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�àññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà äâóõ ëèö, îïèñûâàåìàÿ ñèñòåìîé âèäà ẋ = f(x, u) + g(x, v),
x ∈ R

k
, u ∈ U , v ∈ V . Ìíîæåñòâîì çíà÷åíèé óïðàâëåíèé ïðåñëåäîâàòåëÿ ÿâëÿåòñÿ êîíå÷íîå ïîäìíî-

æåñòâî �àçîâîãî ïðîñòðàíñòâà. Ìíîæåñòâîì çíà÷åíèé óïðàâëåíèé óáåãàþùåãî ÿâëÿåòñÿ êîìïàêòíîå

ïîäìíîæåñòâî �àçîâîãî ïðîñòðàíñòâà. Öåëüþ ïðåñëåäîâàòåëÿ ÿâëÿåòñÿ ïðèâåäåíèå �àçîâûõ êîîðäè-

íàò ñèñòåìû â íîëü çà êîíå÷íîå âðåìÿ. Öåëü óáåãàþùåãî � ïîìåøàòü ýòîìó. Ïîëó÷åíû äîñòàòî÷íûå

óñëîâèÿ íà ïàðàìåòðû èãðû äëÿ ñóùåñòâîâàíèÿ îêðåñòíîñòè íóëÿ, èç êîòîðîé ïðîèñõîäèò ïîèìêà, òî

åñòü ïðèâåäåíèå ñèñòåìû â íîëü. Òàêæå äîêàçàíî, ÷òî íåçàâèñèìî îò âûáîðà äåéñòâèé óáåãàþùåãî

âðåìÿ, íåîáõîäèìîå ïðåñëåäîâàòåëþ äëÿ ïåðåâîäà ñèñòåìû â íîëü, ñòðåìèòñÿ ê íóëþ ñ ïðèáëèæåíèåì

íà÷àëüíîãî ïîëîæåíèÿ ê íóëþ.

Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíàÿ èãðà, ïðåñëåäîâàòåëü, óáåãàþùèé, íåëèíåéíàÿ ñèñòåìà.

DOI: 10.20537/vm170308

Äè��åðåíöèàëüíûå èãðû äâóõ ëèö, ðàññìîòðåííûå ïåðâîíà÷àëüíî Àéçåêñîì [1℄, â íàñòîÿ-

ùåå âðåìÿ ïðåäñòàâëÿþò ñîäåðæàòåëüíóþ ìàòåìàòè÷åñêóþ òåîðèþ [2�14℄. Áûëè ðàçðàáîòàíû

ìåòîäû ðåøåíèÿ ðàçëè÷íûõ êëàññîâ èãðîâûõ çàäà÷: ìåòîä Àéçåêñà, îñíîâàííûé íà àíàëèçå

îïðåäåëåííîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ è åãî õàðàêòåðèñòèê, ìåòîä ýêñòðåìàëüíî-

ãî ïðèöåëèâàíèÿ Êðàñîâñêîãî, ìåòîä Ïîíòðÿãèíà è äðóãèå. Í.Í. Êðàñîâñêèì è ïðåäñòàâèòå-

ëÿìè åãî íàó÷íîé øêîëû ñîçäàíà òåîðèÿ ïîçèöèîííûõ èãð, â îñíîâå êîòîðîé ëåæàò ïîíÿòèå

ìàêñèìàëüíîãî ñòàáèëüíîãî ìîñòà è ïðàâèëî ýêñòðåìàëüíîãî ïðèöåëèâàíèÿ. Îäíàêî ý��åêòèâ-

íîå ïîñòðîåíèå òàêèõ ìîñòîâ äëÿ èññëåäîâàíèÿ ðåàëüíûõ êîí�ëèêòíî óïðàâëÿåìûõ ïðîöåññîâ,

â ïåðâóþ î÷åðåäü íåëèíåéíûõ äè��åðåíöèàëüíûõ èãð, âåñüìà çàòðóäíèòåëüíî èëè äàæå íåâîç-

ìîæíî. Óäîáíåå ñòðîèòü ìîñòû, íå ÿâëÿþùèåñÿ ìàêñèìàëüíûìè, íî îáëàäàþùèå ñâîéñòâîì ñòà-

