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ÌÎÄÅËÜ ÒÂÅ�ÄÎÒÅËÜÍÎ�Î ÂÎËÍÎÂÎ�Î �È�ÎÑÊÎÏÀ

Â ÌÅÄËÅÍÍÛÕ ÏÅ�ÅÌÅÍÍÛÕ

Â ñòàòüå ðàññìàòðèâàþòñÿ âîïðîñû ìîäåëèðîâàíèÿ òâåðäîòåëüíîãî âîëíîâîãî ãèðîñêîïà. Ïðèâîäÿòñÿ

îáùèå ñâåäåíèÿ î ðàáîòå äàííîãî ïðèáîðà. Îïèñûâàþòñÿ ïàðàìåòðû, êîòîðûå îïðåäåëÿþò êëàññ òî÷-

íîñòè ïðèáîðà. �àññìàòðèâàþòñÿ ïðè÷èíû óõóäøåíèÿ òî÷íîñòè ïðèáîðà. Îïèñûâàþòñÿ îñîáåííîñòè

ïðèìåíåíèÿ ðàçíûõ ìàòåìàòè÷åñêèõ ìîäåëåé òâåðäîòåëüíîãî âîëíîâîãî ãèðîñêîïà. Â ñòàòüå ïðåäëàãà-

åòñÿ ðàññìàòðèâàòü ìîäåëü â âèäå ïàðöèàëüíîãî îñöèëëÿòîðà. Èñõîäíàÿ ìîäåëü ñîäåðæèò ¾áûñòðîìå-

íÿþùèåñÿ¿ êîìïîíåíòû. �àáîòà òâåðäîòåëüíîãî âîëíîâîãî ãèðîñêîïà îñíîâàíà íà èçìåðåíèè ñîîòíîøå-

íèÿ àìïëèòóä êîëåáàíèé ðàçëè÷íûõ ñåêòîðîâ ðåçîíàòîðà. Äëÿ èìèòàöèîííîãî ìîäåëèðîâàíèÿ ñèñòåì

óäîáíåå èñêëþ÷èòü èç èñõîäíîé ìîäåëè âûñîêî÷àñòîòíûå èçìåíåíèÿ è îñòàâèòü çàâèñèìîñòü ìåæäó

ìåäëåííîìåíÿþùèìèñÿ àìïëèòóäàìè. Äëÿ ïðèâåäåíèÿ ìîäåëè ê áîëåå óäîáíîìó âèäó îáîñíîâûâàåòñÿ

âîçìîæíîñòü ïðèìåíåíèÿ òåîðåìû Áîãîëþáîâà. Ïðîâîäÿòñÿ îáùèå âûêëàäêè äëÿ ïîëó÷åííîé ìîäå-

ëè â ¾ìåäëåííûõ¿ ïåðåìåííûõ. Îïèñûâàþòñÿ âàæíûå àñïåêòû ïðèìåíåíèÿ ìîäåëè è åå îãðàíè÷åíèÿ.

Ïîëó÷åííàÿ ìîäåëü ïîäõîäèò äëÿ öåëåé èìèòàöèîííîãî ìîäåëèðîâàíèÿ ãèðîñêîïè÷åñêèõ ñèñòåì.

Êëþ÷åâûå ñëîâà: òâåðäîòåëüíûé âîëíîâîé ãèðîñêîï, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, òåîðåìà Áîãîëþ-

áîâà.

Òâåðäîòåëüíûé âîëíîâîé ãèðîñêîï (ÒÂ�) � èçìåðèòåëüíûé ïðèáîð, ðàáîòà êîòîðîãî îñíî-

âàíà íà ý��åêòå èíåðòíîñòè ñòîÿ÷èõ âîëí [4,7℄. Òî÷íîñòü ïðèáîðà âî ìíîãîì çàâèñèò îò êà÷å-

ñòâà èçãîòîâëåíèÿ ðåçîíàòîðà. Â ïðîöåññå èçãîòîâëåíèÿ ÒÂ� íåèçáåæíî âîçíèêàþò òåõíîëîãè-

÷åñêèå ïîãðåøíîñòè, ïðèâîäÿùèå ê ñíèæåíèþ òî÷íîñòíûõ õàðàêòåðèñòèê ïðèáîðà. Óâåëè÷åíèå

òî÷íîñòè ÒÂ� îñòàåòñÿ àêòóàëüíîé çàäà÷åé. Ïîâûøåíèå òî÷íîñòè ïðèáîðà äîñòèãàåòñÿ çà ñ÷åò

ñîâåðøåíñòâîâàíèÿ òåõíîëîãèé èçãîòîâëåíèÿ, èñïîëüçîâàíèÿ ñèñòåì êîððåêöèè è óïðàâëåíèÿ.

