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Òåîðèÿ óïðàâëåíèÿ � àêòèâíî ðàçâèâàþùèéñÿ â íàñòîÿùåå âðåìÿ ðàçäåë ñîâðåìåííîé ìàòåìàòèêè.

Êëàññ çàäà÷, èçó÷àåìûé â ðàìêàõ ýòîé òåîðèè, äîñòàòî÷íî îáøèðåí è âêëþ÷àåò êàê âîïðîñû, ñâÿ-

çàííûå ñ ñóùåñòâîâàíèåì ðåøåíèé, òàê è âîïðîñû, ñâÿçàííûå ñ ý��åêòèâíûìè ñïîñîáàìè ïîñòðîåíèÿ

óïðàâëÿþùèõ âîçäåéñòâèé. Îäèí èç ïîäõîäîâ ê ðåøåíèþ çàäà÷ óïðàâëåíèÿ ïðè íåïîëíîé èí�îðìà-

öèè áûë ïðåäëîæåí â îñíîâîïîëàãàþùåé ñòàòüå Þ.Ñ. Îñèïîâà, îïóáëèêîâàííîé â æóðíàëå ¾Óñïåõè

ìàòåìàòè÷åñêèõ íàóê¿ â 2006 ãîäó. Â äàëüíåéøåì ýòîò ïîäõîä, íàçâàííûé ìåòîäîì ïàêåòîâ ïðîãðàìì,

ïîëó÷èë ðàçâèòèå, â ÷àñòíîñòè, â ñòàòüÿõ, öèòèðîâàííûõ â íàñòîÿùåé ðàáîòå. Óêàçàííûé ïîäõîä îñ-

íîâàí íà ïîäõîäÿùåé ìîäè�èêàöèè èçâåñòíîãî â òåîðèè ïîçèöèîííûõ äè��åðåíöèàëüíûõ èãð ìåòîäà

íåóïðåæäàþùèõ ñòðàòåãèé (êâàçèñòðàòåãèé) äëÿ ðåøåíèÿ çàäà÷ óïðàâëåíèÿ ïðè íåèçâåñòíîì íà÷àëü-

íîì ñîñòîÿíèè. Êàê èçâåñòíî, êâàçèñòðàòåãèè, îòðàæàþùèå ñâîéñòâà âîëüòåððîâîñòè ïðîãðàììíûõ ðå-

àëèçàöèé óïðàâëåíèé ñ îáðàòíîé ñâÿçüþ íà ñîîòâåòñòâóþùèå ïðîãðàììíûå âîçìóùåíèÿ, îðèåíòèðîâà-

íû íà èññëåäîâàíèå çàäà÷ ñ èçâåñòíûì íà÷àëüíûì ñîñòîÿíèåì ïðè íàëè÷èè íåèçâåñòíûõ äèíàìè÷åñêèõ

âîçìóùåíèé. Â ñòàíäàðòíûõ çàäà÷àõ óïðàâëåíèÿ ñ íåïîëíîé èí�îðìàöèåé äèíàìè÷åñêèå âîçìóùåíèÿ,

êàê ïðàâèëî, îòñóòñòâóþò, à íåïîëíîòà èí�îðìàöèè îáóñëîâëåíà äå�èöèòîì èí�îðìàöèè î íà÷àëü-

íîì ñîñòîÿíèè ñèñòåìû. Àíàëîãîì ñâîéñòâ íåóïðåæäàåìîñòè äëÿ çàäà÷ ñ íåèçâåñòíûìè íà÷àëüíûìè

ñîñòîÿíèÿìè è ñòàëè ïàêåòû ïðîãðàìì. Ñëåäóåò îòìåòèòü, ÷òî âî âñåõ ïðåäûäóùèõ èññëåäîâàíèÿõ,

ñâÿçàííûõ ñ ìåòîäîì ïàêåòîâ ïðîãðàìì, ðàññìàòðèâàëèñü çàäà÷è íàâåäåíèÿ íà îäíî-åäèíñòâåííîå öå-

ëåâîå ìíîæåñòâî. Â íàñòîÿùåé ðàáîòå äëÿ ëèíåéíîé ñòàöèîíàðíîé óïðàâëÿåìîé äèíàìè÷åñêîé ñèñòåìû

ðàññìîòðåíà çàäà÷à ãàðàíòèðîâàííîãî íàâåäåíèÿ íà ñåìåéñòâî öåëåâûõ ìíîæåñòâ â ñëó÷àå íåïîëíîé

èí�îðìàöèè î íà÷àëüíîì ñîñòîÿíèè. Óñòàíîâëåí êðèòåðèé ðàçðåøèìîñòè ýòîé çàäà÷è, îñíîâàííûé íà

ìåòîäå ïàêåòîâ ïðîãðàìì, è ïðèâåäåí èëëþñòðèðóþùèé ïðèìåð.

Êëþ÷åâûå ñëîâà: ëèíåéíûå ñèñòåìû, óïðàâëåíèå, íåïîëíàÿ èí�îðìàöèÿ.
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Ââåäåíèå

�àññìîòðèì óïðàâëÿåìóþ ñèñòåìó âèäà

ẋ(t) = Ax(t) +Bu(t) + c(t), (0.1)

ãäå t ∈ T = [t0, ϑ] � ïåðåìåííàÿ âðåìåíè, t0 < ϑ < +∞; x(t) ∈ R
n
� ñîñòîÿíèå ñèñòåìû,

íàéäåííîå â ìîìåíò t; u(t) ∈ R
m
� çíà÷åíèå óïðàâëÿþùåãî âåêòîðà â ýòîò ìîìåíò âðåìåíè;

A è B � ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðíîñòåé, �óíêöèÿ c(·) : T → R
n
êóñî÷íî-íåïðåðûâíà.

Óïðàâëÿþùåé ñòîðîíå àïðèîðè èçâåñòíî, ÷òî èñòèííîå íà÷àëüíîå ñîñòîÿíèå ñèñòåìû x0
ñîäåðæèòñÿ â çàäàííîì êîíå÷íîì ìíîæåñòâå X0 ⊂ R

n
(ìíîæåñòâî äîïóñòèìûõ íà÷àëüíûõ ñî-

ñòîÿíèé), õîòÿ ñàìî x0 íåèçâåñòíî. Ïîä ïðîãðàììíûì óïðàâëåíèåì (ïðîãðàììîé) ïîíèìàåòñÿ
âñÿêàÿ èçìåðèìàÿ ïî Ëåáåãó �óíêöèÿ u(·) : T → U. Çäåñü U ⊂ R

m
� âûïóêëûé êîìïàêò, îïè-

ñûâàþùèé ìãíîâåííûé ðåñóðñ óïðàâëåíèÿ. Ìíîæåñòâî âñåõ ïðîãðàììíûõ óïðàâëåíèé îáîçíà-

÷èì ÷åðåç U . Äâèæåíèå ñèñòåìû (0.1), ñîîòâåòñòâóþùåå äîïóñòèìîìó íà÷àëüíîìó ñîñòîÿíèþ

x0 ∈ X0, ïðîãðàììå u(·) ∈ U , ÿâëÿåòñÿ ðåøåíèåì (ïî Êàðàòåîäîðè) ñèñòåìû äè��åðåíöèàëü-

íûõ óðàâíåíèé (0.1), îïðåäåëåííûì íà îòðåçêå T è óäîâëåòâîðÿþùèì íà÷àëüíîìó óñëîâèþ

x(t0) = x0; ýòî äâèæåíèå îáîçíà÷èì ÷åðåç x(·; t0, x0, u(·)).