áèëüíîñòè è äàþùèå ý��åêòèâíî ðåàëèçóåìûå ïðîöåäóðû óïðàâëåíèÿ äëÿ îòäåëüíûõ êëàññîâ

èãð, îáëàäàþùèõ äîïîëíèòåëüíûìè ñâîéñòâàìè. Äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è

ïðåñëåäîâàíèÿ â íåëèíåéíîì ïðèìåðå Ë.Ñ. Ïîíòðÿãèíà ïîëó÷åíû â [15℄. Â ðàáîòå [16℄ ïðåäñòàâ-

ëåíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è ïðåñëåäîâàíèÿ â íåëèíåéíîé äè��åðåíöèàëü-

íîé èãðå ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ íà âåêòîãðàììó ñèñòåìû è òåðìèíàëüíîå

ìíîæåñòâî. Ïîñòðîåíèå ñòàáèëüíûõ ìîñòîâ ïðèáëèæåííî â íåëèíåéíûõ äè��åðåíöèàëüíûõ

èãðàõ, â òîì ÷èñëå ÷èñëåííî, ðàññìàòðèâàåòñÿ, â ÷àñòíîñòè, â ðàáîòàõ [17, 18℄.

Â äàííîé ñòàòüå ðàçâèâàåòñÿ ïîäõîä, ïðåäëîæåííûé â ðàáîòàõ [19, 20℄ äëÿ èññëåäîâàíèÿ

ñâîéñòâà óïðàâëÿåìîñòè íåëèíåéíûõ ñèñòåì. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè

çàäà÷è ïðåñëåäîâàíèÿ.

� 1. Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå R
k (k > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà äâóõ ëèö: ïðåñëåäîâà-

òåëÿ P è óáåãàþùåãî E. Äèíàìèêà èãðû îïèñûâàåòñÿ ñèñòåìîé äè��åðåíöèàëüíûõ óðàâíåíèé:

ẋ = f(x, u) + g(x, v), u ∈ U, v ∈ V, x(0) = x0, (1)

ãäå x ∈ R
k
� �àçîâàÿ ïåðåìåííàÿ, u, v ∈ R

k
� óïðàâëÿþùèå âîçäåéñòâèÿ. Ìíîæåñòâî U =

= {u1, . . . , um}, ui ∈ R
k
, i = 1, . . . ,m. Ìíîæåñòâî V � êîìïàêò. Ôóíêöèÿ f : Rk × U → R

k
äëÿ

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíò 16�01�00346).
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êàæäîãî u ∈ U íåïðåðûâíî äè��åðåíöèðóåìà ïî x. Ôóíêöèÿ g : Rk × V → R
k
äëÿ êàæäî-

ãî v ∈ V íåïðåðûâíî äè��åðåíöèðóåìà ïî x è ëèïøèöåâà ïî v.
Ïîä ðàçáèåíèåì σ ïðîìåæóòêà [0,∞) áóäåì ïîíèìàòü ïîñëåäîâàòåëüíîñòü {τq}

∞
q=0, íå èìå-

þùóþ êîíå÷íûõ òî÷åê ñãóùåíèÿ è òàêóþ, ÷òî 0 = τ0 < τ1 < τ2 < · · · < τq < . . . .

Îïðåäåëåíèå 1. Ïàðà (σ,Qσ) íàçûâàåòñÿ êóñî÷íî-ïîñòîÿííîé ñòðàòåãèåé Q óáåãàþùå-

ãî E, åñëè σ � ðàçáèåíèå ïðîìåæóòêà [t0,∞), à Qσ � ñåìåéñòâî îòîáðàæåíèé cr, r = 0, 1, . . .,
ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷èíàì (τr, x(τr)) òî÷êó vr ∈ V .

Çàìå÷àíèå 1. Åñëè Q � êóñî÷íî-ïîñòîÿííàÿ ñòðàòåãèÿ óáåãàþùåãî E, îòâå÷àþùàÿ ðàçáè-
åíèþ σ, òî óïðàâëåíèå óáåãàþùåãî èìååò âèä v(t) = vr, t ∈ [τr, τr+1).

