäûâàþùåãî òèïà, áåç çàïàçäûâàíèÿ â óïðàâ-

ëåíèè.

Â íàñòîÿùåé ñòàòüå ïîñòðîåí äèíàìè÷åñêèé ðåãóëÿòîð, îáåñïå÷èâàþùèé àâòîíîìíîé ðåãó-

ëÿðíîé àëãåáðî-äè��åðåíöèàëüíîé ñèñòåìå, íå îáëàäàþùåé ñâîéñòâîì ïîëíîé óïðàâëÿåìîñòè

à) ðàâåíñòâî x(t) ≡ 0, t > t1, êàêîâî áû íè áûëî íà÷àëüíîå ñîñòîÿíèå; á) àñèìïòîòè÷åñêóþ

óñòîé÷èâîñòü çàìêíóòîé ñèñòåìû. Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ òàêîé îáðàòíîé ñâÿçè

ñîâïàäàþò ñ êðèòåðèåì óñïîêîåíèÿ ðåøåíèÿ íå ïîëíîñòüþ óïðàâëÿåìûõ ñèñòåì [12℄. Â èäåéíîì

ïëàíå äàííàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèå, íà÷àòîå â [11℄.

� 1. Ïîñòàíîâêà çàäà÷è

Ïðåäïîëîæèì, ÷òî îáúåêò óïðàâëåíèÿ îïèñûâàåòñÿ ëèíåéíîé àâòîíîìíîé ðåãóëÿðíîé àëãå-

áðî-äè��åðåíöèàëüíîé ñèñòåìîé ñ ñîèçìåðèìûìè çàïàçäûâàíèÿìè (êîòîðóþ äëÿ êðàòêîñòè

íàçîâåì ñèñòåìîé Σ):

d

dt

(
A0x(t)

)
= Ax(t) +

m∑

i=0

Biu(t− ih), t > 0, (1.1)

C0A0x(0) = C0A0q, u(t) ≡ 0, t < 0, (1.2)

ãäå x � n-âåêòîð-ñòîëáåö ðåøåíèÿ óðàâíåíèÿ (1.1); u � r-âåêòîð-ñòîëáåö óïðàâëåíèÿ; A0, A �

ïîñòîÿííûå ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðîâ; Bi ∈ R
n×r

, i = 0,m; h � ïîñòîÿííîå çàïàç-

äûâàíèå; Ci, i = 0, 1, . . . , � áàçîâûå ìàòðèöû [13, ñ. 26�28℄. Ïðåäïîëàãàåòñÿ, ÷òî ïàðà ìàòðèö(
A0, A

)
ðåãóëÿðíàÿ, ò. å. ñóùåñòâóåò òàêîå ÷èñëî α ∈ C (C � ìíîæåñòâî êîìïëåêñíûõ ÷èñåë),

äëÿ êîòîðîãî det (A−αA0) 6= 0 [13, ñ. 10℄. Â êà÷åñòâå äîïóñòèìûõ óïðàâëåíèé áóäåì èñïîëüçî-

âàòü êóñî÷íî-íåïðåðûâíûå �óíêöèè u(t), t > 0, òàêèå, ÷òî ðåøåíèå x(t), t > 0, � íåïðåðûâíàÿ,

à A0x(t), t > 0, � äè��åðåíöèðóåìàÿ �óíêöèè.

Çàìå÷àíèå 1. Â [12℄ îáîñíîâàíà öåëåñîîáðàçíîñòü âûáîðà â êîíòåêñòå äàííîé ðàáîòû íà-

÷àëüíîãî óñëîâèÿ â âèäå (1.2). Ïðè ýòîì ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå ñèñòåìû Σ [13,

ñ. 45℄.

Îáîçíà÷èì W (λ) = λA0−A, BA =
m∑
i=0

e−C0AihBi. Êðèòåðèé ïîëíîé óïðàâëÿåìîñòè (ïîëíîãî

óñïîêîåíèÿ) ñèñòåìû Σ èìååò âèä [11, 12℄

rank [W (λ), BA] = n ∀λ ∈ C. (1.3)
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Íàïîìíèì, ÷òî ñèñòåìà Σ íàçûâàåòñÿ ïîëíîñòüþ óïðàâëÿåìîé [12, 14℄, åñëè äëÿ ëþáîãî

óêàçàííîãî âûøå íà÷àëüíîãî óñëîâèÿ (1.2) ñóùåñòâóþò ìîìåíò âðåìåíè t1 > 0 è óïðàâëåíèå

u(t), t ∈ (0, t1 −mh], u(t) ≡ 0, t > t1 −mh, òàêèå, ÷òî

x(t) ≡ 0, t > t1. (1.4)

Çàäà÷ó âûáîðà óïðàâëåíèÿ u(t), t > 0, îáåñïå÷èâàþùåãî òîæäåñòâî (1.4) áåç òðåáîâàíèÿ

u(t) ≡ 0, t > t1 − mh, áóäåì íàçûâàòü, â îòëè÷èå îò çàäà÷è ïîëíîãî óñïîêîåíèÿ ñèñòåìû,

çàäà÷åé óñïîêîåíèÿ ðåøåíèÿ ñèñòåìû.

