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ÎÁ ÎÄÍÎÌ ÏÎÄÕÎÄÅ Ê �ÅØÅÍÈÞ ÍÅÎÄÍÎ�ÎÄÍÛÕ Ó�ÀÂÍÅÍÈÉ

Â ×ÀÑÒÍÛÕ Ï�ÎÈÇÂÎÄÍÛÕ
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Ïðåäëîæåí ïîäõîä ê ïîëó÷åíèþ òî÷íûõ ðåøåíèé íåîäíîðîäíûõ äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñò-

íûõ ïðîèçâîäíûõ. Ïîêàçàíî, ÷òî åñëè ïðàâàÿ ÷àñòü óðàâíåíèÿ çàäàåò ïîâåðõíîñòü óðîâíÿ äëÿ ðåøåíèÿ

óðàâíåíèÿ, òî â ðàìêàõ ýòîãî ïîäõîäà ïîèñê ðåøåíèé ðàññìàòðèâàåìîãî íåîäíîðîäíîãî óðàâíåíèÿ ñâî-

äèòñÿ ê ðåøåíèþ îáûêíîâåííîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ (ÎÄÓ). Â ïðîòèâíîì ñëó÷àå ïîèñê

ðåøåíèé óðàâíåíèÿ ïðèâîäèò ê ðåøåíèþ ñèñòåìû ÎÄÓ. Ïîëó÷åíèå ñèñòåìû ÎÄÓ îïèðàåòñÿ íà íàëè-

÷èå â ðàññìàòðèâàåìîì óðàâíåíèè ïåðâûõ ïðîèçâîäíûõ îò èñêîìîé �óíêöèè. Äëÿ óðàâíåíèé â ÷àñòíûõ

ïðîèçâîäíûõ, êîòîðûå ÿâíî íå ñîäåðæàò ïåðâûå ïðîèçâîäíûå èñêîìîé �óíêöèè, ïðåäëîæåíà ïîäñòà-

íîâêà, ïîçâîëÿþùàÿ ïîëó÷èòü òàêèå ÷ëåíû â óðàâíåíèè. ×òîáû ñâåñòè èñõîäíîå óðàâíåíèå, ñîäåðæàùåå

ïåðâûå ïðîèçâîäíûå îò èñêîìîé �óíêöèè, ê ñèñòåìå ÎÄÓ, ðàññìàòðèâàåòñÿ ñâÿçàííàÿ ñ íèì ñèñòåìà

äâóõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Ïåðâîå óðàâíåíèå ñèñòåìû ñîäåðæèò â ëåâîé ÷àñòè ÷àñòíûå

ïðîèçâîäíûå òîëüêî ïåðâîãî ïîðÿäêà, âûáðàííûå èç èñõîäíîãî óðàâíåíèÿ, â ïðàâîé ÷àñòè � ïðîèç-

âîëüíóþ �óíêöèþ, àðãóìåíòîì êîòîðîé ÿâëÿåòñÿ èñêîìàÿ �óíêöèÿ. Âòîðîå óðàâíåíèå ñîäåðæèò ÷ëå-

íû èñõîäíîãî óðàâíåíèÿ, íå âîøåäøèå â ïåðâîå óðàâíåíèå ñèñòåìû, è ïðàâóþ ÷àñòü ïåðâîãî óðàâíåíèÿ

�îðìèðóåìîé ñèñòåìû. �åøåíèå èñõîäíîãî óðàâíåíèÿ ñâîäèòñÿ ê ïîèñêó ðåøåíèÿ ïåðâîãî óðàâíåíèÿ

ïîëó÷åííîé ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, îáðàùàþùåãî â òîæäåñòâî âòîðîå óðàâíåíèå

ñèñòåìû. Òàêîå ðåøåíèå óäàåòñÿ íàéòè, èñïîëüçóÿ ðàñøèðåííóþ ñèñòåìó óðàâíåíèé õàðàêòåðèñòèê äëÿ

ïåðâîãî óðàâíåíèÿ è ïðîèçâîë â âûáîðå �óíêöèè èç ïðàâîé ÷àñòè ýòîãî óðàâíåíèÿ. Îïèñàííûé ïîäõîä

ïðèìåíåí äëÿ ïîëó÷åíèÿ íåêîòîðûõ òî÷íûõ ðåøåíèé óðàâíåíèÿ Ïóàññîíà, óðàâíåíèÿ Ìîíæà�Àìïåðà

è óðàâíåíèÿ êîíâåêöèè�äè��óçèè.

Êëþ÷åâûå ñëîâà: íåîäíîðîäíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, òî÷íûå ðåøåíèÿ, ÎÄÓ, ñèñòå-

ìû ÎÄÓ.

DOI: 10.20537/vm170306

Ââåäåíèå

Èçâåñòíî äîñòàòî÷íî ìíîãî ïðèáëèæåííûõ è òî÷íûõ ìåòîäîâ ðåøåíèÿ îòäåëüíûõ êëàñ-

ñîâ íåîäíîðîäíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (ñì., íàïðèìåð, [1�4℄). Â äàííîé ñòàòüå

äëÿ ðåøåíèÿ íåîäíîðîäíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ èñïîëüçóåòñÿ ãåîìåòðè÷åñêèé

ìåòîä èññëåäîâàíèÿ íåëèíåéíûõ óðàâíåíèé è ñèñòåì â ÷àñòíûõ ïðîèçâîäíûõ, ðàçâèâàåìûé àâ-

òîðàìè [5�9℄, êîòîðûé ïîçâîëÿåò â ðÿäå ñëó÷àåâ ïîëó÷àòü òî÷íûå ðåøåíèÿ òàêèõ óðàâíåíèé

è ñèñòåì, ðåøàòü íåêîòîðûå êðàåâûå çàäà÷è è çàäà÷è î ïðèìûêàíèè òå÷åíèé ðàçíîãî òèïà [10℄.