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî íàó÷íîãî �îíäà (ïðîåêò 14�11�00539).

http://dx.doi.org/10.20537/vm170305
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Êàê èçâåñòíî, ñòàíäàðòíàÿ çàäà÷à îïòèìàëüíîãî ïðîãðàììíîãî óïðàâëåíèÿ (ïðè èçâåñòíîì

íà÷àëüíîì ñîñòîÿíèè x0) çàêëþ÷àåòñÿ â íàõîæäåíèè óïðàâëåíèÿ u
opt
x0 (·), ìèíèìèçèðóþùåãî

êðèòåðèé êà÷åñòâà:

uoptx0
(·) = argmin

{

f
(

x(ϑ; t0, x0, u(·))
)

: u(·) ∈ U
}

.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Jx0 = f
(

x(ϑ; t0, x0, u
opt
x0

(·))
)

, Mx0 =
{

x ∈ R
n : f(x) 6 Jx0

}

, x0 ∈ X0.

Íèæå ïîëàãàåì, ÷òî f(·) : Rn → R � ñîáñòâåííàÿ âûïóêëàÿ �óíêöèÿ è 0 ∈ intD(f). Çäåñü
D(f) =

{

x ∈ R
n : f(x) 6 +∞

}

, ñèìâîë int îçíà÷àåò âíóòðåííîñòü ìíîæåñòâà. Ïîñëåäíåå

óñëîâèå, êàê èçâåñòíî, âëå÷åò íåïðåðûâíîñòü �óíêöèè f â íóëå.

Çàäà÷à ãàðàíòèðîâàííîãî ïîçèöèîííîãî íàâåäåíèÿ íà ñèñòåìó öåëåâûõ ìíîæåñòâ ñîñòîèò

â �îðìèðîâàíèè óïðàâëÿþùåãî âîçäåéñòâèÿ ñèñòåìû (0.1), îáåñïå÷èâàþùåãî ïðèâåäåíèå åå

�àçîâîé òðàåêòîðèè íà ìíîæåñòâî Mx0 , ãäå x0 � èñòèííîå (íåèçâåñòíîå) íà÷àëüíîå ñîñòîÿíèå.

Â ïðîöåññå äâèæåíèÿ óïðàâëÿþùàÿ ñòîðîíà �îðìèðóåò ñâîå óïðàâëåíèå ïîçèöèîííî, íàáëþäàÿ

òåêóùèé ñèãíàë y(t) = Q(t)x(t) î ñîñòîÿíèè x(t) ñèñòåìû. Â ñîîòâåòñòâèè ñ �îðìàëèçàöèåé,

ïðèíÿòîé â òåîðèè ãàðàíòèðîâàííîãî óïðàâëåíèÿ [1, 2℄, óïðàâëÿþùàÿ ñòîðîíà êîððåêòèðóåò

çíà÷åíèÿ óïðàâëåíèÿ u(·) â çàðàíåå çàäàííûå ìîìåíòû âðåìåíè t0 = τ0 < τ1 < . . . < τm = ϑ.

Â êàæäûé ìîìåíò τj (j = 0, . . . ,m − 1) çíà÷åíèÿ óïðàâëåíèÿ íà ïîëóèíòåðâàëå t ∈ [τj , τj+1)
îïðåäåëÿþòñÿ èñõîäÿ èç ïðåäûñòîðèè t → y(t) íàáëþäåíèÿ íà îòðåçêå [t0, τj] è ïðåäûñòîðèè

t → u(t) óïðàâëåíèÿ íà ïîëóèíòåðâàëå [t0, τj). Òàêèì îáðàçîì, çàäà÷à ãàðàíòèðîâàííîãî ïî-

çèöèîííîãî íàâåäåíèÿ íà ñèñòåìó öåëåâûõ ìíîæåñòâ ñîñòîèò â òîì, ÷òîáû ïî ïðîèçâîëüíîìó

íàïåðåä çàäàííîìó ε > 0 âûáðàòü òàêîå ïðàâèëî �îðìèðîâàíèÿ óïðàâëåíèÿ, ÷òî äëÿ ëþáî-

ãî íà÷àëüíîãî ñîñòîÿíèÿ x0 ∈ X0 äâèæåíèå x(·) ñèñòåìû (0.1), èñõîäÿùåå èç ýòîãî ñîñòîÿíèÿ,

â ìîìåíò âðåìåíè t = ϑ ïðèõîäèò â çàìêíóòóþ ε-îêðåñòíîñòü öåëåâîãî ìíîæåñòâà Mx0 .

Êàê ñëåäóåò èç ïðèâåäåííîé íèæå òåîðåìû 1, ýòà çàäà÷à ðàçðåøèìà òîãäà è òîëüêî òîãäà,

êîãäà ðàçðåøèìà çàäà÷à òàê íàçûâàåìîãî ïàêåòíîãî íàâåäåíèÿ. Â ñâÿçè ñ ýòèì â íàñòîÿùåé

ðàáîòå ìû îñòàíîâèìñÿ íà âûâîäå óñëîâèé ðàçðåøèìîñòè ïîñëåäíåé. Ïðè ýòîì âîñïîëüçóåìñÿ

ïðåäëîæåííûì â ðàáîòàõ [3�5℄ ïîäõîäîì. Ñëåäóåò îòìåòèòü, ÷òî ðàíåå ýòîò ïîäõîä ïðèìåíÿëñÿ

äëÿ ðåøåíèÿ çàäà÷ ãàðàíòèðîâàííîãî íàâåäåíèÿ ëèíåéíûõ ñèñòåì îáûêíîâåííûõ äè��åðåí-

öèàëüíûõ óðàâíåíèé [6, 7℄, ëèíåéíûõ ñòîõàñòè÷åñêèõ äè��åðåíöèàëüíûõ óðàâíåíèé [8℄, äè�-

�åðåíöèàëüíûõ óðàâíåíèé ñ ïîñëåäåéñòâèåì [9℄, ñèñòåì ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè [10℄.