Ñèñòåìà óïðàâëåíèÿ ÒÂ� êîìïåíñèðóåò ðàññåèâàíèå ýíåðãèè êîëåáàíèé, óïðàâëÿåò îñÿìè

æåñòêîñòè, óãëîâûì ïîëîæåíèåì âîëíû â ðåçîíàòîðå. Ïðè íàëè÷èè ðàçíî÷àñòîòíîñòè â ðåçî-

íàòîðå åñòü äâà óñòîé÷èâûõ ïîëîæåíèÿ, â êîòîðûõ ïðè ñâîáîäíûõ êîëåáàíèÿõ â îòñóòñòâèå

âíåøíèõ óãëîâûõ ñêîðîñòåé ñòîÿ÷àÿ âîëíà ìîæåò ñóùåñòâîâàòü äëèòåëüíîå âðåìÿ. �åçîíàíñ-

íûå ÷àñòîòû ñòîÿ÷èõ âîëí â ýòèõ ïîëîæåíèÿõ íå ðàâíû, è èõ ðàçíîñòü õàðàêòåðèçóåò ðàç-

íî÷àñòîòíîñòü. Âî âñåõ ïîëîæåíèÿõ ìåæäó äâóìÿ óñòîé÷èâûìè ïîëîæåíèÿìè ñòîÿ÷àÿ âîëíà

ïðåäñòàâëÿåò ñîáîé ñóììó äâóõ ñòîÿ÷èõ âîëí ñ ðàçíûìè ÷àñòîòàìè, â ðåçóëüòàòå ÷åãî ñ òå-

÷åíèåì âðåìåíè èñõîäíàÿ ñòîÿ÷àÿ âîëíà ¾ðàçâàëèâàåòñÿ¿. Â ñëó÷àå âûíóæäåííûõ êîëåáàíèé

ðàçíûå ñåêòîðû ðåçîíàòîðà ïåðåìåùàþòñÿ ñ îäíîé ÷àñòîòîé è ðàçíûìè �àçàìè îòíîñèòåëüíî

ñèëîâîãî âîçäåéñòâèÿ. Ñèñòåìà óïðàâëåíèÿ èñïîëüçóåò çíà÷åíèÿ �àç êîëåáàíèé è �îðìèðóåò

íåîáõîäèìûå ñèëû, êîòîðûå èçìåíÿþò ÷àñòîòíûå èëè �àçîâûå õàðàêòåðèñòèêè ðåçîíàòîðà.

Êðîìå ðàçíî÷àñòîòíîñòè äå�åêòû ðåçîíàòîðà ïðèâîäÿò ê ïîÿâëåíèþ ðàçíîäîáðîòíîñòè.

�àçíîäîáðîòíîñòü � ýòî çàâèñèìîñòü âðåìåíè çàòóõàíèÿ êîëåáàíèé îò óãëîâîé îðèåíòàöèè ñòî-

ÿ÷åé âîëíû. Îñè ñ ìàêñèìàëüíîé è ìèíèìàëüíîé äîáðîòíîñòüþ íàçûâàþòñÿ îñÿìè âÿçêîñòè.

�àçíîäîáðîòíîñòü îäíà èç ïðè÷èí ïîÿâëåíèÿ äðåé�à � ñîáñòâåííîé ñêîðîñòè óõîäà ñòîÿ÷åé

âîëíû â ðåçîíàòîðå ÒÂ�. Äðåé� îïðåäåëÿåò êëàññ òî÷íîñòè ÒÂ�.

Äëÿ ðàçðàáîòêè ñèñòåì óïðàâëåíèÿ èñïîëüçóþòñÿ ìàòåìàòè÷åñêèå è èìèòàöèîííûå ìîäåëè.

Âîïðîñû ìîäåëèðîâàíèÿ ÒÂ� ðàññìàòðèâàþòñÿ âî ìíîãèõ êíèãàõ è íàó÷íûõ ñòàòüÿõ [1,4,7,8℄.

Ìàòåìàòè÷åñêàÿ ìîäåëü ðåçîíàòîðà ìîæåò ñòðîèòüñÿ íà îñíîâå �èçè÷åñêîé ìîäåëè òîíêîé

îáîëî÷êè [4,7℄. Äëÿ óïðîùåíèÿ ìîäåëè ÷àñòî ðàññìàòðèâàþò òîëüêî âòîðóþ �îðìó êîëåáàíèé

îáîëî÷êè, òîãäà èç ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïîëó÷àåòñÿ

ñèñòåìà îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé (ïàðöèàëüíûé îñöèëëÿòîð). Òàêæå ìî-
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äåëü ÒÂ� â âèäå îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé ïîëó÷àåòñÿ ïðè ðàññìîòðåíèè

�èçè÷åñêîé ìîäåëè ÒÂ� â âèäå ìåõàíè÷åñêîé ñèñòåìû [1, 8℄.