Â îñíîâó ìåòîäà ïîëîæåí âûáîð òàêèõ íåçàâèñèìûõ ïåðåìåííûõ, èñïîëüçîâàíèå êîòîðûõ

ïîçâîëÿåò óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïîðÿäêà âûøå ïåðâîãî ñâåñòè ê ñèñòåìå îáûê-

íîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ). Â íîâûõ íåçàâèñèìûõ ïåðåìåííûõ ðåøåíèå

íåëèíåéíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âûðàæàåòñÿ òîëüêî ÷åðåç îäíó íåçàâèñèìóþ

ïåðåìåííóþ, êîòîðàÿ, åñòåñòâåííî, çàäàåò ïîâåðõíîñòü óðîâíÿ ðåøåíèÿ. Èíîãäà ìîæíî íå èñ-

êàòü ïîâåðõíîñòü óðîâíÿ ðåøåíèÿ, à âûáèðàòü â êà÷åñòâå ïîâåðõíîñòè óðîâíÿ èçâåñòíûå �óíê-

öèè [7℄.

Íàïðèìåð, ïóñòü çàäàíî íåëèíåéíîå íåîäíîðîäíîå äè��åðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ

ïðîèçâîäíûõ

F (x̄, u, u1, . . . , un, uij , . . . , ui1,i2,...,im) = f(x̄) (i, j = 1, . . . , n). (0.1)

1

�àáîòà âûïîëíåíà ïðè ïîääåðæêå Êîìïëåêñíîé ïðîãðàììû �óíäàìåíòàëüíûõ èññëåäîâàíèé ÓðÎ �ÀÍ,

ïðîåêò 15�16�1�10.

http://dx.doi.org/10.20537/vm170306


356 Ë.È. �óáèíà, Î.Í. Óëüÿíîâ

ÌÀÒÅÌÀÒÈÊÀ 2017. Ò. 27. Âûï. 3

Çäåñü x̄ = (x1, . . . , xn), xi � íåçàâèñèìûå ïåðåìåííûå, u(x̄) � íåèçâåñòíàÿ �óíêöèÿ, íèæíèå

èíäåêñû óêàçûâàþò íà äè��åðåíöèðîâàíèå ïî ñîîòâåòñòâóþùèì ïåðåìåííûì.

Ïîëàãàÿ, ÷òî u = u(f(x̄)), ïðèõîäèì ê çàâèñèìîñòè

k
∑

l=1

Al(u, u
′, u′′, . . . , u′′...′)Bl(x̄, fi, fij , . . . , fi1,i2,...,im) = f(x̄), (0.2)

ãäå øòðèõ îáîçíà÷àåò äè��åðåíöèðîâàíèå ïî f .
Åñëè

Bl(x̄, fi, fij, . . . , fi1,i2,...,im) = gl(f), (0.3)

òî ðåøåíèå óðàâíåíèÿ (0.2) ñâîäèòñÿ ê ðåøåíèþ ÎÄÓ

k
∑

l=1

Al(u, u
′, u′′ . . . u′′...′)gl(f) = f,

ðåøåíèå óðàâíåíèÿ (0.1) ïîëó÷àåòñÿ ïîñëå ïîäñòàíîâêè â åãî ðåøåíèå u = u(f) �óíêöèè f =
= f(x̄). Çäåñü, â îòëè÷èå îò îáùåãî ñëó÷àÿ, íå òðåáóåòñÿ äîêàçûâàòü ñîâìåñòíîñòü ñèñòåìû (0.3),

ïîñêîëüêó îíà ñîâìåñòíà ïî ñïîñîáó åå ïîëó÷åíèÿ.

Â ïåðâîé ÷àñòè ðàáîòû äàííûé ïîäõîä äåìîíñòðèðóåòñÿ äëÿ ïîëó÷åíèÿ òî÷íûõ ðåøåíèé

íåêîòîðûõ íåîäíîðîäíûõ óðàâíåíèé.

Âî âòîðîé ÷àñòè ðàáîòû ïðåäëàãàåòñÿ ìåòîä ñâåäåíèÿ èñõîäíîãî óðàâíåíèÿ ê ñèñòåìå ÎÄÓ

äëÿ ïîëó÷åíèÿ åãî ðåøåíèé, êîãäà äëÿ ïðàâîé ÷àñòè óðàâíåíèÿ íå âûïîëíÿþòñÿ óñëîâèÿ (0.3).

� 1. Ñâåäåíèå íåîäíîðîäíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ê ÎÄÓ

�àññìàòðèâàåì óðàâíåíèå Ïóàññîíà

uxx + uyy + uzz = f(x, y, z). (1.1)

Ïîëàãàåì, ÷òî u = u(f(x, y, z)), òîãäà uxx = u′′f2
x +u′fxx, uyy = u′′f2

y +u′fyy, uzz = u′′f2
z +u′fzz.

Çäåñü è äàëåå â ýòîì ïàðàãðà�å øòðèõ îáîçíà÷àåò äè��åðåíöèðîâàíèå ïî ïåðåìåííîé f , íèæ-
íèå èíäåêñû óêàçûâàþò íà äè��åðåíöèðîâàíèå ïî ñîîòâåòñòâóþùèì ïåðåìåííûì. Ïîäñòàâèâ

ïîëó÷åííûå âûðàæåíèÿ â óðàâíåíèå (1.1), èìååì u′′(f2
x + f2

y + f2
z )+u′(fxx+ fyy + fzz) = f. Åñëè

f2
x + f2

y + f2
z = f1(f), fxx + fyy + fzz = f2(f), òî, ðåøèâ ÎÄÓ

u′′f1 + u′f2 = f (1.2)

è ïîäñòàâèâ â åãî ðåøåíèå u(f) �óíêöèþ f(x, y, z), ïîëó÷èì ðåøåíèå óðàâíåíèÿ (1.1).

