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ÎÁÚÅÊÒÎÂ Â È��Å Ò�ÅÒÜÅ�Î ÏÎ�ßÄÊÀ

�àññìàòðèâàåòñÿ êîí�ëèêòíîå âçàèìîäåéñòâèå ãðóïï óïðàâëÿåìûõ îáúåêòîâ. Öåëü ãðóïïû ïðåñëåäîâà-

òåëåé � ïîéìàòü, à ãðóïïû óáåãàþùèõ � èçáåæàòü ïîèìêè. Âñå èãðîêè îáëàäàþò ðàâíûìè äèíàìè÷å-

ñêèìè âîçìîæíîñòÿìè. Äâèæåíèå èãðîêîâ çàäàåòñÿ äè��åðåíöèàëüíûì óðàâíåíèåì òðåòüåãî ïîðÿäêà.

Âñå óáåãàþùèå èñïîëüçóþò îäèíàêîâîå óïðàâëåíèå, ïîýòîìó î íèõ ìîæíî ãîâîðèòü êàê î æåñòêî ñêîîð-

äèíèðîâàííûõ èíåðöèîííûõ îáúåêòàõ. Äîêàçàíî, ÷òî åñëè âûïóêëûå îáîëî÷êè, íàòÿíóòûå íà íà÷àëü-

íûå óñêîðåíèÿ ãðóïïû ïðåñëåäîâàòåëåé è ãðóïïû óáåãàþùèõ, íå ïåðåñåêàþòñÿ, òî ïðîèñõîäèò óêëîíåíèå

îò âñòðå÷è.

Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíàÿ èãðà, æåñòêî ñêîîðäèíèðîâàííûå îáúåêòû.

Ââåäåíèå

Çàäà÷è êîí�ëèêòíîãî âçàèìîäåéñòâèÿ ãðóïïû ïðåñëåäîâàòåëåé è ãðóïïû óáåãàþùèõ [1�8℄

ÿâëÿþòñÿ åñòåñòâåííûì îáîáùåíèåì èãð äâóõ ëèö. Öåëü ãðóïïû ïðåñëåäîâàòåëåé � ïîèìêà

çàäàííîãî ÷èñëà óáåãàþùèõ, öåëü óáåãàþùèõ � ïðîòèâîïîëîæíàÿ � èçáåæàòü ïîèìêè.

Áûëè ïîëó÷åíû äîñòàòî÷íûå [9�12℄, à äëÿ çàäà÷è ïðîñòîãî ïðåñëåäîâàíèÿ è íåîáõîäèìûå

[13, 14℄ óñëîâèÿ ïîèìêè õîòÿ áû îäíîãî óáåãàþùåãî â äè��åðåíöèàëüíîé èãðå ñî ìíîãèìè

ó÷àñòíèêàìè ïðè óñëîâèè, ÷òî óáåãàþùèå èñïîëüçóþò îäíî è òî æå óïðàâëåíèå.

Çàäà÷à ïðîñòîãî ïðåñëåäîâàíèÿ äâóõ óáåãàþùèõ, ïðè óñëîâèè, ÷òî óáåãàþùèå èñïîëüçóþò

îäíî è òî æå óïðàâëåíèå, ðàññìàòðèâàëàñü â [15�17℄.

Çàäà÷à óêëîíåíèÿ îäíîãî óáåãàþùåãî îò ãðóïïû ïðåñëåäîâàòåëåé, êîãäà óðàâíåíèå äâèæå-

íèÿ ó÷àñòíèêîâ � äè��åðåíöèàëüíîå óðàâíåíèå òðåòüåãî ïîðÿäêà, áûëà ðåøåíà â [18℄.

Â ðàññìàòðèâàåìîé èãðå ó÷àñòâóþò ãðóïïà ïðåñëåäîâàòåëåé è ãðóïïà óáåãàþùèõ. �ðóïïà

óáåãàþùèõ � æåñòêî ñêîîðäèíèðîâàííûå îáúåêòû. Óðàâíåíèå äâèæåíèÿ ó÷àñòíèêîâ � äè�-

�åðåíöèàëüíîå óðàâíåíèå òðåòüåãî ïîðÿäêà. Âñå èãðîêè èìåþò ðàâíûå äèíàìè÷åñêèå âîçìîæ-

íîñòè. Äîêàçàíî, ÷òî åñëè âûïóêëûå îáîëî÷êè, íàòÿíóòûå íà íà÷àëüíûå óñêîðåíèÿ ãðóïïû

ïðåñëåäîâàòåëåé è ãðóïïû óáåãàþùèõ, íå ïåðåñåêàþòñÿ, òî ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è.