Ìîäåëè â âèäå ñèñòåìû îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé âî ìíîãèõ ñëó÷à-

ÿõ áîëåå ý��åêòèâíû è ïðåäïî÷òèòåëüíû äëÿ èññëåäîâàíèÿ ñèñòåì óïðàâëåíèÿ, áîëüøèíñòâî

ìîäåëåé ÒÂ� îïèñûâàþò âûñîêî÷àñòîòíûå èçìåíåíèÿ ðåçîíàòîðà [1, 3�8, 10℄, òîãäà êàê äëÿ

èçìåðåíèÿ óãëà ïîâîðîòà ñ ïîìîùüþ ÒÂ� òðåáóþòñÿ ìåäëåííîìåíÿþùèåñÿ àìïëèòóäû êîëå-

áàíèé. Íàëè÷èå áûñòðîìåíÿþùèõñÿ ïåðåìåííûõ â ìîäåëè íàêëàäûâàåò áîëüøèå òðåáîâàíèÿ

íà òî÷íîñòü èñïîëüçóåìûõ ÷èñëåííûõ ìåòîäîâ. Äëÿ öåëåé èìèòàöèîííîãî ìîäåëèðîâàíèÿ ÒÂ�

öåëåñîîáðàçíî èñïîëüçîâàòü óðàâíåíèÿ, îïèñûâàþùèå ìåäëåííîìåíÿþùèåñÿ �àçîâûå ïåðåìåí-

íûå âîëíû â ðåçîíàòîðå, à áûñòðîìåíÿþùèåñÿ ïåðåìåííûå èñêëþ÷èòü [2, 11℄. Â äàííîé ñòàòüå

äåëàåòñÿ óïîð íà äåòàëüíîå îïèñàíèå èñïîëüçîâàíèÿ ìåòîäà îñðåäíåíèÿ áûñòðûõ ïåðåìåííûõ

îäíîðîäíûõ äè��åðåíöèàëüíûõ óðàâíåíèé è ïîëó÷åíèå ìîäåëè â ìåäëåííûõ ïåðåìåííûõ. �àñ-

ñìîòðèì ñëåäóþùóþ ìîäåëü ÒÂ� â âèäå ïàðöèàëüíîãî îñöèëëÿòîðà [11℄:
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x(0) = x0, y(0) = y0, ẋ(0) = ẋ0, ẏ(0) = ẏ0, (1)

ãäå x = x(t) è y = y(t) � êîëåáàíèÿ, ñîîòâåòñòâóþùèå êîñèíóñíîé è ñèíóñíîé ñîñòàâëÿþùåé

âòîðîé �îðìû íîðìàëüíûõ êîëåáàíèé ðåçîíàòîðà (ðèñ. 1);

fx = fx(t) è fy = fy(t) � óïðàâëÿþùèå âîçäåéñòâèÿ, îãðàíè÷åííûå êóñî÷íî-íåïðåðûâíûå �óíê-

öèè, ñ êîíå÷íûì ÷èñëîì òî÷åê ðàçðûâà, â äàííîé ìîäåëè ñ÷èòàåì èõ íåïðåðûâíûìè ñïðàâà:

−1 6 fx 6 1, −1 6 fy 6 1, fx(t) = fx(t+ 0), fy(t) = fy(t+ 0) ∀t ∈ [0,∞);

K � ìàñøòàáíûé êîý��èöèåíò (äëÿ ðåçîíàòîðà â âèäå ïîëóñ�åðè÷åñêîé îáîëî÷êè ≈ 0.3);
ω1 = ω0 + δω > ω2 = ω0 − δω � ÷àñòîòû â îñÿõ ìàêñèìàëüíîé è ìèíèìàëüíîé æåñòêîñòè

ñîîòâåòñòâåííî, 0 6 δω < 0.5 �ö, ω0 > 2π · 1000 ðàä;

τ1 = τ0−δτ 6 τ2 = τ0+δτ � ïîñòîÿííûå âðåìåíà çàòóõàíèÿ â îñÿõ ìèíèìàëüíîé è ìàêñèìàëüíîé

äîáðîòíîñòè, 0 6 δτ < 10 ñ, τ0 > 100 ñ. Ñ òî÷íîñòüþ äî âòîðîãî ïîðÿäêà ìàëîñòè âåëè÷èíû
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êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì äè��åðåíöèàëüíîãî óðàâíåíèÿ Ω̇ = h(Ω), Ω(0) = Ω0, ãäå h ∈
C1(−20π, 20π) � íåïðåðûâíàÿ è äè��åðåíöèðóåìàÿ �óíêöèÿ;