Îòìåòèì, ÷òî f1(f), f2(f) � èçâåñòíûå �óíêöèè, êîòîðûå ïîëó÷àþòñÿ ïðè ïîäñòàíîâêå

�óíêöèè f â ñîîòâåòñòâóþùèå âûðàæåíèÿ (f2
x+f2

y +f2
z ) è (fxx+fyy+fzz). Åùå ðàç ïîä÷åðêíåì,

÷òî, ïîñêîëüêó â îáà âûðàæåíèÿ ïîäñòàâëÿåòñÿ îäíà è òà æå �óíêöèÿ, à ïîñëå ïîäñòàíîâêè f
â äàííûå âûðàæåíèÿ ïîëó÷àþòñÿ íåêîòîðûå �óíêöèè, çàâèñÿùèå òîëüêî îò f , âîïðîñ î ñîâ-

ìåñòíîñòè ñèñòåìû íå ñòîèò.

Ïðèìåð 1. Ïóñòü f(x, y, z) = x2 + y2 + z2, òîãäà f1(f) = f2
x + f2

y + f2
z = 4f , f2(f) = fxx +

+ fyy + fzz = 6. Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ f1(f) è f2(f) â óðàâíåíèå (1.2), ïðèäåì ê ÎÄÓ

4u′′f + 6u′ = f , ðåøàÿ êîòîðîå ïîëó÷àåì u = f2/20 − 2ηf (−1/2)
, η = const. Â ðåçóëüòàòå,

êàê íåòðóäíî ïðîâåðèòü, ðåøåíèå óðàâíåíèÿ (1.1), åñëè f(x, y, z) = x2 + y2 + z2, èìååò âèä

u = (x2 + y2 + z2)2/20− 2η/
√

x2 + y2 + z2.

Ïðèìåð 2. Ïóñòü f = sin (ax+ by + cz), òîãäà f1(f) = (a2 + b2 + c2)(1− f2), f2(f) = −(a2 +
+ b2 + c2)f . �åøàåì óðàâíåíèå (a2 + b2 + c2)(u′′(1 − f2) − fu′) = f . Ïîñëå ïîäñòàíîâêè f =
= sin (ax+ by + cz) â ðåøåíèå ýòîãî óðàâíåíèÿ ïîëó÷àåì òî÷íîå ðåøåíèå óðàâíåíèÿ (1.1):

u = η(ax+ by + cz)− sin (ax+ by + cz)/(a2 + b2 + c2), η = const.
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�àññìàòðèâàåì óðàâíåíèå Ìîíæà�Àìïåðà [11℄

w2
xy − wxxwyy = f(x, y). (1.3)

Ïîëàãàåì, ÷òî w = w(f), òîãäà wx = w′fx, wy = w′fy, wxy = w′′fxfy+w′fxy, wxx = w′′f2
x+w′fxx,

wyy = w′′f2
y + w′fyy. Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â óðàâíåíèå (1.3), ïîëó÷àåì

w′′w′(2fxfyfxy − f2
y fxx − f2

xfyy)− w′2(f2
xy − fxxfyy) = f.

Åñëè

2fxfyfxy − f2
y fxx − f2

xfyy = f1(f), f2
xy − fxxfyy = f2(f), (1.4)

òî ðåøåíèå óðàâíåíèÿ (1.3) ñâîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ

w′′w′f1 − w′2f2 = f (1.5)

è ïîäñòàíîâêå â w(f) èçâåñòíîé �óíêöèè f(x, y).

Ïðèìåð 3. Àíàëîãè÷íî ïðåäûäóùåìó ïîëó÷èì ðåøåíèå óðàâíåíèÿ (1.3) äëÿ ñëó÷àÿ, êîãäà

f = xy (ñì. [12℄). Ïîäñòàâèâ òàêóþ �óíêöèþ f â ñèñòåìó (1.4), ïîëó÷àåì f1 = 2f , f2 = 1,
è óðàâíåíèå (1.5) ïðèâîäèòñÿ ê âèäó 2fw′′w′ − w′2 = f . Ïîñëå åãî ðåøåíèÿ è ïîäñòàíîâêè

f = xy íàõîäèì ðåøåíèå óðàâíåíèÿ (1.3):

w =

∫

√

(ηf + f ln f)df +M, f = xy, η = const, M = const.

�àññìàòðèâàåì óðàâíåíèå �èëüòðàöèè

pt −
1

γ
p2x − ppxx = f(x, t).

Çäåñü γ � ïîêàçàòåëü àäèàáàòû. Ïóñòü p = p(f), òîãäà pt = p′ft, px = h′fx, pxx = p′′f2
x + p′fxx.

Ïîäñòàâëÿÿ äàííûå âûðàæåíèÿ â óðàâíåíèå �èëüòðàöèè, ïîëó÷àåì óðàâíåíèå

p′ft − pp′fxx −

(

1

γ
p′2 + pp′′

)

f2
x = f(x, t).

