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�àññìîòðåíà íåëèíåéíàÿ çàäà÷à î ðàñïðîñòðàíåíèè âîëí ïî ñâîáîäíîé ïîâåðõíîñòè ñëîÿ âÿçêîé íåñæè-

ìàåìîé æèäêîñòè áåñêîíå÷íîé ãëóáèíû â ïëîñêîì ñëó÷àå. Ñ ïîìîùüþ ìåòîäà ìàëîãî ïàðàìåòðà äàííàÿ

íåëèíåéíàÿ çàäà÷à ðàñêëàäûâàåòñÿ íà çàäà÷è â ïåðâûõ äâóõ ïðèáëèæåíèÿõ, êîòîðûå ïîñëåäîâàòåëü-

íî ðàçðåøàþòñÿ. Ïîëó÷åíû íåëèíåéíûå âûðàæåíèÿ äëÿ êîìïîíåíò âåêòîðà ñêîðîñòè, äèíàìè÷åñêîãî

äàâëåíèÿ è �îðìû ñâîáîäíîé ïîâåðõíîñòè. Èçó÷àåòñÿ äâèæåíèå ÷àñòèö âÿçêîé æèäêîñòè, âûçâàííîå

ðàñïðîñòðàíåíèåì âîëíû ïî ñâîáîäíîé ïîâåðõíîñòè. Óñòàíîâëåíî, ÷òî âÿçêîñòü æèäêîñòè îêàçûâàåò

ñóùåñòâåííîå âëèÿíèå íà �îðìó òðàåêòîðèé æèäêèõ ÷àñòèö, êîòîðîå ïðîÿâëÿåòñÿ êàê â óìåíüøåíèè

àìïëèòóäû êîëåáàíèé ñ òå÷åíèåì âðåìåíè, òàê è â îòëè÷èè òðàåêòîðèé âáëèçè ñâîáîäíîé ïîâåðõíîñòè

è ïðè çàãëóáëåíèè. Èññëåäîâàí íåëèíåéíûé ý��åêò Ñòîêñà, êîòîðûé çàêëþ÷àåòñÿ â íàëè÷èè ïðèïî-

âåðõíîñòíîãî òå÷åíèÿ.

Êëþ÷åâûå ñëîâà: âÿçêîñòü, âîëíîâîå äâèæåíèå, òðàåêòîðèè ÷àñòèö.

Ââåäåíèå

�åøåíèå íåëèíåéíîé çàäà÷è î âîëíàõ íà ïîâåðõíîñòè ñëîÿ èäåàëüíîé æèäêîñòè ïðèâåäåíî

â ðàáîòàõ [1, 2℄. Â ðàáîòå [2℄ òàêæå íàéäåíû íåëèíåéíûå òðàåêòîðèè æèäêèõ ÷àñòèö. Äëÿ âÿçêîé

æèäêîñòè èçâåñòíî ðåøåíèå ëèíåéíîé çàäà÷è [3, 4, 5℄, à íåëèíåéíàÿ çàäà÷à ðåøåíà òîëüêî äëÿ

ïðèáëèæåíèÿ ñëàáîâÿçêîé æèäêîñòè [6℄. Äàííàÿ ðàáîòà ïîñâÿùåíà îïðåäåëåíèþ íåëèíåéíûõ

âûðàæåíèé äëÿ ñêîðîñòè, äàâëåíèÿ è �îðìû ñâîáîäíîé ïîâåðõíîñòè ïðè âîëíîâîì äâèæåíèè

âÿçêîé æèäêîñòè, à òàêæå îïðåäåëåíèþ òðàåêòîðèé æèäêèõ ÷àñòèö.

dx

dt
= vx,

dz

dt
= vz. (1)

� 1. Íåëèíåéíàÿ çàäà÷à î âîëíàõ íà ïîâåðõíîñòè ñëîÿ âÿçêîé æèäêîñòè

�àññìàòðèâàåòñÿ ñëîé âÿçêîé íåñæèìàåìîé æèäêîñòè áåñêîíå÷íîé ãëóáèíû. Ñâîáîäíàÿ ïî-

âåðõíîñòü ñëîÿ ãðàíè÷èò ñî ñðåäîé ïðåíåáðåæèìî ìàëîé ïëîòíîñòè, õàðàêòåðèçóþùåéñÿ ïî-

