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O MMPOEKIUSX MPOU3BEJIEHUN MPOCTPAHCTB

PaccmarpuBatoTcst BCIOLy IUIOTHBIC TOAMHOKECTBA POU3BEICHUI TOIIOJOTHYECKUX MPOCTpaHCTB. [lokasa-
HO, 4TO B mpomsBenennn Z¢ = [[ Z,, tne Z, = Z («a € 2¥), cenapabenbHbIX MPOCTPAHCTB CYIIECTBY-
IOT CYETHBIE BCIOAY TUIOTHEIC MHOKeCTBA TaKue, YTO BCSKUE CYETHBIE MX MOIMHOXKECTBA UMEIOT TPOCKIIUH
Ha IpaHyu, oOJIalafolIKe JOMOTHUTEIBHBIMU CBOMCTBAMH. DTO MO3BOJSET JI0Ka3aTh psij (aKTOB O BCIOLY
TUIOTHBIX MHOKECTBAX, B YACTHOCTH OTCYTCTBUE CXOJSIIUXCS IOCIENOBATEIBHOCTEH, OIICHUBATH XapaKTep
3aMKHYTBIX ITOMHOKECTB MPOU3BEICHUH.

Knrouesvie cnosa: IIPOU3BEACHUC NIPOCTPAHCTB, MPOCKINU, BCIOAY IUIOTHBIC MHOXKECTBA.

DOI: 10.35634/vm210304

BBenenue

OnHuM u3 HamboJee MHTEPECHBIX HANpaBiICHUN B TEOPUM NPOU3BEACHUN TOMOJOTHYECKUX
MIPOCTPAHCTB SBJIIETCSI U3YYEHUE BCIOAY IUIOTHBIX MHOXECTB B NpOW3BEeACHMsX. l3BecTHas
Teopema Xbtoutrra—MapueBckoro—Ilonaumepu (cM. [1]) ycTaHaBiuMBaeT, YTO B MPOU3BEICHUU

H Za CeHapa6eJ'IBHBIX IIPOCTPAHCTB CYIIECTBYET CUHETHOEC BCIOAY ITJIOTHOC MHOXKECTBO. B »toit
ae2v
CBSI3U BAXHOU SIBIISIETCS HpO6JIeMa CyHICCTBOBAHUA B TAKOM NPOU3BCACHUHN BCIOAY IJIOTHBIX MHO-

KECTB, 00J1a/1al0IINX JOMOJIHUTELHBIMU CBOMCTBaMH. V3BeCTHOM sIBIsIeTCSst IpoOiieMa CyIeCTBO-

BaHUA B MMIPOMU3BCACHUN H Za CeHapa6eJILHBIX IMPOCTPAaHCTB CUCTHOI'O BCIOAY ITJIIOTHOI'O MHOXKC-
ag2v
CTBa, HC COACPKAIICTO CXOAAIINXCA HOCJ‘IGI[OBaTeJ'II)HOCTGI\/'I " IMO3TOMY CCKBCHIHAJIBHO 3aMKHY-

Toro. CylecTBOBaHME TaKMX MHOXECTB JIOKA3aHO ISl MPOM3BEICHUN Pa3IMYHBIX NPOCTPAHCTB
B [2-T7].

Eme onna npobiema cBsi3aHa ¢ U3y4e€HHEM MPOEKIMM BCIOY IUIOTHBIX MHOXECTB U MX IOJI-
MHOXE€CTB Ha T'PaHU Pa3IMYHON Pa3sMEPHOCTH HMPOM3BENEHHH MpocTpaHCTB. B nanHO# pabore

JOKa3BIBACTCA CyHICCTBOBAHUC B ITPOU3BCACHUHN H Za cenapa6eJ15HHx IIPOCTPAHCTB CYCTHOTO
ae2v
BCIOAY IIJIOTHOI'O MHOXKECTBA, NPOCKIWU CUCTHBIX IMOAMHOXCCTB KOTOPOI'O Ha I'paHU O6J'IaI[aIOT

JOIOJHUTENLHBIMU CBOMCTBAMU. OTHU CBOMCTBA 00€CIIEUMBAIOT, B YACTHOCTH, YTO OTO CUCTHOE
BCIOJly TUIOTHOE€ MHOXECTBO HE COACPKUT CXOISAIIUXCS TMOCIEN0BATeIbHOCTEH, YTO 3aMbIKaHUE
BCSKOTO €r0 CUETHOro IIOAMHOXXECTBa MMEET MOIIHOCTh 2¢. JloKa3arelbCTBa OCHOBAHBI Ha MC-
MOJIb30BAHUM TaK Ha3bIBAEMOW HE3aBHCHUMOW MaTPHUIIBI MOJIMHOXXECTB CYETHOTO MHOXKECTBA, BBE-
JICHHOM U IIMPOKO UCHOJIb3YEMOM B TEOPUH PACIIUPEHUM TUCKPETHBIX MPOCTpaHCcTB (cM. [8—11]).

