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PROBLEM WITH DATA ON THE CHARACTERISTICS FOR A LOADED SYSTEM

OF HYPERBOLIC EQUATIONS

We consider a problem with data on the characteristics for a loaded system of hyperbolic equations of

the second order on a rectangular domain. The questions of the existence and uniqueness of the classical

solution of the considered problem, as well as the continuity dependence of the solution on the initial

data, are investigated. We propose a new approach to solving the problem with data on the characteristics

for the loaded system of hyperbolic equations second order based on the introduction new functions. By

introducing new unknown functions the problem is reduced to an equivalent family of Cauchy problems

for a loaded system of differential with a parameters and integral relations. An algorithm for finding an

approximate solution to the equivalent problem is proposed and its convergence is proved. Conditions for

the unique solvability of the problem with data on the characteristics for the loaded system of hyperbolic

equations of the second order are established in the terms of coefficient’s system.
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Introduction

Mathematical modeling of phenomena in the theory of predicting ground and groundwater,

the theory of wave propagation in dispersive media, the theory of shells lead to loaded differential

equations various type [1–15].

To date, various methods and approaches have been developed for solving boundary value

problems for such equations (see [2, 4, 5] and the bibliography therein). However, despite this,

there are still many problems and questions concerning problems for loaded differential equations,

for example, generalization of results and solution methods to systems of equations, development

of methods for finding approximate solutions and their convergence to an exact solution, con-

struction of numerical solutions, etc. [1, 3, 6–15].

In this paper, we study a class of loaded differential equations of hyperbolic type. The

existence of a unique solution to a problem with data on the characteristics for the loaded system

of hyperbolic equations is discussed.

We consider the problem with data on the characteristics for the loaded system of hyperbolic

equations in the following form

∂2u

∂t∂x
= A(t, x)

∂u(t, x)

∂x
+ B(t, x)

∂u(t, x)

∂t
+ C(t, x)u(t, x) +D(t, x)

∂u(t, x0)

∂t
+ f(t, x), (0.1)

u(0, x) = ϕ(x), x ∈ [0, ω], (0.2)

u(t, 0) = ψ(t), t ∈ [0, T ]. (0.3)

where Ω = [0, T ] × [0, ω], u(t, x) = col (u1(t, x), u2(t, x), . . . , un(t, x)) is an unknown vector

function, the (n×n)-matrices A(t, x), B(t, x), C(t, x), D(t, x), and the n-vector function f(t, x)
are continuous on Ω, 0 < x0 6 ω, the n-vector function ϕ(x) is continuously differentiable
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on [0, ω], the n-vector function ψ(t) is continuously differentiable on [0, T ], and the compatibility

condition is valid: ϕ(0) = ψ(0).
Let C(Ω,Rn) be the space of continuous on Ω vector functions u(t, x) with the norm

||u||0 = max
(t,x)∈Ω

||u(t, x)||, ||u(t, x)|| = max
i=1,n

|ui(t, x)|.

The function u(t, x) ∈ C(Ω,Rn) that has partial derivatives
∂u(t, x)

∂x
∈ C(Ω,Rn),

∂u(t, x)

∂t
∈

∈ C(Ω,Rn),
∂2u(t, x)

∂t∂x
∈ C(Ω,Rn) is called a classical solution to problem (0.1)–(0.3) if it

satisfies the loaded system of hyperbolic equations (0.1) for all (t, x) ∈ Ω and the conditions on

the characteristics (0.2) and (0.3) for all x ∈ [0, ω] and t ∈ [0, T ], respectively.

It is well known that the problem with data on the characteristics for the system of hyper-

bolic equations with continuous initial data (0.1)–(0.3) always has a unique classical solution for

D(t, x) = 0. The loaded term D(t, x)
∂u(t, x0)

∂t
in the system of equations (0.1) plays an essential

role for the unique solvability of the problem (0.1)–(0.3). Additional requirements for the coeffi-

cients of the system (0.1) allow us to distinguish a class of solvable problems (0.1)–(0.3). At the

same time, the imposed conditions must be verifiable and consistent with the theory of boundary

value problems for loaded differential equations [1–15]. The main method for solving problems

with data on the characteristics for the system of loaded hyperbolic equations is the Riemann

method [2]. However, the application of the Riemann method requires continuous differentiabil-

ity of the coefficients A(t, x) and B(t, x) of the system of equations (0.1). Earlier, in [9–15],

various boundary value problems were investigated and solved for loaded ordinary differential

equations and systems of loaded partial differential equations of hyperbolic type, when the loads

are given by a variable t. In contrast to the works [11–13], this paper considers the system of

loaded hyperbolic equations when the load is given by a variable x. The problems of solvability

of the problem with data on characteristics for a loaded hyperbolic equation are considered in [2].