ñòîÿííûì äàâëåíèåì Pa (â ÷àñòíîñòè, àòìîñ�åðíûì). Äåêàðòîâàÿ ñèñòåìà êîîðäèíàò çàäàíà

òàê, ÷òî ïëîñêîñòü z∗ = 0 ñîâïàäàåò ñ íåâîçìóùåííîé ïîâåðõíîñòüþ, à îñü z∗ ïðîòèâîïîëîæ-
íî íàïðàâëåíà âåêòîðó ñèëû òÿæåñòè g. Äâèæåíèå æèäêîñòè ïðîèñõîäèò â ïëîñêîñòè x∗z∗ ñî
ñêîðîñòüþ u

∗ = (u∗(t∗, x∗, z∗), 0, v∗(t∗, x∗, z∗)). Çâåçäî÷êîé, òàì, ãäå ýòî íåîáõîäèìî, îáîçíà÷åíû
�èçè÷åñêèå (ðàçìåðíûå) âåëè÷èíû.

Ïóñòü â ïîëîæèòåëüíîì íàïðàâëåíèè îñè ðàñïðîñòðàíÿåòñÿ âîëíà äëèíû λ. Äëèíà âîëíû

ìíîãî áîëüøå åå âûñîòû (λ ≫ ξ∗max). Â îáëàñòè, çàíÿòîé æèäêîñòüþ, âûïîëíÿþòñÿ óðàâíåíèÿ

íåðàçðûâíîñòè è äâèæåíèÿ:

divu∗ = 0,
∂u∗

∂t∗
+ (u∗∇)u∗ = −

1

ρ
∇p∗ +

µ

ρ
∆u

∗. (1)

Çäåñü p∗ = P − Pa + ρgz∗ � äèíàìè÷åñêîå äàâëåíèå, ρ � ïëîòíîñòü, P � äàâëåíèå, µ � êîý�-

�èöèåíò äèíàìè÷åñêîé âÿçêîñòè.
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Íà ñâîáîäíîé ïîâåðõíîñòè z∗ = ξ∗(t∗, x∗) çàäàþòñÿ êèíåìàòè÷åñêîå è äèíàìè÷åñêîå óñëîâèÿ:

v∗ =
∂ξ∗

∂t∗
+ u∗

∂ξ∗

∂x∗
, (2)

pnn = −Pa, pnτ = 0.

Ïðè áåñêîíå÷íîì çàãëóáëåíèè ñêîðîñòü æèäêîñòè äîëæíà çàòóõàòü, ò. å. âûïîëíåíî óñëîâèå

u
∗ → 0, z∗ → −∞. (3)

Ñèñòåìà óðàâíåíèé (1) è ãðàíè÷íûõ óñëîâèé (2), (3) ÿâëÿåòñÿ çàìêíóòîé è ñîñòàâëÿåò íåëè-

íåéíóþ êðàåâóþ çàäà÷ó äëÿ îïðåäåëåíèÿ õàðàêòåðèñòèê âîëíîâîãî äâèæåíèÿ.

Ââåäåì ñëåäóþùèå áåçðàçìåðíûå ïåðåìåííûå è âåëè÷èíû:

u
∗ = εc0u, p∗ = ερc20p, ξ∗ = εξ/k, ν0 = µk/ρc0,

t = kct∗, x = kx∗, z = kz∗, α = c/c0 = ω/ω0, c20 = g/k,

ãäå c0 è ω0 � ñîîòâåòñòâåííî �àçîâàÿ ñêîðîñòü è ÷àñòîòà âîëíû ëèíåéíîé çàäà÷è äëÿ èäåàëüíîé

æèäêîñòè, c è ω � �àçîâàÿ ñêîðîñòü è ÷àñòîòà âîëíû, ε = kξ∗max � ìàëûé âîëíîâîé ïàðàìåòð,

k = 2π/λ � âîëíîâîå ÷èñëî.