Îïðåäåëåíèå 2. Ïàðà (σ,Wσ) íàçûâàåòñÿ êóñî÷íî-ïîñòîÿííîé ñòðàòåãèåé W ïðåñëåäî-

âàòåëÿ P , åñëè σ � ðàçáèåíèå ïðîìåæóòêà [t0,∞), à Wσ � ñåìåéñòâî îòîáðàæåíèé dr,
r = 0, 1, . . ., ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷èíàì (τr, x(τr), vr) êóñî÷íî-ïîñòîÿííóþ �óíêöèþ

ur : [τr, τr+1) → U òàêóþ, ÷òî ur(t) = uri , t ∈ [tri , t
r
i+1), i = 0, . . . , nr, {t

r
i }

nr+1
i=0 � êîíå÷íîå ðàçáè-

åíèå èíòåðâàëà [τr, τr+1), t
r
0 = τr, t

r
nr+1 = τr+1. Çäåñü vr � çíà÷åíèå óïðàâëåíèÿ óáåãàþùåãî E

â ìîìåíò âðåìåíè τr.

Îáîçíà÷èì äàííóþ èãðó ÷åðåç Γ(x0).

Îïðåäåëåíèå 3. Â èãðå Γ(x0) ïðîèñõîäèò ïîèìêà, åñëè ñóùåñòâóåò T > 0 òàêîå, ÷òî äëÿ

ëþáîé êóñî÷íî-ïîñòîÿííîé ñòðàòåãèè Q óáåãàþùåãî E ñóùåñòâóåò êóñî÷íî-ïîñòîÿííàÿ ñòðàòå-

ãèÿ W ïðåñëåäîâàòåëÿ P òàêàÿ, ÷òî x(τ) = 0 äëÿ íåêîòîðîãî τ ∈ (0, T ).

Îïðåäåëåíèå 4 (ñì. [19℄). Ñîâîêóïíîñòü âåêòîðîâ a1, . . . , an ∈ R
k
íàçûâàåòñÿ ïîëîæè-

òåëüíûì áàçèñîì, åñëè äëÿ ëþáîé òî÷êè ξ ∈ R
k
ñóùåñòâóþò ÷èñëà µ1, . . . , µn > 0 òàêèå, ÷òî

ξ =
∑n

i=1 µiai.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: IntA � âíóòðåííîñòü ìíîæåñòâà A; coA � âûïóêëàÿ îáî-

ëî÷êà ìíîæåñòâà A; Oε(x) � ε-îêðåñòíîñòü òî÷êè x; Dε(x) � çàìêíóòûé øàð ðàäèóñà ε ñ öåí-
òðîì â òî÷êå x.

� 2. Òåîðåìà î ïîèìêå

Òåîðåìà 1. Ïóñòü f(0, u1), . . . , f(0, um) îáðàçóåò ïîëîæèòåëüíûé áàçèñ è

−g(0, V ) ⊂ Int(co{f(0, u1), . . . , f(0, um)}).

Òîãäà ñóùåñòâóåò ε > 0 òàêîå, ÷òî äëÿ ëþáîé òî÷êè x0 ∈ Oε(0) â èãðå Γ(x0) ïðîèñõîäèò
ïîèìêà.

Ä î ê à ç à ò å ë ü ñ ò â î. 1
0. Äîêàæåì, ÷òî ñóùåñòâóþò α > 0, ε > 0 òàêèå, ÷òî äëÿ ëþáîé

òî÷êè x ∈ Oε(0) è ëþáîãî v ∈ V íàéäåòñÿ i ∈ {1, . . . ,m}, äëÿ êîòîðîãî âûïîëíåíî

〈

f(x, ui) + g(x, v),−
x

‖x‖

〉

> α. (2)

Òàê êàê �óíêöèÿ f(x, u) ÿâëÿåòñÿ ëèïøèöåâîé ïî x, òî ñóùåñòâóåò ε1 > 0 òàêîå, ÷òî äëÿ âñåõ

x ∈ Oε1(0) íàáîð âåêòîðîâ {f(x, u1), . . . , f(x, um)} ÿâëÿåòñÿ ïîëîæèòåëüíûì áàçèñîì. Òàê êàê