� 1. Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå R
n
(n > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà Γ k +m ëèö: k ïðå-

ñëåäîâàòåëåé è m óáåãàþùèõ. Çàêîí äâèæåíèÿ êàæäîãî óáåãàþùåãî Ej, j = 1, . . . ,m, èìååò
âèä

...

y j = v, ‖v‖ 6 1, yj(0) = y0j , ẏj(0) = ẏ0j , ÿj(0) = ÿ0j . (1.1)

Çàêîí äâèæåíèÿ êàæäîãî ïðåñëåäîâàòåëÿ Pi, i = 1, . . . , k, èìååò âèä

...

x i = ui, ‖ui‖ 6 1, xi(0) = x0i , ẋi(0) = ẋ0i , ẍi(0) = ẍ0i . (1.2)

Îïðåäåëåíèå 1. �îâîðÿò, ÷òî â äè��åðåíöèàëüíîé èãðå Γ èç íà÷àëüíîãî ñîñòîÿíèÿ

(x0i , ẋ0i , ẍ0i , y0j , ẏ0j , ÿ0j ), x0i 6= y0j , i = 1, . . . , k, j = 1, . . . ,m, (1.3)

ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è, åñëè ïî ëþáûì èçìåðèìûì �óíêöèÿì ui(t), ‖ui(t)‖ 6 1,
i = 1, . . . , k, ìîæíî ïîñòðîèòü òàêóþ èçìåðèìóþ �óíêöèþ v(t), ‖v(t)‖ 6 1, ÷òî xi(t) 6= yj(t) äëÿ
âñåõ t ∈ [0,+∞), i = 1, . . . , k, j = 1, . . . ,m.
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Ïðè ýòîì â ìîìåíò t > 0 óïðàâëåíèå óáåãàþùèõ �îðìèðóåòñÿ íà îñíîâå èí�îðìàöèè î ñî-

ñòîÿíèè X(s) = (xi(s), ẋi(s), ẍi(s), yj(s), ẏj(s), ÿj(s)) ïðè s 6 t è î çíà÷åíèÿõ ui(t), i = 1, . . . , k,
j = 1, . . . ,m, â òîò æå ìîìåíò âðåìåíè.

Êàæäûé ïðåñëåäîâàòåëü îáëàäàåò èí�îðìàöèåé î êîîðäèíàòàõ âñåõ èãðîêîâ â äàííûé ìî-

ìåíò âðåìåíè.

Çàìå÷àíèå 1. Îòìåòèì, ÷òî ó âñåõ óáåãàþùèõ îäíî è òî æå óïðàâëåíèå v, ïîýòîìó áóäåì

ãîâîðèòü, ÷òî óáåãàþùèå Ej , j = 1, . . . ,m, ÿâëÿþòñÿ æåñòêî ñêîîðäèíèðîâàííûìè îáúåêòàìè.

� 2. �åøåíèå çàäà÷è

Òåîðåìà 1. Åñëè âûïîëíåíî óñëîâèå

co {ÿ0j }
m
j=1 ∩ co {ẍ0i }

k
i=1 = ∅, (2.1)

òî â èãðå Γ ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è.

Ä î ê à ç à ò å ë ü ñ ò â î. Â ïðîñòðàíñòâå R
n
(n > 2) ðàññìîòðèì âñïîìîãàòåëüíóþ èãðó

Γ∗ km+ 1 ëèö: â èãðå Γ∗ ó÷àñòâóþò km ïðåñëåäîâàòåëåé P̃ij è óáåãàþùèé Ẽ. Çàêîí äâèæåíèÿ

êàæäîãî èç ïðåñëåäîâàòåëåé P̃ij èìååò âèä

...

x ij = ui, ‖ui‖ 6 1, i = 1, . . . , k, j = 1, . . . ,m,

xij(0) = x0i − y0j = x0ij , ẋij(0) = ẋ0i − ẏ0j = ẋ0ij , ẍij(0) = ẍ0i − ÿ0j = ẍ0ij .
(2.2)

Çàêîí äâèæåíèÿ óáåãàþùåãî Ẽ èìååò âèä

...

y = ṽ, ‖ṽ‖ 6 1, y(0) = ẏ(0) = ÿ(0) = 0. (2.3)

Èç (2.1) ñëåäóåò, ÷òî 0 /∈ co {ẍ0i − ÿ0j , i = 1, . . . , k, j = 1, . . . ,m}. Òîãäà óñëîâèå (2.1) ìîæíî

çàïèñàòü ñëåäóþùèì îáðàçîì: 0 /∈ co {ẍ0ij , i = 1, . . . , k, j = 1, . . . ,m}. Ïî óñëîâèþ íà÷àëüíûå

ïîëîæåíèå, ñêîðîñòü è óñêîðåíèå óáåãàþùåãî Ẽ â äè��åðåíöèàëüíîé èãðå Γ∗ ðàâíû íóëþ,