Â áåçðàçìåðíûõ ïåðåìåííûõ çàäà÷à (1)�(3) ïðèíèìàåò âèä

divu = 0, α
∂u

∂t
− ν0∆u+∇p = −ε(u∇)u, (4)

v− α
∂ξ

∂t
= εu

∂ξ

∂x
, z = εξ,

p− ξ − 2ν0
∂v

∂z
= −εν0

(

∂u

∂z
+

∂v

∂x

)

∂ξ

∂x
+ ε2

(

∂ξ

∂x

)2(

ξ − p− 2ν0
∂v

∂z

)

, z = εξ,

ν0

(

∂u

∂z
+

∂v

∂x

)

(

1− ε2
(

∂ξ

∂x

)2
)

= −4ν0
∂v

∂z

∂ξ

∂x
, z = εξ,

u → 0, z → −∞.

Â ñèëó ìàëîñòè âîëíîâîãî ïàðàìåòðà ε ãðàíè÷íûå óñëîâèÿ íà ñâîáîäíîé ïîâåðõíîñòè z = εξ,
ðàçëîæåíèåì â ðÿä Ìàêëîðåíà âõîäÿùèõ â íèõ �óíêöèé, ñâîäÿòñÿ ê óñëîâèÿì íà �èêñèðîâàí-

íîé ïîâåðõíîñòè z = 0.

�åøåíèå çàäà÷è íàõîäèì â âèäå ðÿäîâ ïî ïàðàìåòðó ε:

u =
∞
∑

i=1

εi−1
ui, un = (ui, 0, vi), p =

∞
∑

i=1

εi−1pi, ξ =
∞
∑

i=1

εi−1ξi.

Ïîäñòàâëÿÿ ýòè ðÿäû â óðàâíåíèÿ (4) è ðàçëîæåííûå â îêðåñòíîñòè íóëÿ ãðàíè÷íûå óñëîâèÿ

è ïðèðàâíèâàÿ êîý��èöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ïîëó÷èì çàäà÷è â ïåðâûõ äâóõ

ïðèáëèæåíèÿõ.

Â ïåðâîì ïðèáëèæåíèè çàäà÷à èìååò ñëåäóþùèé âèä: ïðè ε0

divu1 = 0, α
∂u1

∂t
− ν0∆u1 = −∇p1, (5)

v1 = α
∂ξ1
∂t

, p1 − ξ1 − 2ν0
∂v1
∂z

= 0,
∂u1
∂z

+
∂v1
∂x

= 0, z = 0,

u1 → 0, z → −∞.
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Äëÿ âòîðîãî ïðèáëèæåíèÿ ïðè ε1

divu2 = 0, α
∂u2

∂t
− ν0∆u2 = −∇p2 − (u1∇)u1, (6)

v2=α
∂ξ2
∂t

+
∂

∂x
(u1ξ1), p2 − ξ2 − 2ν0

∂v2
∂z

= ξ1
∂

∂z

(

2ν0
∂v1
∂z

− p1

)

, z = 0,

∂u2
∂z

+
∂v2
∂x

= 4
∂u1
∂x

∂ξ1
∂x

− ξ1
∂

∂z

(

∂u1
∂z

+
∂v1
∂x

)

, z = 0,

u2 → 0, z → −∞.

�åøåíèå ëèíåéíîé çàäà÷è (5) èìååò âèä [5℄

u1 = Ae−
β

α
t [ez cos (x− t) + (aV1 + bV2) cos (x− t) + (aV2 − bV1) sin (x− t)], (7)

v1 = Ae−
β

α
t {ez sin (x− t) + V1 cos (x− t) + V2 sin (x− t)},

p1 = Aez−
β

α
t (α cosχ+ β sinχ), ξ1 =

A

α2 + s2
e−

β

α
t (α cosχ+ s sinχ),

V1 (z) = ebz (B1 cos az −B2 sin az), V2 (z) = ebz (B2 cos az +B1 sin az),

B1 = −2ν0αA
/(

α2 + s2
)

, B2 = −2ν0sA
/(

α2 + s2
)

.

Çäåñü β � áåçðàçìåðíûé äåêðåìåíò çàòóõàíèÿ (βω0 � ðàçìåðíûé), A� àìïëèòóäíûé ïàðàìåòð,

s = 2ν0 − β. Ïàðàìåòðû a è b ñâÿçàíû ñîîòíîøåíèÿìè a2 = b2 − 1 + β/ν0, 2ab = α/ν0.
×àñòîòà âîëíû ÷åðåç äåêðåìåíò çàòóõàíèÿ âûðàæàåòñÿ ñëåäóþùèì îáðàçîì:

α2 = 1 + s2 − 4ν30
/

s.