Ïðè ýòîì âî âñåõ öèòèðîâàííûõ âûøå ðàáîòàõ ïðåäïîëàãàëîñü, ÷òî öåëåâîå ìíîæåñòâî îäíî

è òî æå äëÿ âñåõ íà÷àëüíûõ ñîñòîÿíèé.

Çàìå÷àíèå 1. Ïóñòü

J∗ = max
x0∈X0

Jx0 = max
x0∈X0

min
u(·)∈U

J
(

x(ϑ; t0, x0, u(·)
)

, (0.2)

à ñèìâîë x∗0 îçíà÷àåò âåêòîð, íà êîòîðîì äîñòèãàåòñÿ ìàêñèìóì (ïî x0) â ïðàâîé ÷àñòè (0.2).

Òîãäà, åñëè

x0 = x∗0,

ðàññìàòðèâàåìóþ çàäà÷ó óïðàâëåíèÿ åñòåñòâåííî íàçûâàòü çàäà÷åé ãàðàíòèðîâàííîãî ìàêñè-

ìèííîãî íàâåäåíèÿ.

� 1. Âñïîìîãàòåëüíûå ðåçóëüòàòû

Ïðåæäå ÷åì ïåðåéòè ê âûâîäó óñëîâèé ðàçðåøèìîñòè ðàññìàòðèâàåìîé çàäà÷è, ïðèâåäåì

íåêîòîðûå ðåçóëüòàòû èç ðàáîò [10, 11℄, ñ�îðìóëèðîâàâ èõ â óäîáíîé äëÿ íàñ �îðìå. �àññìîò-

ðèì óïðàâëÿåìóþ ñèñòåìó âèäà (0.1). Ââåäåì �óíäàìåíòàëüíóþ ìàòðèöó F (·, ·) îäíîðîäíîé

ñèñòåìû ẋ(t) = Ax(t). Äëÿ êàæäîãî x0 ∈ X0 îáîçíà÷èì

gx0(t) = Q(t)F (t, t0)x0 (t ∈ T );
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�óíêöèÿ gx0(·) íàçûâàåòñÿ îäíîðîäíûì ñèãíàëîì (ñîîòâåòñòâóþùèì äîïóñòèìîìó íà÷àëüíîìó

ñîñòîÿíèþ x0). Ìíîæåñòâî âñåõ äîïóñòèìûõ íà÷àëüíûõ ñîñòîÿíèé x0, ñîîòâåòñòâóþùèõ îäíî-

ðîäíîìó ñèãíàëó g(·) äî ìîìåíòà âðåìåíè τ ∈ [t0, ϑ], îáîçíà÷àåì ñèìâîëîì X0

(

τ |g(·)
)

; òàêèì

îáðàçîì,

X0

(

τ |g(·)
)

=
{

x0 ∈ X0 : g(·)|[t0 ,τ ] = gx0(·)|[t0,τ ]
}

;

çäåñü è äàëåå g(·)|[t0 ,τ ], ãäå τ ∈ [t0, ϑ], � ñóæåíèå îäíîðîäíîãî ñèãíàëà g(·) íà îòðåçîê [τ0, τ ].
Ñåìåéñòâî (wx0(·))x0∈X0 ïðîãðàìì íàçûâàåì ïàêåòîì ïðîãðàìì, åñëè îíî óäîâëåòâîðÿ-

åò ñëåäóþùåìó óñëîâèþ íåóïðåæäàåìîñòè: äëÿ ëþáûõ îäíîðîäíîãî ñèãíàëà g(·), ìîìåíòà
τ ∈ (t0, ϑ] è äîïóñòèìûõ íà÷àëüíûõ ñîñòîÿíèé x′0, x

′′
0 ∈ X0

(

τ |g(·)
)

ïðè âñåõ t ∈ [τ0, τ) âûïîëíÿ-
åòñÿ ðàâåíñòâî wx′

0
(t) = wx′′

0
(t). Ïàêåò

(

wx0(·)
)

x0∈X0
ïðîãðàìì íàçûâàåì íàâîäÿùèì, åñëè äëÿ

ëþáîãî x0 ∈ X0 èìååò ìåñòî âêëþ÷åíèå x
(

ϑ; t0, x0, wx0(·)
)

∈ Mx0 . Åñëè ñóùåñòâóåò íàâîäÿùèé

ïàêåò ïðîãðàìì, òî ãîâîðèì, ÷òî ðàçðåøèìà çàäà÷à ïàêåòíîãî íàâåäåíèÿ.

Ïóñòü G � ìíîæåñòâî âñåõ îäíîðîäíûõ ñèãíàëîâ. Äëÿ êàæäîãî îäíîðîäíîãî ñèãíàëà g(·)
ââîäèì ìíîæåñòâî T

(

g(·)
)

=
{

τj
(

g(·)
)

: j = 1, . . . , kg(·)
}

âñåõ ìîìåíòîâ åãî ðàññëîåíèÿ (ïî ïîâîäó

îïðåäåëåíèÿ ìîìåíòîâ ðàññëîåíèÿ ñì. [10℄) è ïîëàãàåì T =
⋃

g(·)∈G

T
(

g(·)
)

. Ââèäó êîíå÷íîñòè

ýòîãî ìíîæåñòâà äëÿ êàæäîãî îäíîðîäíîãî ñèãíàëà g(·) ñóùåñòâóåò íîìåð kg(·) > 1 òàêîé, ÷òî

τkg(·)
(

g(·)
)

= ϑ. Òîãäà ìíîæåñòâî T ìîæíî çàïèñàòü â âèäå T = {τ1, . . . , τK}, ãäå τj < τj+1

(i = j, . . . ,K − 1). Ïðèíèìàåì τ0 = t0. Äëÿ êàæäîãî k = 1, . . . ,K ââîäèì ìíîæåñòâî

X0(τk) =
{

X0

(

τk|g(·)
)

: g(·) ∈ G
}

.

Ýëåìåíòû X0,k ìíîæåñòâà X0(τk) íàçûâàþòñÿ êëàñòåðàìè íà÷àëüíûõ ñîñòîÿíèé â ìîìåíò τk.

Äëÿ êàæäîãî k = 0, . . . ,K êëàñòåðû íà÷àëüíûõ ñîñòîÿíèé â ìîìåíò τk îáðàçóþò ðàçáèåíèå

ìíîæåñòâà X0 âñåõ äîïóñòèìûõ íà÷àëüíûõ ñîñòîÿíèé, òî åñòü

X0 =
⋃

X0,k∈X0(τk)

X0,k, X ′
0,k

⋂

X ′′
0,k = ∅

(

X ′
0,k,X

′′
0,k ∈ X0(τk), X ′

0,k 6= X ′′
0,k

)

.