�óíêöèÿ g(x, v) ëèïøèöåâà ïî ñîâîêóïíîñòè ïåðåìåííûõ, ìíîæåñòâî g(x, V ) ÿâëÿåòñÿ êîìïàê-
òîì äëÿ ëþáîãî x ∈ R

k
. Êðîìå òîãî, ñóùåñòâóåò ε2 > 0 òàêîå, ÷òî äëÿ ëþáîãî x ∈ Oε2(0)

âûïîëíåíî −g(x, V ) ⊂ Int(co{f(x, u1), . . . , f(x, um)}). Âîçüìåì ïðîèçâîëüíîå ïîëîæèòåëüíîå

÷èñëî ε3 < min{ε1, ε2}. Òîãäà, äëÿ ëþáîãî x ∈ Oε3(0) è ëþáîãî v ∈ V âûïîëíåíî âêëþ÷åíèå

0 ∈ Int(co{f(x, u1)+g(x, v), . . . , f(x, um)+g(x, v)}). Ñëåäîâàòåëüíî, ïî ñâîéñòâó ïîëîæèòåëüíûõ
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áàçèñîâ (ñì., íàïðèìåð, [19℄), íàáîð âåêòîðîâ {f(x, u1)+ g(x, v), . . . , f(x, um)+ g(x, v)} ÿâëÿåòñÿ
ïîëîæèòåëüíûì áàçèñîì.

�àññìîòðèì øàð Dε3(0). Òàê êàê �óíêöèè f, g ÿâëÿþòñÿ ëèïøèöåâûìè ïî ïåðâîìó àðãóìåí-
òó, òî �óíêöèè f(x, u1), . . . , f(x, um) íåïðåðûâíû ïî x, êîìïàêòíîå ìíîæåñòâî g(x, V ) íåïðå-
ðûâíî ïî x â ìåòðèêå Õàóñäîð�à. Òîãäà íà äàííîì øàðå äîñòèãàåòñÿ ñëåäóþùèé ìèíèìàêñ:

min
x∈Dε3

(0)
min
v∈V

max
i=1,...,m

〈

f(x, ui) + g(x, v),−
x

‖x‖

〉

. (3)

Ïóñòü îí äîñòèãàåòñÿ â òî÷êàõ x̂ ∈ Dε3(0), v̂ ∈ V , uj ∈ {u1, . . . , um}. Òàê êàê íàáîð âåêòîðîâ

{f(x̂, u1) + g(x̂, v̂), . . . , f(x̂, um) + g(x̂, v̂)} ÿâëÿåòñÿ ïîëîæèòåëüíûì áàçèñîì, òî, â ñèëó ïîñòðî-

åíèÿ (3) è ñâîéñòâ ïîëîæèòåëüíûõ áàçèñîâ (ñì., íàïðèìåð, [19℄), èìååò ìåñòî íåðàâåíñòâî

α1 =

〈

f(x̂, uj) + g(x̂, v̂),−
x̂

‖x̂‖

〉

> 0.

Òàêèì îáðàçîì, ε3 ÿâëÿåòñÿ èñêîìûì ε, à èñêîìîå α ÿâëÿåòñÿ ïðîèçâîëüíûì ÷èñëîì èç èíòåð-

âàëà (0, α1). Íåðàâåíñòâî (2) äîêàçàíî.
Èç ñâîéñòâ �óíêöèé f, g ñëåäóåò, ÷òî ñóùåñòâóåò D > 0 òàêîå, ÷òî äëÿ âñåõ x ∈ Oε(0),

ëþáîãî v ∈ V è ëþáîãî i ∈ {1, . . . ,m} èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî:

‖f(x, ui) + g(x, v)‖ 6 D. (4)

Îöåíêà ñïðàâåäëèâà â ñèëó îãðàíè÷åííîñòè �óíêöèé f, g â äàííîé îêðåñòíîñòè.