Â íàñòîÿùåé ñòàòüå ðåøåíà çàäà÷à ïîñòðîåíèÿ ðåãóëÿòîðà ñ îáðàòíîé ñâÿçüþ ïî ñîñòîÿ-

íèþ, îáåñïå÷èâàþùåãî óñïîêîåíèå ðåøåíèÿ ìíîãîâõîäíîé ëèíåéíîé àâòîíîìíîé ðåãóëÿðíîé

àëãåáðî-äè��åðåíöèàëüíîé ñèñòåìû. Â îòëè÷èå îò ðàáîòû [11℄ ïîñòðîåííûé íèæå ðåãóëÿòîð

îáåñïå÷èâàåò àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü çàìêíóòîé ñèñòåìû, ÷òî ÿâëÿåòñÿ âåñüìà çíà÷è-

ìûì äëÿ ìîäåëèðîâàíèÿ êîíêðåòíûõ îáúåêòîâ óïðàâëåíèÿ.

� 2. Ñòðóêòóðà ðåãóëÿòîðà

Ââåäåì ðÿä îáîçíà÷åíèé. Ïóñòü R
k1×k2 [z] � ìíîæåñòâî ìàòðèö ðàçìåðà k1 × k2, ýëåìåíòû

êîòîðûõ ÿâëÿþòñÿ ïîëèíîìàìè ïåðåìåííîé z, Ik3×k4 [z] � ìíîæåñòâî ìàòðèö ðàçìåðà k3 × k4,

ýëåìåíòû êîòîðûõ I(z) ÿâëÿþòñÿ èíòåãðî-ðàçíîñòíûìè îïåðàòîðàìè, äåéñòâóþùèìè íà ìíî-

æåñòâå êóñî÷íî-íåïðåðûâíûõ �óíêöèé φ(t), t > t1, ïî ïðàâèëó

I(z)φ(t) =
N∑

i=0

∫ h

0
eλks

si

i!
Qi(z)φ(t − s) ds, t > 0,

ãäå Qi(z) ∈ R
1×1[z], i = 0, N , λk ∈ ΛK , ãäå ΛK =

{
λk ∈ C, k = 1, L

}
� íåêîòîðûé íàáîð äåé-

ñòâèòåëüíûõ èëè êîìïëåêñíî ñîïðÿæåííûõ ÷èñåë, L,N ∈ N.

Óñïîêîåíèå ðåøåíèÿ ñèñòåìû Σ ïðåäëàãàåòñÿ îñóùåñòâèòü äèíàìè÷åñêèì ðåãóëÿòîðîì ïî

òèïó îáðàòíîé ñâÿçè ïî ñîñòîÿíèþ âèäà

u(t) = K1(z)x(t) + γ1ξ(t) + Tψ(t), (2.1)

ψ(t) = Sψ(t− h) +K2(z)x(t) + γ2ξ(t), (2.2)

ξ̇(t) = I1(z)x(t) + I2(z)ξ(t) + I3(z)y(t), (2.3)

ẏ(t) = R1(z)x(t) +R2(z)ξ(t) +R3(z)y(t), t > 0, (2.4)

ãäå K1(z) ∈ R
r×n[z], K2(z) ∈ R

rT×n[z], T ∈ R
r×rT

, S ∈ R
rT×rT

, rT � íåêîòîðîå íàòóðàëüíîå

÷èñëî, col[γ1, γ2] = γ = col[0, . . . , 0, 1, 0, . . . , 0], ãäå 1 ñòîèò íà l-îì ìåñòå, 1 6 l 6 r+ rT , γ1 ∈ R
r
,

γ2 ∈ R
rT
;

I1(z) ∈ I
1×n[z], I2(z) ∈ I

1×1[z], I3(z) ∈ I
1×s[z],

R1(z) ∈ R
s×n[z], R2(z) ∈ R

s×1[z], R3(z) ∈ R
s×s[z];

ξ(t) � ñêàëÿðíàÿ �óíêöèÿ, ψ(t) � rT -âåêòîð-�óíêöèÿ, y(t) = col[y1(t), . . . , ys(t)] � s-âåêòîð-

�óíêöèÿ. Ôóíêöèè x(t), t < −mh, è ξ(t), ψ(t), y(t), t 6 0, ìîãóò áûòü ëþáûìè íåïðåðûâíûìè.

Îïèøåì ìàòðèöû T è S, âõîäÿùèå â ñòðóêòóðó ðåãóëÿòîðà (2.1)�(2.4), à òàêæå ñ�îðìó-

ëèðóåì óñëîâèÿ ðàçðåøèìîñòè çàäà÷è óñïîêîåíèÿ ðåøåíèÿ ñèñòåìû Σ. Äëÿ ýòîãî îïðåäåëèì

[7℄ ïîñëåäîâàòåëüíîñòü âåêòîðîâ δk, k = m,m+1, . . . , êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì ðàçíîñòíîãî

óðàâíåíèÿ

B0δk +
m∑

i=1

Biδk−i = 0n×1, k = m,m+ 1, . . . , (2.5)

ïîðîæäàåìîãî íà÷àëüíûì óñëîâèåì δi = δ̃i, i = 0,m− 1. Ïîñëåäîâàòåëüíîñòü δk, k = m, m+1,
. . ., îïðåäåëÿåìàÿ óðàâíåíèåì (2.5), ñóùåñòâóåò â òîì è òîëüêî òîì ñëó÷àå [7℄, êîãäà δ̃m−i = Tic,
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i = 1,m, ãäå Ti ∈ R
r×rT

� íåêîòîðûå ìàòðèöû, c ∈ R
rT

� ïðîèçâîëüíûé ïîñòîÿííûé âåêòîð

(îäèí è òîò æå äëÿ âñåõ ìàòðèö Ti). Ïðîöåäóðà ïîñòðîåíèÿ ìàòðèö Ti ïðèâåäåíà â ðàáîòå [7℄,