ïîýòîìó (2.1) ìîæíî ïåðåïèñàòü â âèäå

0 /∈ co {ẍ0ij − ÿ0, i = 1, . . . , k, j = 1, . . . ,m}. (2.4)

Òàê êàê âûïîëíåíî (2.4), òî â èãðå Γ∗ â ñèëó ðåçóëüòàòîâ ðàáîòû [18℄ ïðîèñõîäèò óêëîíåíèå

óáåãàþùåãî Ẽ îò ïðåñëåäîâàòåëåé P̃ij . Ýòî îçíà÷àåò, ÷òî xij(t) 6= y(t) äëÿ âñåõ t > 0, i = 1, . . . , k,
j = 1, . . . ,m, ãäå

xij(t) = (x0i − y0j ) + (ẋ0i − ẏ0j )t+ (ẍ0i − ÿ0j )
t2

2
+

∫ t

0

(t− s)2

2
ui(s) ds,

y(t) =

∫ t

0

(t− s)2

2
ṽ(s) ds.

Ïîýòîìó

xij(t)− y(t) = (x0i − y0j ) + (ẋ0i − ẏ0j )t+ (ẍ0i − ÿ0j )
t2

2
+

∫ t

0

(t− s)2

2
(ui(s)− ṽ(s)) ds.

Ñ äðóãîé ñòîðîíû, äëÿ èãðû Γ ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:

xi(t) = xij(t) + y0j + ẏ0j t+ ÿ0j
t2

2
, yj(t) = y(t) + y0j + ẏ0j t+ ÿ0j

t2

2
,

i = 1, . . . , k, j = 1, . . . ,m.
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Ñëåäîâàòåëüíî,

xi(t) = x0i + ẋ0i t+ ẍ0i
t2

2
+

∫ t

0

(t− s)2

2
ui(s) ds,

yj(t) = y0j + ẏ0j t+ ÿ0j
t2

2
+

∫ t

0

(t− s)2

2
ṽ(s) ds,

xi(t)− yj(t) = (x0i − y0j ) + (ẋ0i − ẏ0j )t+ (ẍ0i − ÿ0j )
t2

2
+

∫ t

0

(t− s)2

2
(ui(s)− ṽ(s)) ds.

Òàê êàê xij(t) 6= y(t) äëÿ âñåõ t > 0, i = 1, . . . , k, j = 1, . . . ,m, â èãðå Γ∗, òî xi(t) 6= yj(t)

äëÿ âñåõ t > 0, i = 1, . . . , k, j = 1, . . . ,m, â èãðå Γ. Ïî ñòðàòåãèè óêëîíåíèÿ óáåãàþùåãî Ẽ â

èãðå Γ∗ ñòðîèì ñòðàòåãèþ óêëîíåíèÿ óáåãàþùèõ Ej â èãðå Γ ñëåäóþùèì îáðàçîì: v(t) = ṽ(t),
t ∈ [0,+∞). Òåîðåìà äîêàçàíà. �

Ïðèìåð 1. Ïóñòü n = 3, k = 5, m = 3,

x01 = (3, 2, 1), x02 = (2, 4, 3), x03 = (5, 6, 3), x04 = (4, 3, 2), x05 = (5, 4, 3),

ẋ01 = (4, 3, 2), ẋ02 = (3, 1, 2), ẋ03 = (2, 0, 1), ẋ04 = (3, 2, 1), ẋ05 = (2, 3, 1),

ẍ01 = (0, 1, 0), ẍ02 = (1, 0, 0), ẍ03 = (0, 0, 1), ẍ04 = (0, 2, 0), ẍ05 = (0, 0, 2),

y01 = (−5, 0, 0), y02 = (0,−2, 0), y03 = (−2, 0, 0),

ẏ01 = (0, 0,−3), ẏ02 = (0,−3, 0), ẏ03 = (0, 0,−1),

ÿ01 = (0, 0,−1), ÿ02 = (−1, 0, 0), ÿ03 = (0,−1, 0),

Äëÿ çàäàííûõ íà÷àëüíûõ ïîçèöèé âûïîëíåíî óñëîâèå (2.1), è ïîýòîìó â èãðå Γ ïðîèñõîäèò

óêëîíåíèå îò âñòðå÷è.
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Evasion from a group of rigidly oordinated objets in a third-order game
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A on�it interation of groups of ontrolled objets is onsidered. The pursuers' goal is to ath, and

the evaders' goal is to avoid ontat with pursuers. All players have equal dynami apabilities. Players'

motion is de�ned by a third order di�erential equation. All evaders have equal ontrol, therefore they an be

onsidered as rigidly oordinated inertial objets. It is proved that if the onvex hull spanned by pursuers'

initial aeleration vetor is not interseted with the onvex hull spanned by evaders' initial aeleration

vetor, then the evasion is possible.
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