The aim of the paper is to develop a constructive method for solving the problem with data

on the characteristics for the loaded system of hyperbolic equations (0.1)–(0.3) and propose

algorithms for finding its solutions. We establish criteria for an existence and uniqueness of the

classical solution of the considered problem, as well as the continuity dependence of the solution

on the initial data.

For this we use the method of introduction new functions [16].

Introducing a new unknown functions, we reduce problem (0.1)–(0.3) to an equivalent family

of Cauchy problems for the loaded system of differential equations with parameters and integral

relations. We propose an algorithm for finding an approximate solution to problem (0.1)–(0.3)

and prove its convergence to the exact solution. Conditions for the existence and uniqueness of

the classical solution are established in the terms of the initial data.

§ 1. Scheme of the method and family of Cauchy problems

Let us introduce a new functions in the following form:

v(t, x) =
∂u(t, x)

∂x
, w(t, x) =

∂u(t, x)

∂t
for all (t, x) ∈ Ω.

Then problem (0.1)–(0.3) is reduced to an equivalent problem

∂w

∂x
= B(t, x)w(t, x) +D(t, x)w(t, x0) + A(t, x)v(t, x) + C(t, x)u(t, x) + f(t, x), (1.1)

w(t, 0) = ψ̇(t), t ∈ [0, T ], (1.2)
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u(t, x) = ϕ(x) +

∫ t

0

w(τ, x)dτ, v(t, x) = ϕ̇(x) +

∫ t

0

∂w(τ, x)

∂x
dτ, (t, x) ∈ Ω. (1.3)

In the problem (1.1)–(1.3) the condition u(0, x) = ϕ(x) is taken into account in relation (1.3).

A triple {w(t, x), v(t, x), u(t, x)} of continuous on Ω functions is called a solution to problem

(1.1)–(1.3) if the function w(t, x) belonging to C(Ω,Rn) has a continuous derivative with respect

to x on Ω and satisfies the one-parameter family of Cauchy problems for a loaded differential

equations (1.1), (1.2), where the functions u(t, x) and v(t, x) are connected with w(t, x) and
∂w(t, x)

∂x
by the integral relation (1.3).

Let u∗(t, x) be a classical solution of problem (0.1)–(0.3). Then the triple {w∗(t, x), v∗(t, x),

u∗(t, x)}, where w∗(t, x) =
∂u∗(t, x)

∂t
, v∗(t, x) =

∂u∗(t, x)

∂x
, is a solution of problem (1.1)–(1.3).

Conversely, if a triple {w̃(t, x), ṽ(t, x), ũ(t, x)} is a solution of problem (1.1)–(1.3), then ũ(t, x)
is a classical solution of problem (0.1)–(0.3).

For fixed v(t, x), u(t, x) in problem (1.1)–(1.3) it is necessary to find a solution of a one-

parameter family of Cauchy problems for the system of loaded ordinary differential equations

with an integral condition [16].

We represent the solution of the family of Cauchy problems for the system of loaded differen-

tial equations (1.1), (1.2) using a fundamental matrix Φ(t, x) of the family system of homogeneous

differential equations
∂w

∂x
= B(t, x)w(t, x). The fundamental matrix Φ(t, x) is continuously dif-

ferentiable on Ω, invertible for all (t, x) ∈ Ω, and Φ(t, 0) = I , where I is the unit matrix on

dimension n.

For fixed v(t, x) and u(t, x), the family of Cauchy problems (1.1), (1.2) has the solution in

the following form

w(t, x) = Φ(t, x)ψ̇(t) + Φ(t, x)

∫ x

0

Φ−1(t, ξ)D(t, ξ)dξ · w(t, x0) +

+ Φ(t, x)

∫ x

0

Φ−1(t, ξ)[A(t, ξ)v(t, ξ) + C(t, ξ)u(t, ξ)]dξ + Φ(t, x)

∫ x

0

Φ−1(t, ξ)f(t, ξ)dξ.

(1.4)

From here, for x = x0, we obtain

[
I − Φ(t, x0)

∫ x0

0

Φ−1(t, ξ)D(t, ξ) dξ

]
w(t, x0) = Φ(t, x0)

∫ x0

0

Φ−1(t, ξ)f(t, ξ) dξ +

+ Φ(t, x0)ψ̇(t) + Φ(t, x0)

∫ x0

0

Φ−1(t, ξ)[A(t, ξ)v(t, ξ) + C(t, ξ)u(t, ξ)] dξ,

(1.5)

where I is the identity matrix of dimension n.