ïîýòîìó çäåñü íå îïèñûâàåòñÿ. Îòìåòèì, ÷òî åå ðåàëèçàöèÿ âñåãäà âîçìîæíà è çàêëþ÷àåòñÿ

â ðåøåíèè êîíå÷íîãî ÷èñëà îäíîðîäíûõ àëãåáðàè÷åñêèõ ñèñòåì. Íàéäåì ïðîèçâîëüíóþ êâàä-

ðàòíóþ ìàòðèöó S ∈ R
rT×rT

êàê ðåøåíèå óðàâíåíèÿ B0T1S +
m∑
i=1

BiTi = 0n×rT , TkS = Tk−1,

k = 2,m, ðàçðåøèìîñòü êîòîðîãî ñëåäóåò èç îïðåäåëåíèÿ ìàòðèö Ti. Çàìåòèì, ÷òî áóäåò âûïîë-

íÿòüñÿ ðàâåíñòâî

m∑
i=0

BiTS
m−i = 0n×rT . Îïðåäåëèì ìàòðèöû [15℄ Gi =

i∑
k=0

BkTS
i−k

, i = 0,m,

GA =
m−1∑
i=0

e−C0AihGi. Îáðàòèì âíèìàíèå, ÷òî Gm =
m∑
i=0

BiTS
m−i = 0n×rT .

� 3. Ïðîöåäóðà ïîñòðîåíèÿ ðåãóëÿòîðà

Òåîðåìà 1 (óñëîâèå ðàçðåøèìîñòè çàäà÷è óñïîêîåíèÿ ðåøåíèÿ ñèñòåìû Σ [11, 12℄). Äëÿ

òîãî ÷òîáû äëÿ ëþáîãî íà÷àëüíîãî óñëîâèÿ (1.2) ñèñòåìû (1.1) ñóùåñòâîâàëî óïðàâëåíèå u(t),
t > 0, îáåñïå÷èâàþùåå (1.4), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü ðàâåíñòâî

rank
[
W (λ), BA, GA

]
= n ∀λ ∈ C. (3.1)

Äàëåå áóäåì ñ÷èòàòü, ÷òî èìååò ìåñòî óñëîâèå (3.1). Ïðåæäå âñåãî, ðàçúÿñíèì âëèÿíèå

íà äèíàìèêó çàìêíóòîé ñèñòåìû �óíêöèè ψ, âõîäÿùåé â ñòðóêòóðó ðåãóëÿòîðà (2.1)�(2.4).

Äëÿ ýòîãî äîêàæåì ñëåäóþùåå óòâåðæäåíèå, â êîòîðîì ïîïóòíî óêàæåì òî÷íûé âèä ñèñòåìû,

êîòîðîé óäîâëåòâîðÿþò �óíêöèè x, ξ, y â ñëó÷àå ðåãóëÿòîðà (2.1)�(2.4). Ïóñòü X = col[x, ξ, y],

z � îïåðàòîð ñäâèãà. Ïîñòðîèì ñëåäóþùèå ïîëèíîìèàëüíûå ìàòðèöû B(z) =
m∑
i=0

Biz
i
, G(z) =

=
m∑
i=0

Giz
i
. �àññìîòðèì ðåãóëÿòîð (2.1)�(2.4).

Ëåììà 1 (ñì. [11℄). Ïðè ëþáûõ íà÷àëüíûõ �óíêöèÿõ ψ(t),X(t), t 6 0, �óíêöèÿ X(t) ïðè

t > mh óäîâëåòâîðÿåò àëãåáðî-äè��åðåíöèàëüíîé ñèñòåìå ñ ñîèçìåðèìûìè çàïàçäûâàíèÿìè

âèäà

d

dt

(
diag

[
A0, 1, Es

]
X(t)

)
=

=



A+B(z)K1(z) +G(z)K2(z) B(z)γ1 +G(z)γ2 0n×s

I1(z) I2(z) I3(z)
R1(z) R2(z) R3(z)


X(t),

(3.2)

ãäå 0n×s ∈ R
n×s

� íóëåâàÿ ìàòðèöà ïîðÿäêà n× s.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ψ(t), t > 0, îïðåäåëÿåòñÿ óðàâíåíèåì (2.2). Èñïîëüçóÿ

îïðåäåëåíèå ìàòðèö Gi, i = 0,m, ìîæíî ïîëó÷èòü, ÷òî [16, 17℄

B(z)Tψ(t) = G(z)K2(z)x(t) +G(z)γ2ξ(t). (3.3)

Ïîäñòàâèì òåïåðü óïðàâëåíèå u(t), t > 0, îïðåäåëÿåìîå �îðìóëîé (2.1), â ñèñòåìó (1.1) è çàìå-
íèì âåëè÷èíó B(z)Tψ(t) ñîãëàñíî (3.3). Â èòîãå ïîëó÷èì, ÷òî ðåøåíèå X(t), t > mh, ñèñòåìû

(1.1), çàìêíóòîé ðåãóëÿòîðîì (2.1)�(2.4), óäîâëåòâîðÿåò (3.2). Ëåììà äîêàçàíà. �

Ñèñòåìå Σ ïîñòàâèì â ñîîòâåòñòâèå ñèñòåìó Σ1:

d

dt

(
A0x̃(t)

)
= Ax̃(t) +

m∑

i=0

B̃iw(t− ih), t > 0, (3.4)

C0A0x̃(0) = C0A0q̃, w(t) ≡ 0, t < 0, (3.5)
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ãäå w = col[w1, w2] � íîâîå óïðàâëåíèå, w1 ∈ R
r
, w2 ∈ R

rT
, B̃i =

[
Bi, Gi

]
, i = 0,m, B̃(z) =

=
m∑
i=0

B̃iz
i
.