Äëÿ äåêðåìåíòà çàòóõàíèÿ æå ïîëó÷åíî óðàâíåíèå

s6 + s4 − 4ν40s
2 − 4ν60 = 0,

àíàëèòè÷åñêîå ðåøåíèå êîòîðîãî íàéäåíî, íî íå ïðèâåäåíî çäåñü èç-çà ñâîåé ãðîìîçäêîñòè.

Ïîäñòàâèâ âûðàæåíèÿ (7) â çàäà÷ó (6), ïîëó÷èì ñèñòåìó ëèíåéíûõ íåîäíîðîäíûõ óðàâíåíèé

è ãðàíè÷íûõ óñëîâèÿ äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ �óíêöèé u2, v2, p2 è ξ2, ðåøåíèå êîòîðîé
èìååò âèä

u2 = e−
2β

α
t
({

e2zD2 + 1/2 [a1V3 + b1V4 + aV5 + (b+ 1)V6]
}

cos (2x− 2t)+

+
{

−e2zD1 + 1/2 [a1V4 − b1V3 + aV6 − (b+ 1)V5]
}

sin (2x− 2t)
)

,

v2 = e−
2β

α
t
[(

e2zD1 + V3 + V5

)

cos (2x− 2t) +
(

e2zD2 + V4 + V6

)

sin (2x− 2t)
]

,

p2 = e−
2β

α
t
{[

e2z (βD1 + αD2) + V7

]

cos (2x− 2t) +
[

e2z (βD2 − αD1) + V8

]

·

· sin (2x− 2t)− ezAV2 +AB2 +A2
[

(2ν0 − βs)
/(

α2 + s2
)

− e2z
]/

2 +

+
(

B2
1 +B2

2

) (

1− e2z
)/

2
}

,

ξ2 =
e−

2β

α
t

2 (α2 + β2)
{[α (D2 +B4 +K2 −Q2)− β (D1 +B3 +K1 +Q1)] cos (2x− 2t)−

− [β (D2 +B4 +K2 −Q2) + α (D1 +B3 +K1 +Q1)] sin (2x− 2t)},

ãäå

V3 (z) = eb1z (B3 cos a1z −B4 sin a1z), V4 (z) = eb1z (B4 cos a1z +B3 sin a1z),

V5 (z) = e(b+1)z (K1 cos az −K2 sin az), V6 (z) = e(b+1)z (K2 cos az +K1 sin az),



400 Ê.Þ. Áàñèíñêèé

ÌÅÕÀÍÈÊÀ 2015. Ò. 25. Âûï. 3

V7 (z) = e(b+1)z (G1 cos az −G2 sin az), V8 (z) = e(b+1)z (G2 cos az +G1 sin az),

a21 = b21 − 4 + 2β/ν0, a1b1 = α/ν0,

K1 = {[(b+ 1)R1 + aR2]C1 − [aR1 − (b+ 1)R2]C2}/∆1, ∆1 =
(

C2
1 + C2

2

)/

2,

K2 = {[aR1 − (b+ 1)R2]C1 + [(b+ 1)R1 + aR2]C2}/∆1,

G1 = {[αa+ β (b− 1)]K1 − [α (1− b) + βa]K2 + 2R2}/4,

G2 = {[α (1− b) + βa]K1 + [αa+ β (b− 1)]K2 + 2R1}/4,

C1 =
[

4aν20 − α (β + 2ν0)
]/

(2ν0) , C2 =
[

8bν20 − α2
0 + β2

0 − 4ν0s
]/

(4ν0),

R1 = A[(2bν0 − s)B1 + (α− 2aν0)B2]/(2ν0),

R2 = A[(α− 2aν0)B1 − (2bν0 − s)B2]/(2ν0),

B3 = ν0[s1 (L2 − 4D1) + α (L1 − 4D2)]/∆2, ∆2 = s21 + α2,

B4 = ν0[s1 (L1 − 4D2)− α (L2 − 4D1)]/∆2, s1 = 4ν0 − β,

L1 = A2
{

a
[

4ν20
(

α2 − s2
)/

∆3 − s−K1

]