Suppose that the (n× n)-matrix Q(t, x0) = I − Φ(t, x0)

∫ x0

0

Φ−1(t, ξ)D(t, ξ) dξ is invertible

for all t ∈ [0, T ]. Then, from (1.5), we have

w(t, x0) = [Q(t, x0)]
−1Φ(t, x0)

∫ x0

0

Φ−1(t, ξ)f(t, ξ) dξ + [Q(t, x0)]
−1Φ(t, x0)ψ̇(t) +

+ [Q(t, x0)]
−1Φ(t, x0)

∫ x0

0

Φ−1(t, ξ)[A(t, ξ)v(t, ξ) + C(t, ξ)u(t, ξ)] dξ.

(1.6)

Using (1.6), we can rewrite (1.4) in the following form
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w(t, x) = Φ(t, x)

[
I +

∫ x

0

Φ−1(t, ξ)D(t, ξ) dξ[Q(t, x0)]
−1Φ(t, x0)

]
ψ̇(t) +

+ Φ(t, x)

∫ x

0

Φ−1(t, ξ)D(t, ξ) dξ[Q(t, x0)]
−1Φ(t, x0)

∫ x0

0

Φ−1(t, ξ)f(t, ξ) dξ +

+ Φ(t, x)

∫ x

0

Φ−1(t, ξ)f(t, ξ) dξ + Φ(t, x)

∫ x

0

Φ−1(t, ξ)[A(t, ξ)v(t, ξ) + C(t, ξ)u(t, ξ)] dξ +

+ Φ(t, x)

∫ x

0

Φ−1(t, ξ)D(t, ξ) dξ[Q(t, x0)]
−1 ×

× Φ(t, x0)

∫ x0

0

Φ−1(t, ξ)[A(t, ξ)v(t, ξ) + C(t, ξ)u(t, ξ)] dξ.

(1.7)

If the (n× n)-matrix Q(t, x0) is invertible for all t ∈ [0, T ], then the family of Cauchy problems

for the system of loaded differential equations (1.1), (1.2) has a unique solution. The solution and

its derivative satisfy the following inequalities:

||w(t, x)|| 6 φ(t)a(t, x)||ψ̇(t)||+ eβ(t)xxa(t, x0) max
x∈[0,ω]

||f(t, x)||+

+ eβ(t)xxa(t, x0)
(
α(t) max

x∈[0,ω]
||v(t, x)||+ γ(t) max

x∈[0,ω]
||u(t, x)||

)
,

(1.8)

∣∣∣
∣∣∣
∂w(t, x)

∂x

∣∣∣
∣∣∣ 6 φ(t)(β(t)a(t, x) + δ(t)θ(t))||ψ̇(t)||+ (β(t)eβ(t)xx+ 1)a(t, x0) max

x∈[0,ω]
||f(t, x)||+

+ (β(t)eβ(t)xx+ 1)a(t, x0)
(
α(t) max

x∈[0,ω]
||v(t, x)||+ γ(t) max

x∈[0,ω]
||u(t, x)||

)
,

(1.9)

where

α(t) = max
x∈[0,ω]

||A(t, x)||, β(t) = max
x∈[0,ω]

||B(t, x)||, δ(t) = max
x∈[0,ω]

||D(t, x)||,

γ(t) = max
x∈[0,ω]

||C(t, x)||, φ(t) = max
x∈[0,ω]

||Φ(t, x)||, θ(t) = ||[Q(t, x0)]
−1||,

a(t, x) = 1 + δ(t)θ(t)eβ(t)xx.

From the integral relations (1.3), we have

||u(t, x)|| 6 ||ϕ(x)||+

∫ t

0

||w(τ, x)|| dτ, (1.10)

||v(t, x)|| 6 ||ϕ̇(x)||+

∫ t

0

∣∣∣
∣∣∣
∂w(τ, x)

∂x

∣∣∣
∣∣∣ dτ. (1.11)

Taking into account (1.8) and (1.9), from the inequalities (1.10) and (1.11), we obtain

max
{
max
x∈[0,ω]

||v(t, x)||, max
x∈[0,ω]

||u(t, x)||
}
6 max

{
max
x∈[0,ω]

||ϕ(x)||, max
x∈[0,ω]

||ϕ̇(x)||
}
+

+

∫ t

0

a1(τ)||ψ̇(τ)|| dτ +

∫ t

0

a2(τ) max
x∈[0,ω]

||f(τ, x)|| dτ +

+

∫ t

0

a2(τ)a3(τ)max
{
max
x∈[0,ω]

||v(τ, x)||, max
x∈[0,ω]

||u(τ, x)||
}
dτ 6

6 max
{
max
x∈[0,ω]

||ϕ(x)||, max
x∈[0,ω]

||ϕ̇(x)||
}
+

∫ T

0

a1(τ)||ψ̇(τ)|| dτ +

∫ T

0

a2(τ) max
x∈[0,ω]

||f(τ, x)|| dτ +
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+

∫ t

0

a2(τ)a3(τ)max
{
max
x∈[0,ω]

||v(τ, x)||, max
x∈[0,ω]

||u(τ, x)||
}
dτ,

where

a1(t) = φ(t)max
{
max
x∈[0,ω]

a(t, x), β(t) max
x∈[0,ω]

a(t, x) + δ(t)θ(t)
}
,

a2(t) = max
x∈[0,ω]