§ 1. IlpeaBapuTteibHbIE pe3yJbTaThI

Tepmunonorus u 0603HaYeHUsI, UCIIOIb3yEMbIE B paboTe, CTaHAAPTHBI, X MOXKHO HaWTH B [1].
Yepes Z™ obo3naunm mnpoussenenue || Z,, rae |A| =m, Z, = Z nas Beex Z, (a € A).

a€cA
Jlns mpowmssenenust || Z, npoctpanctBo [[ Z,, tme A" C A, |A/| = 7, Ha3wiBaeTcs
acA acA’
T-rpaubio [ Z,. Mbl 0o603nagaem ¢ = 2. Jlnst orobpaxenust f: X — Y nu X' C X uepes

acA
flx: X' — f(X') obo3nauaercs cyxenue f Ha X'
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MuoxectBo A HasbiBaeTcs cueTHbM, eciu |A| = w. ma: [[ Zo — ][ Za oOo3nauaer
acA acA’
npoekuuto || Z, Ha rpabb || Z,.
acA acA’
Teopema 1 (cm. [6, Teopema 4.1]). Ilyems Z — cenapabenvroe npocmpancmeo, |Z| > w

un C Exp Z — cemeiicmso cuemmnvix noomnoscecms 7, |n| < 2.

Tozoa cywecmgyem cuemmnoe 6ciody niomuoe noomuodxcecmeo Q C Z¢ = || Za, yoosue-
ae2w
meopsioujee yciogulo: csikoe cuemuoe mHoxcecmeo F C () codepocum cuemrnoe nOOMHOdN Ce-

cmeo E' C E maxoe, umo ons ecsikoco G € 1 cywecmeyem o € 2%, ons komopozo 7,(E') = G
uny|p: E' — G xoneuno kpamno.

Jlemma 1. Ilycmv X — beckoneunoe Ty -npocmpacmeo 6e3 uzonuposannwvix mouex. Toeoa X
cooepaicum cuemuoe OUCKpemHoe Hueoe He NIOMHOEe MHOMCECMEO.

JlokaszaTeabcCTBoO. PaccMOTpUM CYETHOE MHOKECTBO {; }°, U CEMEHCTBO OKPECTHO-
creit {Ox;}5°, Takux, 4ro |Oz;| > w mis i = 0,1, ..., yIOBICTBOPSIOLIHX yCIOBHIM

— X'\ [Ox¢] # @ u, cnenoBarenbHO, GECKOHEUHO;
k-1

- Oxp =X\ U[Ox;] nna k > 1.
i=0

U3 cBOICTB 3THX CeMeiicTB cienyet, 4to MHOKecTBO D = {x;}5°, AUCKpeTHO.

[MokaxkeM, uto D Hurae He mwiotHO. [Ipennonoxum, uto ([D]) # &. Ml umeem ([D]) N D #
# @. llycts © € D N ([D]). Tlockonbky D AUCKPETHO, CYIIECTBYET OKpeCTHOCTh O TOYKU T
takast, uto Oz N D = {x} u Ox C ([D]). Ho Toraa ais otkpsiroro maoxectsa U = Ox \ {x}
umeeM U # @ u U C [D], uo U N D = &. TlporuBopeune.

Urak, D — cueTHOE AUCKPETHOE HUIE HE INIOTHOE MHOKECTBO. O

Jlemma 2. Ilycmo f: X — Y — nenpepuvignoe omobpascenue, D CY u E C X — cuemnsie
noomnoocecmea maxue, umo f(E) = D u f|g: E — D koneuno kpamno. Toeoa

(a) ecru D CY ouckpemno, mo E — ouckpemnoe noomnoscecmseo X

(b) ecru D C'Y ouckpemno u 3amknymo, mo E — Ouckpemmoe u 3amMKHymoe noommodice-
cmeo X.

HNokaszatenbcTso. (a) [Iycte D C Y muckperno, £ C X u f|g: E — D KoHEYHO
kpartHo. [Iycts z € E. Paccmorpum f(z). ITockonbky D AUCKPETHO, CYyHIECTBYET OKPECTHOCTH U
Toukn f(z) Takas, uto U N D = {f(2)}. Torna f~Y(U)NE = f~(f(2)) ama f = f|g.