θτ � óãîë äî îñè íàèìåíüøåé äîáðîòíîñòè (îñü íàèáîëüøåé âÿçêîñòè);
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ìèíèìàëüíîé è ìàêñèìàëüíîé æåñòêîñòè.
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�èñ. 1. Ôîðìû êîëåáàíèé, îñè æåñòêîñòè è âÿçêîñòè

Ó÷èòûâàÿ êëàññ óïðàâëÿþùèõ ñèãíàëîâ, ñèñòåìà (1) ÿâëÿåòñÿ óðàâíåíèåì Êàðàòåîäîðè è

óäîâëåòâîðÿåò óñëîâèÿì Êàðàòåîäîðè. Ïîýòîìó ñèñòåìà (1) èìååò àáñîëþòíî íåïðåðûâíîå è

åäèíñòâåííîå ðåøåíèå x = x(t) è y = y(t).
Äëÿ óïðîùåíèÿ èññëåäîâàíèÿ èñõîäíîé ìîäåëè ââåäåì áåçðàçìåðíîå âðåìÿ, ñäåëàâ çàìåíó

t̃ = tω (äàëåå äëÿ óäîáñòâà òèëüäó áóäåì îïóñêàòü, ïîìíÿ î ñäåëàííîé çàìåíå). Â òàêîì âèäå 2π
åäèíèö ìîäåëüíîãî âðåìåíè ðàâíû îäíîìó ïåðèîäó êîëåáàíèé ðåçîíàòîðà. Ïîñëå ïîäñòàíîâêè

è ñîêðàùåíèÿ ïîëó÷èì
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Ïîëó÷åííàÿ ñèñòåìà äè��åðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ ëèíåéíîé íåîäíîðîäíîé è íåñòà-

öèîíàðíîé. Ïîäðîáíåå îñòàíîâèìñÿ íà çíà÷åíèÿõ êîý��èöèåíòîâ ñèñòåìû. Óãëîâàÿ ñêîðîñòü

âðàùåíèÿ Ω íå ïðåâîñõîäèò íåñêîëüêèõ òûñÿ÷ ãðàäóñîâ â ñåêóíäó Ωmax = max
t

{Ω(t)}, ðåçîíàíñ-

íàÿ ÷àñòîòà ñîñòàâëÿåò íåñêîëüêî êèëîãåðö (ω > 2π · 1000), ïîýòîìó

Ωmax

ω
6

20π

2000π
≪ 1.

Ïðè èçãîòîâëåíèè ðåçîíàòîðîâ èñïîëüçóåòñÿ ìàòåðèàë ñ âûñîêîé äîáðîòíîñòüþ Q = ωτ/2:

2

ωτ
=

1

Q
6

2

2000π · 100
≪ 1.

Õàðàêòåðèñòèêà äå�åêòà ïî äîáðîòíîñòè:

∆τ

ω
6

δτ
(τ2 − δ2τ )ω

6
1

2000π
≪ 1.

Õàðàêòåðèñòèêà äå�åêòà ïî ÷àñòîòå:

∆ω

ω2
=

2δω
ω

6
1

2000π
≪ 1.

Êîý��èöèåíò ïðè óïðàâëÿþùèõ âîçäåéñòâèÿõ:

1

ω2
6

1

(2000π)2
≪ 1.
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Êîý��èöèåíòû ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé õàðàêòåðèçóþò óãëîâóþ ñêîðîñòü âðà-

ùåíèÿ, ðàññåèâàíèå ýíåðãèè è ïîãðåøíîñòè èçãîòîâëåíèÿ. �àññìîòðåííûå êîý��èöèåíòû ÿâ-

ëÿþòñÿ ìàëûìè ïàðàìåòðàìè. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

ε = max

{

Ωmax

ω
,

2

ωτ
,
∆τ

ω

∆ω

ω2
,

1

ω2

}

.

Äàëåå çàïèøåì ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé ñëåäóþùèì îáðàçîì:

{

ẍ+ x = −ε(c11ẋ+ c12ẏ + k11x+ k12y − wẏ − u),

ÿ + y = −ε(c21ẋ+ c22ẏ + k21x+ k22y + wẋ− v),
(2)

ãäå

c11 =
1

ε

2

ωτ
+

1

ε

∆τ

ω
cos(4θτ ), c12 =

1

ε

∆τ

ω
sin(4θτ ),

c21 =
1

ε

∆τ

ω
sin(4θτ ), c22 =

1

ε

2

ωτ
−

1

ε

∆τ

ω
cos(4θτ ),

k11 = −
1

ε

∆ω

ω2
cos(4θω), k12 = −

1

ε

∆ω

ω2
sin(4θω),

k21 = −
1

ε

∆ω

ω2
sin(4θω), k22 =

1

ε

∆ω

ω2
cos(4θω),

u = u(t) =
1

ε

fx(t)

ω2
, v = v(t) =

1

ε

fy(t)

ω2
, w = w(t) =

1

ε

4KΩ(t)

ω
.