Åñëè ft = g(f), fx = g1(f), fxx = g2(f), òî ðåøåíèå óðàâíåíèÿ �èëüòðàöèè ñâîäèòñÿ ê ðåøå-

íèþ ÎÄÓ

p′g − pp′g2 −

(

1

γ
p′2 + pp′′

)

g21 = f

è ïîäñòàíîâêå â ïîëó÷åííîå âûðàæåíèå p = p(f) èçâåñòíîé �óíêöèè f . Ïóñòü, íàïðèìåð,
f(x, t) = exp (kx+ nt), k = const, n = const. Òîãäà ft = nf , fx = kf , fxx = k2f , è ðåøåíèå

óðàâíåíèÿ �èëüòðàöèè ñâîäèòñÿ ê ðåøåíèþ ÎÄÓ

p′n− pp′k2 −

(

1

γ
p′2 + pp′′

)

k2f = 1.

� 2. Ñâåäåíèå íåîäíîðîäíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ê ñèñòåìå ÎÄÓ

Ïóñòü ïðàâàÿ ÷àñòü óðàâíåíèÿ (0.1) íå óäîâëåòâîðÿåò ñîîòíîøåíèþ (0.3). Âîçìîæíû äâà

ñëó÷àÿ: óðàâíåíèå ñîäåðæèò ïåðâûå ïðîèçâîäíûå îò íåèçâåñòíîé �óíêöèè ëèáî íå ñîäåðæèò èõ.

Â ñëó÷àå åñëè óðàâíåíèå íå ñîäåðæèò ïåðâûõ ïðîèçâîäíûõ îò íåèçâåñòíîé �óíêöèè u,
ñäåëàåì â óðàâíåíèè çàìåíó u = af , ãäå f � ïðàâàÿ ÷àñòü óðàâíåíèÿ (0.1), åñëè îíà èìååò

îòëè÷íûå îò íóëÿ ïðîèçâîäíûå òîãî æå ïîðÿäêà, êàêîé ïîðÿäîê èñõîäíîãî óðàâíåíèÿ, èëè,

â ïðîòèâíîì ñëó÷àå, u = ag, ãäå �óíêöèÿ g èìååò òàêèå ïðîèçâîäíûå. Â ðåçóëüòàòå ïîëó÷èì

óðàâíåíèå äëÿ îïðåäåëåíèÿ �óíêöèè a, êîòîðîå ñîäåðæèò ïðîèçâîäíûå ïåðâîãî ïîðÿäêà.
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Òàêèì îáðàçîì, ìîæíî ñ÷èòàòü, ÷òî ìû èìååì óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ, ñîäåðæà-

ùåå ÷ëåíû, çàâèñÿùèå òîëüêî îò ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà. Â ýòîì ñëó÷àå ïîñòóïàåì òàê.

�àññìîòðèì ñâÿçàííóþ ñ èñõîäíûì óðàâíåíèåì ñèñòåìó äâóõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-

íûõ, ïîñòðîåííóþ ñëåäóþùèì îáðàçîì. Â ïåðâîå óðàâíåíèå ñèñòåìû âûäåëèì ÷ëåíû èñõîäíîãî

óðàâíåíèÿ, ñîäåðæàùèå òîëüêî ïðîèçâîäíûå ïåðâîãî ïîðÿäêà, è ïðèðàâíÿåì èõ ê ïðîèçâîëüíîé

�óíêöèè, çàâèñÿùåé îò ðåøåíèÿ óðàâíåíèÿ [7℄. Îñòàâøèåñÿ ÷ëåíû ñèñòåìû îòíåñåì êî âòîðî-

ìó óðàâíåíèþ. Çàòåì ïîëó÷èì óñëîâèå ñîâìåñòíîñòè ïîëó÷åííîé ïåðåîïðåäåëåííîé ñèñòåìû

è ïîèñê ðåøåíèé èñõîäíîãî óðàâíåíèÿ ñâåäåì ê îòûñêàíèþ ðåøåíèé ñèñòåìû ÎÄÓ.

×òîáû ïîëó÷èòü óñëîâèå ñîâìåñòíîñòè ñèñòåìû, âûïèøåì ñèñòåìó óðàâíåíèé õàðàêòåðè-

ñòèê äëÿ ïåðâîãî óðàâíåíèÿ ñèñòåìû, êîòîðîå ïî ñïîñîáó ïîëó÷åíèÿ ÿâëÿåòñÿ óðàâíåíèåì

â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà. Ïîëó÷èì äëÿ íåãî ðàñøèðåííóþ ñèñòåìó õàðàêòå-

ðèñòèê, ñîäåðæàùóþ íàèâûñøèå ïðîèçâîäíûå òàêîãî ïîðÿäêà, êàêîâ ïîðÿäîê èñõîäíîãî óðàâ-

íåíèÿ (0.1) [5, 6, 11℄. Ïîòðåáóåì, ÷òîáû âòîðîå óðàâíåíèå ñèñòåìû áûëî ïåðâûì èíòåãðàëîì

ðàñøèðåííîé ñèñòåìû óðàâíåíèé õàðàêòåðèñòèê. Ýòî òðåáîâàíèå ìû ñìîæåì âûïîëíèòü, òàê

êàê â ñèñòåìó âêëþ÷åíà íîâàÿ íåèçâåñòíàÿ �óíêöèÿ [9℄.

Ïðîèëëþñòðèðóåì âûøåèçëîæåííîå íà ïðèìåðàõ.

�àññìîòðèì çàäà÷ó ñ íà÷àëüíûìè äàííûìè äëÿ óðàâíåíèÿ �èëüòðàöèè:

pt −
1

γ
p2x − ppxx = f(x, t), p(0, x) = 0. (2.1)

Óòâåðæäåíèå 1. �åøåíèå çàäà÷è (2.1) ìîæíî ïîëó÷èòü ñâåäåíèåì óðàâíåíèÿ �èëüòðà-

öèè ê ñèñòåìå ÎÄÓ.