Ïóñòü UX0 � ìíîæåñòâî âñåõ ñåìåéñòâ (wx0(·))x0∈X0 âåêòîðîâ èç U . Ëþáóþ èçìåðèìóþ ïî

Ëåáåãó �óíêöèþ t →
(

wx0(t)
)

x0∈X0
: T → UX0 íàçûâàåì ðàñøèðåííîé ïðîãðàììîé. Ñåìåé-

ñòâî ïðîãðàìì

(

wx0(·)
)

x0∈X0
åñòåñòâåííî (êàê ýòî ñäåëàíî â [9�11℄) îòîæäåñòâëÿòü ñ ðàñøè-

ðåííîé ïðîãðàììîé t →
(

wx0(t)
)

x0∈X0
. Äëÿ êàæäîãî k = 0, . . . ,K ââîäèì ìíîæåñòâî Uk âñåõ

ñåìåéñòâ (wx0)x0∈X0 ∈ UX0 òàêèõ, ÷òî äëÿ âñÿêîãî êëàñòåðà X0,k ⊂ X0(τk) è ïðîèçâîëüíûõ íà-

÷àëüíûõ ñîñòîÿíèé x′0, x
′′
0 ∈ X0,k ñïðàâåäëèâî ðàâåíñòâî wx′

0
= wx′′

0
. �àñøèðåííóþ ïðîãðàììó

(

wx0(·)
)

x0∈X0
íàçûâàåì äîïóñòèìîé, åñëè äëÿ êàæäîãî k = 0, . . . ,K âûïîëíÿåòñÿ âêëþ÷åíèå

(

wx0(t)
)

x0∈X0
∈ Uk ïðè âñåõ t ∈ (τk−1, τk] â ñëó÷àå k > 1 è ïðè âñåõ t ∈ [t0, τ1] â ñëó÷àå k = 1.

Äëÿ j = 1, 2, . . . îïðåäåëÿåì ðàñøèðåííîå ïðîñòðàíñòâî Rj êàê êîíå÷íîìåðíîå ãèëüáåðòîâî

ïðîñòðàíñòâî âñåõ ñåìåéñòâ l = (lx0)x0∈X0 âåêòîðîâ èç R
j
ñî ñêàëÿðíûì ïðîèçâåäåíèåì 〈·, ·〉

âèäà

〈l′, l′′〉 =
∑

x0∈X0

(l′x0
, l′′x0

)
(

l′ = (l′x0
)x0∈X0 ∈ Rj , l′′ = (l′′x0

)x0∈X0 ∈ Rj

)

.

Çäåñü è äàëåå (·, ·) � ñêàëÿðíîå ïðîèçâåäåíèå â êîíå÷íîìåðíîì åâêëèäîâîì ïðîñòðàíñòâå R
n
,

è íîðìó â ýòîì æå ïðîñòðàíñòâå îáîçíà÷èì ÷åðåç | · |Rn
.

�àññìîòðèì ðàñøèðåííóþ ñèñòåìó, êîòîðàÿ ñîñòîèò èç ýêçåìïëÿðîâ ñèñòåìû (0.1), ïàðàìåò-

ðèçîâàííûõ íà÷àëüíûìè ñîñòîÿíèÿìè x0 ∈ X0; ýêçåìïëÿð ñèñòåìû, îòâå÷àþùèé ïàðàìåòðó x0,

èñõîäèò èç íà÷àëüíîãî ñîñòîÿíèÿ x0 ïîä äåéñòâèåì ïðîãðàììíîãî óïðàâëåíèÿ wx0(·). Çàïèøåì
ðàñøèðåííóþ ñèñòåìó â âèäå

ẋx0(t) = Axx0(t) +Bux0(t) + c(t), xx0(t0) = x0 (x0 ∈ X0). (1.1)

Çà �àçîâîå ïðîñòðàíñòâî ðàñøèðåííîé ñèñòåìû ïðèíèìàåì Rn. Óïðàâëåíèå ðàñøèðåííîé

ñèñòåìîé âûáèðàåì èç êëàññà âñåõ äîïóñòèìûõ ðàñøèðåííûõ ïðîãðàìì. Äëÿ êàæäîé äî-

ïóñòèìîé ðàñøèðåííîé ïðîãðàììû t →
(

wx0(t)
)

x0∈X0
ïîä ñîîòâåòñòâóþùèì åé äâèæåíèåì
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ðàñøèðåííîé ñèñòåìû ïîíèìàåì �óíêöèþ t →
(

x(t; t0, x0, wx0(·))
)

x0∈X0
: T → Rn. �àñøè-

ðåííûì öåëåâûì ìíîæåñòâîì íàçîâåì ìíîæåñòâî M âñåõ ñåìåéñòâ (xx0)x0∈X0 ∈ Rn òà-

êèõ, ÷òî xx0 ∈ Mx0 äëÿ âñåõ x0 ∈ X0. Ñ÷èòàåì, ÷òî äîïóñòèìàÿ ðàñøèðåííàÿ ïðîãðàì-

ìà t →
(

wx0(t)
)

x0∈X0
ÿâëÿåòñÿ íàâîäÿùåé äëÿ ðàñøèðåííîé ñèñòåìû, åñëè äëÿ äâèæåíèÿ

(

x(·; t0, x0, wx0(·))
)

x0∈X0
ðàñøèðåííîé ñèñòåìû, ñîîòâåòñòâóþùåãî t →

(

wx0(t)
)

x0∈X0
, âûïîë-

íÿåòñÿ óñëîâèå

(

x(ϑ; t0, x0, wx0(·))
)

x0∈X0
∈ M. Áóäåì ãîâîðèòü, ÷òî ðàçðåøèìà ðàñøèðåííàÿ

çàäà÷à ïðîãðàììíîãî íàâåäåíèÿ, åñëè ñóùåñòâóåò äîïóñòèìàÿ ðàñøèðåííàÿ ïðîãðàììà, ÿâëÿ-

þùàÿñÿ íàâîäÿùåé äëÿ ðàñøèðåííîé ñèñòåìû.

Àíàëîãè÷íî [3�5℄ äîêàçûâàåòñÿ

Òåîðåìà 1. 1) �àñøèðåííàÿ ïðîãðàììà t →
(

wx0(t)
)

x0∈X0
ÿâëÿåòñÿ ïàêåòîì ïðîãðàìì

òîãäà è òîëüêî òîãäà, êîãäà îíà äîïóñòèìà.