Âñå êîý��èöèåíòû îãðàíè÷åíû: |cij | 6 2, |kij | 6 2 äëÿ âñåõ i, j = 1, 2, |w| 6 4K, |u| 6 1, |v| 6 1
äëÿ âñåõ t ∈ [0,∞).

Ïàðàìåòð ε ÿâëÿåòñÿ ìàëûì. Â ñèñòåìàõ ñ ìàëûì ïàðàìåòðîì ïðîöåññû ïðîòåêàþò â äâóõ

ìàñøòàáàõ: ¾áûñòðîå¿ è ¾ìåäëåííîå¿ âðåìÿ. Ïåðåìåííàÿ t õàðàêòåðèçóåò ¾áûñòðîå¿ âðåìÿ,

çà âðåìÿ îêîëî 2π áûñòðîìåíÿþùàÿñÿ ÷àñòü ñèñòåìû ïðîéäåò îäèí ïåðèîä êîëåáàíèé, ìåä-

ëåííîìåíÿþùèåñÿ �óíêöèè çà ýòî âðåìÿ ïðàêòè÷åñêè íå èçìåíÿòñÿ. Ñóùåñòâåííûå èçìåíåíèÿ

ìåäëåííîìåíÿþùèõñÿ �óíêöèé çàìåòíû â ìàñøòàáå εt. Âûðàæåíèå εt õàðàêòåðèçóåò ¾ìåäëåí-
íîå¿ âðåìÿ. Äëÿ ïîëó÷åíèÿ ìåäëåííîìåíÿþùåéñÿ êîìïîíåíòû íåîáõîäèìî ïðèâåñòè ñèñòåìó

ÄÓ ê ñòàíäàðòíîìó âèäó, çàòåì ïî òåîðåìå Áîãîëþáîâà ìîæíî ïðîâåñòè îñðåäíåíèå ïî ¾áûñò-

ðîìó¿ âðåìåíè [4℄:

ż = εG0(t, z, ε), z(0) = z0,

Ẋ = εG(X, ε), X(0) = z0, G =
1

T

∫ T

0

G0(t, z, ε) dt,

ãäå T � ïåðèîä êîëåáàíèé G0(t, z, ε) ïî t. ×òîáû ïðîâåñòè îñðåäíåíèå, äîñòàòî÷íî, ÷òîáû

G0(t, z, ε) áûëà:

• êóñî÷íî-íåïðåðûâíà, ìíîæåñòâî òî÷åê ðàçðûâà íå èìååò òî÷åê ñãóùåíèÿ;

• ïåðèîäè÷íà ïî t ∈ [0,∞);

• îãðàíè÷åíà ∀t ∈ [0,∞), ∀z ∈ Z, Z � îáëàñòü èçìåíåíèÿ ïåðåìåííîé z;

• äè��åðåíöèðóåìà ∀z ∈ Z.

Çàïèøåì ñèñòåìó ÄÓ (2) â ñòàíäàðòíîì âèäå:



















ż1 = z3,

ż2 = z4,

ż3 = −z1 − ε(c11z3 + c12z4 + k11z1 + k12z2 − wz4 − u),

ż4 = −z2 − ε(c21z3 + c22z4 + k21z1 + k22z2 + wz3 − v),

(3)
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ãäå z1(t) = x(t), z2(t) = y(t), z3(t) = ẋ(t), z4(t) = ẏ(t), z(0) = z0 = (x(0), y(0), ẋ(0), ẏ(0))T .
Â ìàòðè÷íîì âèäå îíà èìååò âèä:

ż(t) = [A− εB − εW (t)] · z(t) + εU(t), z(t) = (z1(t), z2(t), z3(t), z4(t))
T , z ∈ R4, (4)

A =









0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0









, B =









0 0 0 0
0 0 0 0
k11 k12 c11 c12
k21 k22 c21 c22









,

W (t) =









0 0 1 0
0 0 0 1
0 0 0 −w(t)
0 0 w(t) 0









, U(t) =









0
0

u(t)
v(t)









.