Ä î ê à ç à ò å ë ü ñ ò â î. �àññìîòðèì ñâÿçàííóþ ñ óðàâíåíèåì (2.1) ñèñòåìó óðàâíåíèé

pt −
1

γ
p2x = b(p)f, ppxx = f(x, t)(b(p)− 1). (2.2)

Çäåñü b(p) � ïîêà ïðîèçâîëüíàÿ �óíêöèÿ. Î÷åâèäíî, ðåøåíèå ñèñòåìû (2.2) îáðàùàåò â òîæäå-

ñòâî óðàâíåíèå (2.1). Âûïèøåì äè��åðåíöèàëüíûå ñëåäñòâèÿ ïåðâîãî óðàâíåíèÿ ñèñòåìû (2.2),

âûðàçèì ïðîèçâîäíóþ pxx èç âòîðîãî óðàâíåíèÿ ñèñòåìû (2.2). Â ðåçóëüòàòå ïîëó÷èì

pxx = f(b− 1)/p, pxt = b′fpx + 2fpx(b− 1)/(pγ) + bfx,

ptt = b′fp2x/γ + 4fp2x(b− 1)/(pγ2) + 2bfxpx/γ + b′fpt + bft, (2.3)

ãäå øòðèõ îáîçíà÷àåò äè��åðåíöèðîâàíèå ïî p.

Âûïèøåì ðàñøèðåííóþ ñèñòåìó óðàâíåíèé õàðàêòåðèñòèê äëÿ ïåðâîãî óðàâíåíèÿ ñèñòå-

ìû (2.2), âûáðàâ p â êà÷åñòâå ïàðàìåòðà, èçìåíÿþùåãîñÿ âäîëü õàðàêòåðèñòèêè, è ïîòðåáóåì,

÷òîáû âòîðîå óðàâíåíèå ñèñòåìû (2.2) áûëî ïåðâûì èíòåãðàëîì âûïèñàííîé ñèñòåìû:

dx

dp
= −

2px
γ(2bf − pt)

,
dt

dp
=

1

2bf − pt
,

dpx
dp

=
b′fpx + bfx
2bf − pt

,

dpt
dp

=
b′fpt + bft
2bf − pt

,
dpxx
dp

= −pxx

(

dx

dp

)

x

− pxt

(

dy

dp

)

x

+

(

b′fpx + bfx
2bf − pt

)

x

,

dpxt
dp

= −pxx

(

dx

dp

)

t

− pxt

(

dy

dp

)

t

+

(

b′fpx + bfx
2bf − pt

)

t

,

dptt
dp

= −pxt

(

dx

dt

)

t

− ptt

(

dy

dp

)

t

+

(

b′fpx + bfx
2bf − pt

)

t

,

f
db

dp
+ (b− 1)

(

fx
dx

dp
+ ft

dt

dp

)

− pxx − p
dpxx
dp

= 0, 2bf − pt 6= 0.
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Ïîëó÷èëè çàìêíóòóþ ñèñòåìó ÎÄÓ äëÿ îïðåäåëåíèÿ �óíêöèé x(p), t(p), px(p), pt(p), pxx(p),
pxt(p), ptt(p), b(p). ×òîáû ïîëó÷èòü ïîâåðõíîñòü, íà êîòîðîé ëåæàò õàðàêòåðèñòèêè è êîòîðàÿ

óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì, çàäàäèì ïðè p = 0 t(0, s) = 0, x(0, s) = s. Çàìåòèì, ÷òî
ñîîòíîøåíèå p = p(x(p, s), t(p, s)) äîëæíî ïðè çàäàííûõ x(p, s), t(p, s) îáðàùàòüñÿ â òîæäåñòâî:
1 = pxxp+ pttp, pxxs+ ptts = 0. Ïåðâîå èç ýòèõ ñîîòíîøåíèé âûïîëíÿåòñÿ òîæäåñòâåííî â ñèëó

âûïèñàíûõ óðàâíåíèé õàðàêòåðèñòèê, âòîðîå áóäåò âûïîëíÿòüñÿ òîæäåñòâåííî íà íà÷àëüíîì

ìíîãîîáðàçèè, åñëè px(0, s) = 0. Ïîëàãàÿ, ÷òî pt(0, s) = f(s, 0), pxx(0, s) = 0, pxt(0, s) = fx(s, 0),
ptt(0, s) = ft(s, 0), b(0) = 1 (ñëåäîâàòåëüíî, b′(0) = 0), áóäåì èìåòü íà íà÷àëüíîì ìíîãîîáðàçèè

âûïîëíåíèå óñëîâèé (2.2), (2.3). �åøèâ ðàñøèðåííóþ ñèñòåìó óðàâíåíèé õàðàêòåðèñòèê âìåñòå

ñ óñëîâèåì, îáåñïå÷èâàþùèì ñîâìåñòíîñòü ñèñòåìû (2.2), îïðåäåëèì x(p, s), t(p, s) [12℄. Èñêëþ-
÷èâ s èç ýòèõ ñîîòíîøåíèé, íàéäåì ðåøåíèå p = p(x, t) óðàâíåíèÿ (2.1), ÷òî è òðåáîâàëîñü

äîêàçàòü. �

�àññìîòðèì óðàâíåíèå Ïóàññîíà uxx + uyy = f(x, y).
Ýòî óðàâíåíèå íå ñîäåðæèò ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, ïîýòîìó ïîëîæèì, ÷òî u(x, y) =