2) Äîïóñòèìàÿ ðàñøèðåííàÿ ïðîãðàììà ÿâëÿåòñÿ íàâîäÿùèì ïàêåòîì ïðîãðàìì òîãäà

è òîëüêî òîãäà, êîãäà îíà ÿâëÿåòñÿ íàâîäÿùåé äëÿ ðàñøèðåííîé ñèñòåìû.

3) Çàäà÷à ãàðàíòèðîâàííîãî ïîçèöèîííîãî íàâåäåíèÿ íà ñèñòåìó öåëåâûõ ìíîæåñòâ ðàç-

ðåøèìà òîãäà è òîëüêî òîãäà, êîãäà ðàçðåøèìà çàäà÷à ïàêåòíîãî íàâåäåíèÿ.

4) Çàäà÷à ïàêåòíîãî íàâåäåíèÿ íà ñèñòåìó öåëåâûõ ìíîæåñòâ ðàçðåøèìà òîãäà è òîëüêî

òîãäà, êîãäà ðàçðåøèìà ðàñøèðåííàÿ çàäà÷à ïðîãðàìíîãî íàâåäåíèÿ.

Ïóñòü S � ïîäïðîñòðàíñòâî ïðîñòðàíñòâà R
n
, îðòîãîíàëüíîå âñåì l ∈ R

n
òàêèì, ÷òî äëÿ êàæ-

äîãî x0 ∈ X0 èìååì ρ+(l|Mx0) = ∞. Â êà÷åñòâå L ⊂ S âîçüìåì âûïóêëûé êîìïàêò, ñîäåðæàùèé

îáðàç åäèíè÷íîé ñ�åðû, òî åñòü ñóùåñòâóþò ïîñòîÿííûå r1, r2 > 0, óäîâëåòâîðÿþùèå íåðàâåí-
ñòâó r2 > r1 è òàêèå, ÷òî äëÿ êàæäîãî âåêòîðà z ∈ S åäèíè÷íîé íîðìû íàéäåòñÿ r ∈ [r1, r2], äëÿ
êîòîðîãî rz ∈ L. Òîãäà ÷åðåç L îáîçíà÷èì ìíîæåñòâî âñåõ (lx0)x0∈X0 ∈ Rn òàêèõ, ÷òî lx0 ∈ L

ïðè âñåõ x0 ∈ X0.

Â ñâîþ î÷åðåäü, àíàëîãè÷íî [5℄ óñòàíàâëèâàåòñÿ êðèòåðèé ðàçðåøèìîñòè ðàñøèðåííîé çà-

äà÷è ïðîãðàììíîãî íàâåäåíèÿ. Â íàøåì ñëó÷àå ýòîò êðèòåðèé èìååò âèä íåðàâåíñòâà

sup
(lx0 )x0∈X0

∈L

γ
(

(lx0)x0∈X0

)

6 0. (1.2)

Çäåñü

γ
(

(lx0)x0∈X0

)

= V(lx0 ;ϑ, t0)−
∑

x0∈X0

p+(lx0 |Mx0), D(τ) = B⊤F⊤(ϑ, τ), dk(τ) = D(τ)
∑

x0∈X0,k

lx0 ,

V(lx0 ;ϑ, t0) =

〈

lx0 , F (ϑ, t0)x0 +

∫ ϑ

t0

F (ϑ, τ)c(τ) dτ

〉

+

K
∑

k=1

∫ τk

τk−1

∑

X0,k∈X (τk)

̺−(dk(τ)|U) dτ,

̺−(l|U) = inf{ (l, x) : x ∈ U }, ̺+(l|Mx0) = sup{ (l, x) : x ∈ Mx0 } � íèæíÿÿ è âåðõíÿÿ îïîðíûå

�óíêöèè, ⊤ � òðàíñïîíèðîâàíèå.

� 2. �àçðåøèìîñòü çàäà÷è ãàðàíòèðîâàííîãî ïðîãðàììíîãî íàâåäåíèÿ

Ïóñòü äëÿ ëþáîãî x0 ñóùåñòâóåò ðåøåíèå çàäà÷è

min
u(·)∈U

f
(

x(ϑ; t0, x0, u(·))
)

= Jx0 .

Äëÿ ïðîèçâîëüíîãî a > 0 ââåäåì ìíîæåñòâî

Ma
x0

=
{

x ∈ R
n : f(x) 6 Jx0 − a

}

.

Ëåììà 1. Ïóñòü a > 0, òîãäà ñóùåñòâóåò ÷èñëî µ ∈ (0, a) òàêîå, ÷òî, êàêîâî áû íè áûëî

íà÷àëüíîå ñîñòîÿíèå x0 ∈ X0, èìååò ìåñòî âêëþ÷åíèå

Oµ(M
a
x0
) ⊂ Mx0 . (2.1)

Çäåñü Oµ(M) îçíà÷àåò µ-îêðåñòíîñòü ìíîæåñòâà M .
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Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó êîíå÷íîñòè ìíîæåñòâà X0 äîñòàòî÷íî óñòàíîâèòü ñïðàâåäëè-

âîñòü âêëþ÷åíèÿ (2.1) äëÿ îäíîãî x0. Ïðåäïîëîæèì, ÷òî (2.1) íå âûïîëíÿåòñÿ äëÿ íåêîòîðîãî

x0 ∈ X0. Âîçüìåì ïðîèçâîëüíóþ ïîñëåäîâàòåëüíîñòü ÷èñåë µi → 0 ïðè i → ∞. Òîãäà äëÿ ëþ-

áîãî íàòóðàëüíîãî i íàéäåòñÿ âåêòîð xi ∈ Oµi
(Ma

x0
) òàêîé, ÷òî xi 6∈ Mx0 . Çíà÷èò, f(xi) > Jx0 .

Ïîýòîìó

lim
i→∞

f(xi) > Jx0 . (2.2)

Çàìåòèì, ÷òî êàæäûé âåêòîð xi ìîæíî ïðåäñòàâèòü â âèäå ñóììû äâóõ âåêòîðîâ:

xi = yi + zi,

ãäå yi ∈ Ma
x0
, òî åñòü f(yi) 6 Jx0 − a, à |zi|Rn 6 µi. Òîãäà â ñèëó âûïóêëîñòè �óíêöèè f èìååì

f(xi) 6 f(yi) + f(zi) 6 Jx0 − a+ f(zi).

Ïîñêîëüêó �óíêöèÿ f íåïðåðûâíà â íóëå, f(zi) → f(0) = 0 ïðè i → ∞. Ñëåäîâàòåëüíî,

lim
i→∞

f(xi) 6 Jx0 − a.