Äëÿ ñèñòåìû Σ1 âûïîëíÿåòñÿ óñëîâèå (3.1), ïîýòîìó ýòà ñèñòåìà ÿâëÿåòñÿ ïîëíîñòüþ óïðàâ-

ëÿåìîé [12℄.

Ëåììà 2 (ñì. [11℄). Ïóñòü C0A0q̃ = C0A0q, �óíêöèÿ u(t), t > 0, îïðåäåëÿåòñÿ �îðìó-

ëîé (2.1), a ψ(t) � �îðìóëîé (2.2). Òîãäà x(t) = x̃(t) ïðè t > 0.

Äëÿ äîêàçàòåëüñòâà ëåììû 2 äîñòàòî÷íî ïîêàçàòü [11℄, ÷òî íåîäíîðîäíûå ÷àñòè óðàâíåíèé

(1.1) è (3.4) ïðè âûïîëíåíèè óñëîâèé ëåììû 2 ñîâïàäàþò.

Ïîñêîëüêó ðåøåíèÿ ñèñòåì Σ è Σ1 ñîâïàäàþò ïðè t > 0, òî äëÿ äàëüíåéøåãî èññëåäîâàíèÿ
áóäåì èñïîëüçîâàòü ñèñòåìó Σ1.

�àññìîòðèì ïàðó ìàòðèö (A0, A), êîòîðàÿ ÿâëÿåòñÿ ðåãóëÿðíîé. Èñïîëüçóÿ [13, 
. 25℄, ìîæ-
íî ïîñòðîèòü òàêèå íåîñîáûå ìàòðèöû P è Q, ÷òî ñïðàâåäëèâî êàíîíè÷åñêîå ïðåäñòàâëåíèå

ìàòðèö A0, A: A0 = PA0Q, A = PAQ, ãäå A0 = diag
[
M,En2

,W
]
, A = diag

[
En1

, R,En3

]
,

M ∈ R
n1×n1

, R ∈ R
n2×n2

� íèëüïîòåíòíûå ìàòðèöû, W ∈ R
n3×n3

� íåîñîáàÿ ìàòðèöà

(n1 + n2 + n3 = n). Â îáùåì ñëó÷àå íåêîòîðûå èç ñîîòâåòñòâóþùèõ ïàð ìàòðèö â óêàçàííîì

êàíîíè÷åñêîì ïðåäñòàâëåíèè ìîãóò îòñóòñòâîâàòü, îäíàêî ýòî íå íàðóøàåò îáùíîñòè ðàññóæ-

äåíèé. Ïóñòü lM � èíäåêñ íèëüïîòåíòíîñòè ìàòðèöû M (M lM = 0n1×n1
), Q = col[Q1, Q2],

Q1 ∈ R
n1×n

, Q2 ∈ R
(n2+n3)×n

.

Âîñïîëüçóåìñÿ îïèñàííûì âûøå êàíîíè÷åñêèì ïðåäñòàâëåíèåì ìàòðèö A0, A. Ïîëîæèì

x̂ = Qx̃, x̂ = col[x̂1, x̂2], x̂1 ∈ R
n1 , x̂2 ∈ R

n2+n3 ,

P−1B̃i = col[B̄i,
¯̄Bi], B̄(z) =

m∑

i=0

B̄iz
i ∈ R

n1×(r+rT )[z], ¯̄B(z) =

m∑

i=0

¯̄Biz
i ∈ R

(n2+n3)×(r+rT )[z],

B̂(z) = diag[En2
,W−1] ¯̄B(z), Â = diag[R,W−1].

Òîãäà �óíêöèè x̂1, x̂2 óäîâëåòâîðÿþò ñëåäóþùèì ñèñòåìàì:

d

dt

(
Mx̂1(t)

)
= x̂1(t) + B̄(z)w(t), t > 0, (3.6)

˙̂x2(t) = Âx̂2(t) + B̂(z)w(t), t > 0, x̂2(0) = q̂, (3.7)

ãäå âåêòîð q̂ = Q2q̃. �åøåíèå óðàâíåíèÿ (3.6) îïðåäåëÿåòñÿ [13, 
. 27℄ �îðìóëîé, íå çàâèñÿùåé

îò íà÷àëüíîãî óñëîâèÿ:

x̂1(t) = −

lM−1∑

j=0

dj

dtj
M j(B̄(z)w(t)), t > 0. (3.8)

Â (3.6) ïðåäïîëàãàåì, ÷òî �óíêöèÿ w (lM − 1) ðàç íåïðåðûâíî äè��åðåíöèðóåìà.
�àññìîòðèì (3.7) è ïàðó ìàòðèö

(
Â, B̂(z)

)
. Â ñèëó (3.1)

rank[λEn2+n3
− Â, B̂(e−λh)] = n2 + n3 ∀λ ∈ C, (3.9)

à ýòî ðàâíîñèëüíî ðàâåíñòâó rank[B̂(e−λh), . . . , Ân2+n3−1B̂(e−λh)] = n2 + n3 (çäåñü è äàëåå ïîä

ðàíãîì ïîëèíîìèàëüíîé ìàòðèöû ïîíèìàåì [18, ñ. 143℄ íàèáîëüøèé ïîðÿäîê íåðàâíîãî òîæ-

äåñòâåííîìó íóëþ åå ìèíîðà). Âûáåðåì ñòîëáöû b̂si(z), i = 1, θ, 1 6 θ 6 r + rT , ìàòðèöû B̂(z)
òàê, ÷òîáû èìåëè ìåñòî ðàâåíñòâà

rank[b̂s1(z), . . . , Â
ν1−1b̂s1(z), b̂s2(z), . . . , Â

ν2−1b̂s2(z), . . . , Â
νj−1b̂sj(z)] =

= rank[b̂s1(z), . . . , Â
ν1−1b̂s1(z), b̂s2(z), . . . , Â

ν2−1b̂s2(z), . . . , Â
νj−1b̂sj (z), Â

νj b̂sj(z)] =
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= ν1 + ν2 + . . .+ νj , j = 1, θ, ν1 + ν2 + . . .+ νθ = n2 + n3.