Åñëè ðàññìàòðèâàòü ñëó÷àé èäåàëüíîãî íåâðàùàþùåãîñÿ ðåçîíàòîðà áåç òðåíèÿ, òî åñòü ε = 0,
òî îáùåå ðåøåíèå çàïèñûâàåòñÿ êàê



















z1(t) = Xc cos(t) +Xs sin(t),

z2(t) = Yc cos(t) + Ys sin(t),

z3(t) = −Xc sin(t) +Xs cos(t),

z4(t) = −Yc sin(t) + Ys cos(t),

(5)

ãäå Xc, Xs, Yc, Ys � ïðîèçâîëüíûå ïîñòîÿííûå èíòåãðèðîâàíèÿ. Äëÿ èññëåäîâàíèÿ ñèñòåìû (3)

âîñïîëüçóåìñÿ ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ Ëàãðàíæà. Îáùåå ðåøåíèå ñèñòå-

ìû (3) çàïèøåì â âèäå



















z1 = Xc cos(νt) +Xs sin(νt),

z2 = Yc cos(νt) + Ys sin(νt),

z3 = −νXc sin(νt) + νXs cos(νt),

z4 = −νYc sin(νt) + νYs cos(νt).

Èëè â ìàòðè÷íîì âèäå:

z(t) = C(t) ·X(t), X(t) = (Xc,Xs, Yc, Ys)
T , (6)

C(t) =









cos(νt) sin(νt) 0 0
0 0 cos(νt) sin(νt)

−ν sin(νt) ν cos(νt) 0 0
0 0 −ν sin(νt) ν cos(νt)









,

ãäå ν � óïðàâëÿåìûé ïàðàìåòð, áëèçêèé ê åäèíèöå, õàðàêòåðèçóåò ñòåïåíü ðàññòðîéêè ÷àñòîòû

îò ðåçîíàíñà. ×àñòîòà âûíóæäåííûõ êîëåáàíèé âûáèðàåòñÿ áëèçêîé ê ðåçîíàíñó è ìåíÿåòñÿ

â òåõ æå ïðåäåëàõ, ÷òî è ÷àñòîòû ðåçîíàòîðà, ò. å. ν ∈
ω ± δω

ω
, èëè, ïî-äðóãîìó, |1− ν| 6

δω
ω2

6

ε. Ñ òî÷íîñòüþ äî îáîçíà÷åíèé ïîñëåäíåå ïðåäñòàâëåíèå ðåøåíèÿ (6) ñîîòâåòñòâóåò îáùåìó

ðåøåíèþ (5).

Óïðàâëÿþùèå âîçäåéñòâèÿ âûáåðåì â ñëåäóþùåì âèäå:

{

fx(t) = FXc cos(νt) + FXs sin(νt),

fy(t) = FY c cos(νt) + FY s sin(νt),










u(t) =
1

εω2
FXc cos(νt) +

1

εω2
FXs sin(νt),

v(t) =
1

εω2
FY c cos(νt) +

1

εω2
FY s sin(νt).
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Èëè â ìàòðè÷íîì âèäå:

U(t) = D(t) · F (t), (7)

F (t) = (FXc(t), FXs(t), FY c(t), FY s(t))
T ,

D(t) =
1

εω2









0 0 0 0
0 0 0 0

cos(νt) sin(νt) 0 0
0 0 cos(νt) sin(νt)









,

ãäå FXc, FXs, FY c, FY s � êóñî÷íî-íåïðåðûâíûå îãðàíè÷åííûå �óíêöèè. Óïðàâëåíèå áóäåì

âûáèðàòü â òàêîì âèäå, ÷òîáû óïðàâëÿþùèå êîý��èöèåíòû çàâèñåëè îò �àçîâûõ ïåðåìåííûõ

è ÿâíî íå çàâèñåëè îò âðåìåíè t. Óïðàâëåíèå çàâèñèò îò ìåäëåííîìåíÿþùèõñÿ ïåðåìåííûõ,

õàðàêòåðèçóþùèõ êîí�èãóðàöèþ âîëíû:



















FXc = FXc(Xc(t),Xs(t), Yc(t), Ys(t)),

FXs = FXs(Xc(t),Xs(t), Yc(t), Ys(t)),

FY c = FY c(Xc(t),Xs(t), Yc(t), Ys(t)),

FY s = FY s(Xc(t),Xs(t), Yc(t), Ys(t)).