Ïîëó÷àåì ïðîòèâîðå÷èå  (2.2). Ëåììà äîêàçàíà. �

Â äàëüíåéøåì íàì ïîíàäîáèòñÿ

Óñëîâèå 1. Äëÿ ëþáîãî b > 0 ìîæíî óêàçàòü µ ∈ (0, b) òàêîå, ÷òî äëÿ ëþáîãî x0 ∈ X0 âåðíî

âêëþ÷åíèå

Mx0 ∈ Oµ(M
b
x0
).

Çàìå÷àíèå 2. Êàê íåòðóäíî âèäåòü, óñëîâèå 1 âûïîëíÿåòñÿ íå âñåãäà. Íàïðèìåð, äëÿ êðè-

òåðèÿ êà÷åñòâà f(x) = c|x|Rn
ïðè c > 1 îíî âûïîëíåíî, åñëè æå c < 1, òî íåò. Óñëîâèå 1 ÿâëÿåòñÿ

â íåêîòîðîì ñìûñëå îáðàòíûì ê óòâåðæäåíèþ ëåììû 1.

Òåîðåìà 2. Ïóñòü �óíêöèÿ f óäîâëåòâîðÿåò óñëîâèþ 1. Òîãäà äëÿ ðàçðåøèìîñòè çàäà÷è

ãàðàíòèðîâàííîãî ïðîãðàììíîãî íàâåäåíèÿ íà ñèñòåìó öåëåâûõ ìíîæåñòâ íåîáõîäèìî è äî-

ñòàòî÷íî âûïîëíåíèå ñîîòíîøåíèÿ

max
(lx0 )x0∈X0

∈L

γ
(

(lx0)x0∈X0

)

= 0. (2.3)

Ä î ê à ç à ò å ë ü ñ ò â î. Íà÷íåì ñ íåîáõîäèìîñòè. Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü çàäà÷à

ðàçðåøèìà è

γ ≡ sup
(lx0 )x0∈X0

∈L

γ(lx0) = −γ∗ < 0,

ãäå γ∗ > 0. Òîãäà äëÿ ëþáîãî x0 ∈ X0 èìååì γ(lx0) 6 −γ∗, òî åñòü

sup
(lx0 )x0∈X0

∈L

(

V(lx0 ;ϑ, t0)−
∑

x0∈X0

ρ+(lx0 |Mx0)

)

6 −γ∗. (2.4)

Èç îïðåäåëåíèÿ ìíîæåñòâà L ñëåäóåò ñóùåñòâîâàíèå ÷èñëà µ∗ > 0 òàêîãî, ÷òî

sup
(lx0 )x0∈X0

∈L

|lx0 |Rn = µ∗.

Òîãäà â ñèëó óñëîâèÿ 1 íàéäåòñÿ òàêîå ÷èñëî µ ∈
(

0,
γ∗

µ∗K

)

, ÷òî

ρ+
(

lx0 |Oµ(M
γ∗

x0
)
)

= ρ+(lx0 |M
γ∗

x0
) + µ|lx0 |Rn > ρ+(lx0 |Mx0), (2.5)
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ãäå K � ÷èñëî ýëåìåíòîâ ìíîæåñòâà X0. Â ñâîþ î÷åðåäü, èç íåðàâåíñòâà (2.4) ñëåäóåò íåðà-

âåíñòâî

sup
(lx0 )x0∈X0

∈L

(

V(lx0 ;ϑ, t0)−
∑

x0∈X0

ρ+
(

lx0 |Oµ(M
γ∗

x0
)
)

)

6 −γ∗. (2.6)

Çàìåòèì, ÷òî

∑

x0∈X0

sup
(lx0 )x0∈X0

∈L

µ|lx0 |Rn 6 µµ∗K < γ∗.

Ó÷èòûâàÿ ýòî íåðàâåíñòâî, à òàêæå (2.5), èç (2.6) ïîëó÷àåì

sup
(lx0 )x0∈X0

∈L

(

V(lx0 ;ϑ, t0)−
∑

x0∈X0

ρ+(lx0 |M
γ∗

x0
)

)

−
∑

x0∈X0

sup
(lx0 )x0∈X0

∈L

µ|lx0 |Rn 6

6 sup
(lx0 )x0∈X0

∈L

(

V(lx0 ;ϑ, t0)−
∑

x0∈X0

ρ+(lx0 |M
γ∗

x0
)

)

6 −γ∗ + µµ∗K < 0.

Îäíàêî ïîñëåäíåå íåðàâåíñòâî ïðîòèâîðå÷èò óñëîâèþ ðàçðåøèìîñòè çàäà÷è ïàêåòíîãî íàâå-

äåíèÿ (1.2) è ïðàâèëó îïðåäåëåíèÿ ìíîæåñòâà Mx0 . Íåîáõîäèìîñòü äîêàçàíà. Äîñòàòî÷íîñòü

ñëåäóåò èç óæå óïîìèíàâøåãîñÿ óñëîâèÿ (1.2). Òåîðåìà äîêàçàíà. �

Òåîðåìà 3. Ïóñòü (l∗x0
)x0∈X0 ∈ L ÿâëÿåòñÿ âåêòîðîì, íà êîòîðîì äîñòèãàåòñÿ ìàêñèìóì

â âûðàæåíèè (2.3), ïðè÷åì âåêòîð d∗k(τ) = D(τ)
∑

x0∈X0,k

l∗x0
îòëè÷åí îò íóëÿ ïðè âñåõ τ ∈ T .

Ïóñòü íóëåâàÿ ðàñøèðåííàÿ ïðîãðàììà íå ÿâëÿåòñÿ íàâîäÿùåé (äëÿ ðàñøèðåííîé ñèñòåìû)
è äëÿ ïðîèçâîëüíîãî k = 1, . . . ,K è ïðîèçâîëüíîãî êëàñòåðà X0,k ∈ X (τk) âûïîëíÿåòñÿ ðàâåí-

ñòâî

(

d∗k(τ), wX0,k
(τ)
)

= ̺−
(

d∗k(τ)|U
)

(τ ∈ [τk−1, τk)). (2.7)

Òîãäà ðàñøèðåííàÿ ïðîãðàììà t → (wx0(t))x0∈X0 ÿâëÿåòñÿ íàâîäÿùåé äëÿ ñèñòåìû (1.1).

Ä î ê à ç à ò å ë ü ñ ò â î. Ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû óñòàíàâëèâàåòñÿ àíàëîãè÷-

íî [11℄. �

Ñëåäñòâèå 1. Ïàêåò ïðîãðàìì, ñîîòâåòñòâóþùèé ðàñøèðåííîé ïðîãðàììå, îïðåäåëÿåìîé

ñîãëàñíî òåîðåìå 3, ÿâëÿåòñÿ íàâîäÿùèì.