Îáîçíà÷èì

Â
b̂
(z) = [b̂s1(z), . . . , Â

ν1−1b̂s1(z), b̂s2(z), . . . , Â
ν2−1b̂s2(z), . . . , Â

νθ−1b̂sθ(z)].

Ó÷èòûâàÿ, ÷òî rankÂ
b̂
(e−λh) = n2 + n3, ïîñòðîèì [18, ñ. 139℄ êâàäðàòíóþ ïîëèíîìèàëüíóþ

ìàòðèöó H(z), detH(z) ≡ const 6= 0, òàêóþ, ÷òî ìàòðèöà H(z)Â
b̂
(z) áóäåò èìåòü ñòðóêòóðó

H(z)Â
b̂
(z) =




0 0 . . . ∗
. . . . . . . . . . . .

0 ∗ . . . ∗
∗ ∗ . . . ∗


,

ãäå ñèìâîëîì ¾ ∗ ¿ îáîçíà÷åíû íåêîòîðûå ïîëèíîìû, ïðè÷åì ïîëèíîìû, ñòîÿùèå íà ïîáî÷íîé

äèàãîíàëè, îòëè÷íû îò òîæäåñòâåííîãî íóëÿ. Çàìåòèì, ÷òî óìíîæåíèå ìàòðèöû Â
b̂
(z) ñëå-

âà íà ìàòðèöó H(z) ðàâíîñèëüíî ýëåìåíòàðíûì ïðåîáðàçîâàíèÿì åå ñòðîê. Ïîëîæèì Ă(z) =
= H(z)ÂH−1(z), B̆(z) = H(z)B̂(z). Äàëåå áóäåì ñ÷èòàòü, ÷òî â ìàòðèöå Â

b̂
(z) íîìåð s1 = l,

1 6 l 6 r + rT . Òîãäà l-ûé ñòîëáåö ìàòðèöû B̆(z) áóäåò èìåòü âèä b̆l(z) = col[0, . . . , 0, b̆(z)], ãäå
b̆(z) � íåêîòîðûé ïîëèíîì. Ïîñêîëüêó èìååò ìåñòî (3.9), òî

rank[λEn2+n3
− Ă(e−λh), B̆(e−λh)] = n2 + n3 ∀λ ∈ C.

Â ñèëó ïîñëåäíåãî óñëîâèÿ ìîæíî ïîñòðîèòü [19℄ ïîëèíîìèàëüíóþ ìàòðèöó K̆(z) òàêóþ, ÷òî

rank[λEn2+n3
−D(e−λh), b̆l(e

−λh)] = n2 + n3 ∀λ ∈ C, (3.10)

ãäå D(z) = Ă(z) + B̆(z)K̆(z). Ïîëîæèì x̄(t) = H(z)x̂2(t),

w(t) = K̆(z)x̄(t) + γξ̄(t), t > 0, (3.11)

è ðàññìîòðèì âñïîìîãàòåëüíóþ ëèíåéíóþ àâòîíîìíóþ äè��åðåíöèàëüíî-ðàçíîñòíóþ ñèñòåìó

ñ ñîèçìåðèìûìè çàïàçäûâàíèÿìè

˙̄x(t) = D(z)x̄(t) + b̆l(z)ξ̄(t), (3.12)

˙̄ξ(t) = v(t), t > 0, (3.13)

ãäå col[x̄, ξ̄] ∈ R
n2+n3+1

� âåêòîð-ñòîëáåö ðåøåíèÿ ñèñòåìû (3.12)�(3.13), à v(t), t > 0, � ñêà-

ëÿðíîå êóñî÷íî-íåïðåðûâíîå óïðàâëÿþùåå âîçäåéñòâèå. Íåîáõîäèìîñòè êîíêðåòèçèðîâàòü íà-

÷àëüíîå óñëîâèå ñèñòåìû (3.12)�(3.13) äëÿ äàëüíåéøèõ ðàññóæäåíèé íåò.

Èç (3.10) ñëåäóåò, ÷òî

rank

[
λEn2+n3

−D
(
e−λh

)
−b̆l

(
e−λh

)
0

01×(n2+n3) λ 1

]
= n2 + n3 + 1 ∀λ ∈ C, (3.14)

ò. å. ñèñòåìà (3.12)�(3.13) ÿâëÿåòñÿ ñïåêòðàëüíî óïðàâëÿåìîé [20℄.