2
0. Ïóñòü çàäàíà íåêîòîðàÿ ñòðàòåãèÿ Q óáåãàþùåãî E, òî åñòü çàäàíû ðàçáèåíèå {τ q}

∞
q=0

è ñîîòâåòñòâóþùàÿ åìó ïîñëåäîâàòåëüíîñòü çíà÷åíèé óïðàâëåíèÿ {vq}
∞
q=0, vi ∈ V , i = 0, 1, . . . .

Ïóñòü ÷èñëà ε, α ñîîòâåòñòâóþò (2) è x0 ∈ Oε(0). Â ñèëó (2) äëÿ ëþáîãî v0 ∈ V ñóùåñòâóåò

òàêîé èíäåêñ j ∈ {1, . . . ,m}, ÷òî âûïîëíåíî íåðàâåíñòâî

〈

f(x0, uj) + g(x0, v0),−
x0

‖x0‖

〉

> α.

Òàêæå, â ñèëó (2) è ëèïøèöåâîñòè �óíêöèé f, g ïî x, ñóùåñòâóåò ÷èñëî δ > 0 òàêîå, ÷òî äëÿ

ëþáîãî x ∈ Dδ(x0), ëþáîãî v ∈ V âûïîëíåíî íåðàâåíñòâî

〈

f(x, uj) + g(x, v),−
x0

‖x0‖

〉

>
α

2
> 0. (5)

Â ñèëó òîãî, ÷òî f(x, uj)+g(x, v) 6= 0, äëÿ ëþáîãî x ∈ (Oε(0)∩Dδ(x0)) è ëþáîãî v ∈ V âûïîëíåíî

ñëåäóþùåå íåðàâåíñòâî:

〈

f(x, uj) + g(x, v)

‖f(x, uj) + g(x, v)‖
,−

x0

‖x0‖

〉

>
α

2‖f(x, uj) + g(x, v)‖
.

Òàê êàê ‖f(x, uj) + g(x, v)‖ 6 D â ñèëó (4), òî ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî:

1 >

〈

f(x, uj) + g(x, v)

‖f(x, uj) + g(x, v)‖
,−

x0

‖x0‖

〉

>
α

2D
.

Âîçüìåì âåêòîð p ∈ R
k
, ‖p‖ = 1 è òàêîé, ÷òî

〈

p,−
x0

‖x0‖

〉

=
α

2D
. (6)
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Òîãäà ñóùåñòâóåò òàêîå ÷èñëî γ > 0, ÷òî ‖x0 + γp‖ = ‖x0‖, òî åñòü òî÷êà x0 + γp ÿâëÿåòñÿ
âòîðûì êîíöîì õîðäû øàðà D‖x0‖(0). Ñëåäîâàòåëüíî, èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî:

min
β∈[0,1]

‖x0 + βγp‖ =
∥

∥

∥
x0 +

γ

2
p
∥

∥

∥
.

Áåç îãðàíè÷åíèé îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî δ 6 γ/2. Îïðåäåëèì ìîìåíò âðåìåíè t1 =
= (γ/(2D) + t0) = γ/(2D). Òîãäà, ñóùåñòâóåò òàêîé íîìåð n, ÷òî τn 6 t1, τn+1 > t1. Îòñþäà
çàäàäèì ïåðâóþ ÷àñòü ðàçáèåíèÿ {τq}

∞
q=0 äëÿ ñòðàòåãèè ïðåñëåäîâàòåëÿ: τ0 = 0, τ1 = τ1, . . . ,

τn = τn, τn+1 = t1. Íà êàæäîì èíòåðâàëå [τi, τi+1), i = 0, . . . , n, îïðåäåëèì ñîîòâåòñòâóþùèå

óïðàâëåíèÿ uj0 , . . . , ujn ïðåñëåäîâàòåëÿ P . Âûáèðàåì uji äëÿ èíòåðâàëà [τi, τi+1) òàêèì, ÷òî äëÿ
äàííîãî âåêòîðà âûïîëíåíî (5) ïðè x0 = x(τi), v = vi. Íîìåðà ji âûáèðàþòñÿ òàêèìè, ÷òî íà