Ïîäñòàâëÿÿ îáùåå ðåøåíèå (6) è óïðàâëåíèå (7) â ñèñòåìó (4), ïîëó÷èì

ĊX + CẊ = (AC − εBC − εWC)X + εDF,

Ẋ = (C−1AC − εC−1BC − εC−1WC − C−1Ċ) + εC−1DF,

C−1(t) =
1

ν









ν cos(νt) 0 − sin(νt) 0
ν sin(νt) 0 cos(νt) 0

0 ν cos(νt) 0 − sin(νt)
0 ν sin(νt) 0 cos(νt)









, Ċ(t) =









0 0 1 0
0 0 0 1

−ν2 0 0 0
0 −ν2 0 0









,

C−1AC − C−1Ċ = C−1









0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0









C + C−1









0 0 −1 0
0 0 0 −1
ν2 0 0 0
0 ν2 0 0









C(t) =

= −(1− ν2)C−1









0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0









C.

Îáîçíà÷èì (1− ν)(1 + ν) = εµ(1 + ν), ïðè ýòîì |µ| 6 1. Îáîçíà÷èì

E = −µ(1 + ν)









0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0









,

òîãäà ñèñòåìó (3) ìîæíî ïðåäñòàâèòü â âèäå

Ẋ = ε(C−1(E −B −W )CX + C−1DF ).

Â îáùåì âèäå:

Ẋ = εG(t,X, F (X),Ω, ε), X = (Xc,Xs, Yc, Ys)
T , F = (FXc, FXs, FY c, FY s)

T .

Äàëåå äîáàâèì ê �àçîâûì ïåðåìåííûì óãëîâóþ ñêîðîñòü Ω. Ñ ó÷åòîì ââåäåííûõ ðàíåå çàìåí

çàïèøåì

Ω̇ =
1

ω
h(Ω),

1

ω
<

Ωmax

ω
6 ε, Ω̇ = εh̃(Ω), h̃(Ω) = a · h(Ω), |a| < 1, |h(Ω)| 6 Ω̇max.



Ìîäåëü òâåðäîòåëüíîãî âîëíîâîãî ãèðîñêîïà â ìåäëåííûõ ïåðåìåííûõ 427

ÌÅÕÀÍÈÊÀ 2015. Ò. 25. Âûï. 3

Äîïîëíèì äè��åðåíöèàëüíîå óðàâíåíèå:

{

Ẋ = εG0(t,X, F (X),Ω, ε),

Ω̇ = εh̃(Ω).

Îáîçíà÷èì X̄ = (Xc,Xs, Yc, Ys,Ω)
T
, è äàëåå ìîæíî çàïèñàòü

˙̄X = εG0(t, X̄, F (X̄), ε).

Èñïîëüçóÿ òåîðåìó Áîãîëþáîâà [4℄, ìîæíî îñðåäíèòü ñèñòåìó ïî ÿâíî âõîäÿùåìó âðåìåíè t:

˙̄X = εG(X̄, F (X̄), ε), G(X̄, F (X̄), ε) =
1

T

∫ T

0

G0(t, X̄, F (X̄), ε) dt.

Ïîä T = 2π/ν ïîíèìàåòñÿ ïåðèîä êîëåáàíèé.

Îïóñòèì èç-çà ãðîìîçäêîñòè ïðîìåæóòî÷íûå âûêëàäêè è, âåðíóâøèñü ê ïåðâîíà÷àëüíûì

îáîçíà÷åíèÿì, çàïèøåì ñèñòåìó ÄÓ â ¾ìåäëåííûõ¿ ïåðåìåííûõ:

Ẋ = (Gτ +Gδτ +GΩ +G∆ω +Gν) ·X +Gf · F, (8)

ãäå

Gτ = −
1

ωτ









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









, Gδτ = −
∆τ

2ω









cos 4θτ 0 sin 4θτ 0
0 cos 4θτ 0 sin 4θτ

sin 4θτ 0 − cos 4θτ 0
0 sin 4θτ 0 − cos 4θτ









,

GΩ =
2KΩ

ω









0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0









, G∆ω =
∆ω

2νω2









0 − cos 4θω 0 − sin 4θω
cos 4θω 0 sin 4θω 0

0 − sin 4θω 0 cos 4θω
sin 4θω 0 − cos 4θω 0









,

Gν =
1− ν2

2ν









0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0









, Gf =
1

2νω2









0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0









.