Çàìå÷àíèå 2. Åñëè âåêòîð b̆l(z) = b̆l, òî åñòü íå çàâèñèò îò z, òî âìåñòî ñèñòåìû (3.12)�

(3.13) ìîæíî èñïîëüçîâàòü ñèñòåìó âèäà

˙̄x(t) = D(z)x̄(t) + b̆lξ̄(t). (3.15)

Íå íàðóøàÿ îáùíîñòè ðàññóæäåíèé, ìîæíî ñ÷èòàòü, ÷òî âåêòîð b̆l = col[0, 0, . . . , 0, 1]. Ýòîãî
âñåãäà ìîæíî äîñòè÷ü íåâûðîæäåííûì ïðåîáðàçîâàíèåì ïåðåìåííûõ ñ ïîñòîÿííîé ìàòðèöåé

U : x = Ux,
(
Ub̆l = col[0, 0, . . . , 0, 1]

)
. Ñèñòåìà (3.15) â ñèëó (3.10) ÿâëÿåòñÿ ñïåêòðàëüíî óïðàâ-

ëÿåìîé [20℄.
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Â ðàáîòàõ [2�4℄ ïîêàçàíî, ÷òî ëèíåéíóþ àâòîíîìíóþ äè��åðåíöèàëüíî-ðàçíîñòíóþ ñèñòå-

ìó ñ îäíèì âõîäîì ïðè íàëè÷èè ñâîéñòâà ñïåêòðàëüíîé óïðàâëÿåìîñòè âñåãäà ìîæíî çàìêíóòü

ëèíåéíîé îáðàòíîé ñâÿçüþ, îáåñïå÷èâàþùåé åå òî÷å÷íóþ âûðîæäåííîñòü â íàïðàâëåíèÿõ, îòâå-

÷àþùèõ êîìïîíåíòàì ðàçîìêíóòîé ñèñòåìû. Èñïîëüçóÿ ìåòîäèêó ðàáîòû [3℄, çàìêíåì ñèñòåìó

(3.12)�(3.13) ðåãóëÿòîðîì

v(t) = Ī1(z)x̄(t) + I2(z)ξ̄(t) + I3(z)ȳ(t), (3.16)

˙̄y(t) = R̄1(z)x̄(t) +R2(z)ξ̄(t) +R3(z)ȳ(t), t > 0, (3.17)

ãäå âñïîìîãàòåëüíàÿ ïåðåìåííàÿ ȳ = col[ȳ1, . . . , ȳs] ∈ R
s
, s � íåêîòîðîå íàòóðàëüíîå ÷èñëî,

Ī1(z) ∈ I
1×(n2+n3)[z], I2(z) ∈ I

1×1[z], I3(z) ∈ I
1×s[z],

R̄1(z) ∈ R
s×(n2+n3)[z], R2(z) ∈ R

s×1[z], R3(z) ∈ R
s×s[z].

Ïóñòü X̄ = col[x̄, ξ̄, ȳ], òîãäà çàìêíóòàÿ ñèñòåìà (3.12)�(3.13), (3.16)�(3.17) áóäåò èìåòü âèä

˙̄X(t) =



D(z) b̆l(z) 0(n2+n3)×s

Ī1(z) I2(z) I3(z)
R̄1(z) R2(z) R3(z)


 X̄(t), t > 0. (3.18)

Ïàðàìåòðû Ī1(z), I2(z), I3(z), R̄1(z), R2(z), R3(z) âûáèðàåì òàêèì îáðàçîì, ÷òîáû âûïîëíÿëèñü

ñëåäóþùèå óñëîâèÿ: 1) äåéñòâèòåëüíûå ÷àñòè ñïåêòðàëüíûõ çíà÷åíèé ñèñòåìû (3.18) áûëè

îòðèöàòåëüíûå, òàêèì îáðàçîì, îáåñïå÷èâàåì åå àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü; 2) ñèñòåìà

(3.18) áûëà òî÷å÷íî âûðîæäåííîé â íàïðàâëåíèÿõ, îòâå÷àþùèõ ïåðâûì n2+n3+s êîìïîíåíòàì
åå ðåøåíèÿ, ò. å. êîìïîíåíòàì x̄, ξ̄, col[ȳ1, . . . , ȳs−1]. Äðóãèìè ñëîâàìè, íàéäåòñÿ ìîìåíò âðåìåíè
t1 > 0 òàêîé, ÷òî, êàêîâû áû íè áûëè íà÷àëüíûå óñëîâèÿ X̄(t), t 6 0, áóäóò âûïîëíÿòüñÿ

òîæäåñòâà

x̄(t) ≡ 0, ξ̄(t) ≡ 0, col[ȳ1, . . . , ȳs−1] ≡ 0, t > t1.

Çàìå÷àíèå 3. Ñèñòåìà (3.18) íàçûâàåòñÿ òî÷å÷íî âûðîæäåííîé [21℄ â ìîìåíò âðåìåíè t1 >

> 0, åñëè ñóùåñòâóåò íåíóëåâîé âåêòîð g ∈ R
n2+n3+s+1

òàêîé, ÷òî g
′

X̄(t) = 0 äëÿ âñåõ íà-

÷àëüíûõ óñëîâèé ñèñòåìû (3.18). Âåêòîð g íàçûâàþò âåêòîðîì (íàïðàâëåíèåì) âûðîæäåíèÿ

ñèñòåìû (3.18). Èçâåñòíî, ÷òî åñëè ñèñòåìà ÿâëÿåòñÿ òî÷å÷íî âûðîæäåííîé â ìîìåíò âðåìåíè

t1 > 0 â íàïðàâëåíèè âåêòîðà g, òî îíà òî÷å÷íî âûðîæäåíà â ýòîì æå íàïðàâëåíèè ïðè âñåõ

t > t1.

Â ñîîòíîøåíèÿõ (2.1)�(2.4) ïîëîæèì

K(z) = K̆(z)H(z)Q2 = col[K1(z),K2(z)], K1(z) ∈ R
r×n[z], K2(z) ∈ R

rT×n[z],

I1(z) = Ī1(z)H(z)Q2, R1(z) = R̄1(z)H(z)Q2,

ìàòðèöû T, S,Ri(z), Ii(z), i = 2, 3, óêàçàíû ðàíåå. �åãóëÿòîð (2.1)�(2.4) ïîñòðîåí.