{
eβ(t)xx, β(t)eβ(t)xx+ 1

}
a(t, x0), a3(t) = α(t) + γ(t).

From here, using the Gronwall–Bellman inequality, we set

max
{
max
x∈[0,ω]

||v(t, x)||, max
x∈[0,ω]

||u(t, x)||
}
6 eb(t)

{
max

{
max
x∈[0,ω]

||ϕ(x)||, max
x∈[0,ω]

||ϕ̇(x)||
}
+

+

∫ T

0

a1(τ)||ψ̇(τ)|| dτ +

∫ T

0

a2(τ) max
x∈[0,ω]

||f(τ, x)|| dτ

}
,

(1.12)

where

b(t) =

∫ t

0

a2(τ)a3(τ)dτ.

§ 2. Algorithm and main result

We propose an algorithm for finding a solution of the problem (1.1)–(1.3) and show its

convergence.

If we know v(t, x), u(t, x), then from the family of Cauchy problems (1.1), (1.2) we find

w(t, x) for all (t, x) ∈ Ω. Conversely, if we know w(t, x) and its derivative
∂w(t, x)

∂x
, then from

integral relations (1.3) we can determine v(t, x) and u(t, x) for all (t, x) ∈ Ω. Since the v(t, x),
u(t, x) and w(t, x) are unknown to find a solution of problem (1.1)–(1.3), we use the itera-

tive method. A triple {w∗(t, x), v∗(t, x), u∗(t, x)} is determined as a limit sequence {w(k)(t, x),
v(k)(t, x), u(k)(t, x)}, and k = 0, 1, 2, . . . , by the following algorithm.

Step 0.

1. Let the (n × n)-matrix Q(t, x0) = I − Φ(t, x0)

∫ x0

0

Φ−1(t, ξ)D(t, ξ) dξ be invertible for

all t ∈ [0, T ]. Assuming that v(t, x) = ϕ̇(x), u(t, x) = ϕ(x) for all (t, x) ∈ Ω in the

system (1.1), we solve the family of Cauchy problems for the loaded system of differ-

ential equations (1.1), (1.2), and find the zero approximation w(0)(t, x) and its derivative

∂w(0)(t, x)

∂x
for all (t, x) ∈ Ω.

2. Assuming w(t, x) = w(0)(t, x),
∂w(t, x)

∂x
=
∂w(0)(t, x)

∂x
in the integral relations (1.3), we

determine v(0)(t, x) and u(0)(t, x) for all (t, x) ∈ Ω.

Step k.

1. Assuming that v(t, x) = v(k−1)(t, x), u(t, x) = u(k−1)(t, x) for all (t, x) ∈ Ω in the system

(1.1), we solve the family of Cauchy problems for the loaded system of differential equa-

tions (1.1), (1.2), and find the k-th approximation w(k)(t, x) and its derivative
∂w(k)(t, x)

∂x
for all (t, x) ∈ Ω.
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2. Assuming w(t, x) = w(k)(t, x),
∂w(t, x)

∂x
=
∂w(k)(t, x)

∂x
in the integral relations (1.3), we

determine v(k)(t, x) and u(k)(t, x) for all (t, x) ∈ Ω; k = 1, 2, . . . .

At each step of the algorithm: 1) solve the family of Cauchy problems for the loaded system

of differential equations (1.1), (1.2) with respect to the function w(t, x); 2) determine from the

integral relations (1.3) the functions v(t, x) and u(t, x).
The convergence conditions of the algorithm provide assumptions about the initial data.

Theorem 1. Let the following conditions be met:

(a) the (n × n)-matrices A(t, x), B(t, x), C(t, x), D(t, x), and the n-vector function f(t, x)
are continuous on Ω;

(b) the n-vector function ϕ(x) is continuously differentiable on [0, ω], the n-vector function

ψ(t) is continuously differentiable on [0, T ], and the compatibility condition is valid:

ϕ(0) = ψ(0);

(c) the (n × n)-matrix Q(t, x0) = I − Φ(t, x0)

∫ x0

0

Φ−1(t, ξ)D(t, ξ) dξ is invertible for all

t ∈ [0, T ], where 0 < x0 6 ω.