Ïðèìåð 1. �àññìîòðèì ëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó îáûêíîâåííûõ äè��åðåíöèàëü-

íûõ óðàâíåíèé

ẋ1 = −2x1 − x2 + t,

ẋ2 = x2 + u;
(2.8)

çäåñü x1(t) è x2(t) � êîîðäèíàòû �àçîâîãî âåêòîðà x(t) =
(

x1(t), x2(t)
)⊤
. Çíà÷åíèÿ óïðàâ-

ëåíèÿ u(t) îãðàíè÷åíû îòðåçêîì [−p, p], ãäå p = 0.1151. Òàêèì îáðàçîì, èìååì ñëåäóþùèå

ïàðàìåòðû ñèñòåìû (0.1): n = 2, m = 1 è U = [−p, p]; ìàòðèöû A, B è âåêòîð c(t) èìåþò âèä

A =

(

−2 −1
0 1

)

, B =

(

0
1

)

, c(t) =

(

t

0

)

.

Ïóñòü [t0, ϑ] = [0, 2] è ìíîæåñòâî äîïóñòèìûõ íà÷àëüíûõ ñîñòîÿíèé ñîñòîèò èç äâóõ ðàçëè÷íûõ
ýëåìåíòîâ, X0 = {x′, x′′}, ãäå

x′ = (x′1, x
′
2)

⊤ = (−1, 0.5)⊤, x′′ = (x′′1 , x
′′
2)

⊤ = (−2, 1)⊤.
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Ïðåäïîëîæèì, ÷òî äàííûå î ïîëîæåíèè ñèñòåìû íà îòðåçêå [0, 1] ïðè äâèæåíèè áóäóò íåäî-
ñòóïíû, à íà ïîëóèíòåðâàëå (1, 2] ñîñòîÿíèå ñèñòåìû áóäåò ïîëíîñòüþ îòñëåæèâàòüñÿ, òî åñòü

ìû èìååì ñèãíàë âèäà

y(t) =

(

y1(t)
y2(t)

)

=

{

(0, 0)⊤, t ∈ [0, 1],

(t− 1)
(

x1(t), x2(t)
)⊤

, t ∈ (1, 2],

êîòîðûé ñîîòâåòñòâóåò ñëåäóþùåé íåïðåðûâíîé ìàòðèöå íàáëþäåíèÿ:

Q(t) =

{

0, t ∈ [0, 1],

(t− 1)I2, t ∈ (1, 2],

ãäå I2 ∈ R
2×2

� åäèíè÷íàÿ ìàòðèöà. Ïóñòü f(x) = 2|x1|. Öåëü óïðàâëåíèÿ áóäåò ñîñòîÿòü â òîì,
÷òîáû ïî èìåþùèìñÿ çíà÷åíèÿì ñèãíàëà ñ�îðìèðîâàòü ïðîãðàììó óïðàâëåíèÿ ñèñòåìîé, êî-

òîðàÿ â ìîìåíò âðåìåíè t = 2 îáåñïå÷èâàëà áû âûïîëíåíèå óñëîâèé

Jx′ = 0.5, Jx′′ = 3.

Òîãäà öåëåâûìè ìíîæåñòâàìè áóäóò öèëèíäðè÷åñêèå ìíîæåñòâà

Mx′ =
{

(x1, x2)
⊤ ∈ R

2 : |x1| 6 m1, x2 ∈ R

}

,

Mx′′ =
{

(x1, x2)
⊤ ∈ R

2 : |x1| 6 m2, x2 ∈ R

}

,

ãäå m1 = 0.25, m2 = 1.5. Ïðîâåðèì âûïîëíåíèå êðèòåðèÿ (1.2) ðàçðåøèìîñòè çàäà÷è î ãàðàí-

òèðîâàííîì ïîçèöèîííîì íàâåäåíèè. Ñîáñòâåííûìè ÷èñëàìè ìàòðèöû A ÿâëÿþòñÿ λ1 = −2
è λ2 = 1, à ïîñêîëüêó ñèñòåìà (2.8) àâòîíîìíàÿ, òî �óíäàìåíòàëüíàÿ ìàòðèöà F (·, ·) çàâèñèò
òîëüêî îò ðàçíîñòè àðãóìåíòîâ è îïðåäåëÿåòñÿ �îðìóëîé

F (t, s) = F (t− s) =

(

e−2(t−s) −
1

3
et−s

0 et−s

)

.

Äëÿ àâòîíîìíîé ñèñòåìû ñ óïðàâëåíèåì �îðìóëà Êîøè çàïèñûâàåòñÿ â âèäå

x(t) = F (t)x(0) +

∫ t

0
F (t− s)c(s) ds +

∫ t

0
F (t− s)Bu(s) ds.

Îäíîðîäíûå ñèãíàëû, ñîîòâåòñòâóþùèå äîïóñòèìûì íà÷àëüíûì ñîñòîÿíèÿì x′ è x′′, èìåþò

ñîîòâåòñòâåííî âèä

gx′(t) = Q(t)F (t)x′ =











(0, 0)⊤, t ∈ [0, 1],

(t− 1)

(

e−2tx′1 −
1

3
etx′2

etx′2

)

, t ∈ (1, 2],

gx′′(t) = Q(t)F (t)x′′ =











(0, 0)⊤, t ∈ [0, 1],

(t− 1)

(

e−2tx′′1 −
1

3
etx′′2

etx′′2

)

, t ∈ (1, 2].

Ïîñêîëüêó íà÷àëüíûå ñîñòîÿíèÿ ïðåäïîëàãàþòñÿ ðàçëè÷íûå (x′ 6= x′′), òî τ1 = 1 � ïåðâûé

ìîìåíò ðàññëîåíèÿ êàæäîãî èç ýòèõ îäíîðîäíûõ ñèãíàëîâ. Ïðè ýòîì âòîðîé ìîìåíò ðàññëîå-

íèÿ τ2 � êîíå÷íûé ìîìåíò T = 2. ×èñëî K ìîìåíòîâ ðàññëîåíèÿ îäíîðîäíûõ ñèãíàëîâ ðàâíî 2,

êëàñòåðíàÿ ïîçèöèÿ X0(1) â ìîìåíò t = 1 ñîäåðæèò åäèíñòâåííîå ìíîæåñòâî X0, à êëàñòåðíàÿ

ïîçèöèÿ X0(2) â ìîìåíò t = 2 ñîäåðæèò äâà ìíîæåñòâà, {x′} è {x′′}.
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Äëÿ ïîñòðîåíèÿ íàâîäÿùåãî ïàêåòà ñ ïîìîùüþ òåîðåìû 3 íàì ïîíàäîáèòñÿ

D(s) = B⊤F⊤(ϑ − s) =

(

−
1

3
eϑ−s, eϑ−s

)

, s ∈ [0, 2].