Ïîêàæåì òåïåðü, ÷òî ïîñòðîåííûé ðåãóëÿòîð äåéñòâèòåëüíî îáåñïå÷èâàåò ñèñòåìå Σ1,
à ñ ó÷åòîì ëåììû 2 è ñèñòåìå Σ, ðàâåíñòâî (1.4). Äëÿ ýòîãî ðàññìîòðèì ñèñòåìó (3.2). Ïå-

ðåéäåì â íåé ê íîâûì ïåðåìåííûì ïî �îðìóëå

X(t) = diag[Q−1, 1, Es] diag[En1
,H−1(z), 1, Es] col[x̂

1(t), X̄(t)]

è, èñïîëüçóÿ êàíîíè÷åñêîå ïðåäñòàâëåíèå ìàòðèö A0, A, ïîëó÷èì ñèñòåìó, çàìêíóòóþ ðåãóëÿ-

òîðîì (2.1)�(2.4), ò. å. ñèñòåìó (3.18) è (3.6):

d

dt

([
M 0n1×(n2+n3+s+1)

0(n2+n3+s+1)×n1
En2+n3+s+1

] [
x̂1(t)
X̄(t)

])
=

=

[
En1

V1(z)
0(n2+n3+s+1)×n1

V2(z)

] [
x̂1(t)
X̄(t)

]
, t > 0,

(3.19)
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ãäå V2(z) =



D(z) b̆l(z) 0(n2+n3)×s

Ī1(z) I2(z) I3(z)
R̄1(z) R2(z) R3(z)


, V1(z)� íåêîòîðàÿ ïîëèíîìèàëüíàÿ ìàòðèöà ïîðÿäêà

n1 × (n2 + n3 + s+ 1),

det

[
λM − En1

−V1(z)
0(n2+n3+s+1)×n1

λEn2+n3+s+1 − V2(z)

]
=

= det[λM − En1
] det[λEn2+n3+s+1 − V2(z)] = det[λEn2+n3+s+1 − V2(z)].

Ïîëó÷èëè, ÷òî ñîáñòâåííûå çíà÷åíèÿ ñèñòåìû (3.2) è ñèñòåìû (3.18) ñîâïàäàþò.

Èòàê, â ñèëó âûáîðà ìàòðèö Ii(z), Ri(z), i = 1, 3, íàéäåòñÿ ìîìåíò âðåìåíè t̃1 òàêîé, ÷òî

x̄(t) ≡ 0, ξ̄(t) ≡ 0, col[ȳ1, . . . , ȳs−1] ≡ 0, t > t̃1 ïðè ëþáîì íà÷àëüíîì óñëîâèè. Èç (3.11) ñëåäóåò,

÷òî w(t) ≡ 0, t > ˜̃t1, ïîýòîìó â ñèëó (3.8) è òîãî, ÷òî x̄(t) = H(z)x̂2(t), èìååì ðàâåíñòâî x̂(t) ≡ 0,

t > t1 =
˜̃
t1 +mh. Ñ ó÷åòîì òîãî, ÷òî x̂ = Qx̃, è ëåììû 2 ñëåäóåò ðàâåíñòâî (1.4) ïðè t > t1.

Çàìå÷àíèå 4. Â îáùåì ñëó÷àå ðåøåíèå ñèñòåìû (1.1), çàìêíóòîé ðåãóëÿòîðîì (2.1)�(2.4),

áóäåò ÿâëÿòüñÿ êóñî÷íî-íåïðåðûâíûì. ×òîáû äîáèòüñÿ íåïðåðûâíîñòè ðåøåíèÿ, ìîæíî âçÿòü

â êà÷åñòâå íà÷àëüíûõ óñëîâèé â ðåãóëÿòîðå (2.1)�(2.4) íàáîð äàííûõ, ïîñòðîåííûé ïî ñëåäó-

þùåìó ïðèíöèïó. Ïóñòü C̃k, k = 1, 2 . . ., � êëàññ �óíêöèé ϕ = col[ϕ1, ϕ2, ϕ3] (ϕ1 ∈ R
n2+n3

,

ϕ2 ∈ R, ϕ3 ∈ Rs
), îïðåäåëåííûõ íà îòðåçêå [−ih, 0], k − 1 ðàç íåïðåðûâíî äè��åðåíöèðóåìûõ

è óäîâëåòâîðÿþùèõ ãðàíè÷íûì óñëîâèÿì

dj+1

dtj+1



ϕ1(0)
ϕ2(0)
ϕ3(0)


 =

dj

dtj



D(z) b̆l(z) 0(n2+n3)×s

Ī1(z) I2(z) I3(z)
R̄1(z) R2(z) R3(z)





ϕ1(0)
ϕ2(0)
ϕ3(0)


,

j = 0, k − 1, ϕ1(0) = Q2q, i � íàèáîëüøàÿ ñòåïåíü ïåðåìåííîé z ñèñòåìû (3.18). Â êà÷åñòâå

íà÷àëüíûõ óñëîâèé äëÿ ðåãóëÿòîðà (2.1)�(2.4) âîçüìåì ñëåäóþùèé íàáîð äàííûõ:

ψ(t) ≡ 0, t 6 0, col[x(t), ξ(t), y(t)] = col[Q1q, ϕ(t)], t ∈ [−ih, 0], ϕ ∈ C̃k(q).