Then the problem with data on the characteristics for the system of loaded hyperbolic equa-

tions (0.1)–(0.3) has a unique classical solution u∗(t, x) defined as the limit u(k)(t, x) as k → ∞,

where the sequences of functions u(k)(t, x) and its derivatives v(k)(t, x), w(k)(t, x) are found from

the algorithm constructed above for all (t, x) ∈ Ω.

P r o o f. By virtue of the equivalence of problems (0.1)–(0.3) and (1.1)–(1.3), it suffices to

justify the unique solvability of problem (1.1)–(1.3). We find a solution {w(t, x), v(t, x), u(t, x)}
of problem (1.1)–(1.3) by the algorithm proposed above. As the initial approximation v(t, x) and

u(t, x) we take ϕ̇(x) and ϕ(x), respectively, and then find w(0)(t, x) from the family of Cauchy

problems in the next form

∂w

∂x
= B(t, x)w(t, x) +D(t, x)w(t, x0) + f(t, x) + A(t, x)ϕ̇(x) + C(t, x)ϕ(x), (2.1)

w(t, 0) = ψ̇(t), t ∈ [0, T ]. (2.2)

Let condition (c) be fulfilled. Then, the family of Cauchy problems for the loaded system of

differential equations (2.1), (2.2) has a unique solution v(0)(t, x). We find the solution w(0)(t, x)
of the family of Cauchy problems for the loaded system of differential equations (2.1), (2.2) in

the form (1.7), where v(t, x) = ϕ̇(x) and u(t, x) = ϕ(x).

For w(0)(t, x) and its derivative
∂w(0)(t, x)

∂x
, the following estimate is valid:

max

{
max
x∈[0,ω]

||w(0)(t, x)||, max
x∈[0,ω]

∣∣∣
∣∣∣
∂w(0)(t, x)

∂x

∣∣∣
∣∣∣
}

6 a1(t)||ψ̇(t)||+ a2(t) max
x∈[0,ω]

||f(t, x)||+

+ a2(t)a3(t)max
{
max
x∈[0,ω]

||ϕ̇(x)||, max
x∈[0,ω]

||ϕ(x)||
}
.

Then, from the integral relations (1.3), we determine v(0)(t, x) and u(0)(t, x) :

u(0)(t, x) = ϕ(x) +

∫ t

0

w(0)(τ, x) dτ, v(0)(t, x) = ϕ̇(x) +

∫ t

0

∂w(0)(τ, x)

∂x
dτ,
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for all (t, x) ∈ Ω and the following estimate is true:

max
{
max
x∈[0,ω]

||v(0)(t, x)||, max
x∈[0,ω]

||u(0)(t, x)||
}
6 max

{
max
x∈[0,ω]

||ϕ̇(x)||, max
x∈[0,ω]

||ϕ(x)||
}
+

+

∫ t

0

max

{
max
x∈[0,ω]

||w(0)(τ, x)||, max
x∈[0,ω]

∣∣∣
∣∣∣
∂w(0)(τ, x)

∂x

∣∣∣
∣∣∣
}
dτ.

Suppose v(k−1)(t, x) and u(k−1)(t, x) are known. Then w(k)(t, x) can be found from the family

of Cauchy problems in the next form

∂w

∂x
= B(t, x)w(t, x) +D(t, x)w(t, x0) + f(t, x) + A(t, x)v(k−1)(t, x) + C(t, x)u(k−1)(t, x),

(2.3)

w(t, 0) = ψ̇(t), t ∈ [0, T ]. (2.4)

We find the solution w(k)(t, x) of the family of Cauchy problems for the loaded system of differen-

tial equations (2.3), (2.4) in the form (1.7), where v(t, x) = v(k−1)(t, x) and u(t, x) = u(k−1)(t, x).

For w(k)(t, x) and its derivative
∂w(k)(t, x)

∂x
the following estimate is true:

max

{
max
x∈[0,ω]

||w(k)(t, x)||, max
x∈[0,ω]

∣∣∣
∣∣∣
∂w(k)(t, x)

∂x

∣∣∣
∣∣∣
}

6 a1(t)||ψ̇(t)||+ a2(t) max
x∈[0,ω]

||f(t, x)||+

+ a2(t)a3(t)max
{
max
x∈[0,ω]

||v(k−1)(t, x)||, max
x∈[0,ω]

||u(k−1)(t, x)||
}
.