TMockonbky f = f|p KoHeuHo KpatHO, To MHOXKecTBo f~'(f(2)) = f~Y(U) N E xoHeuHo.
[ToaToMy CyIecTByET OKPECTHOCTh V, Touku z Takas, uto V, C f~1({U)u V, N (fY(U)NE) =
= {z}. Takum obpa3om E AUCKPETHO.

(b) Ilycts D C Y muckperno u 3amkuyto, £ C X, f(E) = D. B cuny (a) E quckpetHo.
IMokaxkem, uto E 3aMKHYTO.

Paccmotpum touky z € X \ E. Ilycts f(z) € D. AHaJOTHYHO J0Ka3aTeNbCTBY MyHKTa (a)
CYIIECTBYET OKPECTHOCTh V), TOUKH 2 Takas, uro V, N D # J.

Ecmu f(z) ¢ D, to mockonbky D C Y 3amMKHYTO, CylecTByeT okpecTHOCTh U Touku f(z)
takasi, uro U N D = &. Torna f~*(U) — okpecTHOCTH ToUKH 2 Takas, uto [~ (U) N E # &.

Takum 06pa3oM F 3aMKHYTO. U
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§ 2. OcHOBHBIE pe3yJIbTATHI

Teopema 2. [Iycmo 7 —cenapabenvhoe Heoonomoueurnoe To-npocmpancmeo u 7€ = || Za,
g2
20e Z = Z. Toeda cywecmgyem cuemmoe 6crody niomuoe muoxcecmeo () C 7€, yooenemeops-

rouee crnedyrouemy YCioeuro:

(%) ecsikoe cuemnoe muodxcecmeo E C Q) cooepoicum ouckpemnoe Hueoe He niOmHoe NOOMHO-
acecmso E' C E| ona komopoeo cywecmseyem c-epanv Z° npocmpancmea Z° maxas, 4mo
onst npoexyuu 72 Z°¢ — Z° mnoocecmeo mw(E'") éciody niommno 6 Z°.

HokaszartenbcTBoO. I[Iyctb 7 = {Lg: f € 2¥} — pa3zOueHne MHOXxecTBa 2“, TIe
|Lg| = 2 mus Besikoro (€ 2¥. O6osnaunm Y =Yg = [[ Z,.
OéEL/g
IIpocTpaHcTBO Z© eCTeCTBEHHBIM 00pa3om romeomopdHo mpocrpanctsy [[ Y.
pe2w
Paccmorpum npoctpanctBo Y = Yz = [[ Z, (5 € 2¢). OHo siBasiercst npou3sBeneHueM 2%
aeLg

cenapabenbHbIX 15-IPOCTPAHCTB, U M0 TeopeMe XblouTra—MapueBckoro-Ilonnumiepu cymiecTBy-
€T CYETHOE BCIOAY IUIOTHOE MHOXKECTBO .S.

ITycte S C Y ecTh cueTHOE BCIOAY IJIOTHOE MHOXKECTBO IPOCTPAaHCTBA Y = Y.

IIpoctpanctBo Y = Y3 (8 € 2¥) — OeckoHeuHoe T5-IPOCTPAHCTBO O€3 M30JMPOBAHHBIX TO-
yek. [lo nemme 1 Y conepuT cueTHOe AUCKPETHOE HUrAe He mioTHoe MHoxecTBo DD C Y. Pac-
cMoTpuM cemeiictBo 1 = {5, D} cuetHsix mogmuOXkecTB Y. Ilo Teopeme 1 cyiiecTByeT cueTHOE
BCIOY IUIOTHOE MOAMHOXeCTBO () C 7€, ynoBIETBOPSIOINIEE YCIOBHIO: BCIKOE CUETHOE TTOIMHO-
xectBo F C () comepxut cueTHoe noamuoxkectBo £’ C F Takoe, 4To

(a) mna D € n cymectByer p € 2 TaKoe, 4TO JUIs MPOSKIUHU 7ig,,: || Yz — Yp,, BBIIOIHS-
pe2w
ercs g, (E') = Dumg,|p: [[ Ys — Y3, KOHEUHO KpaTHO;
pe2w

(b) mas S € n cymectByer s € 2 Takoe, 4TO I NPOeKUMH g : || Yz — Yp, BbIIONHS-
pe2e
ercs gy (E') = S v may| gt £’ — S KOHEUHO KpaTHO.

W13 (a) mo semme 2 caenyert, 9to ' AUCKPETHO W HUTJIE HE IUIOTHO.
U3 (b) n Bcroxy mioTHOCTH S B Yj, crenyer uTo ma, (E”) Belogy miotHo B Y.