íèõ äîñòèãàåòñÿ ìàêñèìóì èç (5) ïðè v = vi.
�àññìîòðèì òî÷êó x(t1) = x0 +

∫ t1
τ0
(f(x(s), u(s)) + g(x(s), v(s))) ds

.
= x1. Äëÿ äàííîãî x1

âûïîëíåíû ñëåäóþùèå ñâîéñòâà: ‖x1 − x0‖ 6 γ/2 â ñèëó âûáîðà t1;

〈

x1 − x0

‖x1 − x0‖
,−

x0

‖x0‖

〉

>
α

2D

â ñèëó (6). Äîêàæåì, ÷òî ‖x1‖ 6 ν‖x0‖ äëÿ íåêîòîðîãî ν ∈ [0, 1). �àññìîòðèì âåëè÷èíó ‖x1‖
2
:

‖x1‖
2 = ‖x0‖

2 +

∥

∥

∥

∥

∫ t1

τ0

(f(x(s), u(s)) + g(x(s), v(s)))ds

∥

∥

∥

∥

2

+

+ 2

〈

x0,

∫ t1

τ0

(f(x(s), u(s)) + g(x(s), v(s)))ds

〉

.

�àññìîòðèì ñêàëÿðíîå ïðîèçâåäåíèå:

〈

x0,

∫ t1

τ0

(f(x(s), u(s)) + g(x(s), v(s)))ds

〉

=

∫ t1

τ0

〈x0, f(x(s), u(s)) + g(x(s), v(s))〉 ds 6

6 −

∫ t1

τ0

α‖x0‖

2
ds = −

α‖x0‖

2
·

γ

2D
.

Çàìåòèì, ÷òî

∥

∥

∥

∥

∫ t1

τ0

(f(x(s), u(s)) + g(x(s), v(s)))ds

∥

∥

∥

∥

2

6
γ2

4
.

Â ñèëó (2), (4) èìååò ìåñòî íåðàâåíñòâî α < D. Òîãäà, â ñèëó (6) è îïðåäåëåíèÿ γ, èìååò ìåñòî
ðàâåíñòâî γ = α‖x0‖/D. Ñëåäîâàòåëüíî, ñïðàâåäëèâà îöåíêà

∥

∥

∥

∥

∫ t1

τ0

(f(x(s), u(s)) + g(x(s), v(s)))ds

∥

∥

∥

∥

2

+ 2

〈

x0,

∫ t1

τ0

(f(x(s), u(s)) + g(x(s), v(s)))ds

〉

6

6
γ2

4
− 2 ·

α‖x0‖

2
·

γ

2D
=

α2‖x0‖
2

4D2
−

α2‖x0‖
2

2D2
= −

α2‖x0‖

4D2
.

Òîãäà

‖x1‖
2 6 ‖x0‖

2 −
α2‖x0‖

4D2
.

Îòñþäà èñêîìîå ν =
√

1− α2/(4D2).
Äàëåå, ñ÷èòàÿ íà÷àëüíîé òî÷êó x1, ïðîèçâîäèì âûøåîïèñàííóþ ïðîöåäóðó. Îïðåäåëèì ìî-

ìåíò âðåìåíè t2 èç ðàâåíñòâà t2 − t1 = γ1/(2D), ãäå γ1 � äëèíà õîðäû øàðà ðàäèóñà ‖x1‖,
ñîîòâåòñòâóþùàÿ âåêòîðó p. Âåêòîð p, ñ ïîìîùüþ êîòîðîãî íàõîäèòñÿ γ1, ñîîòâåòñòâóåò (6)

ïðè x0 = x1. Äàëåå, àíàëîãè÷íî ïåðâîìó øàãó îïðåäåëèì òî÷êè ðàçáèåíèÿ {τq}
∞
q=0, êîòîðûå

ïðèíàäëåæàò èíòåðâàëó [t1, t2), è ñîîòâåòñòâóþùèå âåêòîðû óïðàâëåíèÿ. Ïîëó÷èì, ÷òî äëÿ

x2 = x(t2) áóäåò âûïîëíåíî íåðàâåíñòâî ‖x2‖ 6 ν‖x1‖, ãäå ν îñòàåòñÿ íåèçìåííûì ñ ïðåäûäó-

ùåãî øàãà.
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Ïðîäîëæàÿ äàííóþ ïðîöåäóðó, ïîëó÷èì äâå ïîñëåäîâàòåëüíîñòè {tq}
∞
q=0, {xq}

∞
q=0, ãäå t0 = 0.