Then, from the integral relations (1.3), we determine v(k)(t, x) and u(k)(t, x) :

u(k)(t, x) = ϕ(x) +

∫ t

0

w(k)(τ, x) dτ, v(k)(t, x) = ϕ̇(x) +

∫ t

0

∂w(k)(τ, x)

∂x
dτ

for all (t, x) ∈ Ω and the following estimate is valid:

max
{
max
x∈[0,ω]

||v(k)(t, x)||, max
x∈[0,ω]

||u(k)(t, x)||
}
6 max

{
max
x∈[0,ω]

||ϕ̇(x)||, max
x∈[0,ω]

||ϕ(x)||
}
+

+

∫ t

0

max

{
max
x∈[0,ω]

||w(k)(τ, x)||, max
x∈[0,ω]

∣∣∣
∣∣∣
∂w(k)(τ, x)

∂x

∣∣∣
∣∣∣
}
dτ, k = 1, 2, . . . .

Analogously, for differences

∆w(k)(t, x) = w(k+1)(t, x)− w(k)(t, x),
∂∆w(k)(t, x)

∂x
=
∂w(k+1)(t, x)

∂x
−
∂w(k)(t, x)

∂x
,

∆v(k)(t, x) = v(k+1)(t, x)− v(k)(t, x), ∆u(k)(t, x) = u(k+1)(t, x)− u(k)(t, x),

we obtain the following estimates

max

{
max
x∈[0,ω]

||∆w(k)(t, x)||, max
x∈[0,ω]

∣∣∣
∣∣∣
∂∆w(k)(t, x)

∂x

∣∣∣
∣∣∣
}

6

6 a2(t)a3(t)max
{
max
x∈[0,ω]

||∆v(k−1)(t, x)||, max
x∈[0,ω]

||∆u(k−1)(t, x)||
}
,

(2.5)

max
{
max
x∈[0,ω]

||∆v(k)(t, x)||, max
x∈[0,ω]

||∆u(k)(t, x)||
}
6

6

∫ t

0

max

{
max
x∈[0,ω]

||∆w(k)(τ, x)||, max
x∈[0,ω]

∣∣∣
∣∣∣
∂∆w(k)(τ, x)

∂x

∣∣∣
∣∣∣
}
dτ.

(2.6)
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Taking into account (2.5) in (2.6), we set

max
{
max
x∈[0,ω]

||∆v(k)(t, x)||, max
x∈[0,ω]

||∆u(k)(t, x)||
}
6

6

∫ t

0

a2(τ)a3(τ)max
{
max
x∈[0,ω]

||∆v(k−1)(τ, x)||, max
x∈[0,ω]

||∆u(k−1)(τ, x)||
}
dτ.

(2.7)

And using (2.6) in (2.5), we also obtain

max

{
max
x∈[0,ω]

||∆w(k)(t, x)||, max
x∈[0,ω]

∣∣∣
∣∣∣
∂∆w(k)(t, x)

∂x

∣∣∣
∣∣∣
}

6

6 a2(t)a3(t)

∫ t

0

max

{
max
x∈[0,ω]

||∆w(k−1)(τ, x)||, max
x∈[0,ω]

∣∣∣
∣∣∣
∂∆w(k−1)(τ, x)

∂x

∣∣∣
∣∣∣
}
dτ.

(2.8)

From (2.8) it follows that the sequences {w(k)(t, x)} and {
∂w(k)(t, x)

∂x
} are convergent in the

space C(Ω,Rn) as k → ∞. Then the uniform convergence on Ω of the sequences {v(k)(t, x)}
and {u(k)(t, x)} follows from the estimate (2.6) (or (2.7)).

In this case, the limit functions w∗(t, x),
∂w∗(t, x)

∂x
, v∗(t, x) and u∗(t, x) are continuous on Ω,

and the triple {w∗(t, x), v∗(t, x), u∗(t, x)} is a solution to problem (1.1)–(1.3). Using the esti-

mates (1.8), (1.12), we obtain

max
{
||w∗||0, ||v

∗||0, ||u
∗||0

}
6 K ·max

{
||f ||0, max

t∈[0,T ]
||ψ̇(t)||, max

x∈[0,ω]
||ϕ(x)||, max

x∈[0,ω]
||ϕ̇(x)||

}
,

(2.9)

where

K = max

{
max
(t,x)∈Ω

φ(t)a(t, x),

∫ T

0

a1(τ)dτ

}
+max

{
max
(t,x)∈Ω

eβ(t)xxa(t, x0),

∫ T

0

a2(τ)dτ

}
+ eb(T )

and independents of f , and ψ, and ϕ.