IpoctpanctBo Yz, = [[ Zs ectb c-rpanb Z°. O
ﬁeLﬁS

Teopema 3. Ilycmv Z — cenapabenvroe komnakxmuoe HeoOHomoueunoe 1h-npocmpancmeo

uZ¢= 1] Za, 20e Z, = Z. Tocoa cywecmayem cuemmoe 6clo0y niomuoe 6 Z° MHoxcecmso ()
ae2w
makoe, umo 0.5l 6CAKO20 cuemno20 noomuoxcecmea FE C Q) evinonnsemes |[E]| = 2°.

HNokaszaTtenbcTBo. [lycth ) C 7 — moaMHOXKeCTBO /¢ u3 Teopembl 2 U B C () —
CUETHOE TOAMHOXKECTBO (). [To Teopeme 2 CyIiecTBYeT c-rpaHb zZe NPOCTPAHCTBA Z TaKas, 4To
I npoekuuu m: Z¢ — Z° mHoxkectBo 7(FE) Bcrogy miotHo B Z°. MuoxkectBo [E|] C Z°
xommaxtHo. Torna m([E]) C Z¢ — Toxke KOMIIAKTHOE HOIMHOXECTBO KOMITAKTA Z°.

Tak kak Z° seisercs Th-npoctpancrsom u ([ E]) Beromy miotso B Z¢, 10 m([E]) = Z¢. Torxa
[B]| = |27 = 2. O

Teopema 4. [Iycmo 7 — ne cuemno komnakmuoe Ty-npocmpacmeo u Z¢ = [[ Z,, 20e
ae2v
Zo =127 (a € 2¥). Tocoa 0151 8CAKO20 3AMKHYMO20 He OMKpbImMo2o noomHoocecmsea F C 2%

gvinonneno X(F, Z°) > w.
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JokaszaTenbcTBo. [lockonbKy Z He sBJIS€TCS CYETHO KOMIIAKTHBIM, B Z CyILECTBYET
3aMKHYTO€ JIMCKpPETHOE cueTHOe MHOXecTBOo D C 7. 3ameTuM, 4to |Z| > w.

[Tycte F' C 2 — 3aMKHYTOE HE OTKPBITOE MOAMHOKeCcTBO Z°. [Ipeanonoxkum, 4ro x(F) = w
u B = {U,;}°, — 6a3a OTKpBITHIX MHOXeCTB B [' B Z°.

ITo Teopeme 1 cyliecTByeT CUE€THOE BCIOAY IUIOTHOE MHOXKECTBO S C Z€, ynOBIETBOPSIOLLEE
YCIIOBHIO: BCSIKOE cyeTHOe MHOecTBO [/ C S comepkut cyetHoe MHOecTBo ' C FE Takoe,
4TO CYLIECTBYET Takoe v € 2, 4T0 ISl MPOCKUHU T, : Z¢ — Z, BeIMOnHsAETCS 7o (FE') = D
U Ty |p . B’ — D KOHEYHO KparHo.

Bribepem mst kaxmoro U; (i = 1,2,...) mo Touke z; € (U; \ F))N S. PaccMOTprM MHOXECTBO
E = {x;}2,. Ilo cBoiicTBY MHOXecTBa S CyLIECTBYET CUCTHOE MHOXeCTBO E' n o € 2¥ Takwe,
4TO ISl IPOCKIMH T, : Z¢ — Z,, Beimonusiercst m,(E') = D v 7,|p 2 E' — D KOHEYHO KpaTHO.
Torma E’ 3aMKHYTO ¥ ITHCKPETHO TI0 JieMMe 2.

Paccmorpum okpectrocts V' = X \ £ muHoxectBa F. Mbl umeem U; \ V' # @ mis Besikoro
U; € S. D10 npotuBopeunt Tomy, 4to B = {U;}3°, — oTkpbiTas 6a3a MHOkecTBa F'B Z¢. [

®unancupoBanue. Pabora BbIMONHEHAa NMpH (UHAHCOBOH MoOAepkKKe MUHHUCTEPCTBA HAyKH
U BbICIIero oOpa3oBanuss P® B pamkax 0a30oBoil wacTu roc3agaHusi B chepe Haykd (IMPOCKT
1.5211.2017/8.9).
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We consider dense sets of products of topological spaces. We prove that in the product Z¢ = [[ Z,,
ae2w
where Z, = Z (o € 2v), there are dense sets such that their countable subsets have projections with

additional properties. These properties entail that these dense sets contain no convergent sequences. By
these properties we prove that the character of closed sets of the product is uncountable.
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