+ αb [1−K2 + 8ν0s/∆3]− 3α+

+ [(β − 6ν0)K2 − αK1]/(2ν0)}/∆3, ∆3 = s2 + α2,

L2 = A2
{

b
[

4ν20
(

α2 − s2
)/

∆3 − s−K1

]

− αa [1−K2 + 8ν0s/∆3] + 3s+

+ [(β − 6ν0)K1 + αK2]/(2ν0)}/∆3,

D1 = (F1J1 + F2J2)/∆4, D2 = (F1J2 − F2J1)/∆4, ∆4 = J2
1 + J2

1 ,

J1 =
[

8ν20 (αa1 + s1b1)− s1/∆2

]

− s1, J2 =
[

8ν20 (αb1 − s1a1)− α/∆2

]

+ α,

F1 = A2 [2ν0(α− s)/∆3 + 1] [2ν0(α+ s)/∆3 − 1]/2 + I1K1 + I2K2 −G1 +H1L1 +

+H2L2 + (βQ1 − αQ2)/(2∆5) , ∆5 =
(

α2 + β2
)

,

F2 = 2αν0A
2(1− 2sν0/∆3)/∆3 + I2K1 − I1K2 +G2 −H2L1 +H1L2 +

+ (βQ2 + αQ1)/(2∆5),

I1 = 2bν0 + (4ν0 − β/∆5)/2, I2 = −2aν0 + α/(2∆5),

H1 =
[

2αν20b1 − 2s1ν
2
0a1 + αν20s

/

∆5

]/

∆3,

H2 =
[

2αν20a1 + 2s1ν
2
0b1 +

(

βs1 − α2
)/

∆5

]/

∆3.

� 2. Âîëíîâûå òðàåêòîðèè ÷àñòèö æèäêîñòè

Ôèçè÷åñêèå êîîðäèíàòû ÷àñòèöû x∗(t∗), z∗(t∗) óäîâëåòâîðÿþò óðàâíåíèÿì

dx∗

dt∗
= u∗,

dz∗

dt∗
= v∗.

Ôèçè÷åñêîå âðåìÿ íåîáõîäèìî îáåçðàçìåðèòü ÷àñòîòîé êîëåáàíèÿ æèäêîé ÷àñòèöû σ, òàê
êàê äëÿ íåëèíåéíûõ âîëí äàæå â èäåàëüíîé æèäêîñòè σ íå ñîâïàäàåò ñ ÷àñòîòîé âîëíû [2℄.

Ó÷èòûâàÿ, ÷òî

x∗ = ct∗ + x/k, z∗ = z/k, t∗ = t/σ, u
∗ = εc0u,

óðàâíåíèÿ, îïèñûâàþùèå äâèæåíèå ÷àñòèöû â âîëíå, ìîæíî ïðåäñòàâèòü â âèäå

dx

dt
= ε

(

t

α
·
ck

σ

)

′

u−

(

t ·
ck

σ

)

′

,
dz

dt
= ε

(

t

α
·
ck

σ

)

′

v. (8)
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Ïîëîæèì

x =

∞
∑

i=0

εixi, z =

∞
∑

i=0

εizi,
kc

σ
= 1 +

∞
∑

i=1

εiγi. (9)

Ïîäñòàâëÿÿ ðÿäû (8) è âûðàæåíèÿ äëÿ êîìïîíåíò ñêîðîñòè â óðàâíåíèÿ äâèæåíèÿ (9), äëÿ

îïðåäåëåíèÿ ïåðâûõ òðåõ êîý��èöèåíòîâ ïîëó÷èì ñëåäóþùèå óðàâíåíèÿ:

dx0
dt

= −1,
dz0
dt

= 0,

dx1
dt

=
A

α
e−

β

α
t {[ez0 + aV1 (z0) + bV2 (z0)] cos x0 + [aV2 (z0)− bV1 (z0)] sinx0} − (tγ1)