Now let {w̃(t, x), ṽ(t, x), ũ(t, x)} be a solution to problem (1.1)–(1.3), where f(t, x) = 0,
ψ(t) = 0, and ϕ(x) = 0 for all (t, x) ∈ Ω. Then the unique solvability of family of Cauchy

problems (1.1), (1.2) together with (1.3) imply that w̃(t, x) = 0, ṽ(t, x) = 0, and ũ(t, x) = 0
for all (t, x) ∈ Ω. Thus, it follows from the estimate (2.9) that problem (0.1)–(0.3) is uniquely

solvable. The proof of Theorem 1 is complete. �

Remark 1. For the case D(t, x) = 0, we have the problem on the characteristics for the system

of hyperbolic equations. In this case the matrix Q(t, x0) has the form D(t, x0) = I and is always

invertible for all t ∈ [0, T ].

Remark 2. We can establish a conditions for unique solvability problem (0.1)–(0.3) without

fundamental matrix Φ(t, x). For this, we use Dzhumabaev’s parameterization method [17]. This

method was proposed to solve boundary value problems for system of ordinary differential equa-

tions. By using this method, necessary and sufficient conditions for a unique solvability to

considered problem were obtained. Algorithms for finding approximate solution of problem were

offered and their convergence to exact solution were proved.
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Задача с данными на характеристиках для нагруженной системы гиперболических уравнений

Ключевые слова: нагруженные системы гиперболических уравнений, задача с данными на характе-

ристиках, семейства задач Коши, алгоритм, критерий разрешимости.

УДК 517.956

DOI: 10.35634/vm210301

Рассматривается задача с данными на характеристиках для нагруженной системы гиперболических

уравнений второго порядка в прямоугольной области. Исследуются вопросы существования и един-

ственности классического решения рассматриваемой задачи, а также непрерывной зависимости ре-

шения от исходных данных. Предлагается новый подход к решению задачи с данными на характери-

стиках для нагруженной системы гиперболических уравнений второго порядка на основе введения

новых функций. Путем введения новых неизвестных функций задача сводится к эквивалентному

семейству задач Коши для нагруженной системы дифференциальных уравнений с параметрами и

интегральным соотношениям. Предложен алгоритм нахождения приближенного решения эквива-

лентной задачи и доказана его сходимость. Установлены условия однозначной разрешимости задачи

с данными на характеристиках для нагруженной системы гиперболических уравнений второго по-

рядка в терминах коэффициентов системы.

Финансирование. Это исследование выполнено при финансовой поддержке Комитета науки Ми-

нистерства образования и науки Республики Казахстан в рамках грантового финансирования (грант

№ AP08855726).

СПИСОК ЛИТЕРАТУРЫ

1. Абдуллаев В. М., Айда-заде К. Р. О численном решении нагруженных систем обыкновенных

дифференциальных уравнений // Журнал вычислительной математики и математической физи-

ки. 2004. Т. 44. № 9. С. 1585–1595. http://mi.mathnet.ru/zvmmf777

2. Нахушев А. М. Задачи со смещением для уравнений в частных производных. М.: Наука, 2006.

3. Абдуллаев В. М., Айда-заде К. Р. Численное решение задач оптимального управления нагружен-

ными сосредоточенными системами // Журнал вычислительной математики и математической

физики. 2006. Т. 46. № 9. С. 1566–1581. http://mi.mathnet.ru/zvmmf410

4. Дженалиев М. Т., Рамазанов М. И. Нагруженные уравнения как возмущения дифференциальных

уравнений. Алматы: Гылым, 2010.

5. Нахушев А. М. Нагруженные уравнения и их приложения. М.: Наука, 2012.

6. Абдуллаев В. М., Айда-заде К. Р. Численный метод решения нагруженных нелокальных гранич-

ных задач для обыкновенных дифференциальных уравнений // Журнал вычислительной мате-

матики и математической физики. 2014. Т. 54. № 7. С. 1096–1109.

https://doi.org/10.7868/S0044466914070023

7. Aida-zade K. R., Abdullayev V. M. Solution to a class of inverse problems for a system of loaded

ordinary differential equations with integral conditions // Journal of Inverse and Ill-posed Problems.

2016. Vol. 24. No. 5. P. 543–558. https://doi.org/10.1515/jiip-2015-0011

8. Абдуллаев В. М., Айда-заде К. Р. Подход к численному решению задач оптимального управ-

ления нагруженными дифференциальными уравнениями с нелокальными условиями // Журнал

вычислительной математики и математической физики. 2019. Т. 59. № 5. С. 739–751.

https://doi.org/10.1134/S0044466919050028

9. Асанова А. Т., Иманчиев А. Е., Кадирбаева Ж. М. О численном решении систем обыкновенных

нагруженных дифференциальных уравнений с многоточечными условиями // Журнал вычисли-

тельной математики и математической физики. 2018. Т. 58. № 4. С. 520–529.