�àññìîòðèì ïðåäåë íîðì ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè {xq}
∞
q=0:

lim
q→∞

‖xq‖ 6 lim
q→∞

‖x0‖ν
q = 0.

�àññìîòðèì ïðåäåë ïîñëåäîâàòåëüíîñòè {tq}
∞
q=0:

lim
q→∞

tq = lim
q→∞

s=q−1
∑

s=0

(ts+1 − ts) 6

∞
∑

s=0

‖xs‖

2D
6

∞
∑

s=0

‖x0‖ν
s

2D
=

‖x0‖

2D(1− ν)
.

Òàêèì îáðàçîì, lim
q→∞

tq = T < +∞. Ñëåäîâàòåëüíî, áåç îãðàíè÷åíèé ìîæíî ñ÷èòàòü, ÷òî

T ∈ (τ η, τη+1) äëÿ íåêîòîðîãî íàòóðàëüíîãî η.
3
0. Ïóñòü âûïîëíåíû ïîñòðîåíèÿ ïóíêòà 2. �àññìîòðèì èíòåðâàë (τη, τ η+1). Íà äàííîì

èíòåðâàëå äèíàìèêà èãðû îïèñûâàåòñÿ ñëåäóþùåé ñèñòåìîé äè��åðåíöèàëüíûõ óðàâíåíèé:

ẋ = f(x, u) + g(x, vη), u ∈ U. (7)

Íà÷àëüíûì ïîëîæåíèåì ñ÷èòàåì òî÷êó x = x(τµ), ãäå τµ ∈ {τq}
∞
q=0 è τµ ∈ (τ η, T ). Òàê êàê vη �

ïîñòîÿííûé âåêòîð íà äàííîì èíòåðâàëå, òî ïðàâàÿ ÷àñòü çàâèñèò òîëüêî îò x, u. Òîãäà, â ñèëó
ðåçóëüòàòîâ [20℄, íà èíòåðâàëå (τη, τ η+1) äàííàÿ óïðàâëÿåìàÿ ñèñòåìà (7) ÿâëÿåòñÿ N -ëîêàëüíî

óïðàâëÿåìîé. Òî åñòü äëÿ ëþáîãî ε̂ > 0 ñóùåñòâóåò δ̂(ε̂) > 0 òàêîå, ÷òî äëÿ ëþáîãî x ∈ O
δ̂
(0)

ñóùåñòâóåò ðàçáèåíèå τµ = t̂0 < t̂1 < . . . < t̂m < (τµ + ε̂) òàêîå, ÷òî ñóùåñòâóåò êóñî÷íî-

ïîñòîÿííîå óïðàâëåíèå, ñîîòâåòñòâóþùåå äàííîìó ðàçáèåíèþ, êîòîðîå ïåðåâîäèò ñèñòåìó â 0.
Êàæäîìó èíòåðâàëó [t̂i−1, t̂i) ñîîòâåòñòâóåò ïîñòîÿííîå óïðàâëåíèå ui (ñì. [19℄).

Â ñèëó ïîñòðîåíèé èç ïóíêòà 2, ìîæåì âûáðàòü òàêóþ òî÷êó ðàçáèåíèÿ τµ ∈ (τ η, T ), ÷òî

äëÿ δ̂ = ‖x(τµ−1)‖ ñîîòâåòñòâóþùåå ε̂ < (τη+1 − T ). Òàê êàê x = ‖x(τµ)‖ < ‖x(τµ−1)‖, òî
äëÿ íà÷àëüíîãî ïîëîæåíèÿ ‖x‖ ñóùåñòâóåò êóñî÷íî-ïîñòîÿííîå óïðàâëåíèå, ñîîòâåòñòâóþùåå

òî÷êàì ïåðåêëþ÷åíèÿ τµ = t̂0 < t̂1 < . . . < t̂m < (τµ + ε̂), òàêîå, ÷òî x(t̂m) = 0, ïðè ýòîì

t̂m < τη+1.