Ïóñòü L åñòü ìíîæåñòâî âñåõ ñåìåéñòâ (l
′

1, l
′′

1) ∈ R2

(

l
′

1 = (l′1, 0)
⊤, l

′′

1 = (l′1, 0)
⊤
)

òàêèõ, ÷òî

âûïîëíÿåòñÿ îäíî èç ñîîòíîøåíèé:

|l′1| = 1, |l′′1 | 6 1 èëè |l′1| 6 1, |l′′1 | = 1.

Ïðèíèìàÿ âî âíèìàíèå âûðàæåíèÿ

ρ+
(

(l, 0)⊤|Mx′

)

= m1|l|, ρ+
(

(l, 0)⊤|Mx′′

)

= m2|l|, ρ−(l|U) = −p|l|,

äëÿ çíà÷åíèé �óíêöèè γ(·) ïðè ïðîèçâîëüíûõ äåéñòâèòåëüíûõ l′ è l′′ èç �îðìóëû (1.2) ïîëó-

÷àåì

γ
(

(l′, 0)⊤, (l′′, 0)⊤
)

= l′z′+ l′′z′′−p
1

3

∫ 1

0
e2−s|l′+ l′′| ds−p

1

3

∫ 2

1
e2−s(|l′|+ |l′′|) ds−m1|l

′|−m2|l
′′| =

= l′z′ + l′′z′′ − p
1

3
(e2 − e)|l′ + l′′| − p

1

3
(e− 1)(|l′|+ |l′′|)−m1|l

′| −m2|l
′′|,

ãäå z′ = e−4x′1 −
1

3
e2x′2 +

1

4
(3 + e−4) è z′′ = e−4x′′1 −

1

3
e2x′′2 +

1

4
(3 + e−4).

Â óñëîâèÿõ òåîðåìû 2 íàõîäèì ìàêñèìóì

γ = max
l
′
,l
′′
∈L

γ
(

(l′, 0)⊤, (l′′, 0)⊤
)

= 0,

êîòîðûé äîñòèãàåòñÿ ïðè l′ = −1 è l′′ = 0. Ñëåäîâàòåëüíî, êðèòåðèé ðàçðåøèìîñòè (1.2) âû-

ïîëíÿåòñÿ. Äëÿ ïîñòðîåíèÿ íàâîäÿùåãî ïàêåòà ñ ïîìîùüþ òåîðåìû 3 âû÷èñëèì

∑

x0∈X0,0

l∗x0
=

(

−1
0

)

+

(

0
0

)

=

(

−1
0

)

,

à òàêæå

D(s)
∑

x0∈X0,0

l∗x0
= −

1

3
eϑ−s, s ∈ [0, 2].

Òîãäà íà îòðåçêå [0, 1], ïîëüçóÿñü �îðìóëîé (2.7), ìîæíî ïîñòðîèòü u∗X0,0
(s) = −p. Òàêèì æå

îáðàçîì íà ïîëóèíòåðâàëå (1, 2] íàõîäèì ux′(s) = −p, íî äëÿ ux′′(s) óñëîâèÿ òåîðåìû 3 íå âûïîë-

íÿþòñÿ ââèäó

∑

x0∈X0,1

l∗x0
= 0. Â ýòîì ñëó÷àå òàêæå ïðèìåì ux′′(s) = −p. Â ðåçóëüòàòå ïîëó÷àåì

ïàêåò ïðîãðàìì

ux′(t) = −0.1151, ux′′(t) = −0.1151, t ∈ [0, 2],

êîòîðûé ïðèâîäèò ñèñòåìó â ñëåäóþùèå ïîëîæåíèÿ:

x1
(

2|x′, ux′(·)
)

= z′ −
1

3

∫ 1

0
et−sux′,x′′(s) ds −

1

3

∫ 2

1
et−sux′(s) ds = −0.25,

x1
(

2|x′′, ux′′(·)
)

= z′′ −
1

3

∫ 1

0
et−sux′,x′′(s) ds −

1

3

∫ 2

1
et−sux′′(s) ds = −1.5.

Íà ðèñóíêàõ èçîáðàæåíû çàâèñèìîñòè ïåðâîé êîîðäèíàòû ñèñòåìû îò âðåìåíè, åñëè íà-

÷àëüíîå ñîñòîÿíèå x′ (ðèñ. 1) è x′′ (ðèñ. 2). Ïóíêòèðíîé ëèíèåé îáîçíà÷åíà ÷àñòü òðàåêòîðèè,

êîãäà íåò ñèãíàëà î ñîñòîÿíèè ñèñòåìû (t ∈ [0, 1]), à ñïëîøíîé ëèíèåé � êîãäà ñèñòåìà íàáëþ-

äàåìàÿ (t ∈ [1, 2]). Çàøòðèõîâàííûå �èãóðû ÿâëÿþòñÿ öåëåâûìè ìíîæåñòâàìè Mx′
è Mx′′

íà

ðèñ. 1 è ðèñ. 2 ñîîòâåòñòâåííî.
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Control theory is a setion of modern mathematis being atively developed at present time. The lass of

problems investigated within the framework of this theory is quite extensive and inludes issues related to

the existene of solutions as well as issues related to the e�etive methods for onstruting ontrols. One of

the approahes to solving ontrol problems under lak of information was suggested by Yu. S. Osipov in the

fundamental paper published in the Russian Mathematial Surveys in 2006. Later, this approah, alled the

method of program pakages, was developed, in partiular, in the artiles ited in this paper. This approah

is based on a suitable modi�ation of the method of non-antiipatory strategies (quasi-strategies) for solving

ontrol problems with unknown initial states. As is known, quasi-strategies re�eting the Volterra properties

of program realizations of losed-loop ontrols in orresponding program disturbanes are oriented to the

investigation of problems with known initial states under the presene of unknown dynamial disturbanes.

Suh disturbanes are usually absent in standard ontrol problems with inomplete information and inom-

pleteness of information is due to a lak of information about the initial state of the system. So, program

pakages beame an analogue of the properties of nonantiipativeness for problems with unknown initial

states. It should be noted that in all previous works related to the method of program pakages, the guidane

problems to one single target set were onsidered. In the present paper the guaranteed guidane problem

to a olletion of target sets under inomplete information about the initial state is onsidered for a linear

autonomous ontrol dynamial system. The riterion for the solvability of that problem is established. It is

based on the method of program pakages. An illustrative example is given.
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