= f(x, y)a(x, y), è ïîäñòàâèì â óðàâíåíèå Ïóàññîíà. Ïîëó÷àåì

f(axx + ayy) + a(fxx + fyy) + 2(fxax + fyay) = f. (2.4)

Íàðÿäó ñ óðàâíåíèåì (2.4) ðàññìîòðèì ñèñòåìó óðàâíåíèé

a(fxx + fyy) + 2(fxax + fyay) = B(a)f, axx + ayy = 1−B(a). (2.5)

Ïîëó÷àåì äè��åðåíöèàëüíûå ñëåäñòâèÿ ïåðâîãî óðàâíåíèÿ ñèñòåìû (2.5) è ïðèñîåäèíÿåì

ê íèì âòîðîå óðàâíåíèå ñèñòåìû (2.5):

2(fxaxx + fyayx) = −2(fxxax + fyxay) +Bfx +B′axf − ax(fxx + fyy)− a(fxxx + fyyx),

2(fxaxy + fyayy) = −2(fxyax + fyyay) +Bfy +B′ayf − ay(fxx + fyy)− a(fxxy + fyyy),

axx + ayy = 1−B(a).

Èç ïîëó÷åííîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé íàõîäèì âòîðûå ïðîèçâîäíûå

�óíêöèè a(x, y) è òðåáóåì ðàâåíñòâà òðåòüèõ ñìåøàííûõ ïðîèçâîäíûõ. Òàêèì îáðàçîì ïîëó-

÷àåì óñëîâèÿ ñîâìåñòíîñòè ñèñòåìû (2.5). �åøåíèå óðàâíåíèÿ Ïóàññîíà ñâîäèòñÿ ê ðåøåíèþ

óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, à èìåííî � ïåðâîãî óðàâíåíèÿ ñèñòå-

ìû (2.5).

Ýòî ýêâèâàëåíòíî ðåøåíèþ ðàñøèðåííîé ñèñòåìû õàðàêòåðèñòèê äëÿ ïåðâîãî óðàâíåíèÿ

ñèñòåìû (2.5) ïðè óñëîâèè, ÷òî âòîðîå óðàâíåíèå ñèñòåìû (2.5) ÿâëÿåòñÿ åå ïåðâûì èíòåãðàëîì.

Ïðèìåð 4. �àññìîòðèì ïðèìåð, êîãäà f(x, y) = xy. Òîãäà ñèñòåìà (2.5) èìååò âèä 2(yax +
+ xay) = Bxy, axx + ayy = 1 −B. Âûïèøåì äè��åðåíöèàëüíûå ñëåäñòâèÿ ïåðâîãî óðàâíåíèÿ

è âòîðîå óðàâíåíèå. Ïîëó÷èì ñèñòåìó äëÿ îïðåäåëåíèÿ âòîðûõ ïðîèçâîäíûõ:

2(yaxx + xayx = −2ay +By +B′axxy, 2(yaxy + xayy) = −2ax +Bx+B′ayxy,

axx + ayy = 1−B. (2.6)

Îòñþäà

axx =
B(y2 − x2) + 2(xax − yay) +B′xy(yax − xay) + 2x2(1−B)

2(x2 + y2)
,

axy =
B′xy(yay + xax)− 2xy − 2(yax + xay)

2(x2 + y2)
,

ayy =
B(x2 − y2) + 2(yay − xax) +B′xy(xay − yax) + 2y2(1−B)

2(x2 + y2)
.
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Âû÷èñëÿÿ ñìåøàííûå ïðîèçâîäíûå è ïðèðàâíèâàÿ èõ, ïîëó÷àåì, ÷òî ñèñòåìà (2.6) ñîâìåñò-

íà, åñëè B = 2/3. Â ýòîì ñëó÷àå óðàâíåíèå ïåðâîãî ïîðÿäêà â ñèñòåìå (2.5) èìååò âèä

3(yax + xay) = xy. Âûïèñûâàåì äëÿ íåãî ñèñòåìó óðàâíåíèé õàðàêòåðèñòèê, âûáðàâ a â êà-

÷åñòâå ïàðàìåòðà, èçìåíÿþùåãîñÿ âäîëü õàðàêòåðèñòèêè

dx

da
=

3

x
,

dy

da
=

3

y
, îòñþäà a =

x2 + y2

12
.

Â ðåçóëüòàòå íàõîäèì ÷àñòíîå ðåøåíèå óðàâíåíèÿ Ïóàññîíà ñ ïðàâîé ÷àñòüþ f(x, y) = xy,
èìåþùåå âèä u = [xy(x2 + y2)]/12.

� 3. �åøåíèå óðàâíåíèÿ êîíâåêöèè�äè��óçèè

�àññìîòðèì óðàâíåíèå

ϕt + (v1 − kx)ϕx + (v2 − ky)ϕy + (v3 − kz)ϕz − k(ϕxx + ϕyy + ϕzz) = f(x, y, z, t). (3.1)

Çäåñü (ñì. [13℄) k(x, y, z) � êîý��èöèåíò äè��óçèè, f(x, y, z, t) � ïëîòíîñòü êîíâåêòèâíîãî ïå-

ðåíîñà, v̄ = {v1(x, y, z, t), v2(x, y, z, t), v3(x, y, z, t)} � âåêòîð ñêîðîñòè, óäîâëåòâîðÿþùèé óñëî-

âèþ (v1)x+(v2)y+(v3)z = 0, ϕ � íåèçâåñòíàÿ �óíêöèÿ. Íèæíèå áóêâåííûå èíäåêñû îáîçíà÷àþò

äè��åðåíöèðîâàíèå ïî ñîîòâåòñòâóþùèì ïåðåìåííûì.