′,

dz1
dt

=
A

α
e−

β

α
t {[ez0 + V1 (z0)] cos x0 + V2 (z0) sinx0},

dx2
dt

=
e−

2β

α
t

α

({

e2z0D2 + 1/2 [a1V3 (z0) + b1V4 (z0) + aV5 (z0) + (b+ 1)V6 (z0)]
}

cos 2x0 +

+
{

−e2z0D1 + 1/2 [a1V4 (z0)− b1V3 (z0) + aV6 (z0)− (b+ 1)V5 (z0)]
}

sin 2x0
)

− (tγ2)
′ +

+
e−

β

α
t

α

({

Az1e
z0 + b (2az1 − x1)V1 (z0)−

[(

a2 − b2
)

z1 − ax1
]

V2 (z0)
}

cos x0 +

+
{

−Ax1e
z0 + b (2az1 − x1)V2 (z0) +

[(

a2 − b2
)

z1 − ax1
]

V1 (z0)
}

sinx0
)

,

dz2
dt

=
e−

2β

α
t

α

[(

e2z0D1 + V3 (z0) + V5 (z0)
)

cos 2x0 +
(

e2z0D2 + V4 (z0) + V6 (z0)
)

sin 2x0
]

+

+
e−

β

α
t

α
{[Ax1e

z0 + bz1V1 (z0) + (x1 − az1)V2 (z0)] cos x0 +

+ [Az1e
z0 + bz1V2 (z0)− (x1 − az1)V1 (z0)] sinx0}.

�àçðåøàÿ ïîñëåäîâàòåëüíî äàííûå óðàâíåíèÿ, ïîëó÷èì ñëåäóþùèå âûðàæåíèÿ:

x0 = xL − t, z0 = zL, γ1 = 0,

x1 =
e−

β

α
t

∆5
{[−βAezL − (αb+ βa)V1 (zL) + (αa− βb)V2 (zL)] cos (xL − t)+

+ [−αAezL − (αb+ βa)V2 (zL)− (αa− βb)V1 (zL)] sin (xL − t)},

z1 =
e−

β

α
t

∆5

[

(αAezL − βV1 (zL) + αV2 (zL)) cos (xL − t) +

+ (−βAezL − βV2 (zL)− αV1 (zL)) sin (xL − t)
]

,

x2 =
e−

2β

α
t

2∆5

({

− (αD1 + βD2) e
2zL − (βa1 + αb1)V3 (zL)/2 + (αa1 − βb1)V4 (zL)/2 +

+AezL
[(

2αβa+ α2b− β2b
)/

∆5 − β
/

(2ν0) +
(

α2 − β2
)/

∆5

]

V1 (zL)+

+AezL
[(

2αβb − α2a+ β2a
)/

∆5 + α/(2ν0)− 2αβ/∆5

]

V2 (zL)−

− [α (b+ 1) + βa]V5 (zL)/2 + [αa− β (b+ 1)]V6 (zL)/2} cos (2xL − t)+

+
{

(βD1 − αD1) e
2zL − (βa1 + αb1)V4 (zL)− (αa1 − βb1)V3 (zL)+

+AezL
[(

2αβa+ α2b− β2b
)/

∆5 − β
/

(2ν0) +
(

α2 − β2
)/

∆5

]

V2 (zL)−

−AezL
[(

2αβb − α2a+ β2a
)/

∆5 + α/(2ν0)− 2αβ/∆5

]

V1 (zL)−

− [α (b+ 1) + βa]V6 (zL)/2− [αa− β (b+ 1)]V5 (zL)/2} sin (2xL − t)),
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z2 =
e−

2β

α
t

2∆5

{

[

(αD2 − βD1) e
2zL + αV4 (zL)− βV3 (zL) + αV6 (zL)− βV5 (zL)

]

·

· cos (2xL − 2t) +
[

− (αD1 + βD2) e
2zL − αV3 (zL)− βV4 (zL)− αV5 (zL)− βV6 (zL)

]

·

· sin (2xL − 2t) +AezL
[

aV1 (zL) + (b+ 1)V2 (zL) +A2
]

+ bebzL
(

B2
1 +B2

2

)

}

,

γ2 =
1− e−

2β

α
t

4βν0∆5t

[

2αν0A
2e2zL +AezL

(

α2 − β2 + 2aαν0
)

V1 (zL) + 2αAezL ·

· (ν0 + bν0 − β)V2 + αe2bzL
(

B2
1 +B2

1

) (

2a2ν0 + 2ν0 − 3β
)

]

,

ãäå xL, zL � ëàãðàíæåâû êîîðäèíàòû.