Òàêèì îáðàçîì, äî îïðåäåëåííîãî âûøå ìîìåíòà τµ êóñî÷íî-ïîñòîÿííîå óïðàâëåíèå ïðåñëå-
äîâàòåëÿ ñòðîèì ïî ïðîöåäóðå ïóíêòà 2, ïîëó÷àÿ ìîìåíòû ïåðåêëþ÷åíèÿ óïðàâëåíèÿ {τq}

µ
q=0.

Äàëåå, ñîîòâåòñòâåííî ðåçóëüòàòàì [19℄ ñòðîèì êóñî÷íî-ïîñòîÿííîå óïðàâëåíèå, ïåðåâîäÿùåå

ñèñòåìó â 0, ñîîòâåòñòâóþùåå òî÷êàì ïåðåêëþ÷åíèÿ τµ = t̂0 < t̂1 < . . . < t̂m. Ïðè÷åì íà

êàæäîì èíòåðâàëå [t̂i−1, t̂i) óïðàâëåíèå ðàâíî âåêòîðó ui ∈ U , òàê êàê ñîâîêóïíîñòü âåêòî-

ðîâ {f(0, u1) + g(0, vη), . . . , f(0, um) + g(0, vη)} îáðàçóåò ïîëîæèòåëüíûé áàçèñ â ñèëó óñëîâèé

òåîðåìû.

Òàêèì îáðàçîì, ñòðàòåãèÿ ïðåñëåäîâàòåëÿ ñòðîèòñÿ â äâà ýòàïà. Íà ïåðâîì ýòàïå îñóùåñòâ-

ëÿåòñÿ ïðèáëèæåíèå ê 0 äîñòàòî÷íî áëèçêî çà êîíå÷íîå âðåìÿ, äëÿ òîãî ÷òîáû áûëî âîçìîæíî

èñïîëüçîâàòü ñâîéñòâî N -ëîêàëüíîé óïðàâëÿåìîñòè ñèñòåìû (7). Íà âòîðîì ýòàïå èñïîëüçóåòñÿ

äàííîå ñâîéñòâî äëÿ ïðèâåäåíèÿ ñèñòåìû â 0.

Òåîðåìà äîêàçàíà. �

Ïðèìåð 1. �àññìîòðèì ñèñòåìó (1) â R
2
, ãäå

f(x, u) =

(

2 cos(x1 + u1)
u2e

x2

)

, g(x, v) =

(

sin(x1 + v1)
v2e

x2/2

)

.

Çàäàíû ìíîæåñòâî U = {(π/2, 1), (π,−1), (0,−1)} è ìíîæåñòâî V = [−1, 1]× [0, 1]. Ôóíêöèè f , g
ÿâëÿþòñÿ ëèïøèöåâûìè ïî ñîâîêóïíîñòè ïåðåìåííûõ. f(0, U) = {(0, 1), (−2,−1), (2,−1)},
g(0, V ) = [sin(−1), sin(1)] × [0, 1/2]. Çíà÷èò, âêëþ÷åíèå −g(0, V ) ⊂ Int (co f(0, U)) âûïîëíåíî.
Ñëåäîâàòåëüíî, âûïîëíåíû óñëîâèÿ òåîðåìû, òî åñòü ñóùåñòâóåò îêðåñòíîñòü íóëÿ, èç êîòîðîé

ïðîèñõîäèò ïîèìêà.
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A two-person di�erential game is onsidered. The game is desribed by the following system of di�erential

equations ẋ = f(x, u) + g(x, v), where x ∈ R
k
, u ∈ U , v ∈ V . The pursuer's admissible ontrol set is a �nite

subset of phase spae. The evader's admissible ontrol set is a ompat subset of phase spae. The pursuer's
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purpose is a translation of phase oordinates to zero. The evader's purpose is to prevent implementation

of pursuer's purpose. Su�ient onditions on game parameters for the existene of zero neighborhood from

whih a apture ours, that is translation of phase oordinates to zero, have been reeived. Also, it is proved

that a period of time neessary for the pursuer to translate phase oordinates to zero tends to zero with the

approahing of the initial position to zero. It happens regardless of the evader's ontrol.
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