Ïîëàãàÿ, ÷òî ϕ = ϕ(f), áóäåì èìåòü ϕx = ϕ′fx, ϕy = ϕ′fy, ϕz = ϕ′fz, ϕt = ϕ′ft,
ϕxx = ϕ′′f2

x + ϕ′fxx, ϕyy = ϕ′′f2
y + ϕ′fyy, ϕzz = ϕ′′f2

z + ϕ′fzz. Ïîäñòàâèâ ñîîòâåòñòâóþùèå âûðà-
æåíèÿ â (3.1), ïðèäåì ê óðàâíåíèþ

kϕ′′(f2
x + f2

y + f2
z ) + ϕ′[ft + (v1 − kx)fx + (v2 − ky)fy +

+ (v3 − kz)fz − k(fxx + fyy + fzz)] = f. (3.2)

Çäåñü è äàëåå øòðèõ îáîçíà÷àåò äè��åðåíöèðîâàíèå ïî ïåðåìåííîé f .

Åñëè

k(f2
x + f2

y + f2
z ) = g1(f), ft + (v1 − kx)fx + (v2 − ky)fy +

+ (v3 − kz)fz − k(fxx + fyy + fzz) = g2(f), (3.3)

òî óðàâíåíèå (3.2) ïðåäñòàâèòñÿ â âèäå

ϕ′′g1 + ϕ′g2 = f, (3.4)

è ðåøåíèå óðàâíåíèÿ (3.1) ñâåäåòñÿ ê ðåøåíèþ (3.4) è ïîäñòàíîâêå âûðàæåíèÿ f(x, y, z, t) âìå-
ñòî f .

Ïðèìåð 5. Ïóñòü k = (x+ y+ z)2/3, v1 = y/t, v2 = z/t, v3 = x/t. Òîãäà âåêòîð v̄ óäîâëåòâî-
ðÿåò âûïèñàííîìó äëÿ íåãî óñëîâèþ. Çàïèøåì äëÿ ýòîãî ïðèìåðà óðàâíåíèå (3.1):

ϕt +

(

y

t
−

2(x+ y + z)

3

)

ϕx +

(

z

t
−

2(x+ y + z)

3

)

ϕy +

+

(

x

t
−

2(x+ y + z)

3

)

ϕz −
(x+ y + z)2

3
(ϕxx + ϕyy + ϕzz) = f.

Åñëè f = −(x + y + z)/t, òî g1 = f2
, g2 = −2f (ñì. (3.3)) è óðàâíåíèå (3.4) èìååò âèä

ϕ′′f2 − 2ϕ′f = f . Îòñþäà ïîëó÷àåì ϕ = ηf3/3 − 0.5f + ζ, η = const, ζ = const. Ïîäñòàâèâ
f = −(x+ y + z)/t, íàõîäèì ðåøåíèå óðàâíåíèÿ (3.1):

ϕ =
x+ y + z

2t
−

η(x+ y + z)3

3t3
+ ζ.
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Åñëè óñëîâèÿ (3.3) äëÿ �óíêöèè f(x, y, z, t) íå âûïîëíÿþòñÿ, ðàññìîòðèì ñèñòåìó óðàâíåíèé

ϕt + (v1 − kx)ϕx + (v2 − ky)ϕy + (v3 − kz)ϕz = g(ϕ),

k(ϕxx + ϕyy + ϕzz) = g(ϕ) − f. (3.5)

Î÷åâèäíî, ÷òî ðåøåíèÿ ñèñòåìû (3.5) áóäóò ðåøåíèÿìè óðàâíåíèÿ (3.1). Âûïèøåì äëÿ ïåð-

âîãî óðàâíåíèÿ ñèñòåìû (3.5) ðàñøèðåííóþ ñèñòåìó óðàâíåíèé õàðàêòåðèñòèê, âûáðàâ ϕ çà

ïàðàìåòð, èçìåíÿþùèéñÿ âäîëü õàðàêòåðèñòèêè:

dt

dϕ
=

1

g
,

dx

dϕ
=

v1 − kx
g

,
dy

dϕ
=

v2 − ky
g

,
dz

dϕ
=

v3 − kz
g

,

dϕt

dϕ
=

g′ϕt − (v1 − kx)tϕx − (v2 − ky)tϕy − (v3 − kz)tϕz

g
,

dϕw

dϕ
=

g′ϕw − (v1 − kx)wϕx − (v2 − ky)wϕy − (v3 − kz)wϕz

g
, (3.6)

dϕww

dϕ
= −ϕwt

(

dt

dg

)

w

− ϕwx

(

dx

dg

)

w

− ϕwy

(

dy

dg

)

w

−

− ϕwz

(

dz

dg

)

w

+

(

dϕw

dϕ

)

w

, (w = x, y, z), g 6= 0.

Ïîòðåáóåì, ÷òîáû âòîðîå óðàâíåíèå ñèñòåìû (3.5) áûëî ïåðâûì èíòåãðàëîì ñèñòåìû (3.6):

dϕxx

dϕ
+

dϕyy

dϕ
+

dϕzz

dϕ
=

(

g − f

k

)

ϕ

. (3.7)

Ïîëó÷èëè çàìêíóòóþ ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ t(ϕ), w(ϕ), ϕt(ϕ), ϕw(ϕ), ϕww(ϕ),
g(ϕ), (w = x, y, z).