� 4. Çàêëþ÷åíèå. Ïðèìåð

Äëÿ ëèíåéíîé àâòîíîìíîé ðåãóëÿðíîé àëãåáðî-äè��åðåíöèàëüíîé ñèñòåìû ñ ñîèçìåðèìû-

ìè çàïàçäûâàíèÿìè â óïðàâëåíèè ïðåäñòàâëåíà ïðîöåäóðà ïîñòðîåíèÿ ðåãóëÿòîðà, îáåñïå÷è-

âàþùåãî óñïîêîåíèå ðåøåíèÿ èñõîäíîé ñèñòåìû è àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü çàìêíóòîé

ñèñòåìû. Îòëè÷èòåëüíîé ÷åðòîé ðàáîòû ÿâëÿåòñÿ âîçìîæíîñòü ïðèìåíåíèÿ óêàçàííîãî ðåãó-

ëÿòîðà ê ñèñòåìå, íå îáëàäàþùèì ñâîéñòâîì ïîëíîé óïðàâëÿåìîñòè.

Ïðèìåð 1. �àññìîòðèì ëèíåéíóþ àâòîíîìíóþ ðåãóëÿðíóþ àëãåáðî-äè��åðåíöèàëüíóþ

ñèñòåìó Σ ñ ìàòðèöàìè (n = 4)

A0 =




0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1


, A =




1 0 0 0
0 1 0 0
0 0 0 −1
0 0 0 0


, B0 =




0 1
0 1
0 0
1 0


, B1 =




0 1
0 0
0 1
−1 0


, h = ln 2.

Äëÿ äàííîé ñèñòåìû íàðóøàåòñÿ óñëîâèå ïîëíîé óïðàâëÿåìîñòè (1.3). Âû÷èñëÿåì ìàòðèöû

T = col[1, 0], S = 1, B̃(z) =




0 1 + z 0
0 1 0
0 z 0

1− z 0 1


. Íåñëîæíàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî óñëîâèå
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(3.1) âûïîëíåíî. Èñïîëüçóÿ ïðîöåäóðó ïîñòðîåíèÿ ðåãóëÿòîðà (§ 3), ñòðîèì (2.1)�(2.4). Ïî-

äðîáíûå âûêëàäêè ïîñòðîåíèÿ ðåãóëÿòîðà íå ÿâëÿþòñÿ ïðèíöèïèàëüíî ñëîæíûìè, è â ñèëó èõ

ãðîìîçäêîñòè îíè íå ïðèâîäÿòñÿ. Îêîí÷àòåëüíûé ðåçóëüòàò èìååò âèä

u(t) =

[
0 0 1 1
0 0 1 1

]
x(t) +

[
1
0

]
ψ(t),

ψ(t) = ψ(t− ln2) + [0, 0,−1, 0]x(t) + ξ(t),

ξ̇(t) =

(
z3

448
−

7z2

96
+

7z

8
−

241

21

)
ξ(t)−

−
1

10624320

∫ ln2

0
(3956044z4−120155220z3+1150334440z2−4164161760z+5049903616)esξ(t−s) ds−

−
1

10624320

∫ ln2

0
(1135158z3 − 32334612z2 + 268466448z − 671659392)ξ(t − s) ds+

+ (z4 − 30z3 + 280z2 − 960z + 1024)y(t),

ẏ(t) = R1(z)x(t) +R2(z)ξ(t) +R3(z)y(y), t > 0,

ãäå

R1(z) =

[
0, 0,

989011z4

1189923840
−

47846809z3

1784885760
+

449241179z2

1427908608
+

1172092819z

3569771520
−

673

112896
,

989011z4

1189923840
−

98660651z3

3569771520
+

609823967z2

1784885760
−

109198619

446221440

]
,

R2(z) =
886572821z

2379847680
−

z2

200704
−

43751303

198320640
,

R3(z) = −
z3

448
+

7z2

96
−

7z

8
+

10

21
.

Äëÿ îáåñïå÷åíèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñïåêòð çàìêíóòîé ñèñòåìû (1.1), (2.1)�(2.4)

áûë âçÿò â âèäå ìíîæåñòâà {−1;−2;−3;−4} , ò. å. õàðàêòåðèñòè÷åñêèé ïîëèíîì çàìêíóòîé

ñèñòåìû èìååò âèä d(λ) = (λ+ 1)(λ+ 2)(λ + 3)(λ + 4).
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For a regular linear autonomous algebrai
-di�erential system with 
ommensurable delays in the 
ontrollability,

the problem of 
alming the solution through the feedba
k dynami
 
ontrol is solved. The main idea of

investigation is to sele
t the 
ontroller parameters so that the 
losed system be
omes point-degenerated in

dire
tions 
orresponding to phase 
omponents of the sour
e (open) system. For this purpose the sour
e system

is 
onverted into two subsystems, one of whi
h 
orresponds to the algebrai
 part, and the other � to the

di�erential part. Further, for the obje
t 
orresponding to the di�erential part, a dynami
 
ontroller is built

that provides degeneration of the 
orresponding phase 
omponents. A distin
tive feature of this resear
h is the

ability to provide a 
losed system with a prede�ned �nite spe
trum, by means of whi
h a 
losed system 
an

be made asymptoti
ally stable. The possibility of su
h a 
ontrol over a system in the absen
e of its 
omplete


ontrollability is investigated. Within the proof of the main result a gradual pro
edure for 
onstru
ting su
h

a 
ontroller is presented. The results of the study are illustrated by the spe
i�
 numeri
al example.
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