Ìåòîä îñðåäíåíèÿ íå ÿâëÿåòñÿ ìåòîäîì ïðèáëèæåííîãî ðåøåíèÿ, ýòî ïðèâåäåíèå ñèñòåìû

äè��åðåíöèàëüíûõ óðàâíåíèé ê áîëåå óäîáíîìó âèäó äëÿ èññëåäîâàíèÿ. Äàííàÿ ìîäåëü (8)

ÿâëÿåòñÿ ëèíåéíîé îòíîñèòåëüíî ðåøåíèÿ è íåëèíåéíîé îòíîñèòåëüíî óïðàâëåíèÿ ïî ïàðà-

ìåòðó ν; òàêæå ìîäåëü ÿâëÿåòñÿ íåñòàöèîíàðíîé âñëåäñòâèå íàëè÷èÿ ìåäëåííîìåíÿþùåéñÿ

�óíêöèè Ω.
Îòìåòèì íåêîòîðûå îãðàíè÷åíèÿ ìîäåëè. Ïàðàìåòðû ðàçíî÷àñòîòíîñòè è ðàçíîäîáðîòíîñòè

ÒÂ� ìîãóò ìåíÿòüñÿ ñ èçìåíåíèåì òåìïåðàòóðû îêðóæàþùåé ñðåäû. Åñëè âíåøíÿÿ òåìïåðà-

òóðà îêðóæàþùåé ñðåäû ïîñòîÿííàÿ, õàðàêòåðèñòèêè ÒÂ� ìîãóò ìåíÿòüñÿ ïðè íàãðåâàíèè

ðåçîíàòîðà èç-çà âíóòðåííåãî òðåíèÿ. Äàííûå ý��åêòû íå ó÷èòûâàþòñÿ â îïèñàííîì âûøå

ïîäõîäå. Ìîäåëü ìîæåò áûòü ðàñøèðåíà, åñëè ââåñòè â èñõîäíîå óðàâíåíèå â áûñòðûõ ïåðåìåí-

íûõ çàâèñèìîñòü ïàðàìåòðîâ ðàçíî÷àñòîòíîñòè è ðàçíîäîáðîòíîñòè îò âðåìåíè, çàâèñèìîñòè

îò âðåìåíè ÿâëÿþòñÿ ìåäëåííîìåíÿþùèìèñÿ. Äëÿ ïîëó÷åíèÿ ìîäåëè â ìåäëåííûõ ïåðåìåí-

íûõ ñ ïåðåìåííûìè çíà÷åíèÿìè ðàçíî÷àñòîòíîñòè è ðàçíîäîáðîòíîñòè íåîáõîäèìî ïðîäåëàòü

îïåðàöèè, àíàëîãè÷íûå âûøåîïèñàííûì.

Â äàííîé ðàáîòå ðàññìàòðèâàëèñü âîïðîñû ìîäåëèðîâàíèÿ ðàáîòû ÒÂ� â ¾ìåäëåííûõ¿ ïå-

ðåìåííûõ. Ïîëó÷åííàÿ ìîäåëü ÿâëÿåòñÿ íåëèíåéíîé è íåñòàöèîíàðíîé, íî íå ñîäåðæèò áûñòðî-

ìåíÿþùèõñÿ êîìïîíåíòîâ. Ìîäåëü ìîæåò èñïîëüçîâàòüñÿ äëÿ ñîçäàíèÿ èìèòàöèîííîé ìîäåëè

ðàáîòû ñèñòåìû óïðàâëåíèÿ ÒÂ�, íàñòðîéêè ïàðàìåòðîâ îáðàòíîé ñâÿçè, èññëåäîâàíèÿ âëèÿ-

íèÿ øóìîâ è çàäåðæåê íà òî÷íîñòü ïðèáîðà, ðàçðàáîòêè è òåñòèðîâàíèÿ ñàìîíàñòðàèâàþùèõñÿ

êîíòóðîâ óïðàâëåíèÿ è êîìïåíñàöèè. Òàêæå ìîäåëü ìîæåò áûòü èñïîëüçîâàíà äëÿ ðàçðàáîòêè

àëãîðèòìîâ îöåíêè ïàðàìåòðîâ ðåçîíàòîðà ïî äàííûì ñ ðåàëüíîãî ïðèáîðà.
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The model of hemispherial resonator gyrosope in terms of slow variables
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The paper refers to the issues of designing a hemispherial resonator gyrosope. General information on

the operation of this kind of devie is given. Parameters that determine the auray lass of the devie

are desribed. Causes of degradation of the devie auray are examined. The features of appliation of

di�erent mathematial models of hemispherial resonator gyrosope are desribed. The author proposes to

examine a model as a partial osillator. An initial model ontains �fast-hanging� omponents. Operation of

hemispherial resonator gyrosope is based on measuring the orrelation between amplitudes of vibrations

in di�erent setors of resonator. For the simulation modeling of systems it is more onvenient to exlude

high-frequeny hanges from the initial model, and to leave dependene between slowly hanging amplitudes.

In order to bring a model to a more suitable form, it is possible to apply the theorem of Bogolyubov. General

alulations for onstruting a model in �slow� variables are established. Important aspets of its appliation

and restritions are desribed. Obtained model is appropriate for simulation modeling of gyro systems.
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