Ïðèìåð 6. Ïóñòü v1 = v2 = v3 = 8/3, k = x+y+z, f = 18t(t+x+y+z). Äëÿ ýòîãî ïðèìåðà
ñèñòåìà (3.6), (3.7) èìååò âèä

dt

dϕ
=

1

g
,

dw

dϕ
=

5

3g
,

dϕt

dϕ
=

g′ϕt

g
,

dϕw

dϕ
=

g′

g
ϕw,

dϕww

dϕ
=

g′′

g
ϕ2
w +

g′

g
ϕww,

(

g − f

k

)

ϕ

=
g′′

g
(ϕ2

x + ϕ2
y + ϕ2

z) +
g′

g

(

g − f

k

)

.

Òîãäà ìîæíî ñ÷èòàòü, ÷òî âäîëü õàðàêòåðèñòèêè w = 5t/3, t =
∫

(dϕ/g), (ϕ2
x +ϕ2

y +ϕ2
z) = c2g2,

ãäå c = const. Ó÷èòûâàÿ âûïèñàííûå çàâèñèìîñòè, ïåðåïèøåì ñîîòíîøåíèå (3.7), ïîëó÷èì

1

5t2
+

108

5g
+ c2gg′′ −

108tg′

5g
= 0. (3.8)

�åøàÿ óðàâíåíèå (3.8) îòíîñèòåëüíî g(ϕ), åñëè c2 = 1/12, ïîëó÷àåì g = 18ϕ2/3
. Ïðè òàêîì g(ϕ)

ñèñòåìà (3.6), (3.7) ñîâìåñòíà, è ðåøåíèå óðàâíåíèÿ (3.1) ñâîäèòñÿ ê ðåøåíèþ ïåðâîãî óðàâíå-

íèÿ ñèñòåìû (3.5). Äëÿ äàííîãî ïðèìåðà ýòî óðàâíåíèå èìååò âèä ϕt + (5/3)(ϕx + ϕy + ϕz) =
= 18ϕ2/3

. Åãî ðåøåíèå ϕ = (t+x+y+z)3 îáðàùàåò â òîæäåñòâî óðàâíåíèå (3.1) ïðè çàäàííûõ v1,
v2, v3, k.
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Çàêëþ÷åíèå

Â ðàáîòå ïðèâåäåíû ïðèìåðû, êîòîðûå ïîêàçûâàþò, êàê îïèñàííûé ìåòîä ìîæíî èñïîëüçî-

âàòü äëÿ ðåøåíèÿ íåîäíîðîäíûõ íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Ìåòîä ïðèìå-

íèì ê óðàâíåíèÿì ëþáîãî ïîðÿäêà. Ñëåäóåò îòìåòèòü, ÷òî ïðè ñâåäåíèè óðàâíåíèÿ â ÷àñòíûõ

ïðîèçâîäíûõ ê çàìêíóòîé ñèñòåìå ÎÄÓ ñèñòåìó óðàâíåíèé õàðàêòåðèñòèê íóæíî ðàñøèðÿòü

äî ïðîèçâîäíûõ òàêîãî ïîðÿäêà, êàêîé ïîðÿäîê ðåøàåìîãî óðàâíåíèÿ.

Åñëè óðàâíåíèå ïîðÿäêà m íå ñîäåðæèò ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, à ïðàâàÿ ÷àñòü

óðàâíåíèÿ f íå èìååò îòëè÷íûõ îò íóëÿ ïðîèçâîäíûõ ïîðÿäêà n, òî â êà÷åñòâå �óíêöèè g
ìîæíî, íàïðèìåð, çàäàòü g = xm1 + xm2 + . . .+ xmn .

Çàìåòèì, ÷òî äàííûé ïîäõîä ê ðåøåíèþ íåîäíîðîäíûõ óðàâíåíèé ïîçâîëÿåò îöåíèòü ðîëü

ïðàâîé ÷àñòè óðàâíåíèÿ â ðàçâèòèè ïðîöåññîâ, îïèñûâàåìûõ óðàâíåíèåì. Åñëè ïðàâàÿ ÷àñòü

óðàâíåíèÿ ÿâëÿåòñÿ ïîâåðõíîñòüþ óðîâíÿ ðåøåíèÿ, òî èìåííî îíà çàäàåò íàïðàâëåíèå íàèáîëåå

èíòåíñèâíîãî ðàçâèòèÿ ïðîöåññà.
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An approah to obtaining exat solutions for nonhomogeneous partial di�erential equations (PDEs) is sug-

gested. It is shown that if the right-hand side of the equation spei�es the level surfae of a solution of the

equation, then, in this approah, the searh of solutions of onsidered nonhomogeneous di�erential equations

is redued to solving ordinary di�erential equation (ODE). Otherwise, searhing for solutions of the equation

leads to solving the system of ODEs. Obtaining a system of ODEs relies on the presene of the �rst derivatives

of the sought funtion in the equation under onsideration. For PDEs, whih do not expliitly ontain �rst

derivatives of the sought funtion, substitution providing suh terms in the equation is proposed. In order to

redue the original equation ontaining the �rst derivative of the sought funtion to the system of ODEs, the

assoiated system of two PDEs is onsidered. The �rst equation of the system ontains in the left-hand side

only �rst order partial derivatives, seleted from the original equation, and in the right-hand side it ontains

an arbitrary funtion, the argument of whih is the sought unknown funtion. The seond equation ontains

terms of the original equation that are not inluded in the �rst equation of the system and the right-hand side

of the �rst equation in the system reated. Solving the original equation is redued to �nding the solutions

of the �rst equation of the resulting system of equations, whih turns the seond equation of the system into

identity. It has been possible to �nd suh solution using extended system of equations for harateristis of

the �rst equation and the arbitrariness in the hoie of funtion from the right-hand side of the equation.

The desribed approah is applied to obtain some exat solutions of the Poisson equation, Monge�Ampere

equation and onvetion�di�usion equation.
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