https://doi.org/10.7868/S0044466918040038

https://doi.org/10.35634/vm210301
http://mi.mathnet.ru/zvmmf777
http://mi.mathnet.ru/zvmmf410
https://doi.org/10.7868/S0044466914070023
https://doi.org/10.1515/jiip-2015-0011
https://doi.org/10.1134/S0044466919050028
https://doi.org/10.7868/S0044466918040038


364 Задача с данными на характеристиках для системы гиперболических уравнений

10. Assanova A. T., Kadirbayeva Zh. M. On the numerical algorithms of parametrization method for

solving a two-point boundary-value problem for impulsive systems of loaded differential equations //

Computational and Applied Mathematics. 2018. Vol. 37. No. 4. P. 4966–4976.

https://doi.org/10.1007/s40314-018-0611-9

11. Асанова А. Т., Кадирбаева Ж. М., Бакирова Э. А. Об однозначной разрешимости нелокальной

краевой задачи для систем нагруженных гиперболических уравнений с импульсными воздей-

ствиями // Український математичний журнал. 2017. Т. 69. № 8. С. 1011–1029.

http://umj.imath.kiev.ua/index.php/umj/article/view/1755

12. Assanova A. T., Kadirbayeva Zh. M. Periodic problem for an impulsive system of the loaded hyperbolic

equations // Electronic Journal of Differential Equations. 2018. Vol. 2018. No. 72. P. 1–8.

13. Assanova A. T., Imanchiyev A. E., Kadirbayeva Zh. M. A nonlocal problem for loaded partial differen-

tial equations of fourth order // Vestnik Karagandinskogo Universiteta. Ser. Matematika. 2020. Vol. 97.

No. 1. P. 6–16. https://doi.org/10.31489/2020M1/6-16

14. Dzhumabaev D. S. New general solutions to linear Fredholm integro-differential equations and their

applications on solving the boundary value problems // Journal of Computational and Applied Mathe-

matics. 2018. Vol. 327. P. 79–108. https://doi.org/10.1016/j.cam.2017.06.010

15. Dzhumabaev D., Bakirova E., Mynbayeva S. A method of solving a nonlinear boundary value problem

with a parameter for a loaded differential equation // Mathematical Methods in the Applied Sciences.

2020. Vol. 43. No. 4. P. 1788–1802. https://doi.org/10.1002/mma.6003

16. Asanova A. T., Dzhumabaev D. S. Well-posedness of nonlocal boundary value problems with integral

condition for the system of hyperbolic equations // Journal of Mathematical Analysis and Applications.

2013. Vol. 402. No. 1. P. 167–178. https://doi.org/10.1016/j.jmaa.2013.01.012

17. Dzhumabayev D. S. Criteria for the unique solvability of a linear boundary-value problem for an or-

dinary differential equation // USSR Computational Mathematics and Mathematical Physics. 1989.

Vol. 29. No. 1. P. 34–46. https://doi.org/10.1016/0041-5553(89)90038-4

Поступила в редакцию 06.07.2021

Асанова Анар Турмаганбеткызы, д. ф.-м. н., профессор, Институт математики и математического мо-

делирования, 050010, Казахстан, г. Алматы, ул. Пушкина, 125.

ORCID: https://orcid.org/0000-0001-8697-8920

E-mail: anartasan@gmail.com

Жоламанкызы Айнур, докторант (PhD), Казахский национальный университет им. аль-Фараби,

050040, Казахстан, г. Алматы, пр-т аль-Фараби, 71;

Институт математики и математического моделирования, 050010, Казахстан, г. Алматы, ул. Пушки-

на, 125.

ORCID: https://orcid.org/0000-0002-5851-4763

E-mail: Aynur.zho@gmail.com

Цитирование: А. Т. Асанова, А. Жоламанкызы. Задача с данными на характеристиках для нагру-

женной системы гиперболических уравнений // Вестник Удмуртского университета. Математика.

Механика. Компьютерные науки. 2021. Т. 31. Вып. 3. С. 353–364.

https://doi.org/10.1007/s40314-018-0611-9
http://umj.imath.kiev.ua/index.php/umj/article/view/1755
https://doi.org/10.31489/2020M1/6-16
https://doi.org/10.1016/j.cam.2017.06.010
https://doi.org/10.1002/mma.6003
https://doi.org/10.1016/j.jmaa.2013.01.012
https://doi.org/10.1016/0041-5553(89)90038-4
https://orcid.org/0000-0001-8697-8920
mailto:anartasan@gmail.com
https://orcid.org/0000-0002-5851-4763
mailto:Aynur.zho@gmail.com

	Scheme of the method and family of Cauchy problems
	Algorithm and main result