Âåëè÷èíà us = c−σ/k ïðåäñòàâëÿåò ñîáîé ïåðåíîñíóþ ñêîðîñòü âäîëü ãîðèçîíòàëüíîé îñè.

Åå ïðèáëèæåííîå âûðàæåíèå èìååò âèä

us = c
(

1−
σ

ck

)

= c

(

1−
1

1 + ε2γ2

)

≈ ε2cγ2. (10)

Äëÿ ïðèìåðà ïîñòðîåíû òðàåêòîðèè äâèæåíèÿ æèäêèõ ÷àñòèö ïðè ìàëîì (ðèñ. 1) è áîëü-

øîì (ðèñ. 2) çíà÷åíèÿõ êîý��èöèåíòà êèíåìàòè÷åñêîé âÿçêîñòè. Âèäíî, ÷òî ÷àñòèöû âáëèçè

ïîâåðõíîñòè äâèæóòñÿ áûñòðåå, ÷åì ÷àñòèöû íà ãëóáèíå, ÷òî îáóñëîâëåíî íàëè÷èåì ïðèïîâåðõ-

íîñòíîãî òå÷åíèÿ Ñòîêñà, êîòîðîå õàðàêòåðèçóåòñÿ ïåðåíîñíîé ñêîðîñòüþ (10). Ñ óâåëè÷åíèåì

âÿçêîñòè àìïëèòóäà âîëíîâûõ âîçìóùåíèé è ïåðåíîñíàÿ ñêîðîñòü óáûâàþò áûñòðåå. Êðîìå

òîãî, âáëèçè ïîâåðõíîñòè ïðè áîëüøîé âÿçêîñòè òðàåêòîðèè íàêëîíåíû â âåðõíåé òî÷êå â ñòî-

ðîíó äâèæåíèÿ, ÷òî íå íàáëþäàåòñÿ íà çàãëóáëåíèè. Ýòî ìîæíî îáúÿñíèòü âëèÿíèåì âÿçêèõ

êàñàòåëüíûõ íàïðÿæåíèé íà ñâîáîäíîé ïîâåðõíîñòè.

�èñ. 1. Òðàåêòîðèè ÷àñòèö æèäêîñòè ïðè ν = 10−6
ì

2
/

Çàêëþ÷åíèå

Òàêèì îáðàçîì, ïîëó÷åíî àñèìïòîòè÷åñêîå ðåøåíèå íåëèíåéíîé çàäà÷è ñ òî÷íîñòüþ äî ÷ëå-

íîâ âòîðîãî ïîðÿäêà ïî ìàëîìó àìïëèòóäíîìó ïàðàìåòðó. Ïîëó÷åíû âûðàæåíèÿ äëÿ òðàåêòî-

ðèé ÷àñòèö æèäêîñòè, à òàêæå äëÿ ñêîðîñòè ïðèïîâåðõíîñòíîãî òå÷åíèÿ Ñòîêñà.
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�èñ. 2. Òðàåêòîðèè ÷àñòèö æèäêîñòè ïðè ν = 2 · 10−3
ì

2
/
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The asymptoti solution of a nonlinear problem of wave propagation on a surfae of visous

�uid
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MSC: 76D33

The paper deals with the nonlinear problem of wave propagation on a free surfae of an in�nitely deep layer

of visous inompressible �uid on a plane. Using the method of a small parameter, this nonlinear problem is

deomposed into problems at the �rst two approximations whih are solved one by one. Nonlinear expressions

for the omponents of a veloity vetor, the dynami pressure and the shape of a free surfae are obtained.

The motion of visous �uid partiles aused by wave propagation on a free surfae is investigated. It is found
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that the visosity of a liquid has signi�ant e�et on the shape of the trajetories of liquid partiles, whih is

manifested as a derease in the amplitude of osillations over time, and in the trajetories dissimilarity near

the free surfae, and at the deepening. The nonlinear Stokes e�et that indiates the presene of near-surfae

urrents is analyzed.
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